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(GLWRU�LQ�&KLHI� 'HLUGUH�/\QFK
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'LJLWDO�$VVHWV�0DQDJHU� 0DULDQQH�*URWK
6XSSOHPHQWV�3URGXFWLRQ�&RRUGLQDWRU� .HUUL�0F4XHHQ
6HQLRU�0HGLD�3URGXFHU� &DUO�&RWWUHOO
4$ 0DQDJHU� $VVHVVPHQW�&RQWHQW� 0DUW\�:ULJKW
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7R�P\�ZLIH� /LOOLDQ� DQG�RXU�FKLOGUHQ�
&KULVWLQD� 'HERUDK� DQG�0HOLVVD� ZKRVH
VXSSRUW� HQFRXUDJHPHQW� DQG�IDLWKIXO
SUD\HUV�PDGH�WKLV�ERRN�SRVVLEOH�



$ERXW�WKH�$XWKRU

'DYLG�&��/D\�KROGV�D�%�$��IURP�$XURUD�8QLYHUVLW\��,OOLQRLV�� DQG�DQ�0�$��DQG�3K�'�
IURP�WKH�8QLYHUVLW\�RI�&DOLIRUQLD�DW�/RV�$QJHOHV� /D\�KDV�EHHQ�DQ�HGXFDWRU�DQG�UHVHDUFK
PDWKHPDWLFLDQ�VLQFH������ PRVWO\�DW�WKH�8QLYHUVLW\�RI�0DU\ODQG� &ROOHJH�3DUN� +H�KDV
DOVR�VHUYHG�DV�D�YLVLWLQJ�SURIHVVRU�DW�WKH�8QLYHUVLW\�RI�$PVWHUGDP� WKH�)UHH�8QLYHUVLW\
LQ�$PVWHUGDP� DQG�WKH�8QLYHUVLW\�RI�.DLVHUVODXWHUQ� *HUPDQ\� +H�KDV�SXEOLVKHG�PRUH
WKDQ����UHVHDUFK�DUWLFOHV�RQ�IXQFWLRQDO�DQDO\VLV�DQG�OLQHDU�DOJHEUD�

$V�D�IRXQGLQJ�PHPEHU�RI�WKH�16)�VSRQVRUHG�/LQHDU�$OJHEUD�&XUULFXOXP�6WXG\
*URXS� /D\�KDV�EHHQ�D�OHDGHU�LQ�WKH�FXUUHQW�PRYHPHQW�WR�PRGHUQL]H�WKH�OLQHDU�DOJHEUD
FXUULFXOXP� /D\�LV�DOVR�D�FR�DXWKRU�RI�VHYHUDO�PDWKHPDWLFV�WH[WV� LQFOXGLQJ ,QWURGXF�
WLRQ�WR�)XQFWLRQDO�$QDO\VLV ZLWK�$QJXV�(��7D\ORU� &DOFXOXV�DQG�,WV�$SSOLFDWLRQV� ZLWK
/� -� *ROGVWHLQ�DQG�'� ,� 6FKQHLGHU� DQG /LQHDU�$OJHEUD�*HPV³$VVHWV�IRU�8QGHUJUDG�
XDWH�0DWKHPDWLFV� ZLWK�'��&DUOVRQ� &� 5� -RKQVRQ� DQG�$� '� 3RUWHU�

3URIHVVRU�/D\�KDV�UHFHLYHG�IRXU�XQLYHUVLW\�DZDUGV�IRU�WHDFKLQJ�H[FHOOHQFH� LQFOXG�
LQJ� LQ������ WKH�WLWOH�RI�'LVWLQJXLVKHG�6FKRODU²7HDFKHU�RI�WKH�8QLYHUVLW\�RI�0DU\ODQG�
,Q������ KH�ZDV�JLYHQ�RQH�RI�WKH�0DWKHPDWLFDO�$VVRFLDWLRQ�RI�$PHULFD·V�$ZDUGV�IRU
'LVWLQJXLVKHG�&ROOHJH�RU�8QLYHUVLW\�7HDFKLQJ�RI�0DWKHPDWLFV� +H�KDV�EHHQ�HOHFWHG
E\�WKH�XQLYHUVLW\�VWXGHQWV�WR�PHPEHUVKLS�LQ�$OSKD�/DPEGD�'HOWD�1DWLRQDO�6FKRODVWLF
+RQRU�6RFLHW\�DQG�*ROGHQ�.H\�1DWLRQDO�+RQRU�6RFLHW\� ,Q������ $XURUD�8QLYHUVLW\
FRQIHUUHG�RQ�KLP�WKH�2XWVWDQGLQJ�$OXPQXV�DZDUG� /D\�LV�D�PHPEHU�RI�WKH�$PHULFDQ
0DWKHPDWLFDO�6RFLHW\� WKH�&DQDGLDQ�0DWKHPDWLFDO�6RFLHW\� WKH�,QWHUQDWLRQDO�/LQHDU
$OJHEUD�6RFLHW\� WKH�0DWKHPDWLFDO�$VVRFLDWLRQ�RI�$PHULFD� 6LJPD�;L� DQG�WKH�6RFLHW\
IRU�,QGXVWULDO�DQG�$SSOLHG�0DWKHPDWLFV� 6LQFH������ KH�KDV�VHUYHG�VHYHUDO�WHUPV�RQ�WKH
QDWLRQDO�ERDUG�RI�WKH�$VVRFLDWLRQ�RI�&KULVWLDQV�LQ�WKH�0DWKHPDWLFDO�6FLHQFHV�



&RQWHQWV

3UHIDFH L[
$ 1RWH�WR�6WXGHQWV [Y

/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD �

/LQHDU�0RGHOV�LQ�(FRQRPLFV�DQG�(QJLQHHULQJ �
��� 6\VWHPV�RI�/LQHDU�(TXDWLRQV �
��� 5RZ�5HGXFWLRQ�DQG�(FKHORQ�)RUPV ��
��� 9HFWRU�(TXDWLRQV ��
��� 7KH�0DWUL[�(TXDWLRQ A[ D E ��
��� 6ROXWLRQ�6HWV�RI�/LQHDU�6\VWHPV ��
��� $SSOLFDWLRQV�RI�/LQHDU�6\VWHPV ��
��� /LQHDU�,QGHSHQGHQFH ��
��� ,QWURGXFWLRQ�WR�/LQHDU�7UDQVIRUPDWLRQV ��
��� 7KH�0DWUL[�RI�D�/LQHDU�7UDQVIRUPDWLRQ ��
���� /LQHDU�0RGHOV�LQ�%XVLQHVV� 6FLHQFH� DQG�(QJLQHHULQJ ��

6XSSOHPHQWDU\�([HUFLVHV ��

0DWUL[�$OJHEUD ��

&RPSXWHU�0RGHOV�LQ�$LUFUDIW�'HVLJQ ��
��� 0DWUL[�2SHUDWLRQV ��
��� 7KH�,QYHUVH�RI�D�0DWUL[ ���
��� &KDUDFWHUL]DWLRQV�RI�,QYHUWLEOH�0DWULFHV ���
��� 3DUWLWLRQHG�0DWULFHV ���
��� 0DWUL[�)DFWRUL]DWLRQV ���
��� 7KH�/HRQWLHI�,QSXW²2XWSXW�0RGHO ���
��� $SSOLFDWLRQV�WR�&RPSXWHU�*UDSKLFV ���
��� 6XEVSDFHV�RI Rn ���
��� 'LPHQVLRQ�DQG�5DQN ���

6XSSOHPHQWDU\�([HUFLVHV ���

'HWHUPLQDQWV ���

5DQGRP�3DWKV�DQG�'LVWRUWLRQ ���
��� ,QWURGXFWLRQ�WR�'HWHUPLQDQWV ���
��� 3URSHUWLHV�RI�'HWHUPLQDQWV ���



��� &UDPHU·V�5XOH� 9ROXPH� DQG�/LQHDU�7UDQVIRUPDWLRQV ���
6XSSOHPHQWDU\�([HUFLVHV ���

9HFWRU�6SDFHV ���

6SDFH�)OLJKW�DQG�&RQWURO�6\VWHPV ���
��� 9HFWRU�6SDFHV�DQG�6XEVSDFHV ���
��� 1XOO�6SDFHV� &ROXPQ�6SDFHV� DQG�/LQHDU�7UDQVIRUPDWLRQV ���
��� /LQHDUO\�,QGHSHQGHQW�6HWV� %DVHV ���
��� &RRUGLQDWH�6\VWHPV ���
��� 7KH�'LPHQVLRQ�RI�D�9HFWRU�6SDFH ���
��� 5DQN ���
��� &KDQJH�RI�%DVLV ���
��� $SSOLFDWLRQV�WR�'LIIHUHQFH�(TXDWLRQV ���
��� $SSOLFDWLRQV�WR�0DUNRY�&KDLQV ���

6XSSOHPHQWDU\�([HUFLVHV ���

(LJHQYDOXHV�DQG�(LJHQYHFWRUV ���

'\QDPLFDO�6\VWHPV�DQG�6SRWWHG�2ZOV ���
��� (LJHQYHFWRUV�DQG�(LJHQYDOXHV ���
��� 7KH�&KDUDFWHULVWLF�(TXDWLRQ ���
��� 'LDJRQDOL]DWLRQ ���
��� (LJHQYHFWRUV�DQG�/LQHDU�7UDQVIRUPDWLRQV ���
��� &RPSOH[�(LJHQYDOXHV ���
��� 'LVFUHWH�'\QDPLFDO�6\VWHPV ���
��� $SSOLFDWLRQV�WR�'LIIHUHQWLDO�(TXDWLRQV ���
��� ,WHUDWLYH�(VWLPDWHV�IRU�(LJHQYDOXHV ���

6XSSOHPHQWDU\�([HUFLVHV ���

2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV ���

7KH�1RUWK�$PHULFDQ�'DWXP
DQG�*36 1DYLJDWLRQ ���
��� ,QQHU�3URGXFW� /HQJWK� DQG�2UWKRJRQDOLW\ ���
��� 2UWKRJRQDO�6HWV ���
��� 2UWKRJRQDO�3URMHFWLRQV ���
��� 7KH�*UDP²6FKPLGW�3URFHVV ���
��� /HDVW�6TXDUHV�3UREOHPV ���
��� $SSOLFDWLRQV�WR�/LQHDU�0RGHOV ���
��� ,QQHU�3URGXFW�6SDFHV ���
��� $SSOLFDWLRQV�RI�,QQHU�3URGXFW�6SDFHV ���

6XSSOHPHQWDU\�([HUFLVHV ���



6\PPHWULF�0DWULFHV�DQG�4XDGUDWLF�)RUPV ���

0XOWLFKDQQHO�,PDJH�3URFHVVLQJ ���
��� 'LDJRQDOL]DWLRQ�RI�6\PPHWULF�0DWULFHV ���
��� 4XDGUDWLF�)RUPV ���
��� &RQVWUDLQHG�2SWLPL]DWLRQ ���
��� 7KH�6LQJXODU�9DOXH�'HFRPSRVLWLRQ ���
��� $SSOLFDWLRQV�WR�,PDJH�3URFHVVLQJ�DQG�6WDWLVWLFV ���

6XSSOHPHQWDU\�([HUFLVHV ���

7KH�*HRPHWU\�RI�9HFWRU�6SDFHV ���

7KH�3ODWRQLF�6ROLGV ���
��� $IÀQH�&RPELQDWLRQV ���
��� $IÀQH�,QGHSHQGHQFH ���
��� &RQYH[�&RPELQDWLRQV ���
��� +\SHUSODQHV ���
��� 3RO\WRSHV ���
��� &XUYHV�DQG�6XUIDFHV ���

2SWLPL]DWLRQ��2QOLQH�

7KH�%HUOLQ�$LUOLIW
��� 0DWUL[�*DPHV
��� /LQHDU�3URJUDPPLQJ³*HRPHWULF�0HWKRG
��� /LQHDU�3URJUDPPLQJ³6LPSOH[�0HWKRG
��� 'XDOLW\

)LQLWH�6WDWH�0DUNRY�&KDLQV��2QOLQH�

*RRJOH�DQG�0DUNRY�&KDLQV
���� ,QWURGXFWLRQ�DQG�([DPSOHV
���� 7KH�6WHDG\�6WDWH�9HFWRU�DQG�*RRJOH·V�3DJH5DQN
���� &RPPXQLFDWLRQ�&ODVVHV
���� &ODVVLÀFDWLRQ�RI�6WDWHV�DQG�3HULRGLFLW\
���� 7KH�)XQGDPHQWDO�0DWUL[
���� 0DUNRY�&KDLQV�DQG�%DVHEDOO�6WDWLVWLFV



$SSHQGL[HV

$ 8QLTXHQHVV�RI�WKH�5HGXFHG�(FKHORQ�)RUP $�
% &RPSOH[�1XPEHUV $�

*ORVVDU\ $�
$QVZHUV�WR�2GG�1XPEHUHG�([HUFLVHV $��
,QGH[ ,�
3KRWR�&UHGLWV 3�



3UHIDFH

7KH�UHVSRQVH�RI�VWXGHQWV�DQG�WHDFKHUV�WR�WKH�ÀUVW�WKUHH�HGLWLRQV�RI /LQHDU�$OJHEUD�DQG
,WV�$SSOLFDWLRQV KDV�EHHQ�PRVW�JUDWLI\LQJ� 7KLV )RXUWK�(GLWLRQ SURYLGHV�VXEVWDQWLDO
VXSSRUW�ERWK�IRU�WHDFKLQJ�DQG�IRU�XVLQJ�WHFKQRORJ\�LQ�WKH�FRXUVH� $V�EHIRUH� WKH�WH[W
SURYLGHV�D�PRGHUQ�HOHPHQWDU\�LQWURGXFWLRQ�WR�OLQHDU�DOJHEUD�DQG�D�EURDG�VHOHFWLRQ�RI
LQWHUHVWLQJ�DSSOLFDWLRQV� 7KH�PDWHULDO�LV�DFFHVVLEOH�WR�VWXGHQWV�ZLWK�WKH�PDWXULW\�WKDW
VKRXOG�FRPH�IURP�VXFFHVVIXO�FRPSOHWLRQ�RI�WZR�VHPHVWHUV�RI�FROOHJH�OHYHO�PDWKHPDWLFV�
XVXDOO\�FDOFXOXV�

7KH�PDLQ�JRDO�RI�WKH�WH[W�LV�WR�KHOS�VWXGHQWV�PDVWHU�WKH�EDVLF�FRQFHSWV�DQG�VNLOOV�WKH\
ZLOO�XVH�ODWHU�LQ�WKHLU�FDUHHUV� 7KH�WRSLFV�KHUH�IROORZ�WKH�UHFRPPHQGDWLRQV�RI�WKH�/LQHDU
$OJHEUD�&XUULFXOXP�6WXG\�*URXS� ZKLFK�ZHUH�EDVHG�RQ�D�FDUHIXO�LQYHVWLJDWLRQ�RI�WKH
UHDO�QHHGV�RI�WKH�VWXGHQWV�DQG�D�FRQVHQVXV�DPRQJ�SURIHVVLRQDOV�LQ�PDQ\�GLVFLSOLQHV�WKDW
XVH�OLQHDU�DOJHEUD� +RSHIXOO\� WKLV�FRXUVH�ZLOO�EH�RQH�RI�WKH�PRVW�XVHIXO�DQG�LQWHUHVWLQJ
PDWKHPDWLFV�FODVVHV�WDNHQ�E\�XQGHUJUDGXDWHV�

7KH�PDLQ�JRDO�RI�WKLV�UHYLVLRQ�ZDV�WR�XSGDWH�WKH�H[HUFLVHV�DQG�SURYLGH�DGGLWLRQDO�FRQ�
WHQW� ERWK�LQ�WKH�ERRN�DQG�RQOLQH�

�� 0RUH�WKDQ����SHUFHQW�RI�WKH�H[HUFLVHV�DUH�QHZ�RU�XSGDWHG� HVSHFLDOO\�WKH�FRPSXWD�
WLRQDO�H[HUFLVHV� 7KH�H[HUFLVH�VHWV�UHPDLQ�RQH�RI�WKH�PRVW�LPSRUWDQW�IHDWXUHV�RI�WKLV
ERRN� DQG�WKHVH�QHZ�H[HUFLVHV�IROORZ�WKH�VDPH�KLJK�VWDQGDUG�RI�WKH�H[HUFLVH�VHWV�RI
WKH�SDVW�WKUHH�HGLWLRQV� 7KH\�DUH�FUDIWHG�LQ�D�ZD\�WKDW�UHWHOOV�WKH�VXEVWDQFH�RI�HDFK
RI�WKH�VHFWLRQV�WKH\�IROORZ� GHYHORSLQJ�WKH�VWXGHQWV·�FRQÀGHQFH�ZKLOH�FKDOOHQJLQJ
WKHP�WR�SUDFWLFH�DQG�JHQHUDOL]H�WKH�QHZ�LGHDV�WKH\�KDYH�MXVW�HQFRXQWHUHG�

�� 7ZHQW\�ÀYH�SHUFHQW�RI�FKDSWHU�RSHQHUV�DUH�QHZ� 7KHVH�LQWURGXFWRU\�YLJQHWWHV�SUR�
YLGH�DSSOLFDWLRQV�RI�OLQHDU�DOJHEUD�DQG�WKH�PRWLYDWLRQ�IRU�GHYHORSLQJ�WKH�PDWKHPDWLFV
WKDW�IROORZV� 7KH�WH[W�UHWXUQV�WR�WKDW�DSSOLFDWLRQ�LQ�D�VHFWLRQ�WRZDUG�WKH�HQG�RI�WKH
FKDSWHU�

�� $ 1HZ�&KDSWHU� &KDSWHU��� 7KH�*HRPHWU\�RI�9HFWRU�6SDFHV� SURYLGHV�D�IUHVK�WRSLF
WKDW�P\�VWXGHQWV�KDYH�UHDOO\�HQMR\HG�VWXG\LQJ� 6HFWLRQV��� �� DQG���SURYLGH�WKH�EDVLF
JHRPHWULF�WRROV� 7KHQ�6HFWLRQ���XVHV�WKHVH�LGHDV�WR�VWXG\�%H]LHU�FXUYHV�DQG�VXUIDFHV�
ZKLFK�DUH�XVHG�LQ�HQJLQHHULQJ�DQG�RQOLQH�FRPSXWHU�JUDSKLFV��LQ�$GREH� ,OOXVWUDWRU�
DQG�0DFURPHGLD� )UHH+DQG��� 7KHVH�IRXU�VHFWLRQV�FDQ�EH�FRYHUHG�LQ�IRXU�RU�ÀYH
���PLQXWH�FODVV�SHULRGV�

$ VHFRQG�FRXUVH�LQ�OLQHDU�DOJHEUD�DSSOLFDWLRQV�W\SLFDOO\�EHJLQV�ZLWK�D�VXEVWDQWLDO
UHYLHZ�RI�NH\�LGHDV�IURP�WKH�ÀUVW�FRXUVH� ,I�SDUW�RI�&KDSWHU���LV�LQ�WKH�ÀUVW�FRXUVH�
WKH�VHFRQG�FRXUVH�FRXOG�LQFOXGH�D�EULHI�UHYLHZ�RI�VHFWLRQV���WR���DQG�WKHQ�D�IRFXV�RQ
WKH�JHRPHWU\�LQ�VHFWLRQV���DQG��� 7KDW�ZRXOG�OHDG�QDWXUDOO\�LQWR�WKH�RQOLQH�FKDSWHUV
��DQG���� ZKLFK�KDYH�EHHQ�XVHG�ZLWK�&KDSWHU���DW�D�QXPEHU�RI�VFKRROV�IRU�WKH�SDVW
ÀYH�\HDUV�

�� 7KH 6WXG\�*XLGH� ZKLFK�KDV�DOZD\V�EHHQ�DQ�LQWHJUDO�SDUW�RI�WKH�ERRN� KDV�EHHQ�XS�
GDWHG�WR�FRYHU�WKH�QHZ�&KDSWHU �� $V�ZLWK�SDVW�HGLWLRQV� WKH 6WXG\�*XLGH LQFRUSRUDWHV



GHWDLOHG�VROXWLRQV�WR�HYHU\�WKLUG�RGG�QXPEHUHG�H[HUFLVH�DV�ZHOO�DV�VROXWLRQV�WR�HYHU\
RGG�QXPEHUHG�ZULWLQJ�H[HUFLVH�IRU�ZKLFK�WKH�WH[W�RQO\�SURYLGHV�D�KLQW�

�� 7ZR�QHZ�FKDSWHUV�DUH�QRZ�DYDLODEOH�RQOLQH� DQG�FDQ�EH�XVHG�LQ�D�VHFRQG�FRXUVH�
&KDSWHU��� 2SWLPL]DWLRQ
&KDSWHU���� )LQLWH�6WDWH�0DUNRY�&KDLQV

$Q�DFFHVV�FRGH�LV�UHTXLUHG�DQG�LV�DYDLODEOH�WR�TXDOLÀHG�DGRSWHUV� )RU�PRUH�LQIRUPD�
WLRQ� YLVLW ZZZ�SHDUVRQKLJKHUHG�FRP�LUF RU�FRQWDFW�\RXU�3HDUVRQ�UHSUHVHQWDWLYH�

�� 3RZHU3RLQW� VOLGHV�DUH�QRZ�DYDLODEOH�IRU�WKH����FRUH�VHFWLRQV�RI�WKH�WH[W� DOVR�LQ�
FOXGHG�DUH����ÀJXUHV�IURP�WKH�WH[W�

(DUO\�,QWURGXFWLRQ�RI�.H\�&RQFHSWV
0DQ\�IXQGDPHQWDO�LGHDV�RI�OLQHDU�DOJHEUD�DUH�LQWURGXFHG�ZLWKLQ�WKH�ÀUVW�VHYHQ�OHFWXUHV�
LQ�WKH�FRQFUHWH�VHWWLQJ�RIRn� DQG�WKHQ�JUDGXDOO\�H[DPLQHG�IURP�GLIIHUHQW�SRLQWV�RI�YLHZ�
/DWHU�JHQHUDOL]DWLRQV�RI�WKHVH�FRQFHSWV�DSSHDU�DV�QDWXUDO�H[WHQVLRQV�RI�IDPLOLDU�LGHDV�
YLVXDOL]HG�WKURXJK�WKH�JHRPHWULF�LQWXLWLRQ�GHYHORSHG�LQ�&KDSWHU��� $PDMRU�DFKLHYHPHQW
RI�WKLV�WH[W�LV�WKDW�WKH�OHYHO�RI�GLIÀFXOW\�LV�IDLUO\�HYHQ�WKURXJKRXW�WKH�FRXUVH�

$ 0RGHUQ�9LHZ�RI�0DWUL[�0XOWLSOLFDWLRQ
*RRG�QRWDWLRQ�LV�FUXFLDO� DQG�WKH�WH[W�UHÁHFWV�WKH�ZD\�VFLHQWLVWV�DQG�HQJLQHHUV�DFWXDOO\
XVH�OLQHDU�DOJHEUD�LQ�SUDFWLFH� 7KH�GHÀQLWLRQV�DQG�SURRIV�IRFXV�RQ�WKH�FROXPQV�RI�D�PD�
WUL[�UDWKHU�WKDQ�RQ�WKH�PDWUL[�HQWULHV� $ FHQWUDO�WKHPH�LV�WR�YLHZ�D�PDWUL[²YHFWRU�SURGXFW
A[ DV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A� 7KLV�PRGHUQ�DSSURDFK�VLPSOLÀHV�PDQ\
DUJXPHQWV� DQG�LW�WLHV�YHFWRU�VSDFH�LGHDV�LQWR�WKH�VWXG\�RI�OLQHDU�V\VWHPV�

/LQHDU�7UDQVIRUPDWLRQV
/LQHDU�WUDQVIRUPDWLRQV�IRUP�D�´WKUHDGµ�WKDW�LV�ZRYHQ�LQWR�WKH�IDEULF�RI�WKH�WH[W� 7KHLU
XVH�HQKDQFHV�WKH�JHRPHWULF�ÁDYRU�RI�WKH�WH[W� ,Q�&KDSWHU��� IRU�LQVWDQFH� OLQHDU�WUDQV�
IRUPDWLRQV�SURYLGH�D�G\QDPLF�DQG�JUDSKLFDO�YLHZ�RI�PDWUL[²YHFWRU�PXOWLSOLFDWLRQ�

(LJHQYDOXHV�DQG�'\QDPLFDO�6\VWHPV
(LJHQYDOXHV�DSSHDU�IDLUO\�HDUO\�LQ�WKH�WH[W� LQ�&KDSWHUV���DQG��� %HFDXVH�WKLV�PDWHULDO
LV�VSUHDG�RYHU�VHYHUDO�ZHHNV� VWXGHQWV�KDYH�PRUH�WLPH�WKDQ�XVXDO�WR�DEVRUE�DQG�UHYLHZ
WKHVH�FULWLFDO�FRQFHSWV� (LJHQYDOXHV�DUH�PRWLYDWHG�E\�DQG�DSSOLHG�WR�GLVFUHWH�DQG�FRQ�
WLQXRXV�G\QDPLFDO�V\VWHPV� ZKLFK�DSSHDU�LQ�6HFWLRQV ����� ���� DQG����� DQG�LQ�ÀYH
VHFWLRQV�RI�&KDSWHU �� 6RPH�FRXUVHV�UHDFK�&KDSWHU ��DIWHU�DERXW�ÀYH�ZHHNV�E\�FRYHULQJ
6HFWLRQV ����DQG�����LQVWHDG�RI�&KDSWHU �� 7KHVH�WZR�RSWLRQDO�VHFWLRQV�SUHVHQW�DOO�WKH
YHFWRU�VSDFH�FRQFHSWV�IURP�&KDSWHU ��QHHGHG�IRU�&KDSWHU ��

2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV�3UREOHPV
7KHVH�WRSLFV�UHFHLYH�D�PRUH�FRPSUHKHQVLYH�WUHDWPHQW�WKDQ�LV�FRPPRQO\�IRXQG�LQ�EHJLQ�
QLQJ�WH[WV� 7KH�/LQHDU�$OJHEUD�&XUULFXOXP�6WXG\�*URXS�KDV�HPSKDVL]HG�WKH�QHHG�IRU
D�VXEVWDQWLDO�XQLW�RQ�RUWKRJRQDOLW\�DQG�OHDVW�VTXDUHV�SUREOHPV� EHFDXVH�RUWKRJRQDOLW\
SOD\V�VXFK�DQ�LPSRUWDQW�UROH�LQ�FRPSXWHU�FDOFXODWLRQV�DQG�QXPHULFDO�OLQHDU�DOJHEUD�DQG
EHFDXVH�LQFRQVLVWHQW�OLQHDU�V\VWHPV�DULVH�VR�RIWHQ�LQ�SUDFWLFDO�ZRUN�
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$SSOLFDWLRQV
$ EURDG�VHOHFWLRQ�RI�DSSOLFDWLRQV�LOOXVWUDWHV�WKH�SRZHU�RI�OLQHDU�DOJHEUD�WR�H[SODLQ�IXQ�
GDPHQWDO�SULQFLSOHV�DQG�VLPSOLI\�FDOFXODWLRQV�LQ�HQJLQHHULQJ� FRPSXWHU�VFLHQFH� PDWK�
HPDWLFV� SK\VLFV� ELRORJ\� HFRQRPLFV� DQG�VWDWLVWLFV� 6RPH�DSSOLFDWLRQV�DSSHDU�LQ�VHS�
DUDWH�VHFWLRQV� RWKHUV�DUH�WUHDWHG�LQ�H[DPSOHV�DQG�H[HUFLVHV� ,Q�DGGLWLRQ� HDFK�FKDSWHU
RSHQV�ZLWK�DQ�LQWURGXFWRU\�YLJQHWWH�WKDW�VHWV�WKH�VWDJH�IRU�VRPH�DSSOLFDWLRQ�RI�OLQHDU
DOJHEUD�DQG�SURYLGHV�D�PRWLYDWLRQ�IRU�GHYHORSLQJ�WKH�PDWKHPDWLFV�WKDW�IROORZV� /DWHU�
WKH�WH[W�UHWXUQV�WR�WKDW�DSSOLFDWLRQ�LQ�D�VHFWLRQ�QHDU�WKH�HQG�RI�WKH�FKDSWHU�

$ 6WURQJ�*HRPHWULF�(PSKDVLV
(YHU\�PDMRU�FRQFHSW�LQ�WKH�FRXUVH�LV�JLYHQ�D�JHRPHWULF�LQWHUSUHWDWLRQ� EHFDXVH�PDQ\
VWXGHQWV�OHDUQ�EHWWHU�ZKHQ�WKH\�FDQ�YLVXDOL]H�DQ�LGHD� 7KHUH�DUH�VXEVWDQWLDOO\�PRUH
GUDZLQJV�KHUH�WKDQ�XVXDO� DQG�VRPH�RI�WKH�ÀJXUHV�KDYH�QHYHU�EHIRUH�DSSHDUHG�LQ�D�OLQHDU
DOJHEUD�WH[W�

([DPSOHV
7KLV�WH[W�GHYRWHV�D�ODUJHU�SURSRUWLRQ�RI�LWV�H[SRVLWRU\�PDWHULDO�WR�H[DPSOHV�WKDQ�GR
PRVW�OLQHDU�DOJHEUD�WH[WV� 7KHUH�DUH�PRUH�H[DPSOHV�WKDQ�DQ�LQVWUXFWRU�ZRXOG�RUGLQDULO\
SUHVHQW�LQ�FODVV� %XW�EHFDXVH�WKH�H[DPSOHV�DUH�ZULWWHQ�FDUHIXOO\� ZLWK�ORWV�RI�GHWDLO�
VWXGHQWV�FDQ�UHDG�WKHP�RQ�WKHLU�RZQ�

7KHRUHPV�DQG�3URRIV
,PSRUWDQW�UHVXOWV�DUH�VWDWHG�DV�WKHRUHPV� 2WKHU�XVHIXO�IDFWV�DUH�GLVSOD\HG�LQ�WLQWHG�ER[HV�
IRU�HDV\�UHIHUHQFH� 0RVW�RI�WKH�WKHRUHPV�KDYH�IRUPDO�SURRIV� ZULWWHQ�ZLWK�WKH�EHJLQQLQJ
VWXGHQW�LQ�PLQG� ,Q�D�IHZ�FDVHV� WKH�HVVHQWLDO�FDOFXODWLRQV�RI�D�SURRI�DUH�H[KLELWHG�LQ�D
FDUHIXOO\�FKRVHQ�H[DPSOH� 6RPH�URXWLQH�YHULÀFDWLRQV�DUH�VDYHG�IRU�H[HUFLVHV� ZKHQ�WKH\
ZLOO�EHQHÀW�VWXGHQWV�

3UDFWLFH�3UREOHPV
$ IHZ�FDUHIXOO\�VHOHFWHG�3UDFWLFH�3UREOHPV�DSSHDU�MXVW�EHIRUH�HDFK�H[HUFLVH�VHW� &RP�
SOHWH�VROXWLRQV�IROORZ�WKH�H[HUFLVH�VHW� 7KHVH�SUREOHPV�HLWKHU�IRFXV�RQ�SRWHQWLDO�WURXEOH
VSRWV�LQ�WKH�H[HUFLVH�VHW�RU�SURYLGH�D�´ZDUP�XSµ�IRU�WKH�H[HUFLVHV� DQG�WKH�VROXWLRQV
RIWHQ�FRQWDLQ�KHOSIXO�KLQWV�RU�ZDUQLQJV�DERXW�WKH�KRPHZRUN�

([HUFLVHV
7KH�DEXQGDQW�VXSSO\�RI�H[HUFLVHV�UDQJHV�IURP�URXWLQH�FRPSXWDWLRQV�WR�FRQFHSWXDO�TXHV�
WLRQV�WKDW�UHTXLUH�PRUH�WKRXJKW� $ JRRG�QXPEHU�RI�LQQRYDWLYH�TXHVWLRQV�SLQSRLQW�FRQ�
FHSWXDO�GLIÀFXOWLHV�WKDW�, KDYH�IRXQG�RQ�VWXGHQW�SDSHUV�RYHU�WKH�\HDUV� (DFK�H[HUFLVH
VHW�LV�FDUHIXOO\�DUUDQJHG�LQ�WKH�VDPH�JHQHUDO�RUGHU�DV�WKH�WH[W� KRPHZRUN�DVVLJQPHQWV
DUH�UHDGLO\�DYDLODEOH�ZKHQ�RQO\�SDUW�RI�D�VHFWLRQ�LV�GLVFXVVHG� $ QRWDEOH�IHDWXUH�RI�WKH
H[HUFLVHV�LV�WKHLU�QXPHULFDO�VLPSOLFLW\� 3UREOHPV�´XQIROGµ�TXLFNO\� VR�VWXGHQWV�VSHQG
OLWWOH�WLPH�RQ�QXPHULFDO�FDOFXODWLRQV� 7KH�H[HUFLVHV�FRQFHQWUDWH�RQ�WHDFKLQJ�XQGHUVWDQG�
LQJ�UDWKHU�WKDQ�PHFKDQLFDO�FDOFXODWLRQV� 7KH�H[HUFLVHV�LQ�WKH )RXUWK�(GLWLRQ PDLQWDLQ
WKH�LQWHJULW\�RI�WKH�H[HUFLVHV�IURP�WKH�WKLUG�HGLWLRQ� ZKLOH�SURYLGLQJ�IUHVK�SUREOHPV�IRU
VWXGHQWV�DQG�LQVWUXFWRUV�

([HUFLVHV�PDUNHG�ZLWK�WKH�V\PERO�>0@ DUH�GHVLJQHG�WR�EH�ZRUNHG�ZLWK�WKH�DLG�RI�D
´0DWUL[�SURJUDPµ��D�FRPSXWHU�SURJUDP� VXFK�DV0$7/$%��0DSOH70�0DWKHPDWLFD��
0DWK&DG�� RU�'HULYH70� RU�D�SURJUDPPDEOH�FDOFXODWRU�ZLWK�PDWUL[�FDSDELOLWLHV� VXFK�DV
WKRVH�PDQXIDFWXUHG�E\�7H[DV�,QVWUXPHQWV��



7UXH�)DOVH�4XHVWLRQV
7R�HQFRXUDJH�VWXGHQWV�WR�UHDG�DOO�RI�WKH�WH[W�DQG�WR�WKLQN�FULWLFDOO\� , KDYH�GHYHORSHG����
VLPSOH�WUXH�IDOVH�TXHVWLRQV�WKDW�DSSHDU�LQ����VHFWLRQV�RI�WKH�WH[W� MXVW�DIWHU�WKH�FRPSXWD�
WLRQDO�SUREOHPV� 7KH\�FDQ�EH�DQVZHUHG�GLUHFWO\�IURP�WKH�WH[W� DQG�WKH\�SUHSDUH�VWXGHQWV
IRU�WKH�FRQFHSWXDO�SUREOHPV�WKDW�IROORZ� 6WXGHQWV�DSSUHFLDWH�WKHVH TXHVWLRQV³DIWHU
WKH\�JHW�XVHG�WR�WKH�LPSRUWDQFH�RI�UHDGLQJ�WKH�WH[W�FDUHIXOO\� %DVHG�RQ�FODVV�WHVWLQJ
DQG�GLVFXVVLRQV�ZLWK�VWXGHQWV� , GHFLGHG�QRW�WR�SXW�WKH�DQVZHUV�LQ�WKH�WH[W� �7KH 6WXG\
*XLGH WHOOV�WKH�VWXGHQWV�ZKHUH�WR�ÀQG�WKH�DQVZHUV�WR�WKH�RGG�QXPEHUHG�TXHVWLRQV�� $Q
DGGLWLRQDO�����WUXH�IDOVH�TXHVWLRQV��PRVWO\�DW�WKH�HQGV�RI�FKDSWHUV��WHVW�XQGHUVWDQGLQJ
RI�WKH�PDWHULDO� 7KH�WH[W�GRHV�SURYLGH�VLPSOH�7�) DQVZHUV�WR�PRVW�RI�WKHVH�TXHVWLRQV�
EXW�LW�RPLWV�WKH�MXVWLÀFDWLRQV�IRU�WKH�DQVZHUV��ZKLFK�XVXDOO\�UHTXLUH�VRPH�WKRXJKW��

:ULWLQJ�([HUFLVHV
$Q�DELOLW\�WR�ZULWH�FRKHUHQW�PDWKHPDWLFDO�VWDWHPHQWV�LQ�(QJOLVK�LV�HVVHQWLDO�IRU�DOO�VWX�
GHQWV�RI�OLQHDU�DOJHEUD� QRW�MXVW�WKRVH�ZKR�PD\�JR�WR�JUDGXDWH�VFKRRO�LQ�PDWKHPDWLFV�
7KH�WH[W�LQFOXGHV�PDQ\�H[HUFLVHV�IRU�ZKLFK�D�ZULWWHQ�MXVWLÀFDWLRQ�LV�SDUW�RI�WKH�DQVZHU�
&RQFHSWXDO�H[HUFLVHV�WKDW�UHTXLUH�D�VKRUW�SURRI�XVXDOO\�FRQWDLQ�KLQWV�WKDW�KHOS�D�VWXGHQW
JHW�VWDUWHG� )RU�DOO�RGG�QXPEHUHG�ZULWLQJ�H[HUFLVHV� HLWKHU�D�VROXWLRQ�LV�LQFOXGHG�DW
WKH�EDFN�RI�WKH�WH[W�RU�D�KLQW�LV�SURYLGHG�DQG�WKH�VROXWLRQ�LV�JLYHQ�LQ�WKH 6WXG\�*XLGH�
GHVFULEHG�EHORZ�

&RPSXWDWLRQDO�7RSLFV
7KH�WH[W�VWUHVVHV�WKH�LPSDFW�RI�WKH�FRPSXWHU�RQ�ERWK�WKH�GHYHORSPHQW�DQG�SUDFWLFH�RI
OLQHDU�DOJHEUD�LQ�VFLHQFH�DQG�HQJLQHHULQJ� )UHTXHQW�1XPHULFDO�1RWHV�GUDZ�DWWHQWLRQ
WR�LVVXHV�LQ�FRPSXWLQJ�DQG�GLVWLQJXLVK�EHWZHHQ�WKHRUHWLFDO�FRQFHSWV� VXFK�DV�PDWUL[
LQYHUVLRQ� DQG�FRPSXWHU�LPSOHPHQWDWLRQV� VXFK�DV�/8 IDFWRUL]DWLRQV�

7KLV�:HE�VLWH�DW ZZZ�SHDUVRQKLJKHUHG�FRP�OD\ FRQWDLQV�VXSSRUW�PDWHULDO�IRU�WKH�WH[W�
ERRN� )RU�VWXGHQWV� WKH�:HE�VLWH�FRQWDLQV UHYLHZ�VKHHWV DQG SUDFWLFH�H[DPV �ZLWK
VROXWLRQV��WKDW�FRYHU�WKH�PDLQ�WRSLFV�LQ�WKH�WH[W� 7KH\�FRPH�GLUHFWO\�IURP�FRXUVHV�,
KDYH�WDXJKW�LQ�SDVW�\HDUV� (DFK�UHYLHZ�VKHHW�LGHQWLÀHV�NH\�GHÀQLWLRQV� WKHRUHPV� DQG
VNLOOV�IURP�D�VSHFLÀHG�SRUWLRQ�RI�WKH�WH[W�

$SSOLFDWLRQV�E\�&KDSWHUV
7KH�:HE�VLWH�DOVR�FRQWDLQV�VHYHQ�&DVH�6WXGLHV� ZKLFK�H[SDQG�WRSLFV�LQWURGXFHG�DW�WKH
EHJLQQLQJ�RI�HDFK�FKDSWHU� DGGLQJ�UHDO�ZRUOG�GDWD�DQG�RSSRUWXQLWLHV�IRU�IXUWKHU�H[SOR�
UDWLRQ� ,Q�DGGLWLRQ� PRUH�WKDQ����$SSOLFDWLRQ�3URMHFWV�HLWKHU�H[WHQG�WRSLFV�LQ�WKH�WH[W�RU
LQWURGXFH�QHZ�DSSOLFDWLRQV� VXFK�DV�FXELF�VSOLQHV� DLUOLQH�ÁLJKW�URXWHV� GRPLQDQFH�PDWUL�
FHV�LQ�VSRUWV�FRPSHWLWLRQ� DQG�HUURU�FRUUHFWLQJ�FRGHV� 6RPH�PDWKHPDWLFDO�DSSOLFDWLRQV
DUH�LQWHJUDWLRQ�WHFKQLTXHV� SRO\QRPLDO�URRW�ORFDWLRQ� FRQLF�VHFWLRQV� TXDGULF�VXUIDFHV�
DQG�H[WUHPD�IRU�IXQFWLRQV�RI�WZR�YDULDEOHV� 1XPHULFDO�OLQHDU�DOJHEUD�WRSLFV� VXFK�DV
FRQGLWLRQ�QXPEHUV� PDWUL[�IDFWRUL]DWLRQV� DQG�WKH�45 PHWKRG�IRU�ÀQGLQJ�HLJHQYDOXHV�
DUH�DOVR�LQFOXGHG� :RYHQ�LQWR�HDFK�GLVFXVVLRQ�DUH�H[HUFLVHV�WKDW�PD\�LQYROYH�ODUJH�GDWD
VHWV��DQG�WKXV�UHTXLUH�WHFKQRORJ\�IRU�WKHLU�VROXWLRQ��

*HWWLQJ�6WDUWHG�ZLWK�7HFKQRORJ\
,I�\RXU�FRXUVH�LQFOXGHV�VRPH�ZRUN�ZLWK�0$7/$%��0DSOH� 0DWKHPDWLFD� RU�7, FDO�
FXODWRUV� \RX�FDQ�UHDG�RQH�RI�WKH�SURMHFWV�RQ�WKH�:HE�VLWH�IRU�DQ�LQWURGXFWLRQ�WR�WKH
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WHFKQRORJ\� ,Q�DGGLWLRQ� WKH 6WXG\�*XLGH SURYLGHV�LQWURGXFWRU\�PDWHULDO�IRU�ÀUVW�WLPH
XVHUV�

'DWD�)LOHV
+XQGUHGV�RI�ÀOHV�FRQWDLQ�GDWD�IRU�DERXW�����QXPHULFDO�H[HUFLVHV�LQ�WKH�WH[W� &DVH�6WXG�
LHV� DQG�$SSOLFDWLRQ�3URMHFWV� 7KH�GDWD�DUH�DYDLODEOH�DW ZZZ�SHDUVRQKLJKHUHG�FRP�OD\
LQ�D�YDULHW\�RI�IRUPDWV³IRU�0$7/$%��0DSOH� 0DWKHPDWLFD� DQG�WKH�7,����������
JUDSKLF�FDOFXODWRUV� %\�DOORZLQJ�VWXGHQWV�WR�DFFHVV�PDWULFHV�DQG�YHFWRUV�IRU�D�SDUWLFXODU
SUREOHP�ZLWK�RQO\�D�IHZ�NH\VWURNHV� WKH�GDWD�ÀOHV�HOLPLQDWH�GDWD�HQWU\�HUURUV�DQG�VDYH
WLPH�RQ�KRPHZRUN�

0$7/$% 3URMHFWV
7KHVH�H[SORUDWRU\�SURMHFWV�LQYLWH�VWXGHQWV�WR�GLVFRYHU�EDVLF�PDWKHPDWLFDO�DQG�QXPHULFDO
LVVXHV�LQ�OLQHDU�DOJHEUD� :ULWWHQ�E\�5LFN�6PLWK� WKH\�ZHUH�GHYHORSHG�WR�DFFRPSDQ\�D
FRPSXWDWLRQDO�OLQHDU�DOJHEUD�FRXUVH�DW�WKH�8QLYHUVLW\�RI�)ORULGD� ZKLFK�KDV�XVHG /LQHDU
$OJHEUD�DQG�,WV�$SSOLFDWLRQV IRU�PDQ\�\HDUV� 7KH�SURMHFWV�DUH�UHIHUHQFHG�E\�DQ�LFRQ

WEB DW�DSSURSULDWH�SRLQWV�LQ�WKH�WH[W� $ERXW�KDOI�RI�WKH�SURMHFWV�H[SORUH�IXQGDPHQWDO
FRQFHSWV�VXFK�DV�WKH�FROXPQ�VSDFH� GLDJRQDOL]DWLRQ� DQG�RUWKRJRQDO�SURMHFWLRQV� VHYHUDO
SURMHFWV�IRFXV�RQ�QXPHULFDO�LVVXHV�VXFK�DV�ÁRSV� LWHUDWLYH�PHWKRGV� DQG�WKH�69'��DQG�D
IHZ�SURMHFWV�H[SORUH�DSSOLFDWLRQV�VXFK�DV�/DJUDQJH�LQWHUSRODWLRQ�DQG�0DUNRY�FKDLQV�

6WXG\�*XLGH
$ SULQWHG�YHUVLRQ�RI�WKH 6WXG\�*XLGH LV�DYDLODEOH�DW�ORZ�FRVW� , ZURWH�WKLV *XLGH WR
EH�DQ�LQWHJUDO�SDUW�RI�WKH�FRXUVH� $Q�LFRQ SG LQ�WKH�WH[W�GLUHFWV�VWXGHQWV�WR�VSHFLDO
VXEVHFWLRQV�RI�WKH *XLGH WKDW�VXJJHVW�KRZ�WR�PDVWHU�NH\�FRQFHSWV�RI�WKH�FRXUVH� 7KH
*XLGH VXSSOLHV�D�GHWDLOHG�VROXWLRQ�WR�HYHU\�WKLUG�RGG�QXPEHUHG�H[HUFLVH� ZKLFK�DOORZV
VWXGHQWV�WR�FKHFN�WKHLU�ZRUN� $ FRPSOHWH�H[SODQDWLRQ�LV�SURYLGHG�ZKHQHYHU�DQ�RGG�
QXPEHUHG�ZULWLQJ�H[HUFLVH�KDV�RQO\�D�´+LQWµ�LQ�WKH�DQVZHUV� )UHTXHQW�´:DUQLQJVµ
LGHQWLI\�FRPPRQ�HUURUV�DQG�VKRZ�KRZ�WR�SUHYHQW�WKHP� 0$7/$% ER[HV�LQWURGXFH
FRPPDQGV�DV�WKH\�DUH�QHHGHG� $SSHQGL[HV�LQ�WKH 6WXG\�*XLGH SURYLGH�FRPSDUDEOH
LQIRUPDWLRQ�DERXW�0DSOH� 0DWKHPDWLFD� DQG�7, JUDSKLQJ�FDOFXODWRUV��,6%1��������
���������

,QVWUXFWRU¶V�(GLWLRQ
)RU�WKH�FRQYHQLHQFH�RI�LQVWUXFWRUV� WKLV�VSHFLDO�HGLWLRQ�LQFOXGHV�EULHI�DQVZHUV�WR�DOO
H[HUFLVHV� $ 1RWH�WR�WKH�,QVWUXFWRU DW�WKH�EHJLQQLQJ�RI�WKH�WH[W�SURYLGHV�D�FRPPHQWDU\
RQ�WKH�GHVLJQ�DQG�RUJDQL]DWLRQ�RI�WKH�WH[W� WR�KHOS�LQVWUXFWRUV�SODQ�WKHLU�FRXUVHV� ,W�DOVR
GHVFULEHV�RWKHU�VXSSRUW�DYDLODEOH�IRU�LQVWUXFWRUV� �,6%1����������������

,QVWUXFWRU¶V�7HFKQRORJ\�0DQXDOV
(DFK�PDQXDO�SURYLGHV�GHWDLOHG�JXLGDQFH�IRU�LQWHJUDWLQJ�D�VSHFLÀF�VRIWZDUH�SDFNDJH�RU
JUDSKLF�FDOFXODWRU�WKURXJKRXW�WKH�FRXUVH� ZULWWHQ�E\�IDFXOW\�ZKR�KDYH�DOUHDG\�XVHG�WKH
WHFKQRORJ\�ZLWK�WKLV�WH[W� 7KH�IROORZLQJ�PDQXDOV�DUH�DYDLODEOH�WR�TXDOLÀHG�LQVWUXFWRUV
WKURXJK�WKH�3HDUVRQ�,QVWUXFWRU�5HVRXUFH�&HQWHU� ZZZ�SHDUVRQKLJKHUHG�FRP�LUF� 0$7�
/$% �,6%1����������������� 0DSOH��,6%1����������������� 0DWKHPDWLFD��,6%1����
������������� DQG�WKH�7,���C��������,6%1�����������������
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, DP�LQGHHG�JUDWHIXO�WR�PDQ\�JURXSV�RI�SHRSOH�ZKR�KDYH�KHOSHG�PH�RYHU�WKH�\HDUV�ZLWK
YDULRXV�DVSHFWV�RI�WKLV�ERRN�

, ZDQW�WR�WKDQN�,VUDHO�*RKEHUJ�DQG�5REHUW�(OOLV�IRU�PRUH�WKDQ�ÀIWHHQ�\HDUV�RI
UHVHDUFK�FROODERUDWLRQ� ZKLFK�JUHDWO\�VKDSHG�P\�YLHZ�RI�OLQHDU�DOJHEUD� $QG� LW�KDV
EHHQ�D�SULYLOHJH�WR�EH�D�PHPEHU�RI�WKH�/LQHDU�$OJHEUD�&XUULFXOXP�6WXG\�*URXS�DORQJ
ZLWK�'DYLG�&DUOVRQ� &KDUOHV�-RKQVRQ� DQG�'XDQH�3RUWHU� 7KHLU�FUHDWLYH�LGHDV�DERXW
WHDFKLQJ�OLQHDU�DOJHEUD�KDYH�LQÁXHQFHG�WKLV�WH[W�LQ�VLJQLÀFDQW�ZD\V�

, VLQFHUHO\�WKDQN�WKH�IROORZLQJ�UHYLHZHUV�IRU�WKHLU�FDUHIXO�DQDO\VHV�DQG�FRQVWUXFWLYH
VXJJHVWLRQV�

5DIDO�$EODPRZLF]� 7HQQHVVHH�7HFKQRORJLFDO�8QLYHUVLW\ -RKQ�$ORQJL� 1RUWKZHVWHUQ�8QLYHUVLW\
%ULDQ�(��%ODQN� :DVKLQJWRQ�8QLYHUVLW\�LQ�6W� /RXLV 6WHYHQ�%HOOHQRW� )ORULGD�6WDWH�8QLYHUVLW\
9DKLG�'DEEDJKLDQ�$EGRO\� 6LPRQ�)UDVHU�8QLYHUVLW\ +HUPDQ�*ROOZLW]HU� 'UH[HO�8QLYHUVLW\
-DPHV�/��+DUWPDQ� 7KH�&ROOHJH�RI�:RRVWHU 'DYLG�5��.LQFDLG� 7KH�8QLYHUVLW\�RI�7H[DV�DW�$XVWLQ
5LFKDUG�3��.XEHOND� 6DQ�-RVH�6WDWH�8QLYHUVLW\ 'RXJODV�%��0HDGH� 8QLYHUVLW\�RI�6RXWK�&DUROLQD
0DUWLQ�1LNRORY� 8QLYHUVLW\�RI�&RQQHFWLFXW 7LP�2OVRQ� 8QLYHUVLW\�RI�)ORULGD
,O\D�0��6SLWNRYVN\� &ROOHJH�RI�:LOOLDP�	�0DU\ $OEHUW�/��9LWWHU�,,,� 7XODQH�8QLYHUVLW\

)RU�WKLV�)RXUWK�(GLWLRQ� , WKDQN�P\�EURWKHU� 6WHYHQ�/D\� DW�/HH�8QLYHUVLW\� IRU�KLV
JHQHURXV�KHOS�DQG�HQFRXUDJHPHQW� DQG�IRU�KLV�QHZO\�UHYLVHG�&KDSWHUV ��DQG��� , DOVR
WKDQN�7KRPDV�3RODVNL� RI�:LQWKURS�8QLYHUVLW\� IRU�KLV�QHZO\�UHYLVHG�&KDSWHU ��� )RU
JRRG�DGYLFH�DQG�KHOS�ZLWK�FKDSWHU�LQWURGXFWRU\�H[DPSOHV� , WKDQN�5D\PRQG�5RVHQWUDWHU�
RI�:HVWPRQW�&ROOHJH� $QRWKHU�JLIWHG�SURIHVVRU� -XGLWK�0F'RQDOG� RI�:DVKLQJWRQ�6WDWH
8QLYHUVLW\� GHYHORSHG�PDQ\�QHZ�H[HUFLVHV�IRU�WKH�WH[W� +HU�KHOS�DQG�HQWKXVLDVP�IRU�WKH
ERRN�ZDV�UHIUHVKLQJ�DQG�LQVSLULQJ�

, WKDQN�WKH�WHFKQRORJ\�H[SHUWV�ZKR�ODERUHG�RQ�WKH�YDULRXV�VXSSOHPHQWV�IRU�WKH
)RXUWK�(GLWLRQ� SUHSDULQJ�WKH�GDWD� ZULWLQJ�QRWHV�IRU�WKH�LQVWUXFWRUV� ZULWLQJ�WHFKQRORJ\
QRWHV�IRU�WKH�VWXGHQWV�LQ�WKH 6WXG\�*XLGH� DQG�VKDULQJ�WKHLU�SURMHFWV�ZLWK�XV� -HUHP\
&DVH��0$7/$%���7D\ORU�8QLYHUVLW\� 'RXJODV�0HDGH��0DSOH�� 8QLYHUVLW\�RI�6RXWK
&DUROLQD� 0LFKDHO�0LOOHU��7, &DOFXODWRU�� :HVWHUQ�%DSWLVW�&ROOHJH� DQG�0DULH�9DQLVNR
�0DWKHPDWLFD�� &DUUROO�&ROOHJH�

, WKDQN�3URIHVVRU�-RKQ�5LVOH\�DQG�JUDGXDWH�VWXGHQWV�'DYLG�$XOLFLQR� 6HDQ�%XUNH�
DQG�+HUVK�*ROGEHUJ�IRU�WKHLU�WHFKQLFDO�H[SHUWLVH�LQ�KHOSLQJ�GHYHORS�RQOLQH�KRPHZRUN
VXSSRUW�IRU�WKH�WH[W� , DP�JUDWHIXO�IRU�WKH�FODVV�WHVWLQJ�RI�WKLV�RQOLQH�KRPHZRUN�VXSSRUW
E\�WKH�IROORZLQJ� $JQHV�%RVNRYLW]� 0DOFROP�%URRNV� (OL]DEHWK�2UPHURG� $OH[DQGHU
,VDHY� DQG�-RKQ�8UEDV�DW�WKH�$XVWUDOLDQ�1DWLRQDO�8QLYHUVLW\� -RKQ�6FRWW�DQG�/HEHQ�:HH
DW�0RQWJRPHU\�&ROOHJH� 0DU\ODQG� DQG�;LQJUX�=KDQJ�DW�681< 8QLYHUVLW\�RI�%XIIDOR�

, DSSUHFLDWH�WKH�PDWKHPDWLFDO�DVVLVWDQFH�SURYLGHG�E\�%ODLVH�'H6HVD� -HDQ�+RUQ�
5RJHU�/LSVHWW� 3DXO�/RUF]DN� 7KRPDV�3RODVNL� 6DUDK�6WUHHWW� DQG�0DULH�9DQLVNR� ZKR
FKHFNHG�WKH�DFFXUDF\�RI�FDOFXODWLRQV�LQ�WKH�WH[W�

)LQDOO\� , VLQFHUHO\�WKDQN�WKH�VWDII�DW�$GGLVRQ�:HVOH\�IRU�DOO�WKHLU�KHOS�ZLWK�WKH
GHYHORSPHQW�DQG�SURGXFWLRQ�RI�WKH�)RXUWK�(GLWLRQ� &DUROLQH�&HODQR� VSRQVRULQJ�HGLWRU�
&KHUH�%HPHOPDQV� VHQLRU�FRQWHQW�HGLWRU� 7DPHOD�$PEXVK� DVVRFLDWH�PDQDJLQJ�HGLWRU�
&DUO�&RWWUHOO� VHQLRU�PHGLD�SURGXFHU� -HII�:HLGHQDDU� H[HFXWLYH�PDUNHWLQJ�PDQDJHU�
.HQGUD�%DVVL� PDUNHWLQJ�DVVLVWDQW� DQG�$QGUHD�1L[� WH[W�GHVLJQ� 6DYHG�IRU�ODVW�DUH
WKH�WKUHH�JRRG�IULHQGV�ZKR�KDYH�JXLGHG�WKH�GHYHORSPHQW�RI�WKH�ERRN�QHDUO\�IURP�WKH
EHJLQQLQJ³JLYLQJ�ZLVH�FRXQVHO�DQG�HQFRXUDJHPHQW³*UHJ�7RELQ� SXEOLVKHU� /DXULH
5RVDWRQH� IRUPHU�HGLWRU� DQG�:LOOLDP�+RIIPDQ� FXUUHQW�HGLWRU� 7KDQN�\RX�DOO�VR�PXFK�

'DYLG�&��/D\



$ 1RWH�WR�6WXGHQWV

7KLV�FRXUVH�LV�SRWHQWLDOO\�WKH�PRVW�LQWHUHVWLQJ�DQG�ZRUWKZKLOH�XQGHUJUDGXDWH�PDWKH�
PDWLFV�FRXUVH�\RX�ZLOO�FRPSOHWH� ,Q�IDFW� VRPH�VWXGHQWV�KDYH�ZULWWHQ�RU�VSRNHQ�WR�PH
DIWHU�JUDGXDWLRQ�DQG�VDLG�WKDW�WKH\�VWLOO�XVH�WKLV�WH[W�RFFDVLRQDOO\�DV�D�UHIHUHQFH�LQ�WKHLU
FDUHHUV�DW�PDMRU�FRUSRUDWLRQV�DQG�HQJLQHHULQJ�JUDGXDWH�VFKRROV� 7KH�IROORZLQJ�UHPDUNV
RIIHU�VRPH�SUDFWLFDO�DGYLFH�DQG�LQIRUPDWLRQ�WR�KHOS�\RX�PDVWHU�WKH�PDWHULDO�DQG�HQMR\
WKH�FRXUVH�

,Q�OLQHDU�DOJHEUD� WKH FRQFHSWV DUH�DV�LPSRUWDQW�DV�WKH FRPSXWDWLRQV� 7KH�VLPSOH
QXPHULFDO�H[HUFLVHV�WKDW�EHJLQ�HDFK�H[HUFLVH�VHW�RQO\�KHOS�\RX�FKHFN�\RXU�XQGHUVWDQGLQJ
RI�EDVLF�SURFHGXUHV� /DWHU�LQ�\RXU�FDUHHU� FRPSXWHUV�ZLOO�GR�WKH�FDOFXODWLRQV� EXW�\RX
ZLOO�KDYH�WR�FKRRVH�WKH�FDOFXODWLRQV� NQRZ�KRZ�WR�LQWHUSUHW�WKH�UHVXOWV� DQG�WKHQ�H[SODLQ
WKH�UHVXOWV�WR�RWKHU�SHRSOH� )RU�WKLV�UHDVRQ� PDQ\�H[HUFLVHV�LQ�WKH�WH[W�DVN�\RX�WR�H[SODLQ
RU�MXVWLI\�\RXU�FDOFXODWLRQV� $ZULWWHQ�H[SODQDWLRQ�LV�RIWHQ�UHTXLUHG�DV�SDUW�RI�WKH�DQVZHU�
)RU�RGG�QXPEHUHG�H[HUFLVHV� \RX�ZLOO�ÀQG�HLWKHU�WKH�GHVLUHG�H[SODQDWLRQ�RU�DW�OHDVW�D
JRRG�KLQW� <RX�PXVW�DYRLG�WKH�WHPSWDWLRQ�WR�ORRN�DW�VXFK�DQVZHUV�EHIRUH�\RX�KDYH�WULHG
WR�ZULWH�RXW�WKH�VROXWLRQ�\RXUVHOI� 2WKHUZLVH� \RX�DUH�OLNHO\�WR�WKLQN�\RX�XQGHUVWDQG
VRPHWKLQJ�ZKHQ�LQ�IDFW�\RX�GR�QRW�

7R�PDVWHU�WKH�FRQFHSWV�RI�OLQHDU�DOJHEUD� \RX�ZLOO�KDYH�WR�UHDG�DQG�UHUHDG�WKH�WH[W
FDUHIXOO\� 1HZ�WHUPV�DUH�LQ�EROGIDFH�W\SH� VRPHWLPHV�HQFORVHG�LQ�D�GHÀQLWLRQ�ER[� $
JORVVDU\�RI�WHUPV�LV�LQFOXGHG�DW�WKH�HQG�RI�WKH�WH[W� ,PSRUWDQW�IDFWV�DUH�VWDWHG�DV�WKHRUHPV
RU�DUH�HQFORVHG�LQ�WLQWHG�ER[HV� IRU�HDV\�UHIHUHQFH� , HQFRXUDJH�\RX�WR�UHDG�WKH�ÀUVW�ÀYH
SDJHV�RI�WKH�3UHIDFH�WR�OHDUQ�PRUH�DERXW�WKH�VWUXFWXUH�RI�WKLV�WH[W� 7KLV�ZLOO�JLYH�\RX�D
IUDPHZRUN�IRU�XQGHUVWDQGLQJ�KRZ�WKH�FRXUVH�PD\�SURFHHG�

,Q�D�SUDFWLFDO�VHQVH� OLQHDU�DOJHEUD�LV�D�ODQJXDJH� <RX�PXVW�OHDUQ�WKLV�ODQJXDJH�WKH
VDPH�ZD\�\RX�ZRXOG�D�IRUHLJQ�ODQJXDJH³ZLWK�GDLO\�ZRUN� 0DWHULDO�SUHVHQWHG�LQ�RQH
VHFWLRQ�LV�QRW�HDVLO\�XQGHUVWRRG�XQOHVV�\RX�KDYH�WKRURXJKO\�VWXGLHG�WKH�WH[W�DQG�ZRUNHG
WKH�H[HUFLVHV�IRU�WKH�SUHFHGLQJ�VHFWLRQV� .HHSLQJ�XS�ZLWK�WKH�FRXUVH�ZLOO�VDYH�\RX�ORWV
RI�WLPH�DQG�GLVWUHVV�

1XPHULFDO�1RWHV
, KRSH�\RX�UHDG�WKH�1XPHULFDO�1RWHV�LQ�WKH�WH[W� HYHQ�LI�\RX�DUH�QRW�XVLQJ�D�FRPSXWHU�RU
JUDSKLF�FDOFXODWRU�ZLWK�WKH�WH[W� ,Q�UHDO�OLIH� PRVW�DSSOLFDWLRQV�RI�OLQHDU�DOJHEUD�LQYROYH
QXPHULFDO�FRPSXWDWLRQV�WKDW�DUH�VXEMHFW�WR�VRPH�QXPHULFDO�HUURU� HYHQ�WKRXJK�WKDW�HUURU
PD\�EH�H[WUHPHO\�VPDOO� 7KH�1XPHULFDO�1RWHV�ZLOO�ZDUQ�\RX�RI�SRWHQWLDO�GLIÀFXOWLHV�LQ
XVLQJ�OLQHDU�DOJHEUD�ODWHU�LQ�\RXU�FDUHHU� DQG�LI�\RX�VWXG\�WKH�QRWHV�QRZ� \RX�DUH�PRUH
OLNHO\�WR�UHPHPEHU�WKHP�ODWHU�

,I�\RX�HQMR\�UHDGLQJ�WKH�1XPHULFDO�1RWHV� \RX�PD\�ZDQW�WR�WDNH�D�FRXUVH�ODWHU�LQ
QXPHULFDO�OLQHDU�DOJHEUD� %HFDXVH�RI�WKH�KLJK�GHPDQG�IRU�LQFUHDVHG�FRPSXWLQJ�SRZHU�
FRPSXWHU�VFLHQWLVWV�DQG�PDWKHPDWLFLDQV�ZRUN�LQ�QXPHULFDO�OLQHDU�DOJHEUD�WR�GHYHORS
IDVWHU�DQG�PRUH�UHOLDEOH�DOJRULWKPV�IRU�FRPSXWDWLRQV� DQG�HOHFWULFDO�HQJLQHHUV�GHVLJQ
IDVWHU�DQG�VPDOOHU�FRPSXWHUV�WR�UXQ�WKH�DOJRULWKPV� 7KLV�LV�DQ�H[FLWLQJ�ÀHOG� DQG�\RXU
ÀUVW�FRXUVH�LQ�OLQHDU�DOJHEUD�ZLOO�KHOS�\RX�SUHSDUH�IRU�LW�



6WXG\�*XLGH
7R�KHOS �\RX�VXFFHHG� LQ � WKLV �FRXUVH� , VXJJHVW � WKDW �\RX�SXUFKDVH � WKH 6WXG\�*XLGH
�ZZZ�P\SHDUVRQVWRUH�FRP� ��������������� 1RW�RQO\�ZLOO�LW �KHOS�\RX�OHDUQ�OLQHDU
DOJHEUD� LW�DOVR�ZLOO�VKRZ�\RX�KRZ�WR�VWXG\�PDWKHPDWLFV� $W�VWUDWHJLF�SRLQWV�LQ�\RXU
WH[WERRN� DQ�LFRQ SG ZLOO�GLUHFW�\RX�WR�VSHFLDO�VXEVHFWLRQV�LQ�WKH 6WXG\�*XLGH HQWLWOHG
´0DVWHULQJ�/LQHDU�$OJHEUD�&RQFHSWV�µ 7KHUH�\RX�ZLOO�ÀQG�VXJJHVWLRQV�IRU�FRQVWUXFWLQJ
HIIHFWLYH�UHYLHZ�VKHHWV�RI�NH\�FRQFHSWV� 7KH�DFW�RI�SUHSDULQJ�WKH�VKHHWV�LV�RQH�RI
WKH�VHFUHWV�WR�VXFFHVV�LQ�WKH�FRXUVH� EHFDXVH�\RX�ZLOO�FRQVWUXFW OLQNV�EHWZHHQ�LGHDV�
7KHVH�OLQNV�DUH�WKH�´JOXHµ�WKDW�HQDEOHV�\RX�WR�EXLOG�D�VROLG�IRXQGDWLRQ�IRU�OHDUQLQJ�DQG
UHPHPEHULQJ WKH�PDLQ�FRQFHSWV�LQ�WKH�FRXUVH�

7KH 6WXG\�*XLGH FRQWDLQV�D�GHWDLOHG�VROXWLRQ�WR�HYHU\�WKLUG�RGG�QXPEHUHG�H[HUFLVH�
SOXV�VROXWLRQV�WR�DOO�RGG�QXPEHUHG�ZULWLQJ�H[HUFLVHV�IRU�ZKLFK�RQO\�D�KLQW�LV�JLYHQ�LQ
WKH�$QVZHUV�VHFWLRQ�RI�WKLV�ERRN� 7KH *XLGH LV�VHSDUDWH�IURP�WKH�WH[W�EHFDXVH�\RX
PXVW�OHDUQ�WR�ZULWH�VROXWLRQV�E\�\RXUVHOI� ZLWKRXW�PXFK�KHOS� �, NQRZ�IURP�\HDUV�RI
H[SHULHQFH�WKDW�HDV\�DFFHVV�WR�VROXWLRQV�LQ�WKH�EDFN�RI�WKH�WH[W�VORZV�WKH�PDWKHPDWLFDO
GHYHORSPHQW�RI�PRVW�VWXGHQWV�� 7KH *XLGH DOVR�SURYLGHV�ZDUQLQJV�RI�FRPPRQ�HUURUV
DQG�KHOSIXO�KLQWV�WKDW�FDOO�DWWHQWLRQ�WR�NH\�H[HUFLVHV�DQG�SRWHQWLDO�H[DP�TXHVWLRQV�

,I � \RX � KDYH � DFFHVV � WR � WHFKQRORJ\³0$7/$%� �0DSOH� 0DWKHPDWLFD� RU � D �7,
JUDSKLQJ�FDOFXODWRU³\RX�FDQ�VDYH�PDQ\�KRXUV�RI�KRPHZRUN�WLPH� 7KH 6WXG\�*XLGH
LV �\RXU � ´ODE �PDQXDOµ � WKDW � H[SODLQV �KRZ� WR �XVH �HDFK �RI � WKHVH �PDWUL[ �XWLOLWLHV� ,W
LQWURGXFHV�QHZ�FRPPDQGV�ZKHQ�WKH\�DUH�QHHGHG� <RX�FDQ�GRZQORDG�IURP�WKH�ZHEVLWH
ZZZ�SHDUVRQKLJKHUHG�FRP�OD\ WKH�GDWD�IRU�PRUH�WKDQ�����H[HUFLVHV�LQ�WKH�WH[W� �:LWK
D�IHZ�NH\VWURNHV� \RX�FDQ�GLVSOD\�DQ\�QXPHULFDO�KRPHZRUN�SUREOHP�RQ�\RXU�VFUHHQ��
6SHFLDO�PDWUL[�FRPPDQGV�ZLOO�SHUIRUP�WKH�FRPSXWDWLRQV�IRU�\RX�

:KDW�\RX�GR�LQ�\RXU�ÀUVW�IHZ�ZHHNV�RI�VWXG\LQJ�WKLV�FRXUVH�ZLOO�VHW�\RXU�SDWWHUQ
IRU�WKH�WHUP�DQG�GHWHUPLQH�KRZ�ZHOO�\RX�ÀQLVK�WKH�FRXUVH� 3OHDVH�UHDG�´+RZ�WR�6WXG\
/LQHDU�$OJHEUDµ�LQ�WKH 6WXG\�*XLGH DV�VRRQ�DV�SRVVLEOH� 0\�VWXGHQWV�KDYH�IRXQG�WKH
VWUDWHJLHV�WKHUH�YHU\�KHOSIXO� DQG�, KRSH�\RX�ZLOO� WRR�
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/LQHDU�(TXDWLRQV�LQ
/LQHDU�$OJHEUD

/LQHDU�0RGHOV�LQ�(FRQRPLFV
DQG�(QJLQHHULQJ
,W�ZDV�ODWH�VXPPHU�LQ������ +DUYDUG�3URIHVVRU�:DVVLO\
/HRQWLHI�ZDV�FDUHIXOO\�IHHGLQJ�WKH�ODVW�RI�KLV�SXQFKHG
FDUGV�LQWR�WKH�XQLYHUVLW\·V�0DUN�,, FRPSXWHU� 7KH�FDUGV
FRQWDLQHG�HFRQRPLF�LQIRUPDWLRQ�DERXW�WKH�8�6��HFRQRP\
DQG�UHSUHVHQWHG�D�VXPPDU\�RI�PRUH�WKDQ���������SLHFHV
RI�LQIRUPDWLRQ�SURGXFHG�E\�WKH�8�6��%XUHDX�RI�/DERU
6WDWLVWLFV�DIWHU�WZR�\HDUV�RI LQWHQVLYH ZRUN� /HRQWLHI�KDG
GLYLGHG�WKH�8�6��HFRQRP\�LQWR�����´VHFWRUV�µ VXFK�DV�WKH
FRDO�LQGXVWU\� WKH�DXWRPRWLYH�LQGXVWU\� FRPPXQLFDWLRQV�
DQG�VR�RQ� )RU�HDFK�VHFWRU� KH�KDG�ZULWWHQ�D�OLQHDU�HTXDWLRQ
WKDW�GHVFULEHG�KRZ�WKH�VHFWRU�GLVWULEXWHG�LWV�RXWSXW�WR
WKH�RWKHU�VHFWRUV�RI�WKH�HFRQRP\� %HFDXVH�WKH�0DUN�,,�
RQH�RI�WKH�ODUJHVW�FRPSXWHUV�RI�LWV�GD\� FRXOG�QRW�KDQGOH
WKH�UHVXOWLQJ�V\VWHP�RI�����HTXDWLRQV�LQ�����XQNQRZQV�
/HRQWLHI�KDG�GLVWLOOHG�WKH�SUREOHP�LQWR�D�V\VWHP�RI���
HTXDWLRQV�LQ����XQNQRZQV�

3URJUDPPLQJ�WKH�0DUN�,, FRPSXWHU�IRU�/HRQWLHI·V���
HTXDWLRQV�KDG�UHTXLUHG�VHYHUDO�PRQWKV�RI�HIIRUW� DQG�KH
ZDV�DQ[LRXV�WR�VHH�KRZ�ORQJ�WKH�FRPSXWHU�ZRXOG�WDNH
WR�VROYH�WKH�SUREOHP� 7KH�0DUN�,, KXPPHG�DQG�EOLQNHG
IRU����KRXUV�EHIRUH�ÀQDOO\�SURGXFLQJ�D�VROXWLRQ� :H�ZLOO
GLVFXVV�WKH�QDWXUH�RI�WKLV�VROXWLRQ�LQ�6HFWLRQV�����DQG�����

/HRQWLHI� ZKR�ZDV�DZDUGHG�WKH������1REHO�3UL]H
LQ�(FRQRPLF�6FLHQFH� RSHQHG�WKH�GRRU�WR�D�QHZ�HUD
LQ�PDWKHPDWLFDO�PRGHOLQJ�LQ�HFRQRPLFV� +LV�HIIRUWV

DW�+DUYDUG�LQ������PDUNHG�RQH�RI�WKH�ÀUVW�VLJQLÀFDQW
XVHV�RI�FRPSXWHUV�WR�DQDO\]H�ZKDW�ZDV�WKHQ�D�ODUJH�
VFDOH�PDWKHPDWLFDO�PRGHO� 6LQFH�WKDW�WLPH� UHVHDUFKHUV
LQ�PDQ\�RWKHU�ÀHOGV�KDYH�HPSOR\HG�FRPSXWHUV�WR�DQDO\]H
PDWKHPDWLFDO�PRGHOV� %HFDXVH�RI�WKH�PDVVLYH�DPRXQWV�RI
GDWD�LQYROYHG� WKH�PRGHOV�DUH�XVXDOO\ OLQHDU� WKDW�LV� WKH\
DUH�GHVFULEHG�E\ V\VWHPV�RI�OLQHDU�HTXDWLRQV�

7KH�LPSRUWDQFH�RI�OLQHDU�DOJHEUD�IRU�DSSOLFDWLRQV�KDV
ULVHQ�LQ�GLUHFW�SURSRUWLRQ�WR�WKH�LQFUHDVH�LQ�FRPSXWLQJ
SRZHU� ZLWK �HDFK �QHZ�JHQHUDWLRQ �RI �KDUGZDUH �DQG
VRIWZDUH�WULJJHULQJ�D�GHPDQG�IRU�HYHQ�JUHDWHU�FDSDELOLWLHV�
&RPSXWHU�VFLHQFH�LV�WKXV�LQWULFDWHO\�OLQNHG�ZLWK�OLQHDU
DOJHEUD�WKURXJK�WKH�H[SORVLYH�JURZWK�RI�SDUDOOHO�SURFHVVLQJ
DQG�ODUJH�VFDOH�FRPSXWDWLRQV�

6FLHQWLVWV�DQG�HQJLQHHUV�QRZ�ZRUN�RQ�SUREOHPV�IDU
PRUH�FRPSOH[�WKDQ�HYHQ�GUHDPHG�SRVVLEOH�D�IHZ�GHFDGHV
DJR� 7RGD\� OLQHDU�DOJHEUD�KDV�PRUH�SRWHQWLDO�YDOXH�IRU
VWXGHQWV�LQ�PDQ\�VFLHQWLÀF�DQG�EXVLQHVV�ÀHOGV�WKDQ�DQ\
RWKHU�XQGHUJUDGXDWH�PDWKHPDWLFV�VXEMHFW� 7KH�PDWHULDO�LQ
WKLV�WH[W�SURYLGHV�WKH�IRXQGDWLRQ�IRU�IXUWKHU�ZRUN�LQ�PDQ\
LQWHUHVWLQJ�DUHDV� +HUH�DUH�D�IHZ�SRVVLELOLWLHV� RWKHUV�ZLOO
EH�GHVFULEHG�ODWHU�

! 2LO�H[SORUDWLRQ� :KHQ�D�VKLS�VHDUFKHV�IRU�RIIVKRUH
RLO �GHSRVLWV� LWV �FRPSXWHUV�VROYH�WKRXVDQGV�RI
VHSDUDWH�V\VWHPV�RI�OLQHDU�HTXDWLRQV HYHU\�GD\� 7KH



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

VHLVPLF�GDWD�IRU�WKH�HTXDWLRQV�DUH�REWDLQHG�IURP
XQGHUZDWHU�VKRFN�ZDYHV�FUHDWHG�E\�H[SORVLRQV
IURP�DLU�JXQV� 7KH�ZDYHV�ERXQFH�RII�VXEVXUIDFH
URFNV�DQG�DUH�PHDVXUHG�E\�JHRSKRQHV�DWWDFKHG�WR
PLOH�ORQJ�FDEOHV�EHKLQG�WKH�VKLS�

! /LQHDU�SURJUDPPLQJ� 0DQ\�LPSRUWDQW�PDQDJHPHQW
GHFLVLRQV�WRGD\�DUH�PDGH�RQ�WKH�EDVLV�RI�OLQHDU
SURJUDPPLQJ�PRGHOV � WKDW �XWLOL]H �KXQGUHGV�RI
YDULDEOHV� 7KH�DLUOLQH � LQGXVWU\� IRU � LQVWDQFH�

HPSOR\V�OLQHDU�SURJUDPV�WKDW�VFKHGXOH�ÁLJKW�FUHZV�
PRQLWRU�WKH�ORFDWLRQV�RI�DLUFUDIW� RU�SODQ�WKH�YDULHG
VFKHGXOHV�RI�VXSSRUW�VHUYLFHV�VXFK�DV�PDLQWHQDQFH
DQG�WHUPLQDO�RSHUDWLRQV�

! (OHFWULFDO�QHWZRUNV� (QJLQHHUV�XVH�VLPXODWLRQ
VRIWZDUH�WR�GHVLJQ�HOHFWULFDO�FLUFXLWV�DQG�PLFURFKLSV
LQYROYLQJ�PLOOLRQV�RI�WUDQVLVWRUV� 6XFK�VRIWZDUH
UHOLHV�RQ�OLQHDU�DOJHEUD�WHFKQLTXHV�DQG�V\VWHPV�RI
OLQHDU�HTXDWLRQV�

WEB

6\VWHPV�RI�OLQHDU�HTXDWLRQV�OLH�DW�WKH�KHDUW�RI�OLQHDU�DOJHEUD� DQG�WKLV�FKDSWHU�XVHV�WKHP�WR
LQWURGXFH�VRPH�RI�WKH�FHQWUDO�FRQFHSWV�RI�OLQHDU�DOJHEUD�LQ�D�VLPSOH�DQG�FRQFUHWH�VHWWLQJ�
6HFWLRQV�����DQG�����SUHVHQW�D�V\VWHPDWLF�PHWKRG�IRU�VROYLQJ�V\VWHPV�RI�OLQHDU�HTXDWLRQV�
7KLV�DOJRULWKP�ZLOO�EH�XVHG�IRU�FRPSXWDWLRQV�WKURXJKRXW�WKH�WH[W� 6HFWLRQV�����DQG
����VKRZ�KRZ�D�V\VWHP�RI�OLQHDU�HTXDWLRQV�LV�HTXLYDOHQW�WR�D YHFWRU�HTXDWLRQ DQG�WR�D
PDWUL[�HTXDWLRQ� 7KLV�HTXLYDOHQFH�ZLOO�UHGXFH�SUREOHPV�LQYROYLQJ�OLQHDU�FRPELQDWLRQV
RI�YHFWRUV�WR�TXHVWLRQV�DERXW�V\VWHPV�RI�OLQHDU�HTXDWLRQV� 7KH�IXQGDPHQWDO�FRQFHSWV�RI
VSDQQLQJ� OLQHDU�LQGHSHQGHQFH� DQG�OLQHDU�WUDQVIRUPDWLRQV� VWXGLHG�LQ�WKH�VHFRQG�KDOI�RI
WKH�FKDSWHU� ZLOO�SOD\�DQ�HVVHQWLDO�UROH�WKURXJKRXW�WKH�WH[W�DV�ZH�H[SORUH�WKH�EHDXW\�DQG
SRZHU�RI�OLQHDU�DOJHEUD�

$ OLQHDU�HTXDWLRQ LQ�WKH�YDULDEOHV x1; : : : ; xn LV�DQ�HTXDWLRQ�WKDW�FDQ�EH�ZULWWHQ�LQ�WKH
IRUP

a1x1 C a2x2 C ! ! ! C anxn D b ���
ZKHUH b DQG�WKH FRHIÀFLHQWV a1; : : : ; an DUH�UHDO�RU�FRPSOH[�QXPEHUV� XVXDOO\�NQRZQ
LQ�DGYDQFH� 7KH�VXEVFULSW n PD\�EH�DQ\�SRVLWLYH�LQWHJHU� ,Q�WH[WERRN�H[DPSOHV�DQG
H[HUFLVHV� n LV�QRUPDOO\�EHWZHHQ���DQG��� ,Q�UHDO�OLIH�SUREOHPV� n PLJKW�EH����RU������
RU�HYHQ�ODUJHU�

7KH�HTXDWLRQV

4x1 " 5x2 C 2 D x1 DQG x2 D 2
!p

6 " x1

"
C x3

DUH�ERWK�OLQHDU�EHFDXVH�WKH\�FDQ�EH�UHDUUDQJHG�DOJHEUDLFDOO\�DV�LQ�HTXDWLRQ ����

3x1 " 5x2 D "2 DQG 2x1 C x2 " x3 D 2
p

6

7KH�HTXDWLRQV
4x1 " 5x2 D x1x2 DQG x2 D 2

p
x1 " 6

DUH�QRW�OLQHDU�EHFDXVH�RI�WKH�SUHVHQFH�RI x1x2 LQ�WKH�ÀUVW�HTXDWLRQ�DQG
p

x1 LQ�WKH�VHFRQG�
$ V\VWHP�RI�OLQHDU�HTXDWLRQV �RU�D OLQHDU�V\VWHP��LV�D�FROOHFWLRQ�RI�RQH�RU�PRUH

OLQHDU�HTXDWLRQV�LQYROYLQJ�WKH�VDPH�YDULDEOHV³VD\� x1; : : : ; xn� $Q�H[DPSOH�LV

2x1 " x2 C 1:5x3 D 8

x1 " 4x3 D "7
���



6\VWHPV�RI�/LQHDU�(TXDWLRQV

$ VROXWLRQ RI�WKH�V\VWHP�LV�D�OLVW .s1; s2; : : : ; sn/ RI�QXPEHUV�WKDW�PDNHV�HDFK�HTXDWLRQ�D
WUXH�VWDWHPHQW�ZKHQ�WKH�YDOXHV s1; : : : ; sn DUH�VXEVWLWXWHG�IRU x1; : : : ; xn� UHVSHFWLYHO\� )RU
LQVWDQFH� .5; 6:5; 3/ LV�D�VROXWLRQ�RI�V\VWHP�����EHFDXVH� ZKHQ�WKHVH�YDOXHV�DUH�VXEVWLWXWHG
LQ�����IRU x1; x2; x3� UHVSHFWLYHO\� WKH�HTXDWLRQV�VLPSOLI\�WR 8 D 8 DQG "7 D "7�

7KH�VHW�RI�DOO�SRVVLEOH�VROXWLRQV�LV�FDOOHG�WKH VROXWLRQ�VHW RI�WKH�OLQHDU�V\VWHP� 7ZR
OLQHDU�V\VWHPV�DUH�FDOOHG HTXLYDOHQW LI�WKH\�KDYH�WKH�VDPH�VROXWLRQ�VHW� 7KDW�LV� HDFK
VROXWLRQ�RI�WKH�ÀUVW�V\VWHP�LV�D�VROXWLRQ�RI�WKH�VHFRQG�V\VWHP� DQG�HDFK�VROXWLRQ�RI�WKH
VHFRQG�V\VWHP�LV�D�VROXWLRQ�RI�WKH�ÀUVW�

)LQGLQJ�WKH�VROXWLRQ�VHW�RI�D�V\VWHP�RI�WZR�OLQHDU�HTXDWLRQV�LQ�WZR�YDULDEOHV�LV�HDV\
EHFDXVH�LW�DPRXQWV�WR�ÀQGLQJ�WKH�LQWHUVHFWLRQ�RI�WZR�OLQHV� $ W\SLFDO�SUREOHP�LV

x1 " 2x2 D "1

"x1 C 3x2 D 3

7KH�JUDSKV�RI�WKHVH�HTXDWLRQV�DUH�OLQHV� ZKLFK�ZH�GHQRWH�E\ `1 DQG `2� $ SDLU�RI�QXPEHUV
.x1; x2/ VDWLVÀHV ERWK HTXDWLRQV�LQ�WKH�V\VWHP�LI�DQG�RQO\�LI�WKH�SRLQW .x1; x2/ OLHV�RQ�ERWK
`1 DQG `2� ,Q�WKH�V\VWHP�DERYH� WKH�VROXWLRQ�LV�WKH�VLQJOH�SRLQW .3; 2/� DV�\RX�FDQ�HDVLO\
YHULI\� 6HH�)LJ� ��

2

3

x2

x1

l1

l2

([DFWO\�RQH�VROXWLRQ�

2I�FRXUVH� WZR�OLQHV�QHHG�QRW�LQWHUVHFW�LQ�D�VLQJOH�SRLQW³WKH\�FRXOG�EH�SDUDOOHO� RU
WKH\�FRXOG�FRLQFLGH�DQG�KHQFH�´LQWHUVHFWµ�DW�HYHU\�SRLQW�RQ�WKH�OLQH� )LJXUH���VKRZV�WKH
JUDSKV�WKDW�FRUUHVSRQG�WR�WKH�IROORZLQJ�V\VWHPV�

�D� x1 " 2x2 D "1

"x1 C 2x2 D 3

�E� x1 " 2x2 D "1

"x1 C 2x2 D 1

2

3

x2

x1

l1
l2

(a)

2

3

x2

x1

l1

(b)

�D��1R�VROXWLRQ� �E��,QÀQLWHO\�PDQ\�VROXWLRQV�

)LJXUHV���DQG���LOOXVWUDWH�WKH�IROORZLQJ�JHQHUDO�IDFW�DERXW�OLQHDU�V\VWHPV� WR�EH
YHULÀHG�LQ�6HFWLRQ ����



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

$ V\VWHP�RI�OLQHDU�HTXDWLRQV�KDV

�� QR�VROXWLRQ� RU
�� H[DFWO\�RQH�VROXWLRQ� RU
�� LQÀQLWHO\�PDQ\�VROXWLRQV�

$ V\VWHP�RI�OLQHDU�HTXDWLRQV�LV�VDLG�WR�EH FRQVLVWHQW LI�LW�KDV�HLWKHU�RQH�VROXWLRQ�RU
LQÀQLWHO\�PDQ\�VROXWLRQV� D�V\VWHP�LV LQFRQVLVWHQW LI�LW�KDV�QR�VROXWLRQ�

0DWUL[�1RWDWLRQ
7KH�HVVHQWLDO�LQIRUPDWLRQ�RI�D�OLQHDU�V\VWHP�FDQ�EH�UHFRUGHG�FRPSDFWO\�LQ�D�UHFWDQJXODU
DUUD\�FDOOHG�D PDWUL[� *LYHQ�WKH�V\VWHP

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

"4x1 C 5x2 C 9x3 D "9

���

ZLWK�WKH�FRHIÀFLHQWV�RI�HDFK�YDULDEOH�DOLJQHG�LQ�FROXPQV� WKH�PDWUL[2
4

1 "2 1
0 2 "8

"4 5 9

3
5

LV�FDOOHG�WKH FRHIÀFLHQW�PDWUL[ �RU PDWUL[�RI�FRHIÀFLHQWV��RI�WKH�V\VWHP����� DQG2
4

1 "2 1 0
0 2 "8 8

"4 5 9 "9

3
5 ���

LV�FDOOHG�WKH DXJPHQWHG�PDWUL[ RI�WKH�V\VWHP� �7KH�VHFRQG�URZ�KHUH�FRQWDLQV�D�]HUR�EH�
FDXVH�WKH�VHFRQG�HTXDWLRQ�FRXOG�EH�ZULWWHQ�DV 0 ! x1 C 2x2 " 8x3 D 8�� $Q�DXJPHQWHG
PDWUL[�RI�D�V\VWHP�FRQVLVWV�RI�WKH�FRHIÀFLHQW�PDWUL[�ZLWK�DQ�DGGHG�FROXPQ�FRQWDLQLQJ
WKH�FRQVWDQWV�IURP�WKH�ULJKW�VLGHV�RI�WKH�HTXDWLRQV�

7KH VL]H RI�D�PDWUL[�WHOOV�KRZ�PDQ\�URZV�DQG�FROXPQV�LW�KDV� 7KH�DXJPHQWHG�PDWUL[
����DERYH�KDV���URZV�DQG���FROXPQV�DQG�LV�FDOOHG�D 3 # 4 �UHDG�´��E\��µ��PDWUL[� ,I m
DQG n DUH�SRVLWLYH�LQWHJHUV� DQ m ! n PDWUL[ LV�D�UHFWDQJXODU�DUUD\�RI�QXPEHUV�ZLWK m
URZV�DQG n FROXPQV� �7KH�QXPEHU�RI�URZV�DOZD\V�FRPHV�ÀUVW�� 0DWUL[�QRWDWLRQ�ZLOO
VLPSOLI\�WKH�FDOFXODWLRQV�LQ�WKH�H[DPSOHV�WKDW�IROORZ�

6ROYLQJ�D�/LQHDU�6\VWHP
7KLV�VHFWLRQ�DQG�WKH�QH[W�GHVFULEH�DQ�DOJRULWKP� RU�D�V\VWHPDWLF�SURFHGXUH� IRU�VROYLQJ
OLQHDU�V\VWHPV� 7KH�EDVLF�VWUDWHJ\�LV WR�UHSODFH�RQH�V\VWHP�ZLWK�DQ�HTXLYDOHQW�V\VWHP
�L�H�� RQH�ZLWK�WKH�VDPH�VROXWLRQ�VHW��WKDW�LV�HDVLHU�WR�VROYH�

5RXJKO\�VSHDNLQJ� XVH�WKH x1 WHUP�LQ�WKH�ÀUVW�HTXDWLRQ�RI�D�V\VWHP�WR�HOLPLQDWH
WKH x1 WHUPV�LQ�WKH�RWKHU�HTXDWLRQV� 7KHQ�XVH�WKH x2 WHUP�LQ�WKH�VHFRQG�HTXDWLRQ�WR
HOLPLQDWH�WKH x2 WHUPV�LQ�WKH�RWKHU�HTXDWLRQV� DQG�VR�RQ� XQWLO�\RX�ÀQDOO\�REWDLQ�D�YHU\
VLPSOH�HTXLYDOHQW�V\VWHP�RI�HTXDWLRQV�

7KUHH�EDVLF�RSHUDWLRQV�DUH�XVHG�WR�VLPSOLI\�D�OLQHDU�V\VWHP� 5HSODFH�RQH�HTXDWLRQ
E\�WKH�VXP�RI�LWVHOI�DQG�D�PXOWLSOH�RI�DQRWKHU�HTXDWLRQ� LQWHUFKDQJH�WZR�HTXDWLRQV� DQG
PXOWLSO\�DOO�WKH�WHUPV�LQ�DQ�HTXDWLRQ�E\�D�QRQ]HUR�FRQVWDQW� $IWHU�WKH�ÀUVW�H[DPSOH� \RX
ZLOO�VHH�ZK\�WKHVH�WKUHH�RSHUDWLRQV�GR�QRW�FKDQJH�WKH�VROXWLRQ�VHW�RI�WKH�V\VWHP�



6\VWHPV�RI�/LQHDU�(TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

"4x1 C 5x2 C 9x3 D "9

2
4

1 "2 1 0
0 2 "8 8

"4 5 9 "9

3
5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG��
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

4 ! ŒHTXDWLRQ��!W
C ŒHTXDWLRQ��!W

ŒQHZ�HTXDWLRQ��!W

4x1 " 8x2 C 4x3 D 0

"4x1 C 5x2 C 9x3 D "9

" 3x2 C 13x3 D "9

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

" 3x2 C 13x3 D "9

2
4

1 "2 1 0
0 2 "8 8
0 "3 13 "9

3
5

1RZ� PXOWLSO\�HTXDWLRQ���E\ 1=2 LQ�RUGHU�WR�REWDLQ���DV�WKH�FRHIÀFLHQW�IRU x2� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

" 3x2 C 13x3 D "9

2
4

1 "2 1 0
0 1 "4 4
0 "3 13 "9

3
5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH"3x2 LQ�HTXDWLRQ��� 7KH�´PHQWDOµ�FRPSXWDWLRQ
LV

3 ! ŒHTXDWLRQ��!W
C ŒHTXDWLRQ��!W

>QHZ�HTXDWLRQ��!W

3x2 " 12x3 D 12

"3x2 C 13x3 D "9

x3 D 3

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP�ñ

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D 3

2
4

1 "2 1 0
0 1 "4 4
0 0 1 3

3
5

(YHQWXDOO\� \RX�ZDQW�WR�HOLPLQDWH�WKH"2x2 WHUP�IURP�HTXDWLRQ��� EXW�LW�LV�PRUH�HIÀFLHQW
WR�XVH�WKH x3 LQ�HTXDWLRQ���ÀUVW� WR�HOLPLQDWH�WKH"4x3 DQGCx3 WHUPV�LQ�HTXDWLRQV���DQG ��
7KH�WZR�´PHQWDOµ�FDOFXODWLRQV�DUH

4 ! ŒHT� �!W
C ŒHT� �!W

ŒQHZ�HT� �!W

4x3 D 12

x2 " 4x3 D 4

x2 D 16

"1 ! ŒHT� �!W
C ŒHT� �!W

ŒQHZ�HT� �!W

" x3 D "3

x1 " 2x2 C x3 D 0

x1 " 2x2 D "3

ñ7KH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\�D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

,W�LV�FRQYHQLHQW�WR�FRPELQH�WKH�UHVXOWV�RI�WKHVH�WZR�RSHUDWLRQV�

x1 " 2x2 D "3

x2 D 16

x3 D 3

2
4

1 "2 0 "3
0 1 0 16
0 0 1 3

3
5

1RZ� KDYLQJ�FOHDQHG�RXW�WKH�FROXPQ�DERYH�WKH x3 LQ�HTXDWLRQ��� PRYH�EDFN�WR�WKH x2 LQ
HTXDWLRQ���DQG�XVH�LW�WR�HOLPLQDWH�WKH "2x2 DERYH�LW� %HFDXVH�RI�WKH�SUHYLRXV�ZRUN�ZLWK
x3� WKHUH�LV�QRZ�QR�DULWKPHWLF�LQYROYLQJ x3 WHUPV� $GG���WLPHV�HTXDWLRQ���WR�HTXDWLRQ
��DQG�REWDLQ�WKH�V\VWHP�

8̂
<
:̂

x1 D 29

x2 D 16

x3 D 3

2
4

1 0 0 29
0 1 0 16
0 0 1 3

3
5

7KH�ZRUN�LV�HVVHQWLDOO\�GRQH� ,W�VKRZV�WKDW�WKH�RQO\�VROXWLRQ�RI�WKH�RULJLQDO�V\VWHP�LV
.29; 16; 3/� +RZHYHU� VLQFH�WKHUH�DUH�VR�PDQ\�FDOFXODWLRQV�LQYROYHG� LW�LV�D�JRRG�SUDFWLFH
WR�FKHFN�WKH�ZRUN� 7R�YHULI\�WKDW .29; 16; 3/ LV D�VROXWLRQ� VXEVWLWXWH�WKHVH�YDOXHV�LQWR
WKH�OHIW�VLGH�RI�WKH�RULJLQDO�V\VWHP� DQG�FRPSXWH�

.29/ " 2.16/ C .3/ D 29 " 32 C 3 D 0

2.16/ " 8.3/ D 32 " 24 D 8

"4.29/ C 5.16/ C 9.3/ D "116 C 80 C 27 D "9

7KH�UHVXOWV�DJUHH�ZLWK�WKH�ULJKW�VLGH�RI�WKH�RULJLQDO�V\VWHP� VR .29; 16; 3/ LV�D�VROXWLRQ
RI�WKH�V\VWHP�

(29, 16, 3)

(DFK�RI�WKH�RULJLQDO�HTXDWLRQV
GHWHUPLQHV�D�SODQH�LQ�WKUHH�
GLPHQVLRQDO�VSDFH� 7KH�SRLQW
.29; 16; 3/ OLHV�LQ�DOO�WKUHH�SODQHV�

([DPSOH���LOOXVWUDWHV�KRZ�RSHUDWLRQV�RQ�HTXDWLRQV�LQ�D�OLQHDU�V\VWHP�FRUUHVSRQG�WR
RSHUDWLRQV�RQ�WKH�DSSURSULDWH�URZV�RI�WKH�DXJPHQWHG�PDWUL[� 7KH�WKUHH�EDVLF�RSHUDWLRQV
OLVWHG�HDUOLHU�FRUUHVSRQG�WR�WKH�IROORZLQJ�RSHUDWLRQV�RQ�WKH�DXJPHQWHG�PDWUL[�

�� �5HSODFHPHQW��5HSODFH�RQH�URZ�E\�WKH�VXP�RI�LWVHOI�DQG�D�PXOWLSOH�RI�DQRWKHU
URZ��

�� �,QWHUFKDQJH��,QWHUFKDQJH�WZR�URZV�
�� �6FDOLQJ��0XOWLSO\�DOO�HQWULHV�LQ�D�URZ�E\�D�QRQ]HUR�FRQVWDQW�

5RZ�RSHUDWLRQV�FDQ�EH�DSSOLHG�WR�DQ\�PDWUL[� QRW�PHUHO\�WR�RQH�WKDW�DULVHV�DV�WKH
DXJPHQWHG�PDWUL[�RI�D�OLQHDU�V\VWHP� 7ZR�PDWULFHV�DUH�FDOOHG URZ�HTXLYDOHQW LI�WKHUH
LV�D�VHTXHQFH�RI�HOHPHQWDU\�URZ�RSHUDWLRQV�WKDW�WUDQVIRUPV�RQH�PDWUL[�LQWR�WKH�RWKHU�

,W�LV�LPSRUWDQW�WR�QRWH�WKDW�URZ�RSHUDWLRQV�DUH UHYHUVLEOH� ,I�WZR�URZV�DUH�LQWHU�
FKDQJHG� WKH\�FDQ�EH�UHWXUQHG�WR�WKHLU�RULJLQDO�SRVLWLRQV�E\�DQRWKHU�LQWHUFKDQJH� ,I�D
URZ�LV�VFDOHG�E\�D�QRQ]HUR�FRQVWDQW c� WKHQ�PXOWLSO\LQJ�WKH�QHZ�URZ�E\ 1=c SURGXFHV
WKH�RULJLQDO�URZ� )LQDOO\� FRQVLGHU�D�UHSODFHPHQW�RSHUDWLRQ�LQYROYLQJ�WZR�URZV³VD\�
URZV���DQG��³DQG�VXSSRVH�WKDW c WLPHV�URZ���LV�DGGHG�WR�URZ���WR�SURGXFH�D�QHZ�URZ���
7R�´UHYHUVHµ�WKLV�RSHUDWLRQ� DGG "c WLPHV�URZ���WR��QHZ��URZ���DQG�REWDLQ�WKH�RULJLQDO
URZ �� 6HH�([HUFLVHV���²���DW�WKH�HQG�RI�WKLV�VHFWLRQ�

ò$ FRPPRQ�SDUDSKUDVH�RI�URZ�UHSODFHPHQW�LV�´$GG�WR�RQH�URZ�D�PXOWLSOH�RI�DQRWKHU�URZ�µ



6\VWHPV�RI�/LQHDU�(TXDWLRQV

$W�WKH�PRPHQW� ZH�DUH�LQWHUHVWHG�LQ�URZ�RSHUDWLRQV�RQ�WKH�DXJPHQWHG�PDWUL[�RI�D
V\VWHP�RI�OLQHDU�HTXDWLRQV� 6XSSRVH�D�V\VWHP�LV�FKDQJHG�WR�D�QHZ�RQH�YLD�URZ�RSHUD�
WLRQV� %\�FRQVLGHULQJ�HDFK�W\SH�RI�URZ�RSHUDWLRQ� \RX�FDQ�VHH�WKDW�DQ\�VROXWLRQ�RI�WKH
RULJLQDO�V\VWHP�UHPDLQV�D�VROXWLRQ�RI�WKH�QHZ�V\VWHP� &RQYHUVHO\� VLQFH�WKH�RULJLQDO
V\VWHP�FDQ�EH�SURGXFHG�YLD�URZ�RSHUDWLRQV�RQ�WKH�QHZ�V\VWHP� HDFK�VROXWLRQ�RI�WKH�QHZ
V\VWHP�LV�DOVR�D�VROXWLRQ�RI�WKH�RULJLQDO�V\VWHP� 7KLV�GLVFXVVLRQ�MXVWLÀHV�WKH�IROORZLQJ
VWDWHPHQW�

,I�WKH�DXJPHQWHG�PDWULFHV�RI�WZR�OLQHDU�V\VWHPV�DUH�URZ�HTXLYDOHQW� WKHQ�WKH�WZR
V\VWHPV�KDYH�WKH�VDPH�VROXWLRQ�VHW�

7KRXJK�([DPSOH���LV�OHQJWK\� \RX�ZLOO�ÀQG�WKDW�DIWHU�VRPH�SUDFWLFH� WKH�FDOFXODWLRQV
JR�TXLFNO\� 5RZ�RSHUDWLRQV�LQ�WKH�WH[W�DQG�H[HUFLVHV�ZLOO�XVXDOO\�EH�H[WUHPHO\�HDV\�WR
SHUIRUP� DOORZLQJ�\RX�WR�IRFXV�RQ�WKH�XQGHUO\LQJ�FRQFHSWV� 6WLOO� \RX�PXVW�OHDUQ�WR
SHUIRUP�URZ�RSHUDWLRQV�DFFXUDWHO\�EHFDXVH�WKH\�ZLOO�EH�XVHG�WKURXJKRXW�WKH�WH[W�

7KH�UHVW�RI�WKLV�VHFWLRQ�VKRZV�KRZ�WR�XVH�URZ�RSHUDWLRQV�WR�GHWHUPLQH�WKH�VL]H�RI�D
VROXWLRQ�VHW� ZLWKRXW�FRPSOHWHO\�VROYLQJ�WKH�OLQHDU�V\VWHP�

([LVWHQFH�DQG�8QLTXHQHVV�4XHVWLRQV
6HFWLRQ ����ZLOO�VKRZ�ZK\�D�VROXWLRQ�VHW�IRU�D�OLQHDU�V\VWHP�FRQWDLQV�HLWKHU�QR�VROXWLRQV�
RQH�VROXWLRQ� RU�LQÀQLWHO\�PDQ\�VROXWLRQV� $QVZHUV�WR�WKH�IROORZLQJ�WZR�TXHVWLRQV�ZLOO
GHWHUPLQH�WKH�QDWXUH�RI�WKH�VROXWLRQ�VHW�IRU�D�OLQHDU�V\VWHP�

7R�GHWHUPLQH�ZKLFK�SRVVLELOLW\�LV�WUXH�IRU�D�SDUWLFXODU�V\VWHP� ZH�DVN�WZR�TXHVWLRQV�

�� ,V�WKH�V\VWHP�FRQVLVWHQW� WKDW�LV� GRHV�DW�OHDVW�RQH�VROXWLRQ H[LVW"
�� ,I�D�VROXWLRQ�H[LVWV� LV�LW�WKH RQO\ RQH� WKDW�LV� LV�WKH�VROXWLRQ XQLTXH"

7KHVH�WZR�TXHVWLRQV�ZLOO�DSSHDU�WKURXJKRXW�WKH�WH[W� LQ�PDQ\�GLIIHUHQW�JXLVHV� 7KLV
VHFWLRQ�DQG�WKH�QH[W�ZLOO�VKRZ�KRZ�WR�DQVZHU�WKHVH�TXHVWLRQV�YLD�URZ�RSHUDWLRQV�RQ�WKH
DXJPHQWHG�PDWUL[�

'HWHUPLQH�LI�WKH�IROORZLQJ�V\VWHP�LV�FRQVLVWHQW�

x1 " 2x2 C x3 D 0

2x2 " 8x3 D 8

"4x1 C 5x2 C 9x3 D "9

7KLV�LV�WKH�V\VWHP�IURP�([DPSOH��� 6XSSRVH�WKDW�ZH�KDYH�SHUIRUPHG�WKH
URZ�RSHUDWLRQV�QHFHVVDU\�WR�REWDLQ�WKH�WULDQJXODU�IRUP

x1 " 2x2 C x3 D 0

x2 " 4x3 D 4

x3 D 3

2
4

1 "2 1 0
0 1 "4 4
0 0 1 3

3
5

$W�WKLV�SRLQW� ZH�NQRZ x3� :HUH�ZH�WR�VXEVWLWXWH�WKH�YDOXH�RI x3 LQWR�HTXDWLRQ��� ZH
FRXOG�FRPSXWH x2 DQG�KHQFH�FRXOG�GHWHUPLQH x1 IURP�HTXDWLRQ��� 6R�D�VROXWLRQ�H[LVWV�
WKH�V\VWHP�LV�FRQVLVWHQW� �,Q�IDFW� x2 LV�XQLTXHO\�GHWHUPLQHG�E\�HTXDWLRQ���VLQFH x3 KDV



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

RQO\�RQH�SRVVLEOH�YDOXH� DQG x1 LV�WKHUHIRUH�XQLTXHO\�GHWHUPLQHG�E\�HTXDWLRQ��� 6R�WKH
VROXWLRQ�LV�XQLTXH��

'HWHUPLQH�LI�WKH�IROORZLQJ�V\VWHP�LV�FRQVLVWHQW�

x2 " 4x3 D 8

2x1 " 3x2 C 2x3 D 1

5x1 " 8x2 C 7x3 D 1

���

7KH�DXJPHQWHG�PDWUL[�LV

2
4

0 1 "4 8
2 "3 2 1
5 "8 7 1

3
5

7R�REWDLQ�DQ x1 LQ�WKH�ÀUVW�HTXDWLRQ� LQWHUFKDQJH�URZV���DQG���

2
4

2 "3 2 1
0 1 "4 8
5 "8 7 1

3
5

7R�HOLPLQDWH�WKH 5x1 WHUP�LQ�WKH�WKLUG�HTXDWLRQ� DGG "5=2 WLPHV�URZ���WR�URZ���

2
4

2 "3 2 1
0 1 "4 8
0 "1=2 2 "3=2

3
5 ���

1H[W� XVH�WKH x2 WHUP�LQ�WKH�VHFRQG�HTXDWLRQ�WR�HOLPLQDWH�WKH ".1=2/x2 WHUP�IURP�WKH
WKLUG�HTXDWLRQ� $GG 1=2 WLPHV�URZ���WR�URZ ��

2
4

2 "3 2 1
0 1 "4 8
0 0 0 5=2

3
5 ���

7KH�DXJPHQWHG�PDWUL[�LV�QRZ�LQ�WULDQJXODU�IRUP� 7R�LQWHUSUHW�LW�FRUUHFWO\� JR�EDFN�WR
HTXDWLRQ�QRWDWLRQ�

2x1 " 3x2 C 2x3 D 1

x2 " 4x3 D 8

0 D 5=2

���

7KH�HTXDWLRQ 0 D 5=2 LV�D�VKRUW�IRUP�RI 0x1 C 0x2 C 0x3 D 5=2� 7KLV�V\VWHP�LQ�WULDQ�
JXODU�IRUP�REYLRXVO\�KDV�D�EXLOW�LQ�FRQWUDGLFWLRQ� 7KHUH�DUH�QR�YDOXHV�RI x1; x2; x3 WKDW
VDWLVI\�����EHFDXVH�WKH�HTXDWLRQ 0 D 5=2 LV�QHYHU�WUXH� 6LQFH�����DQG�����KDYH�WKH�VDPH
VROXWLRQ�VHW� WKH�RULJLQDO�V\VWHP�LV�LQFRQVLVWHQW��L�H�� KDV�QR�VROXWLRQ��

7KLV�V\VWHP�LV�LQFRQVLVWHQW
EHFDXVH�WKHUH�LV�QR�SRLQW�WKDW�OLHV
LQ�DOO�WKUHH�SODQHV�

3D\�FORVH�DWWHQWLRQ�WR�WKH�DXJPHQWHG�PDWUL[�LQ����� ,WV�ODVW�URZ�LV�W\SLFDO�RI�DQ
LQFRQVLVWHQW�V\VWHP�LQ�WULDQJXODU�IRUP�



6\VWHPV�RI�/LQHDU�(TXDWLRQV

,Q�UHDO�ZRUOG�SUREOHPV� V\VWHPV�RI�OLQHDU�HTXDWLRQV�DUH�VROYHG�E\�D�FRPSXWHU� )RU
D�VTXDUH�FRHIÀFLHQW�PDWUL[� FRPSXWHU�SURJUDPV�QHDUO\�DOZD\V�XVH�WKH�HOLPLQDWLRQ
DOJRULWKP�JLYHQ�KHUH�DQG�LQ�6HFWLRQ ���� PRGLÀHG�VOLJKWO\�IRU�LPSURYHG�DFFXUDF\�

7KH�YDVW�PDMRULW\�RI�OLQHDU�DOJHEUD�SUREOHPV�LQ�EXVLQHVV�DQG�LQGXVWU\�DUH
VROYHG�ZLWK�SURJUDPV�WKDW�XVH ÁRDWLQJ�SRLQW�DULWKPHWLF� 1XPEHUV�DUH�UHSUHVHQWHG
DV�GHFLPDOV˙:d1 ! ! ! dp # 10r � ZKHUH r LV�DQ�LQWHJHU�DQG�WKH�QXPEHU p RI�GLJLWV�WR
WKH�ULJKW�RI�WKH�GHFLPDO�SRLQW�LV�XVXDOO\�EHWZHHQ���DQG���� $ULWKPHWLF�ZLWK�VXFK
QXPEHUV�W\SLFDOO\�LV�LQH[DFW� EHFDXVH�WKH�UHVXOW�PXVW�EH�URXQGHG��RU�WUXQFDWHG��WR
WKH�QXPEHU�RI�GLJLWV�VWRUHG� ´5RXQGRII�HUURUµ�LV�DOVR�LQWURGXFHG�ZKHQ�D�QXPEHU
VXFK�DV 1=3 LV�HQWHUHG�LQWR�WKH�FRPSXWHU� VLQFH�LWV�GHFLPDO�UHSUHVHQWDWLRQ�PXVW�EH
DSSUR[LPDWHG�E\�D�ÀQLWH�QXPEHU�RI�GLJLWV� )RUWXQDWHO\� LQDFFXUDFLHV�LQ�ÁRDWLQJ
SRLQW�DULWKPHWLF�VHOGRP�FDXVH�SUREOHPV� 7KH�QXPHULFDO�QRWHV�LQ�WKLV�ERRN�ZLOO
RFFDVLRQDOO\�ZDUQ�RI�LVVXHV�WKDW�\RX�PD\�QHHG�WR�FRQVLGHU�ODWHU�LQ�\RXU�FDUHHU�

7KURXJKRXW�WKH�WH[W� SUDFWLFH�SUREOHPV�VKRXOG�EH�DWWHPSWHG�EHIRUH�ZRUNLQJ�WKH�H[HU�
FLVHV� 6ROXWLRQV�DSSHDU�DIWHU�HDFK�H[HUFLVH�VHW�

�� 6WDWH�LQ�ZRUGV�WKH�QH[W�HOHPHQWDU\�URZ�RSHUDWLRQ�WKDW�VKRXOG�EH�SHUIRUPHG�RQ�WKH
V\VWHP�LQ�RUGHU�WR�VROYH�LW� >0RUH�WKDQ�RQH�DQVZHU�LV�SRVVLEOH�LQ��D��@
D� x1 C 4x2 " 2x3 C 8x4 D 12

x2 " 7x3 C 2x4 D "4

5x3 " x4 D 7

x3 C 3x4 D "5

E� x1 " 3x2 C 5x3 " 2x4 D 0

x2 C 8x3 D "4

2x3 D 3

x4 D 1

�� 7KH�DXJPHQWHG�PDWUL[�RI�D�OLQHDU�V\VWHP�KDV�EHHQ�WUDQVIRUPHG�E\�URZ�RSHUDWLRQV
LQWR�WKH�IRUP�EHORZ� 'HWHUPLQH�LI�WKH�V\VWHP�LV�FRQVLVWHQW�2

4
1 5 2 "6
0 4 "7 2
0 0 5 0

3
5

�� ,V .3; 4; "2/ D�VROXWLRQ�RI�WKH�IROORZLQJ�V\VWHP"

5x1 " x2 C 2x3 D 7

"2x1 C 6x2 C 9x3 D 0

"7x1 C 5x2 " 3x3 D "7

�� )RU�ZKDW�YDOXHV�RI h DQG k LV�WKH�IROORZLQJ�V\VWHP�FRQVLVWHQW"

2x1 " x2 D h

"6x1 C 3x2 D k



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

6ROYH�HDFK�V\VWHP�LQ�([HUFLVHV��²��E\�XVLQJ�HOHPHQWDU\�URZ
RSHUDWLRQV�RQ�WKH�HTXDWLRQV�RU�RQ�WKH�DXJPHQWHG�PDWUL[� )ROORZ
WKH�V\VWHPDWLF�HOLPLQDWLRQ�SURFHGXUH�GHVFULEHG�LQ�WKLV�VHFWLRQ�

�� x1 C 5x2 D 7

"2x1 " 7x2 D "5

�� 3x1 C 6x2 D "3

5x1 C 7x2 D 10

�� )LQG�WKH�SRLQW .x1; x2/ WKDW�OLHV�RQ�WKH�OLQH x1 C 2x2 D 4 DQG
RQ�WKH�OLQH x1 " x2 D 1� 6HH�WKH�ÀJXUH�

x1 – x2 = 1

x1 + 2x2 = 4

x2

x1

�� )LQG�WKH�SRLQW�RI�LQWHUVHFWLRQ�RI�WKH�OLQHV x1 C 2x2 D "13
DQG 3x1 " 2x2 D 1

&RQVLGHU�HDFK�PDWUL[�LQ�([HUFLVHV���DQG���DV�WKH�DXJPHQWHG�PDWUL[
RI�D�OLQHDU�V\VWHP� 6WDWH�LQ�ZRUGV�WKH�QH[W�WZR�HOHPHQWDU\�URZ
RSHUDWLRQV�WKDW�VKRXOG�EH�SHUIRUPHG�LQ�WKH�SURFHVV�RI�VROYLQJ�WKH
V\VWHP�

��

2
664

1 "4 "3 0 7
0 1 4 0 6
0 0 1 0 2
0 0 0 1 "5

3
775

��

2
664

1 "6 4 0 "1
0 2 "7 0 4
0 0 1 2 "3
0 0 4 1 2

3
775

,Q�([HUFLVHV��²��� WKH�DXJPHQWHG�PDWUL[�RI�D�OLQHDU�V\VWHP�KDV
EHHQ�UHGXFHG�E\�URZ�RSHUDWLRQV�WR�WKH�IRUP�VKRZQ� ,Q�HDFK�FDVH�
FRQWLQXH�WKH�DSSURSULDWH�URZ�RSHUDWLRQV�DQG�GHVFULEH�WKH�VROXWLRQ
VHW�RI�WKH�RULJLQDO�V\VWHP�

��

2
664

1 7 3 "4
0 1 "1 3
0 0 0 1
0 0 1 "2

3
775

��

2
664

1 "5 4 0 0
0 1 0 1 0
0 0 3 0 0
0 0 0 2 0

3
775

��

2
664

1 "1 0 0 "5
0 1 "2 0 "7
0 0 1 "3 2
0 0 0 1 4

3
775

���

2
664

1 3 0 "2 "7
0 1 0 3 6
0 0 1 0 2
0 0 0 1 "2

3
775

6ROYH�WKH�V\VWHPV�LQ�([HUFLVHV���²���

��� x2 C 5x3 D "4

x1 C 4x2 C 3x3 D "2

2x1 C 7x2 C x3 D "2

��� x1 " 5x2 C 4x3 D "3

2x1 " 7x2 C 3x3 D "2

"2x1 C x2 C 7x3 D "1

��� x1 " 3x3 D 8

2x1 C 2x2 C 9x3 D 7

x2 C 5x3 D "2

��� 2x1 " 6x3 D "8

x2 C 2x3 D 3

3x1 C 6x2 " 2x3 D "4

'HWHUPLQH�LI�WKH�V\VWHPV�LQ�([HUFLVHV����DQG����DUH�FRQVLVWHQW�
'R�QRW�FRPSOHWHO\�VROYH�WKH�V\VWHPV�

��� x1 " 6x2 D 5

x2 " 4x3 C x4 D 0

"x1 C 6x2 C x3 C 5x4 D 3

"x2 C 5x3 C 4x4 D 0

��� 2x1 " 4x4 D "10

3x2 C 3x3 D 0

x3 C 4x4 D "1

"3x1 C 2x2 C 3x3 C x4 D 5

��� 'R� WKH � WKUHH � OLQHV 2x1 C 3x2 D "1� 6x1 C 5x2 D 0� DQG
2x1 " 5x2 D 7 KDYH�D�FRPPRQ�SRLQW�RI�LQWHUVHFWLRQ" ([�
SODLQ�

��� 'R�WKH�WKUHH�SODQHV 2x1 C 4x2 C 4x3 D 4� x2 " 2x3 D "2�
DQG 2x1 C 3x2 D 0 KDYH�DW�OHDVW�RQH�FRPPRQ�SRLQW�RI�LQWHU�
VHFWLRQ" ([SODLQ�

,Q�([HUFLVHV���²��� GHWHUPLQH�WKH�YDOXH�V��RI h VXFK�WKDW�WKH
PDWUL[�LV�WKH�DXJPHQWHG�PDWUL[�RI�D�FRQVLVWHQW�OLQHDU�V\VWHP�

���
#

1 h 4
3 6 8

$
���

#
1 h "5
2 "8 6

$

���
#

1 4 "2
3 h "6

$
���

#
"4 12 h

2 "6 "3

$

,Q �([HUFLVHV ����DQG���� NH\�VWDWHPHQWV � IURP�WKLV �VHFWLRQ�DUH
HLWKHU�TXRWHG�GLUHFWO\� UHVWDWHG�VOLJKWO\��EXW�VWLOO�WUXH�� RU�DOWHUHG
LQ�VRPH�ZD\�WKDW�PDNHV�WKHP�IDOVH�LQ�VRPH�FDVHV� 0DUN�HDFK
VWDWHPHQW�7UXH�RU�)DOVH� DQG MXVWLI\ \RXU�DQVZHU� �,I�WUXH� JLYH�WKH



6\VWHPV�RI�/LQHDU�(TXDWLRQV

DSSUR[LPDWH�ORFDWLRQ�ZKHUH�D�VLPLODU�VWDWHPHQW�DSSHDUV� RU�UHIHU
WR�D�GHÀQLWLRQ�RU�WKHRUHP� ,I�IDOVH� JLYH�WKH�ORFDWLRQ�RI�D�VWDWHPHQW
WKDW�KDV�EHHQ�TXRWHG�RU�XVHG�LQFRUUHFWO\� RU�FLWH�DQ�H[DPSOH�WKDW
VKRZV�WKH�VWDWHPHQW�LV�QRW�WUXH�LQ�DOO�FDVHV�� 6LPLODU�WUXH�IDOVH
TXHVWLRQV�ZLOO�DSSHDU�LQ�PDQ\�VHFWLRQV�RI�WKH�WH[W�

��� D� (YHU\�HOHPHQWDU\�URZ�RSHUDWLRQ�LV�UHYHUVLEOH�
E� $ 5 # 6 PDWUL[�KDV�VL[�URZV�
F� 7KH�VROXWLRQ�VHW�RI�D�OLQHDU�V\VWHP�LQYROYLQJ�YDULDEOHV

x1; : : : ; xn LV�D�OLVW�RI�QXPEHUV .s1; : : : ; sn/ WKDW�PDNHV�HDFK
HTXDWLRQ�LQ�WKH�V\VWHP�D�WUXH�VWDWHPHQW�ZKHQ�WKH�YDOXHV
s1; : : : ; sn DUH�VXEVWLWXWHG�IRU x1; : : : ; xn� UHVSHFWLYHO\�

G� 7ZR�IXQGDPHQWDO�TXHVWLRQV�DERXW�D�OLQHDU�V\VWHP�LQYROYH
H[LVWHQFH�DQG�XQLTXHQHVV�

��� D� 7ZR�PDWULFHV�DUH�URZ�HTXLYDOHQW�LI�WKH\�KDYH�WKH�VDPH
QXPEHU�RI�URZV�

E� (OHPHQWDU\�URZ�RSHUDWLRQV�RQ�DQ�DXJPHQWHG�PDWUL[�QHYHU
FKDQJH�WKH�VROXWLRQ�VHW�RI�WKH�DVVRFLDWHG�OLQHDU�V\VWHP�

F� 7ZR�HTXLYDOHQW�OLQHDU�V\VWHPV�FDQ�KDYH�GLIIHUHQW�VROXWLRQ
VHWV�

G� $ FRQVLVWHQW�V\VWHP�RI�OLQHDU�HTXDWLRQV�KDV�RQH�RU�PRUH
VROXWLRQV�

��� )LQG � DQ � HTXDWLRQ � LQYROYLQJ g� h� DQG k WKDW � PDNHV
WKLV�DXJPHQWHG�PDWUL[�FRUUHVSRQG�WR�D�FRQVLVWHQW�V\VWHP�2
4

1 "4 7 g
0 3 "5 h

"2 5 "9 k

3
5

��� 6XSSRVH�WKH�V\VWHP�EHORZ�LV�FRQVLVWHQW�IRU�DOO�SRVVLEOH�YDOXHV
RI f DQG g� :KDW�FDQ�\RX�VD\�DERXW�WKH�FRHIÀFLHQWV c DQG
d" -XVWLI\�\RXU�DQVZHU�

2x1 C 4x2 D f

cx1 C dx2 D g

��� 6XSSRVH a� b� c� DQG d DUH�FRQVWDQWV�VXFK�WKDW a LV�QRW�]HUR
DQG�WKH�V\VWHP�EHORZ�LV�FRQVLVWHQW�IRU�DOO�SRVVLEOH�YDOXHV�RI
f DQG g� :KDW�FDQ�\RX�VD\�DERXW�WKH�QXPEHUV a� b� c� DQG
d" -XVWLI\�\RXU�DQVZHU�

ax1 C bx2 D f

cx1 C dx2 D g

��� &RQVWUXFW�WKUHH�GLIIHUHQW�DXJPHQWHG�PDWULFHV�IRU�OLQHDU�V\V�
WHPV�ZKRVH�VROXWLRQ�VHW�LV x1 D 3� x2 D "2� x3 D "1�

,Q�([HUFLVHV���²��� ÀQG�WKH�HOHPHQWDU\�URZ�RSHUDWLRQ�WKDW�WUDQV�
IRUPV�WKH�ÀUVW�PDWUL[�LQWR�WKH�VHFRQG� DQG�WKHQ�ÀQG�WKH�UHYHUVH
URZ�RSHUDWLRQ�WKDW�WUDQVIRUPV�WKH�VHFRQG�PDWUL[�LQWR�WKH�ÀUVW�

���

2
4

0 "2 5
1 3 "5
3 "1 6

3
5�
2
4

3 "1 6
1 3 "5
0 "2 5

3
5

���

2
4

1 3 "4
0 "2 6
0 "5 10

3
5�
2
4

1 3 "4
0 "2 6
0 1 "2

3
5

���

2
4

1 "2 1 0
0 5 "2 8
4 "1 3 "6

3
5�
2
4

1 "2 1 0
0 5 "2 8
0 7 "1 "6

3
5

���

2
4

1 2 "5 0
0 1 "3 "2
0 4 "12 7

3
5�
2
4

1 2 "5 0
0 1 "3 "2
0 0 0 15

3
5

$Q�LPSRUWDQW�FRQFHUQ�LQ�WKH�VWXG\�RI�KHDW�WUDQVIHU�LV�WR�GHWHUPLQH
WKH�VWHDG\�VWDWH�WHPSHUDWXUH�GLVWULEXWLRQ�RI�D�WKLQ�SODWH�ZKHQ�WKH
WHPSHUDWXUH�DURXQG�WKH�ERXQGDU\�LV�NQRZQ� $VVXPH�WKH�SODWH
VKRZQ�LQ�WKH�ÀJXUH�UHSUHVHQWV�D�FURVV�VHFWLRQ�RI�D�PHWDO�EHDP�
ZLWK�QHJOLJLEOH�KHDW�ÁRZ�LQ�WKH�GLUHFWLRQ�SHUSHQGLFXODU�WR�WKH
SODWH� /HW T1; : : : ; T4 GHQRWH�WKH�WHPSHUDWXUHV�DW�WKH�IRXU�LQWHULRU
QRGHV�RI�WKH�PHVK�LQ�WKH�ÀJXUH� 7KH�WHPSHUDWXUH�DW�D�QRGH�LV
DSSUR[LPDWHO\�HTXDO�WR�WKH�DYHUDJH�RI�WKH�IRXU�QHDUHVW�QRGHV³WR
WKH�OHIW� DERYH� WR�WKH�ULJKW� DQG�EHORZ�� )RU�LQVWDQFH�
T1 D .10 C 20 C T2 C T4/=4; RU 4T1 " T2 " T4 D 30

10°

10°

40°

40°

20° 20°

30° 30°

1 2

4 3

��� :ULWH�D�V\VWHP�RI�IRXU�HTXDWLRQV�ZKRVH�VROXWLRQ�JLYHV�HVWL�
PDWHV�IRU�WKH�WHPSHUDWXUHV T1; : : : ; T4�

��� 6ROYH�WKH�V\VWHP�RI�HTXDWLRQV�IURP�([HUFLVH���� >+LQW� 7R
VSHHG�XS�WKH�FDOFXODWLRQV� LQWHUFKDQJH�URZV���DQG���EHIRUH
VWDUWLQJ�´UHSODFHµ�RSHUDWLRQV�@

3 6HH�)UDQN�0��:KLWH� +HDW�DQG�0DVV�7UDQVIHU �5HDGLQJ� 0$�
$GGLVRQ�:HVOH\�3XEOLVKLQJ� ������ SS� ���²����

�� D� )RU�´KDQG�FRPSXWDWLRQ�µ WKH�EHVW�FKRLFH�LV�WR�LQWHUFKDQJH�HTXDWLRQV���DQG���
$QRWKHU�SRVVLELOLW\�LV�WR�PXOWLSO\�HTXDWLRQ���E\ 1=5� 2U� UHSODFH�HTXDWLRQ���E\
LWV�VXP�ZLWK "1=5 WLPHV�URZ��� �,Q�DQ\�FDVH� GR�QRW�XVH�WKH x2 LQ�HTXDWLRQ ��WR
HOLPLQDWH�WKH 4x2 LQ�HTXDWLRQ��� :DLW�XQWLO�D�WULDQJXODU�IRUP�KDV�EHHQ�UHDFKHG�DQG
WKH x3 WHUPV�DQG x4 WHUPV�KDYH�EHHQ�HOLPLQDWHG�IURP�WKH�ÀUVW�WZR�HTXDWLRQV��



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

E� 7KH�V\VWHP�LV�LQ�WULDQJXODU�IRUP� )XUWKHU�VLPSOLÀFDWLRQ�EHJLQV�ZLWK�WKH x4 LQ�WKH
IRXUWK�HTXDWLRQ� 8VH�WKH x4 WR�HOLPLQDWH�DOO x4 WHUPV�DERYH�LW� 7KH�DSSURSULDWH
VWHS�QRZ�LV�WR�DGG���WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� �$IWHU�WKDW� PRYH�WR�HTXDWLRQ
�� PXOWLSO\�LW�E\ 1=2� DQG�WKHQ�XVH�WKH�HTXDWLRQ�WR�HOLPLQDWH�WKH x3 WHUPV�DERYH
LW��

�� 7KH�V\VWHP�FRUUHVSRQGLQJ�WR�WKH�DXJPHQWHG�PDWUL[�LV

x1 C 5x2 C 2x3 D "6

4x2 " 7x3 D 2

5x3 D 0

7KH�WKLUG�HTXDWLRQ�PDNHV x3 D 0� ZKLFK�LV�FHUWDLQO\�DQ�DOORZDEOH�YDOXH�IRU x3� $IWHU
HOLPLQDWLQJ�WKH x3 WHUPV�LQ�HTXDWLRQV���DQG��� \RX�FRXOG�JR�RQ�WR�VROYH�IRU�XQLTXH
YDOXHV�IRU x2 DQG x1� +HQFH�D�VROXWLRQ�H[LVWV� DQG�LW�LV�XQLTXH� &RQWUDVW�WKLV�VLWXDWLRQ
ZLWK�WKDW�LQ�([DPSOH ��

�� ,W�LV�HDV\�WR�FKHFN�LI�D�VSHFLÀF�OLVW�RI�QXPEHUV�LV�D�VROXWLRQ� 6HW x1 D 3� x2 D 4� DQG
x3 D "2� DQG�ÀQG�WKDW

5.3/ " .4/ C 2."2/ D 15 " 4 " 4 D 7

"2.3/ C 6.4/ C 9."2/ D "6 C 24 " 18 D 0

"7.3/ C 5.4/ " 3."2/ D "21 C 20 C 6 D 5

$OWKRXJK�WKH�ÀUVW�WZR�HTXDWLRQV�DUH�VDWLVÀHG� WKH�WKLUG�LV�QRW� VR .3; 4; "2/ LV�QRW�D
VROXWLRQ�RI�WKH�V\VWHP� 1RWLFH�WKH�XVH�RI�SDUHQWKHVHV�ZKHQ�PDNLQJ�WKH�VXEVWLWXWLRQV�
7KH\�DUH�VWURQJO\�UHFRPPHQGHG�DV�D�JXDUG�DJDLQVW�DULWKPHWLF�HUURUV�

(3, 4, –2)

6LQFH .3; 4; "2/ VDWLVÀHV�WKH�ÀUVW
WZR�HTXDWLRQV� LW�LV�RQ�WKH�OLQH�RI
WKH�LQWHUVHFWLRQ�RI�WKH�ÀUVW�WZR
SODQHV� 6LQFH .3; 4; "2/ GRHV�QRW
VDWLVI\�DOO�WKUHH�HTXDWLRQV� LW�GRHV
QRW�OLH�RQ�DOO�WKUHH�SODQHV�

�� :KHQ�WKH�VHFRQG�HTXDWLRQ�LV�UHSODFHG�E\�LWV�VXP�ZLWK���WLPHV�WKH�ÀUVW�HTXDWLRQ� WKH
V\VWHP�EHFRPHV

2x1 " x2 D h

0 D k C 3h

,I k C 3h LV�QRQ]HUR� WKH�V\VWHP�KDV�QR�VROXWLRQ� 7KH�V\VWHP�LV�FRQVLVWHQW�IRU�DQ\
YDOXHV�RI h DQG k WKDW�PDNH k C 3h D 0�

7KLV�VHFWLRQ�UHÀQHV�WKH�PHWKRG�RI�6HFWLRQ ����LQWR�D�URZ�UHGXFWLRQ�DOJRULWKP�WKDW�ZLOO
HQDEOH�XV�WR�DQDO\]H�DQ\�V\VWHP�RI�OLQHDU�HTXDWLRQV�ñ %\�XVLQJ�RQO\�WKH�ÀUVW�SDUW�RI
WKH�DOJRULWKP� ZH�ZLOO�EH�DEOH�WR�DQVZHU�WKH�IXQGDPHQWDO�H[LVWHQFH�DQG�XQLTXHQHVV
TXHVWLRQV�SRVHG�LQ�6HFWLRQ ����

7KH�DOJRULWKP�DSSOLHV�WR�DQ\�PDWUL[� ZKHWKHU�RU�QRW�WKH�PDWUL[�LV�YLHZHG�DV�DQ
DXJPHQWHG�PDWUL[�IRU�D�OLQHDU�V\VWHP� 6R�WKH�ÀUVW�SDUW�RI�WKLV�VHFWLRQ�FRQFHUQV�DQ
DUELWUDU\�UHFWDQJXODU�PDWUL[�DQG�EHJLQV�E\�LQWURGXFLQJ�WZR�LPSRUWDQW�FODVVHV�RI�PDWULFHV
WKDW�LQFOXGH�WKH�´WULDQJXODUµ�PDWULFHV�RI�6HFWLRQ ���� ,Q�WKH�GHÀQLWLRQV�WKDW�IROORZ� D
QRQ]HUR URZ�RU�FROXPQ�LQ�D�PDWUL[�PHDQV�D�URZ�RU�FROXPQ�WKDW�FRQWDLQV�DW�OHDVW�RQH
QRQ]HUR�HQWU\� D OHDGLQJ�HQWU\ RI�D�URZ�UHIHUV�WR�WKH�OHIWPRVW�QRQ]HUR�HQWU\��LQ�D�QRQ]HUR
URZ��

ñ7KH�DOJRULWKP�KHUH�LV�D�YDULDQW�RI�ZKDW�LV�FRPPRQO\�FDOOHG *DXVVLDQ�HOLPLQDWLRQ� $ VLPLODU�HOLPLQDWLRQ
PHWKRG�IRU�OLQHDU�V\VWHPV�ZDV�XVHG�E\�&KLQHVH�PDWKHPDWLFLDQV�LQ�DERXW���� %�&� 7KH�SURFHVV�ZDV�XQNQRZQ
LQ�:HVWHUQ�FXOWXUH�XQWLO�WKH�QLQHWHHQWK�FHQWXU\� ZKHQ�D�IDPRXV�*HUPDQ�PDWKHPDWLFLDQ� &DUO�)ULHGULFK�*DXVV�
GLVFRYHUHG�LW� $ *HUPDQ�HQJLQHHU� :LOKHOP�-RUGDQ� SRSXODUL]HG�WKH�DOJRULWKP�LQ�DQ������WH[W�RQ�JHRGHV\�



5RZ�5HGXFWLRQ�DQG�(FKHORQ�)RUPV

$ UHFWDQJXODU�PDWUL[�LV�LQ HFKHORQ�IRUP �RU URZ�HFKHORQ�IRUP��LI�LW�KDV�WKH
IROORZLQJ�WKUHH�SURSHUWLHV�

�� $OO�QRQ]HUR�URZV�DUH�DERYH�DQ\�URZV�RI�DOO�]HURV�
�� (DFK�OHDGLQJ�HQWU\�RI�D�URZ�LV�LQ�D�FROXPQ�WR�WKH�ULJKW�RI�WKH�OHDGLQJ�HQWU\�RI

WKH�URZ�DERYH�LW�
�� $OO�HQWULHV�LQ�D�FROXPQ�EHORZ�D�OHDGLQJ�HQWU\�DUH�]HURV�

,I�D�PDWUL[�LQ�HFKHORQ�IRUP�VDWLVÀHV�WKH�IROORZLQJ�DGGLWLRQDO�FRQGLWLRQV� WKHQ�LW�LV
LQ UHGXFHG�HFKHORQ�IRUP �RU UHGXFHG�URZ�HFKHORQ�IRUP��

�� 7KH�OHDGLQJ�HQWU\�LQ�HDFK�QRQ]HUR�URZ�LV���
�� (DFK�OHDGLQJ���LV�WKH�RQO\�QRQ]HUR�HQWU\�LQ�LWV�FROXPQ�

$Q HFKHORQ�PDWUL[ �UHVSHFWLYHO\� UHGXFHG�HFKHORQ�PDWUL[��LV�RQH�WKDW�LV�LQ�HFKHORQ
IRUP��UHVSHFWLYHO\� UHGXFHG�HFKHORQ�IRUP�� 3URSHUW\���VD\V�WKDW�WKH�OHDGLQJ�HQWULHV�IRUP
DQ HFKHORQ �´VWHSOLNHµ��SDWWHUQ�WKDW�PRYHV�GRZQ�DQG�WR�WKH�ULJKW�WKURXJK�WKH�PDWUL[�
3URSHUW\���LV�D�VLPSOH�FRQVHTXHQFH�RI�SURSHUW\��� EXW�ZH�LQFOXGH�LW�IRU�HPSKDVLV�

7KH�´WULDQJXODUµ�PDWULFHV�RI�6HFWLRQ ���� VXFK�DV2
4

2 "3 2 1
0 1 "4 8
0 0 0 5=2

3
5 DQG

2
4

1 0 0 29
0 1 0 16
0 0 1 3

3
5

DUH�LQ�HFKHORQ�IRUP� ,Q�IDFW� WKH�VHFRQG�PDWUL[�LV�LQ�UHGXFHG�HFKHORQ�IRUP� +HUH�DUH
DGGLWLRQDO�H[DPSOHV�

7KH�IROORZLQJ�PDWULFHV�DUH�LQ�HFKHORQ�IRUP� 7KH�OHDGLQJ�HQWULHV�� �
PD\�KDYH�DQ\�QRQ]HUR�YDOXH� WKH�VWDUUHG�HQWULHV��$��PD\�KDYH�DQ\�YDOXH��LQFOXGLQJ�]HUR��

2
664

$ $ $
0 $ $
0 0 0 0
0 0 0 0

3
775;

2
66664

0 $ $ $ $ $ $ $ $
0 0 0 $ $ $ $ $ $
0 0 0 0 $ $ $ $ $
0 0 0 0 0 $ $ $ $
0 0 0 0 0 0 0 0 $

3
77775

7KH�IROORZLQJ�PDWULFHV�DUH�LQ�UHGXFHG�HFKHORQ�IRUP�EHFDXVH�WKH�OHDGLQJ�HQWULHV�DUH��·V�
DQG�WKHUH�DUH��·V�EHORZ DQG�DERYH HDFK�OHDGLQJ���

2
664

1 0 $ $
0 1 $ $
0 0 0 0
0 0 0 0

3
775;

2
66664

0 1 $ 0 0 0 $ $ 0 $
0 0 0 1 0 0 $ $ 0 $
0 0 0 0 1 0 $ $ 0 $
0 0 0 0 0 1 $ $ 0 $
0 0 0 0 0 0 0 0 1 $

3
77775

$Q\�QRQ]HUR�PDWUL[�PD\�EH URZ�UHGXFHG �WKDW�LV� WUDQVIRUPHG�E\�HOHPHQWDU\�URZ
RSHUDWLRQV��LQWR�PRUH�WKDQ�RQH�PDWUL[�LQ�HFKHORQ�IRUP� XVLQJ�GLIIHUHQW�VHTXHQFHV�RI�URZ
RSHUDWLRQV� +RZHYHU� WKH�UHGXFHG�HFKHORQ�IRUP�RQH�REWDLQV�IURP�D�PDWUL[�LV�XQLTXH�
7KH�IROORZLQJ�WKHRUHP�LV�SURYHG�LQ�$SSHQGL[�$ DW�WKH�HQG�RI�WKH�WH[W�

(DFK�PDWUL[�LV�URZ�HTXLYDOHQW�WR�RQH�DQG�RQO\�RQH�UHGXFHG�HFKHORQ�PDWUL[�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

,I�D�PDWUL[ A LV�URZ�HTXLYDOHQW�WR�DQ�HFKHORQ�PDWUL[ U � ZH�FDOO U DQ�HFKHORQ�IRUP
�RU�URZ�HFKHORQ�IRUP� RI A� LI U LV�LQ�UHGXFHG�HFKHORQ�IRUP� ZH�FDOO U WKH�UHGXFHG
HFKHORQ�IRUP�RI A� >0RVW�PDWUL[�SURJUDPV�DQG�FDOFXODWRUV�ZLWK�PDWUL[�FDSDELOLWLHV
XVH�WKH�DEEUHYLDWLRQ�55() IRU�UHGXFHG��URZ��HFKHORQ�IRUP� 6RPH�XVH�5() IRU��URZ�
HFKHORQ�IRUP�@

3LYRW�3RVLWLRQV
:KHQ�URZ�RSHUDWLRQV�RQ�D�PDWUL[�SURGXFH�DQ�HFKHORQ�IRUP� IXUWKHU�URZ�RSHUDWLRQV�WR
REWDLQ�WKH�UHGXFHG�HFKHORQ�IRUP�GR�QRW�FKDQJH�WKH�SRVLWLRQV�RI�WKH�OHDGLQJ�HQWULHV� 6LQFH
WKH�UHGXFHG�HFKHORQ�IRUP�LV�XQLTXH� WKH�OHDGLQJ�HQWULHV�DUH�DOZD\V�LQ�WKH�VDPH�SRVLWLRQV
LQ�DQ\�HFKHORQ�IRUP�REWDLQHG�IURP�D�JLYHQ�PDWUL[� 7KHVH�OHDGLQJ�HQWULHV�FRUUHVSRQG�WR
OHDGLQJ��·V�LQ�WKH�UHGXFHG�HFKHORQ�IRUP�

$ SLYRW�SRVLWLRQ LQ�D�PDWUL[ A LV�D�ORFDWLRQ�LQ A WKDW�FRUUHVSRQGV�WR�D�OHDGLQJ��
LQ�WKH�UHGXFHG�HFKHORQ�IRUP�RI A� $ SLYRW�FROXPQ LV�D�FROXPQ�RI A WKDW�FRQWDLQV
D�SLYRW�SRVLWLRQ�

,Q�([DPSOH��� WKH�VTXDUHV�� ��LGHQWLI\�WKH�SLYRW�SRVLWLRQV� 0DQ\�IXQGDPHQWDO
FRQFHSWV�LQ�WKH�ÀUVW�IRXU�FKDSWHUV�ZLOO�EH�FRQQHFWHG�LQ�RQH�ZD\�RU�DQRWKHU�ZLWK�SLYRW
SRVLWLRQV�LQ�D�PDWUL[�

5RZ�UHGXFH�WKH�PDWUL[ A EHORZ�WR�HFKHORQ�IRUP� DQG�ORFDWH�WKH�SLYRW
FROXPQV�RI A�

A D

2
664

0 "3 "6 4 9
"1 "2 "1 3 1
"2 "3 0 3 "1

1 4 5 "9 "7

3
775

8VH�WKH�VDPH�EDVLF�VWUDWHJ\�DV�LQ�6HFWLRQ ���� 7KH�WRS�RI�WKH�OHIWPRVW
QRQ]HUR�FROXPQ�LV�WKH�ÀUVW�SLYRW�SRVLWLRQ� $ QRQ]HUR�HQWU\� RU SLYRW� PXVW�EH�SODFHG
LQ�WKLV�SRVLWLRQ� $ JRRG�FKRLFH�LV�WR�LQWHUFKDQJH�URZV���DQG����EHFDXVH�WKH�PHQWDO
FRPSXWDWLRQV�LQ�WKH�QH[W�VWHS�ZLOO�QRW�LQYROYH�IUDFWLRQV��

2
664

1 !
3LYRW

4 5 "9 "7
"1 "2 "1 3 1
"2 "3 0 3 "1

0

" 3LYRW�FROXPQ

"3 "6 4 9

3
775

&UHDWH�]HURV�EHORZ�WKH�SLYRW� �� E\�DGGLQJ�PXOWLSOHV�RI�WKH�ÀUVW�URZ�WR�WKH�URZV�EHORZ�
DQG�REWDLQ�PDWUL[�����EHORZ� 7KH�SLYRW�SRVLWLRQ�LQ�WKH�VHFRQG�URZ�PXVW�EH�DV�IDU�OHIW
DV�SRVVLEOH³QDPHO\� LQ�WKH�VHFRQG�FROXPQ� &KRRVH�WKH���LQ�WKLV�SRVLWLRQ�DV�WKH�QH[W
SLYRW�

2
664

1 4 5 "9 "7
0 2 !

3LYRW

4 "6 "6
0 5 10 "15 "15
0 "3

" 1H[W�SLYRW�FROXPQ

"6 4 9

3
775 ���



5RZ�5HGXFWLRQ�DQG�(FKHORQ�)RUPV

$GG "5=2 WLPHV�URZ���WR�URZ��� DQG�DGG 3=2 WLPHV�URZ���WR�URZ���2
664

1 4 5 "9 "7
0 2 4 "6 "6
0 0 0 0 0
0 0 0 "5 0

3
775 ���

7KH�PDWUL[�LQ�����LV�GLIIHUHQW�IURP�DQ\�HQFRXQWHUHG�LQ�6HFWLRQ ���� 7KHUH�LV�QR�ZD\�WR
FUHDWH�D�OHDGLQJ�HQWU\�LQ�FROXPQ��� �:H�FDQ·W�XVH�URZ���RU���EHFDXVH�GRLQJ�VR�ZRXOG
GHVWUR\�WKH�HFKHORQ�DUUDQJHPHQW�RI�WKH�OHDGLQJ�HQWULHV�DOUHDG\�SURGXFHG�� +RZHYHU� LI
ZH�LQWHUFKDQJH�URZV���DQG��� ZH�FDQ�SURGXFH�D�OHDGLQJ�HQWU\�LQ�FROXPQ���

2
664

1 4 5 "9 "7
0 2 4 "6 "6
0 0 0 "5!

3LYRW

0
0

" " " 3LYRW�FROXPQV

0 0 0 0

3
775 *HQHUDO�IRUP�

2
664

$ $ $ $
0 $ $ $
0 0 0 $
0 0 0 0 0

3
775

7KH�PDWUL[�LV�LQ�HFKHORQ�IRUP�DQG�WKXV�UHYHDOV�WKDW�FROXPQV��� �� DQG���RI A DUH�SLYRW
FROXPQV�

A D

2
664

0!
!

!

3LYRW�SRVLWLRQV
"3 "6 4 9

"1 "2 "1 3 1
"2 "3 0 3 "1

1

" " " 3LYRW�FROXPQV

4 5 "9 "7

3
775 ���

$ SLYRW� DV�LOOXVWUDWHG�LQ�([DPSOH��� LV�D�QRQ]HUR�QXPEHU�LQ�D�SLYRW�SRVLWLRQ�WKDW�LV
XVHG�DV�QHHGHG�WR�FUHDWH�]HURV�YLD�URZ�RSHUDWLRQV� 7KH�SLYRWV�LQ�([DPSOH���ZHUH��� ��
DQG "5� 1RWLFH�WKDW�WKHVH�QXPEHUV�DUH�QRW�WKH�VDPH�DV�WKH�DFWXDO�HOHPHQWV�RI A LQ�WKH
KLJKOLJKWHG�SLYRW�SRVLWLRQV�VKRZQ�LQ�����

:LWK�([DPSOH���DV�D�JXLGH� ZH�DUH�UHDG\�WR�GHVFULEH�DQ�HIÀFLHQW�SURFHGXUH�IRU
WUDQVIRUPLQJ�D�PDWUL[�LQWR�DQ�HFKHORQ�RU�UHGXFHG�HFKHORQ�PDWUL[� &DUHIXO�VWXG\�DQG
PDVWHU\�RI�WKLV�SURFHGXUH�QRZ�ZLOO�SD\�ULFK�GLYLGHQGV�ODWHU�LQ�WKH�FRXUVH�

7KH�5RZ�5HGXFWLRQ�$OJRULWKP
7KH�DOJRULWKP�WKDW�IROORZV�FRQVLVWV�RI�IRXU�VWHSV� DQG�LW�SURGXFHV�D�PDWUL[�LQ�HFKHORQ
IRUP� $ ÀIWK�VWHS�SURGXFHV�D�PDWUL[�LQ�UHGXFHG�HFKHORQ�IRUP� :H�LOOXVWUDWH�WKH�DOJRULWKP
E\�DQ�H[DPSOH�

$SSO\�HOHPHQWDU\�URZ�RSHUDWLRQV�WR�WUDQVIRUP�WKH�IROORZLQJ�PDWUL[
ÀUVW�LQWR�HFKHORQ�IRUP�DQG�WKHQ�LQWR�UHGXFHG�HFKHORQ�IRUP�2

4
0 3 "6 6 4 "5
3 "7 8 "5 8 9
3 "9 12 "9 6 15

3
5

%HJLQ�ZLWK�WKH�OHIWPRVW�QRQ]HUR�FROXPQ� 7KLV�LV�D�SLYRW�FROXPQ� 7KH�SLYRW
SRVLWLRQ�LV�DW�WKH�WRS�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

2
4

0 3 "6 6 4 "5
3 "7 8 "5 8 9
3

" 3LYRW�FROXPQ
"9 12 "9 6 15

3
5

6HOHFW�D�QRQ]HUR�HQWU\�LQ�WKH�SLYRW�FROXPQ�DV�D�SLYRW� ,I�QHFHVVDU\� LQWHUFKDQJH
URZV�WR�PRYH�WKLV�HQWU\�LQWR�WKH�SLYRW�SRVLWLRQ�

,QWHUFKDQJH�URZV���DQG��� �:H�FRXOG�KDYH�LQWHUFKDQJHG�URZV���DQG���LQVWHDG��

2
4

3!
3LYRW

"9 12 "9 6 15
3 "7 8 "5 8 9
0 3 "6 6 4 "5

3
5

8VH�URZ�UHSODFHPHQW�RSHUDWLRQV�WR�FUHDWH�]HURV�LQ�DOO�SRVLWLRQV�EHORZ�WKH�SLYRW�

$V�D�SUHOLPLQDU\�VWHS� ZH�FRXOG�GLYLGH�WKH�WRS�URZ�E\�WKH�SLYRW� �� %XW�ZLWK�WZR��·V�LQ
FROXPQ��� LW�LV�MXVW�DV�HDV\�WR�DGG "1 WLPHV�URZ���WR�URZ���

2
4

3!
3LYRW

"9 12 "9 6 15
0 2 "4 4 2 "6
0 3 "6 6 4 "5

3
5

&RYHU��RU�LJQRUH��WKH�URZ�FRQWDLQLQJ�WKH�SLYRW�SRVLWLRQ�DQG�FRYHU�DOO�URZV� LI�DQ\�
DERYH�LW� $SSO\�VWHSV��²��WR�WKH�VXEPDWUL[�WKDW�UHPDLQV� 5HSHDW�WKH�SURFHVV�XQWLO
WKHUH�DUH�QR�PRUH�QRQ]HUR�URZV�WR�PRGLI\�

:LWK�URZ���FRYHUHG� VWHS���VKRZV�WKDW�FROXPQ���LV�WKH�QH[W�SLYRW�FROXPQ� IRU�VWHS���
VHOHFW�DV�D�SLYRW�WKH�´WRSµ�HQWU\�LQ�WKDW�FROXPQ�

2
4

3 "9 12 "9 6 15
0 2 !

3LYRW

"4 4 2 "6
0 3

" 1HZ�SLYRW�FROXPQ

"6 6 4 "5

3
5

)RU�VWHS��� ZH�FRXOG�LQVHUW�DQ�RSWLRQDO�VWHS�RI�GLYLGLQJ�WKH�´WRSµ�URZ�RI�WKH�VXEPDWUL[�E\
WKH�SLYRW� �� ,QVWHDG� ZH�DGG "3=2 WLPHV�WKH�´WRSµ�URZ�WR�WKH�URZ�EHORZ� 7KLV�SURGXFHV

2
4

3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 4

3
5



5RZ�5HGXFWLRQ�DQG�(FKHORQ�)RUPV

:KHQ�ZH�FRYHU�WKH�URZ�FRQWDLQLQJ�WKH�VHFRQG�SLYRW�SRVLWLRQ�IRU�VWHS��� ZH�DUH�OHIW�ZLWK
D�QHZ�VXEPDWUL[�KDYLQJ�RQO\�RQH�URZ�

2
4

3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 !

3LYRW
4

3
5

6WHSV��²��UHTXLUH�QR�ZRUN�IRU�WKLV�VXEPDWUL[� DQG�ZH�KDYH�UHDFKHG�DQ�HFKHORQ�IRUP�RI
WKH�IXOO�PDWUL[� ,I�ZH�ZDQW�WKH�UHGXFHG�HFKHORQ�IRUP� ZH�SHUIRUP�RQH�PRUH�VWHS�

%HJLQQLQJ�ZLWK�WKH�ULJKWPRVW�SLYRW�DQG�ZRUNLQJ�XSZDUG�DQG�WR�WKH�OHIW� FUHDWH
]HURV�DERYH�HDFK�SLYRW� ,I�D�SLYRW�LV�QRW��� PDNH�LW���E\�D�VFDOLQJ�RSHUDWLRQ�

7KH�ULJKWPRVW�SLYRW�LV�LQ�URZ��� &UHDWH�]HURV�DERYH�LW� DGGLQJ�VXLWDEOH�PXOWLSOHV�RI�URZ
��WR�URZV���DQG ��

2
4

3 "9 12 "9 0 "9
0 2 "4 4 0 "14
0 0 0 0 1 4

3
5

! 5RZ�� C ."6/ ! URZ��
! 5RZ�� C ."2/ ! URZ��

7KH�QH[W�SLYRW�LV�LQ�URZ��� 6FDOH�WKLV�URZ� GLYLGLQJ�E\�WKH�SLYRW�
2
4

3 "9 12 "9 0 "9
0 1 "2 2 0 "7
0 0 0 0 1 4

3
5 ! 5RZ�VFDOHG�E\ 1

2

&UHDWH�D�]HUR�LQ�FROXPQ���E\�DGGLQJ���WLPHV�URZ���WR�URZ���
2
4

3 0 "6 9 0 "72
0 1 "2 2 0 "7
0 0 0 0 1 4

3
5

! 5RZ�� C .9/ ! URZ��

)LQDOO\� VFDOH�URZ��� GLYLGLQJ�E\�WKH�SLYRW� ��
2
4

1 0 "2 3 0 "24
0 1 "2 2 0 "7
0 0 0 0 1 4

3
5

! 5RZ�VFDOHG�E\ 1
3

7KLV�LV�WKH�UHGXFHG�HFKHORQ�IRUP�RI�WKH�RULJLQDO�PDWUL[�

7KH�FRPELQDWLRQ�RI�VWHSV��²��LV�FDOOHG�WKH IRUZDUG�SKDVH RI�WKH�URZ�UHGXFWLRQ
DOJRULWKP� 6WHS��� ZKLFK�SURGXFHV�WKH�XQLTXH�UHGXFHG�HFKHORQ�IRUP� LV�FDOOHG�WKH
EDFNZDUG�SKDVH�

,Q�VWHS���DERYH� D�FRPSXWHU�SURJUDP�XVXDOO\�VHOHFWV�DV�D�SLYRW�WKH�HQWU\�LQ�D
FROXPQ�KDYLQJ�WKH�ODUJHVW�DEVROXWH�YDOXH� 7KLV�VWUDWHJ\� FDOOHG SDUWLDO�SLYRWLQJ�
LV�XVHG�EHFDXVH�LW�UHGXFHV�URXQGRII�HUURUV�LQ�WKH�FDOFXODWLRQV�
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6ROXWLRQV�RI�/LQHDU�6\VWHPV
7KH�URZ�UHGXFWLRQ�DOJRULWKP�OHDGV�GLUHFWO\�WR�DQ�H[SOLFLW�GHVFULSWLRQ�RI�WKH�VROXWLRQ�VHW
RI�D�OLQHDU�V\VWHP�ZKHQ�WKH�DOJRULWKP�LV�DSSOLHG�WR�WKH�DXJPHQWHG�PDWUL[�RI�WKH�V\VWHP�

6XSSRVH� IRU�H[DPSOH� WKDW� WKH�DXJPHQWHG�PDWUL[�RI�D�OLQHDU�V\VWHP�KDV�EHHQ
FKDQJHG�LQWR�WKH�HTXLYDOHQW UHGXFHG HFKHORQ�IRUP2

4
1 0 "5 1
0 1 1 4
0 0 0 0

3
5

7KHUH�DUH�WKUHH�YDULDEOHV�EHFDXVH�WKH�DXJPHQWHG�PDWUL[�KDV�IRXU�FROXPQV� 7KH
DVVRFLDWHG�V\VWHP�RI�HTXDWLRQV�LV

x1 " 5x3 D 1

x2 C x3 D 4

0 D 0

���

7KH�YDULDEOHV x1 DQG x2 FRUUHVSRQGLQJ�WR�SLYRW�FROXPQV�LQ�WKH�PDWUL[�DUH�FDOOHG EDVLF
YDULDEOHV�ò 7KH�RWKHU�YDULDEOH� x3� LV�FDOOHG�D IUHH�YDULDEOH�

:KHQHYHU �D �V\VWHP�LV �FRQVLVWHQW� DV � LQ � ���� WKH�VROXWLRQ�VHW �FDQ�EH�GHVFULEHG
H[SOLFLWO\�E\�VROYLQJ�WKH UHGXFHG V\VWHP�RI�HTXDWLRQV�IRU�WKH�EDVLF�YDULDEOHV�LQ�WHUPV�RI
WKH�IUHH�YDULDEOHV� 7KLV�RSHUDWLRQ�LV�SRVVLEOH�EHFDXVH�WKH�UHGXFHG�HFKHORQ�IRUP�SODFHV
HDFK�EDVLF�YDULDEOH�LQ�RQH�DQG�RQO\�RQH�HTXDWLRQ� ,Q����� VROYH�WKH�ÀUVW�HTXDWLRQ�IRU x1

DQG�WKH�VHFRQG�IRU x2� �,JQRUH�WKH�WKLUG�HTXDWLRQ� LW�RIIHUV�QR�UHVWULFWLRQ�RQ�WKH�YDULDEOHV��8̂
<
:̂

x1 D 1 C 5x3

x2 D 4 " x3

x3 LV�IUHH
���

7KH�VWDWHPHQW�´x3 LV�IUHHµ�PHDQV�WKDW�\RX�DUH�IUHH�WR�FKRRVH�DQ\�YDOXH�IRU x3� 2QFH
WKDW�LV�GRQH� WKH�IRUPXODV�LQ�����GHWHUPLQH�WKH�YDOXHV�IRU x1 DQG x2� )RU�LQVWDQFH� ZKHQ
x3 D 0� WKH�VROXWLRQ�LV .1; 4; 0/� ZKHQ x3 D 1� WKH�VROXWLRQ�LV .6; 3; 1/� (DFK�GLIIHUHQW
FKRLFH�RI x3 GHWHUPLQHV�D��GLIIHUHQW��VROXWLRQ�RI�WKH�V\VWHP� DQG�HYHU\�VROXWLRQ�RI�WKH
V\VWHP�LV�GHWHUPLQHG�E\�D�FKRLFH�RI x3�

)LQG�WKH�JHQHUDO�VROXWLRQ�RI�WKH�OLQHDU�V\VWHP�ZKRVH�DXJPHQWHG�PD�
WUL[�KDV�EHHQ�UHGXFHG�WR 2

4
1 6 2 "5 "2 "4
0 0 2 "8 "1 3
0 0 0 0 1 7

3
5

7KH�PDWUL[�LV�LQ�HFKHORQ�IRUP� EXW�ZH�ZDQW�WKH�UHGXFHG�HFKHORQ�IRUP
EHIRUH�VROYLQJ�IRU�WKH�EDVLF�YDULDEOHV� 7KH�URZ�UHGXFWLRQ�LV�FRPSOHWHG�QH[W� 7KH�V\PERO
% EHIRUH�D�PDWUL[�LQGLFDWHV�WKDW�WKH�PDWUL[�LV�URZ�HTXLYDOHQW�WR�WKH�SUHFHGLQJ�PDWUL[�2

4
1 6 2 "5 "2 "4
0 0 2 "8 "1 3
0 0 0 0 1 7

3
5 %

2
4

1 6 2 "5 0 10
0 0 2 "8 0 10
0 0 0 0 1 7

3
5

%

2
4

1 6 2 "5 0 10
0 0 1 "4 0 5
0 0 0 0 1 7

3
5 %

2
4

1 6 0 3 0 0
0 0 1 "4 0 5
0 0 0 0 1 7

3
5

ò6RPH�WH[WV�XVH�WKH�WHUP OHDGLQJ�YDULDEOHV EHFDXVH�WKH\�FRUUHVSRQG�WR�WKH�FROXPQV�FRQWDLQLQJ�OHDGLQJ
HQWULHV�
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7KHUH�DUH�ÀYH�YDULDEOHV�EHFDXVH�WKH�DXJPHQWHG�PDWUL[�KDV�VL[�FROXPQV� 7KH�DVVRFLDWHG
V\VWHP�QRZ�LV

x1 C 6x2 C 3x4 D 0

x3 " 4x4 D 5

x5 D 7

���

7KH�SLYRW�FROXPQV�RI�WKH�PDWUL[�DUH��� �� DQG��� VR�WKH�EDVLF�YDULDEOHV�DUH x1� x3� DQG
x5� 7KH�UHPDLQLQJ�YDULDEOHV� x2 DQG x4� PXVW�EH�IUHH� 6ROYH�IRU�WKH�EDVLF�YDULDEOHV�WR
REWDLQ�WKH�JHQHUDO�VROXWLRQ� 8̂

ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

x1 D "6x2 " 3x4

x2 LV�IUHH
x3 D 5 C 4x4

x4 LV�IUHH
x5 D 7

���

1RWH�WKDW�WKH�YDOXH�RI x5 LV�DOUHDG\�À[HG�E\�WKH�WKLUG�HTXDWLRQ�LQ�V\VWHP�����

3DUDPHWULF�'HVFULSWLRQV�RI�6ROXWLRQ�6HWV
7KH�GHVFULSWLRQV�LQ�����DQG�����DUH SDUDPHWULF�GHVFULSWLRQV RI�VROXWLRQ�VHWV�LQ�ZKLFK
WKH�IUHH�YDULDEOHV�DFW�DV�SDUDPHWHUV� 6ROYLQJ�D�V\VWHP DPRXQWV�WR�ÀQGLQJ�D�SDUDPHWULF
GHVFULSWLRQ�RI�WKH�VROXWLRQ�VHW�RU�GHWHUPLQLQJ�WKDW�WKH�VROXWLRQ�VHW�LV�HPSW\�

:KHQHYHU�D�V\VWHP�LV�FRQVLVWHQW�DQG�KDV�IUHH�YDULDEOHV� WKH�VROXWLRQ�VHW�KDV�PDQ\
SDUDPHWULF�GHVFULSWLRQV� )RU�LQVWDQFH� LQ�V\VWHP����� ZH�PD\�DGG���WLPHV�HTXDWLRQ���WR
HTXDWLRQ���DQG�REWDLQ�WKH�HTXLYDOHQW�V\VWHP

x1 C 5x2 D 21

x2 C x3 D 4

:H�FRXOG�WUHDW x2 DV�D�SDUDPHWHU�DQG�VROYH�IRU x1 DQG x3 LQ�WHUPV�RI x2� DQG�ZH�ZRXOG
KDYH�DQ�DFFXUDWH�GHVFULSWLRQ�RI�WKH�VROXWLRQ�VHW� +RZHYHU� WR�EH�FRQVLVWHQW� ZH�PDNH�WKH
�DUELWUDU\��FRQYHQWLRQ�RI�DOZD\V�XVLQJ�WKH�IUHH�YDULDEOHV�DV�WKH�SDUDPHWHUV�IRU�GHVFULELQJ
D�VROXWLRQ�VHW� �7KH�DQVZHU�VHFWLRQ�DW�WKH�HQG�RI�WKH�WH[W�DOVR�UHÁHFWV�WKLV�FRQYHQWLRQ��

:KHQHYHU�D�V\VWHP�LV�LQFRQVLVWHQW� WKH�VROXWLRQ�VHW�LV�HPSW\� HYHQ�ZKHQ�WKH�V\VWHP
KDV�IUHH�YDULDEOHV� ,Q�WKLV�FDVH� WKH�VROXWLRQ�VHW�KDV QR SDUDPHWULF�UHSUHVHQWDWLRQ�

%DFN�6XEVWLWXWLRQ
&RQVLGHU�WKH�IROORZLQJ�V\VWHP� ZKRVH�DXJPHQWHG�PDWUL[�LV�LQ�HFKHORQ�IRUP�EXW�LV QRW
LQ�UHGXFHG�HFKHORQ�IRUP�

x1 " 7x2 C 2x3 " 5x4 C 8x5 D 10

x2 " 3x3 C 3x4 C x5 D "5

x4 " x5 D 4

$ FRPSXWHU�SURJUDP�ZRXOG�VROYH�WKLV�V\VWHP�E\�EDFN�VXEVWLWXWLRQ� UDWKHU�WKDQ�E\�FRP�
SXWLQJ�WKH�UHGXFHG�HFKHORQ�IRUP� 7KDW�LV� WKH�SURJUDP�ZRXOG�VROYH�HTXDWLRQ���IRU x4 LQ
WHUPV�RI x5 DQG�VXEVWLWXWH�WKH�H[SUHVVLRQ�IRU x4 LQWR�HTXDWLRQ��� VROYH�HTXDWLRQ���IRU x2�
DQG�WKHQ�VXEVWLWXWH�WKH�H[SUHVVLRQV�IRU x2 DQG x4 LQWR�HTXDWLRQ���DQG�VROYH�IRU x1�

2XU�PDWUL[�IRUPDW�IRU�WKH�EDFNZDUG�SKDVH�RI�URZ�UHGXFWLRQ� ZKLFK�SURGXFHV�WKH�UH�
GXFHG�HFKHORQ�IRUP� KDV�WKH�VDPH�QXPEHU�RI�DULWKPHWLF�RSHUDWLRQV�DV�EDFN�VXEVWLWXWLRQ�
%XW�WKH�GLVFLSOLQH�RI�WKH�PDWUL[�IRUPDW�VXEVWDQWLDOO\�UHGXFHV�WKH�OLNHOLKRRG�RI�HUURUV
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GXULQJ�KDQG�FRPSXWDWLRQV� 7KH�EHVW�VWUDWHJ\�LV�WR�XVH�RQO\�WKH UHGXFHG HFKHORQ�IRUP
WR�VROYH�D�V\VWHP� 7KH 6WXG\�*XLGH WKDW�DFFRPSDQLHV�WKLV�WH[W�RIIHUV�VHYHUDO�KHOSIXO
VXJJHVWLRQV�IRU�SHUIRUPLQJ�URZ�RSHUDWLRQV�DFFXUDWHO\�DQG�UDSLGO\�

,Q �JHQHUDO� WKH � IRUZDUG�SKDVH�RI � URZ�UHGXFWLRQ� WDNHV �PXFK� ORQJHU � WKDQ� WKH
EDFNZDUG�SKDVH� $Q�DOJRULWKP�IRU�VROYLQJ�D�V\VWHP�LV�XVXDOO\�PHDVXUHG�LQ�ÁRSV
�RU�ÁRDWLQJ�SRLQW�RSHUDWLRQV�� $ ÁRS LV�RQH�DULWKPHWLF�RSHUDWLRQ��C; "; $; = �
RQ�WZR�UHDO�ÁRDWLQJ�SRLQW�QXPEHUV�� )RU�DQ n # .n C 1/ PDWUL[� WKH�UHGXFWLRQ
WR�HFKHORQ�IRUP�FDQ�WDNH 2n3=3 C n2=2 " 7n=6 ÁRSV��ZKLFK�LV�DSSUR[LPDWHO\
2n3=3 ÁRSV�ZKHQ n LV �PRGHUDWHO\�ODUJH³VD\� n & 30/� ,Q�FRQWUDVW� IXUWKHU
UHGXFWLRQ�WR�UHGXFHG�HFKHORQ�IRUP�QHHGV�DW�PRVW n2 ÁRSV�

([LVWHQFH�DQG�8QLTXHQHVV�4XHVWLRQV
$OWKRXJK�D�QRQUHGXFHG�HFKHORQ�IRUP�LV�D�SRRU�WRRO�IRU�VROYLQJ�D�V\VWHP� WKLV�IRUP�LV
MXVW�WKH�ULJKW�GHYLFH�IRU�DQVZHULQJ�WZR�IXQGDPHQWDO�TXHVWLRQV�SRVHG�LQ�6HFWLRQ ����

'HWHUPLQH�WKH�H[LVWHQFH�DQG�XQLTXHQHVV�RI�WKH�VROXWLRQV�WR�WKH�V\VWHP

3x2 " 6x3 C 6x4 C 4x5 D "5

3x1 " 7x2 C 8x3 " 5x4 C 8x5 D 9

3x1 " 9x2 C 12x3 " 9x4 C 6x5 D 15

7KH�DXJPHQWHG�PDWUL[�RI�WKLV�V\VWHP�ZDV�URZ�UHGXFHG�LQ�([DPSOH���WR
2
4

3 "9 12 "9 6 15
0 2 "4 4 2 "6
0 0 0 0 1 4

3
5 ���

7KH�EDVLF�YDULDEOHV�DUH x1� x2� DQG x5� WKH�IUHH�YDULDEOHV�DUH x3 DQG x4� 7KHUH�LV�QR
HTXDWLRQ�VXFK�DV 0 D 1 WKDW�ZRXOG�LQGLFDWH�DQ�LQFRQVLVWHQW�V\VWHP� VR�ZH�FRXOG�XVH
EDFN�VXEVWLWXWLRQ�WR�ÀQG�D�VROXWLRQ� %XW�WKH H[LVWHQFH RI�D�VROXWLRQ�LV�DOUHDG\�FOHDU
LQ����� $OVR� WKH�VROXWLRQ�LV QRW�XQLTXH EHFDXVH�WKHUH�DUH�IUHH�YDULDEOHV� (DFK�GLIIHUHQW
FKRLFH�RI x3 DQG x4 GHWHUPLQHV�D�GLIIHUHQW�VROXWLRQ� 7KXV�WKH�V\VWHP�KDV�LQÀQLWHO\�PDQ\
VROXWLRQV�

:KHQ�D�V\VWHP�LV�LQ�HFKHORQ�IRUP�DQG�FRQWDLQV�QR�HTXDWLRQ�RI�WKH�IRUP 0 D b� ZLWK
b QRQ]HUR� HYHU\�QRQ]HUR�HTXDWLRQ�FRQWDLQV�D�EDVLF�YDULDEOH�ZLWK�D�QRQ]HUR�FRHIÀFLHQW�
(LWKHU�WKH�EDVLF�YDULDEOHV�DUH�FRPSOHWHO\�GHWHUPLQHG��ZLWK�QR�IUHH�YDULDEOHV��RU�DW�OHDVW
RQH�RI�WKH�EDVLF�YDULDEOHV�PD\�EH�H[SUHVVHG�LQ�WHUPV�RI�RQH�RU�PRUH�IUHH�YDULDEOHV� ,Q
WKH�IRUPHU�FDVH� WKHUH�LV�D�XQLTXH�VROXWLRQ� LQ�WKH�ODWWHU�FDVH� WKHUH�DUH�LQÀQLWHO\�PDQ\
VROXWLRQV��RQH�IRU�HDFK�FKRLFH�RI�YDOXHV�IRU�WKH�IUHH�YDULDEOHV��

7KHVH�UHPDUNV�MXVWLI\�WKH�IROORZLQJ�WKHRUHP�

ó7UDGLWLRQDOO\� D ÁRS ZDV�RQO\�D�PXOWLSOLFDWLRQ�RU�GLYLVLRQ� EHFDXVH�DGGLWLRQ�DQG�VXEWUDFWLRQ�WRRN�PXFK�OHVV
WLPH�DQG�FRXOG�EH�LJQRUHG� 7KH�GHÀQLWLRQ�RI ÁRS JLYHQ�KHUH�LV�SUHIHUUHG�QRZ� DV�D�UHVXOW�RI�DGYDQFHV�LQ
FRPSXWHU�DUFKLWHFWXUH� 6HH�*ROXE�DQG�9DQ�/RDQ� 0DWUL[�&RPSXWDWLRQV� �QG�HG� �%DOWLPRUH� 7KH�-RKQV
+RSNLQV�3UHVV� ������ SS� ��²���



5RZ�5HGXFWLRQ�DQG�(FKHORQ�)RUPV

$ OLQHDU�V\VWHP�LV�FRQVLVWHQW�LI�DQG�RQO\�LI�WKH�ULJKWPRVW�FROXPQ�RI�WKH�DXJPHQWHG
PDWUL[�LV QRW D�SLYRW�FROXPQ³WKDW�LV� LI �DQG�RQO\�LI�DQ�HFKHORQ�IRUP�RI�WKH
DXJPHQWHG�PDWUL[�KDV QR URZ�RI�WKH�IRUP

Œ 0 ! ! ! 0 b ! ZLWK b QRQ]HUR

,I�D�OLQHDU�V\VWHP�LV�FRQVLVWHQW� WKHQ�WKH�VROXWLRQ�VHW�FRQWDLQV�HLWKHU��L��D�XQLTXH
VROXWLRQ� ZKHQ�WKHUH�DUH�QR�IUHH�YDULDEOHV� RU��LL��LQÀQLWHO\�PDQ\�VROXWLRQV� ZKHQ
WKHUH�LV�DW�OHDVW�RQH�IUHH�YDULDEOH�

7KH�IROORZLQJ�SURFHGXUH�RXWOLQHV�KRZ�WR�ÀQG�DQG�GHVFULEH�DOO�VROXWLRQV�RI�D�OLQHDU
V\VWHP�

�� :ULWH�WKH�DXJPHQWHG�PDWUL[�RI�WKH�V\VWHP�
�� 8VH�WKH�URZ�UHGXFWLRQ�DOJRULWKP�WR�REWDLQ�DQ�HTXLYDOHQW�DXJPHQWHG�PDWUL[�LQ

HFKHORQ�IRUP� 'HFLGH�ZKHWKHU�WKH�V\VWHP�LV�FRQVLVWHQW� ,I�WKHUH�LV�QR�VROXWLRQ�
VWRS� RWKHUZLVH� JR�WR�WKH�QH[W�VWHS�

�� &RQWLQXH�URZ�UHGXFWLRQ�WR�REWDLQ�WKH�UHGXFHG�HFKHORQ�IRUP�
�� :ULWH�WKH�V\VWHP�RI�HTXDWLRQV�FRUUHVSRQGLQJ�WR�WKH�PDWUL[�REWDLQHG�LQ�VWHS���
�� 5HZULWH�HDFK�QRQ]HUR�HTXDWLRQ�IURP�VWHS���VR�WKDW�LWV�RQH�EDVLF�YDULDEOH�LV

H[SUHVVHG�LQ�WHUPV�RI�DQ\�IUHH�YDULDEOHV�DSSHDULQJ�LQ�WKH�HTXDWLRQ�

�� )LQG�WKH�JHQHUDO�VROXWLRQ�RI�WKH�OLQHDU�V\VWHP�ZKRVH�DXJPHQWHG�PDWUL[�LV
#

1 "3 "5 0
0 1 1 3

$

�� )LQG�WKH�JHQHUDO�VROXWLRQ�RI�WKH�V\VWHP

x1 " 2x2 " x3 C 3x4 D 0

"2x1 C 4x2 C 5x3 " 5x4 D 3

3x1 " 6x2 " 6x3 C 8x4 D 2

,Q�([HUFLVHV���DQG��� GHWHUPLQH�ZKLFK�PDWULFHV�DUH�LQ�UHGXFHG
HFKHORQ�IRUP�DQG�ZKLFK�RWKHUV�DUH�RQO\�LQ�HFKHORQ�IRUP�

�� D�

2
4

1 0 0 0
0 1 0 0
0 0 1 1

3
5 E�

2
4

1 0 1 0
0 1 1 0
0 0 0 1

3
5 F�

2
664

1 0 0 0
0 1 1 0
0 0 0 0
0 0 0 1

3
775 G�

2
664

1 1 0 1 1
0 2 0 2 2
0 0 0 3 3
0 0 0 0 4

3
775
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�� D�

2
4

1 0 1 1
0 1 1 1
0 0 0 0

3
5 E�

2
4

1 0 0 0
0 2 0 0
0 0 1 1

3
5

F�

2
664

0 0 0 0
1 2 0 0
0 0 1 0
0 0 0 1

3
775

G�

2
664

0 1 1 1 1
0 0 1 1 1
0 0 0 0 1
0 0 0 0 0

3
775

5RZ�UHGXFH�WKH�PDWULFHV�LQ�([HUFLVHV���DQG���WR�UHGXFHG�HFKHORQ
IRUP� &LUFOH�WKH�SLYRW�SRVLWLRQV�LQ�WKH�ÀQDO�PDWUL[�DQG�LQ�WKH
RULJLQDO�PDWUL[� DQG�OLVW�WKH�SLYRW�FROXPQV�

��

2
4

1 2 4 8
2 4 6 8
3 6 9 12

3
5 ��

2
4

1 2 4 5
2 4 5 4
4 5 4 2

3
5

�� 'HVFULEH � WKH � SRVVLEOH � HFKHORQ � IRUPV �RI � D � QRQ]HUR 2 # 2
PDWUL[� 8VH�WKH�V\PEROV � $� DQG��� DV�LQ�WKH�ÀUVW�SDUW�RI
([DPSOH���

�� 5HSHDW�([HUFLVH���IRU�D�QRQ]HUR 3 # 2 PDWUL[�

)LQG�WKH�JHQHUDO�VROXWLRQV�RI�WKH�V\VWHPV�ZKRVH�DXJPHQWHG�PD�
WULFHV�DUH�JLYHQ�LQ�([HUFLVHV��²���

��
#

1 3 4 7
3 9 7 6

$
��

#
1 "3 0 "5

"3 7 0 9

$

��
#

0 1 "2 3
1 "3 4 "6

$
���

#
1 "2 "1 4

"2 4 "5 6

$

���

2
4

3 "2 4 0
9 "6 12 0
6 "4 8 0

3
5 ���

2
664

1 0 "9 0 4
0 1 3 0 "1
0 0 0 1 "7
0 0 0 0 1

3
775

���

2
664

1 "3 0 "1 0 "2
0 1 0 0 "4 1
0 0 0 1 9 4
0 0 0 0 0 0

3
775

���

2
664

1 0 "5 0 "8 3
0 1 4 "1 0 6
0 0 0 0 1 0
0 0 0 0 0 0

3
775

([HUFLVHV����DQG����XVH�WKH�QRWDWLRQ�RI�([DPSOH���IRU�PDWULFHV
LQ�HFKHORQ�IRUP� 6XSSRVH�HDFK�PDWUL[�UHSUHVHQWV�WKH�DXJPHQWHG
PDWUL[�IRU�D�V\VWHP�RI�OLQHDU�HTXDWLRQV� ,Q�HDFK�FDVH� GHWHUPLQH�LI
WKH�V\VWHP�LV�FRQVLVWHQW� ,I�WKH�V\VWHP�LV�FRQVLVWHQW� GHWHUPLQH�LI
WKH�VROXWLRQ�LV�XQLTXH�

��� D�

2
4

$ $ $
0 $ $
0 0 0 0

3
5

E�

2
4

0 $ $ $
0 0 $ $
0 0 0 0

3
5

��� D�

2
4

$ $
0 $
0 0

3
5

E�

2
4

$ $ $ $
0 0 $ $
0 0 0 $

3
5

,Q�([HUFLVHV����DQG���� GHWHUPLQH�WKH�YDOXH�V��RI h VXFK�WKDW�WKH
PDWUL[�LV�WKH�DXJPHQWHG�PDWUL[�RI�D�FRQVLVWHQW�OLQHDU�V\VWHP�

���
#

1 "1 4
"2 3 h

$
���

#
1 "3 1
h 6 "2

$

,Q�([HUFLVHV����DQG���� FKRRVH h DQG k VXFK�WKDW�WKH�V\VWHP�KDV��D�
QR�VROXWLRQ� �E��D�XQLTXH�VROXWLRQ� DQG��F��PDQ\�VROXWLRQV� *LYH
VHSDUDWH�DQVZHUV�IRU�HDFK�SDUW�

��� x1 C hx2 D 2

4x1 C 8x2 D k

��� x1 " 3x2 D 1

2x1 C hx2 D k

,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU��

��� D� ,Q�VRPH�FDVHV� D�PDWUL[�PD\�EH�URZ�UHGXFHG�WR�PRUH
WKDQ�RQH�PDWUL[�LQ�UHGXFHG�HFKHORQ�IRUP� XVLQJ�GLIIHUHQW
VHTXHQFHV�RI�URZ�RSHUDWLRQV�

E� 7KH�URZ�UHGXFWLRQ�DOJRULWKP�DSSOLHV�RQO\�WR�DXJPHQWHG
PDWULFHV�IRU�D�OLQHDU�V\VWHP�

F� $ EDVLF �YDULDEOH � LQ �D � OLQHDU � V\VWHP� LV �D �YDULDEOH � WKDW
FRUUHVSRQGV�WR�D�SLYRW�FROXPQ�LQ�WKH�FRHIÀFLHQW�PDWUL[�

G� )LQGLQJ�D�SDUDPHWULF�GHVFULSWLRQ�RI�WKH�VROXWLRQ�VHW�RI�D
OLQHDU�V\VWHP�LV�WKH�VDPH�DV VROYLQJ WKH�V\VWHP�

H� ,I�RQH�URZ�LQ�DQ�HFKHORQ�IRUP�RI�DQ�DXJPHQWHG�PDWUL[
LV Œ 0 0 0 5 0 !� WKHQ�WKH�DVVRFLDWHG�OLQHDU�V\VWHP�LV
LQFRQVLVWHQW�

��� D� 7KH�UHGXFHG�HFKHORQ�IRUP�RI�D�PDWUL[�LV�XQLTXH�
E� ,I�HYHU\�FROXPQ�RI�DQ�DXJPHQWHG�PDWUL[�FRQWDLQV�D�SLYRW�

WKHQ�WKH�FRUUHVSRQGLQJ�V\VWHP�LV�FRQVLVWHQW�
F� 7KH�SLYRW�SRVLWLRQV�LQ�D�PDWUL[�GHSHQG�RQ�ZKHWKHU�URZ

LQWHUFKDQJHV�DUH�XVHG�LQ�WKH�URZ�UHGXFWLRQ�SURFHVV�
G� $ JHQHUDO�VROXWLRQ�RI�D�V\VWHP�LV�DQ�H[SOLFLW�GHVFULSWLRQ

RI�DOO�VROXWLRQV�RI�WKH�V\VWHP�
H� :KHQHYHU�D�V\VWHP�KDV�IUHH�YDULDEOHV� WKH�VROXWLRQ�VHW

FRQWDLQV�PDQ\�VROXWLRQV�

��� 6XSSRVH�WKH�FRHIÀFLHQW�PDWUL[�RI�D� OLQHDU�V\VWHP�RI�IRXU
HTXDWLRQV�LQ�IRXU�YDULDEOHV�KDV�D�SLYRW�LQ�HDFK�FROXPQ� ([�
SODLQ�ZK\�WKH�V\VWHP�KDV�D�XQLTXH�VROXWLRQ�

��� 6XSSRVH�D�V\VWHP�RI�OLQHDU�HTXDWLRQV�KDV�D 3 # 5 DXJPHQWHG
PDWUL[�ZKRVH�ÀIWK�FROXPQ�LV�QRW�D�SLYRW�FROXPQ� ,V�WKH
V\VWHP�FRQVLVWHQW" :K\��RU�ZK\�QRW�"

4 7UXH�IDOVH�TXHVWLRQV�RI�WKLV�W\SH�ZLOO�DSSHDU�LQ�PDQ\�VHFWLRQV� 0HWKRGV
IRU�MXVWLI\LQJ�\RXU�DQVZHUV�ZHUH�GHVFULEHG�EHIRUH�([HUFLVHV����DQG����LQ
6HFWLRQ ����



5RZ�5HGXFWLRQ�DQG�(FKHORQ�)RUPV

��� 6XSSRVH�WKH�FRHIÀFLHQW�PDWUL[�RI�D�V\VWHP�RI�OLQHDU�HTXDWLRQV
KDV�D�SLYRW�SRVLWLRQ�LQ�HYHU\�URZ� ([SODLQ�ZK\�WKH�V\VWHP�LV
FRQVLVWHQW�

��� 6XSSRVH�D 3 # 5 FRHIÀFLHQW PDWUL[�IRU�D�V\VWHP�KDV�WKUHH
SLYRW�FROXPQV� ,V�WKH�V\VWHP�FRQVLVWHQW" :K\�RU�ZK\�QRW"

��� 5HVWDWH�WKH�ODVW�VHQWHQFH�LQ�7KHRUHP���XVLQJ�WKH�FRQFHSW�RI
SLYRW�FROXPQV� ´,I�D�OLQHDU�V\VWHP�LV�FRQVLVWHQW� WKHQ�WKH
VROXWLRQ�LV�XQLTXH�LI�DQG�RQO\�LI �µ

��� :KDW�ZRXOG�\RX�KDYH�WR�NQRZ�DERXW�WKH�SLYRW�FROXPQV�LQ�DQ
DXJPHQWHG�PDWUL[�LQ�RUGHU�WR�NQRZ�WKDW�WKH�OLQHDU�V\VWHP�LV
FRQVLVWHQW�DQG�KDV�D�XQLTXH�VROXWLRQ"

��� $ V\VWHP�RI�OLQHDU�HTXDWLRQV�ZLWK�IHZHU�HTXDWLRQV�WKDQ�XQ�
NQRZQV�LV�VRPHWLPHV�FDOOHG�DQ XQGHUGHWHUPLQHG�V\VWHP� &DQ
VXFK�D�V\VWHP�KDYH�D�XQLTXH�VROXWLRQ" ([SODLQ�

��� *LYH�DQ�H[DPSOH�RI�DQ�LQFRQVLVWHQW�XQGHUGHWHUPLQHG�V\VWHP
RI�WZR�HTXDWLRQV�LQ�WKUHH�XQNQRZQV�

��� $ V\VWHP�RI�OLQHDU�HTXDWLRQV�ZLWK�PRUH�HTXDWLRQV�WKDQ�XQ�
NQRZQV�LV�VRPHWLPHV�FDOOHG�DQ RYHUGHWHUPLQHG�V\VWHP� &DQ
VXFK�D�V\VWHP�EH�FRQVLVWHQW" ,OOXVWUDWH�\RXU�DQVZHU�ZLWK�D
VSHFLÀF�V\VWHP�RI�WKUHH�HTXDWLRQV�LQ�WZR�XQNQRZQV�

��� 6XSSRVH�DQ n # .n C 1/ PDWUL[�LV�URZ�UHGXFHG�WR�UHGXFHG
HFKHORQ � IRUP� $SSUR[LPDWHO\ �ZKDW � IUDFWLRQ �RI � WKH � WRWDO
QXPEHU�RI�RSHUDWLRQV��ÁRSV��LV� LQYROYHG�LQ�WKH�EDFNZDUG
SKDVH�RI�WKH�UHGXFWLRQ�ZKHQ n D 20" ZKHQ n D 200"

6XSSRVH�H[SHULPHQWDO�GDWD�DUH�UHSUHVHQWHG�E\�D�VHW�RI�SRLQWV�LQ�WKH
SODQH� $Q LQWHUSRODWLQJ�SRO\QRPLDO IRU�WKH�GDWD�LV�D�SRO\QRPLDO
ZKRVH �JUDSK �SDVVHV � WKURXJK�HYHU\ �SRLQW� ,Q � VFLHQWLÀF �ZRUN�

VXFK�D�SRO\QRPLDO�FDQ�EH�XVHG� IRU�H[DPSOH� WR�HVWLPDWH�YDOXHV
EHWZHHQ�WKH�NQRZQ�GDWD�SRLQWV� $QRWKHU�XVH�LV�WR�FUHDWH�FXUYHV�IRU
JUDSKLFDO�LPDJHV�RQ�D�FRPSXWHU�VFUHHQ� 2QH�PHWKRG�IRU�ÀQGLQJ�DQ
LQWHUSRODWLQJ�SRO\QRPLDO�LV�WR�VROYH�D�V\VWHP�RI�OLQHDU�HTXDWLRQV�

WEB

��� )LQG�WKH�LQWHUSRODWLQJ�SRO\QRPLDO p.t/ D a0 C a1t C a2t
2

IRU�WKH�GDWD .1; 6/� .2; 15/� .3; 28/� 7KDW�LV� ÀQG a0� a1� DQG
a2 VXFK�WKDW

a0 C a1.1/ C a2.1/2 D 6

a0 C a1.2/ C a2.2/2 D 15

a0 C a1.3/ C a2.3/2 D 28

��� >0@ ,Q�D�ZLQG�WXQQHO�H[SHULPHQW� WKH�IRUFH�RQ�D�SURMHFWLOH
GXH�WR�DLU�UHVLVWDQFH�ZDV�PHDVXUHG�DW�GLIIHUHQW�YHORFLWLHV�
9HORFLW\������IW�VHF� � � � � � ��
)RUFH������OE� � ���� ���� ���� ���� ���
)LQG�DQ�LQWHUSRODWLQJ�SRO\QRPLDO�IRU�WKHVH�GDWD�DQG�HVWLPDWH
WKH�IRUFH�RQ�WKH�SURMHFWLOH�ZKHQ�WKH�SURMHFWLOH�LV�WUDYHOLQJ
DW�����IW�VHF� 8VH p.t/ D a0 C a1t C a2t

2 C a3t
3 C a4t

4 C
a5t

5� :KDW�KDSSHQV�LI�\RX�WU\�WR�XVH�D�SRO\QRPLDO�RI�GHJUHH
OHVV�WKDQ��" �7U\�D�FXELF�SRO\QRPLDO� IRU�LQVWDQFH���

5 ([HUFLVHV�PDUNHG�ZLWK�WKH�V\PERO�>0@ DUH�GHVLJQHG�WR�EH�ZRUNHG�ZLWK
WKH�DLG�RI�D�´0DWUL[�SURJUDPµ��D�FRPSXWHU�SURJUDP� VXFK�DV
0$7/$%��0DSOH70�0DWKHPDWLFD��0DWK&DG�� RU�'HULYH70� RU�D
SURJUDPPDEOH�FDOFXODWRU�ZLWK�PDWUL[�FDSDELOLWLHV� VXFK�DV�WKRVH
PDQXIDFWXUHG�E\�7H[DV�,QVWUXPHQWV�RU�+HZOHWW�3DFNDUG��

�� 7KH�UHGXFHG�HFKHORQ�IRUP�RI�WKH�DXJPHQWHG�PDWUL[�DQG�WKH�FRUUHVSRQGLQJ�V\VWHP

7KH�JHQHUDO�VROXWLRQ�RI�WKH
V\VWHP�RI�HTXDWLRQV�LV�WKH�OLQH�RI
LQWHUVHFWLRQ�RI�WKH�WZR�SODQHV�

DUH #
1 0 "2 9
0 1 1 3

$
DQG

x1 " 2x3 D 9

x2 C x3 D 3

7KH�EDVLF�YDULDEOHV�DUH x1 DQG x2� DQG�WKH�JHQHUDO�VROXWLRQ�LV
8̂
<
:̂

x1 D 9 C 2x3

x2 D 3 " x3

x3 LV�IUHH

1RWH� ,W�LV�HVVHQWLDO�WKDW�WKH�JHQHUDO�VROXWLRQ�GHVFULEH�HDFK�YDULDEOH� ZLWK�DQ\�SDUDP�
HWHUV�FOHDUO\�LGHQWLÀHG� 7KH�IROORZLQJ�VWDWHPHQW�GRHV QRW GHVFULEH�WKH�VROXWLRQ�

8̂
<
:̂

x1 D 9 C 2x3

x2 D 3 " x3

x3 D 3 " x2 ,QFRUUHFW�VROXWLRQ

7KLV�GHVFULSWLRQ�LPSOLHV�WKDW x2 DQG x3 DUH ERWK IUHH� ZKLFK�FHUWDLQO\�LV�QRW�WKH�FDVH�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

�� 5RZ�UHGXFH�WKH�V\VWHP·V�DXJPHQWHG�PDWUL[�
2
4

1 "2 "1 3 0
"2 4 5 "5 3

3 "6 "6 8 2

3
5 %

2
4

1 "2 "1 3 0
0 0 3 1 3
0 0 "3 "1 2

3
5

%

2
4

1 "2 "1 3 0
0 0 3 1 3
0 0 0 0 5

3
5

7KLV�HFKHORQ�PDWUL[�VKRZV�WKDW�WKH�V\VWHP�LV LQFRQVLVWHQW� EHFDXVH�LWV�ULJKWPRVW
FROXPQ�LV�D�SLYRW�FROXPQ� WKH�WKLUG�URZ�FRUUHVSRQGV�WR�WKH�HTXDWLRQ��� ��� 7KHUH
LV�QR�QHHG�WR�SHUIRUP�DQ\�PRUH�URZ�RSHUDWLRQV� 1RWH�WKDW�WKH�SUHVHQFH�RI�WKH�IUHH
YDULDEOHV�LQ�WKLV�SUREOHP�LV�LUUHOHYDQW�EHFDXVH�WKH�V\VWHP�LV�LQFRQVLVWHQW�

,PSRUWDQW�SURSHUWLHV�RI�OLQHDU�V\VWHPV�FDQ�EH�GHVFULEHG�ZLWK�WKH�FRQFHSW�DQG�QRWDWLRQ
RI�YHFWRUV� 7KLV�VHFWLRQ�FRQQHFWV�HTXDWLRQV�LQYROYLQJ�YHFWRUV�WR�RUGLQDU\�V\VWHPV�RI
HTXDWLRQV� 7KH�WHUP YHFWRU DSSHDUV�LQ�D�YDULHW\�RI�PDWKHPDWLFDO�DQG�SK\VLFDO�FRQWH[WV�
ZKLFK�ZH�ZLOO�GLVFXVV�LQ�&KDSWHU �� ´9HFWRU�6SDFHV�µ 8QWLO�WKHQ� YHFWRU ZLOO�PHDQ�DQ
RUGHUHG�OLVW�RI�QXPEHUV� 7KLV�VLPSOH�LGHD�HQDEOHV�XV�WR�JHW�WR�LQWHUHVWLQJ�DQG�LPSRUWDQW
DSSOLFDWLRQV�DV�TXLFNO\�DV�SRVVLEOH�

9HFWRUV�LQ R2

$PDWUL[�ZLWK�RQO\�RQH�FROXPQ�LV�FDOOHG�D FROXPQ�YHFWRU� RU�VLPSO\�D YHFWRU� ([DPSOHV
RI�YHFWRUV�ZLWK�WZR�HQWULHV�DUH

X D
#

3
"1

$
; Y D

#
:2
:3

$
; Z D

#
w1

w2

$

ZKHUHw1 DQGw2 DUH�DQ\�UHDO�QXPEHUV� 7KH�VHW�RI�DOO�YHFWRUV�ZLWK�WZR�HQWULHV�LV�GHQRWHG
E\ R2 �UHDG�´U�WZRµ�� 7KH R VWDQGV�IRU�WKH�UHDO�QXPEHUV�WKDW�DSSHDU�DV�HQWULHV�LQ�WKH
YHFWRUV� DQG�WKH�H[SRQHQW���LQGLFDWHV�WKDW�HDFK�YHFWRU�FRQWDLQV�WZR�HQWULHV�ñ

7ZR�YHFWRUV�LQ R2 DUH HTXDO LI�DQG�RQO\�LI�WKHLU�FRUUHVSRQGLQJ�HQWULHV�DUH�HTXDO�

7KXV
#

4
7

$
DQG

#
7
4

$
DUH QRW HTXDO� EHFDXVH�YHFWRUV�LQ R2 DUH RUGHUHG�SDLUV RI�UHDO

QXPEHUV�
*LYHQ�WZR�YHFWRUV X DQG Y LQ R2� WKHLU VXP LV�WKH�YHFWRU X C Y REWDLQHG�E\�DGGLQJ

FRUUHVSRQGLQJ�HQWULHV�RI X DQG Y� )RU�H[DPSOH�
#

1
"2

$
C
#

2
5

$
D
#

1 C 2
"2 C 5

$
D
#

3
3

$

*LYHQ�D�YHFWRU X DQG�D�UHDO�QXPEHU c� WKH VFDODU�PXOWLSOH RI X E\ c LV�WKH�YHFWRU cX
REWDLQHG�E\�PXOWLSO\LQJ�HDFK�HQWU\�LQ X E\ c� )RU�LQVWDQFH�

LI X D
#

3
"1

$
DQG c D 5; WKHQ cX D 5

#
3

"1

$
D
#

15
"5

$

ñ0RVW�RI�WKH�WH[W�FRQFHUQV�YHFWRUV�DQG�PDWULFHV�WKDW�KDYH�RQO\�UHDO�HQWULHV� +RZHYHU� DOO�GHÀQLWLRQV�DQG
WKHRUHPV�LQ�&KDSWHUV �²�� DQG�LQ�PRVW�RI�WKH�UHVW�RI�WKH�WH[W� UHPDLQ�YDOLG�LI�WKH�HQWULHV�DUH�FRPSOH[
QXPEHUV� &RPSOH[�YHFWRUV�DQG�PDWULFHV�DULVH�QDWXUDOO\� IRU�H[DPSOH� LQ�HOHFWULFDO�HQJLQHHULQJ�DQG�SK\VLFV�



9HFWRU�(TXDWLRQV

7KH�QXPEHU c LQ cX LV�FDOOHG�D VFDODU� LW�LV�ZULWWHQ�LQ�OLJKWIDFH�W\SH�WR�GLVWLQJXLVK�LW�IURP
WKH�EROGIDFH�YHFWRU X�

7KH�RSHUDWLRQV�RI�VFDODU�PXOWLSOLFDWLRQ�DQG�YHFWRU�DGGLWLRQ�FDQ�EH�FRPELQHG� DV�LQ
WKH�IROORZLQJ�H[DPSOH�

*LYHQ X D
#

1
"2

$
DQG Y D

#
2

"5

$
� ÀQG 4X� ."3/Y� DQG 4X C ."3/Y�

4X D
#

4
"8

$
; ."3/Y D

#
"6
15

$

DQG

4X C ."3/Y D
#

4
"8

$
C
#

"6
15

$
D
#

"2
7

$

6RPHWLPHV� IRU�FRQYHQLHQFH��DQG�DOVR�WR�VDYH�VSDFH�� WKLV�WH[W�PD\�ZULWH�D�FROXPQ

YHFWRU�VXFK�DV
#

3
"1

$
LQ�WKH�IRUP .3; "1/� ,Q�WKLV�FDVH� WKH�SDUHQWKHVHV�DQG�WKH�FRPPD

GLVWLQJXLVK�WKH�YHFWRU .3; "1/ IURP�WKH 1 # 2 URZ�PDWUL[
%

3 "1
&
� ZULWWHQ�ZLWK�EUDFNHWV

DQG�QR�FRPPD� 7KXV #
3

"1

$
¤
%

3 "1
&

EHFDXVH�WKH�PDWULFHV�KDYH�GLIIHUHQW�VKDSHV� HYHQ�WKRXJK�WKH\�KDYH�WKH�VDPH�HQWULHV�

*HRPHWULF�'HVFULSWLRQV�RI R2

&RQVLGHU�D�UHFWDQJXODU�FRRUGLQDWH�V\VWHP�LQ�WKH�SODQH� %HFDXVH�HDFK�SRLQW�LQ�WKH�SODQH
LV�GHWHUPLQHG�E\�DQ�RUGHUHG�SDLU�RI�QXPEHUV� ZH�FDQ�LGHQWLI\�D�JHRPHWULF�SRLQW .a; b/

ZLWK�WKH�FROXPQ�YHFWRU
#

a
b

$
� 6R�ZH�PD\�UHJDUG R2 DV�WKH�VHW�RI�DOO�SRLQWV�LQ�WKH�SODQH�

6HH�)LJ� ��

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�DV�SRLQWV�

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�ZLWK�DUURZV�

7KH�JHRPHWULF�YLVXDOL]DWLRQ�RI�D�YHFWRU�VXFK�DV
#

3
"1

$
LV�RIWHQ�DLGHG�E\�LQFOXGLQJ

DQ�DUURZ��GLUHFWHG�OLQH�VHJPHQW��IURP�WKH�RULJLQ .0; 0/ WR�WKH�SRLQW .3; "1/� DV�LQ�)LJ� ��
,Q�WKLV�FDVH� WKH�LQGLYLGXDO�SRLQWV�DORQJ�WKH�DUURZ�LWVHOI�KDYH�QR�VSHFLDO�VLJQLÀFDQFH�ò

7KH�VXP�RI�WZR�YHFWRUV�KDV�D�XVHIXO�JHRPHWULF�UHSUHVHQWDWLRQ� 7KH�IROORZLQJ�UXOH
FDQ�EH�YHULÀHG�E\�DQDO\WLF�JHRPHWU\�

ò ,Q�SK\VLFV� DUURZV�FDQ�UHSUHVHQW�IRUFHV�DQG�XVXDOO\�DUH�IUHH�WR�PRYH�DERXW�LQ�VSDFH� 7KLV�LQWHUSUHWDWLRQ�RI
YHFWRUV�ZLOO�EH�GLVFXVVHG�LQ�6HFWLRQ ����



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

,I X DQG Y LQ R2 DUH�UHSUHVHQWHG�DV�SRLQWV�LQ�WKH�SODQH� WKHQ X C Y FRUUHVSRQGV�WR
WKH�IRXUWK�YHUWH[�RI�WKH�SDUDOOHORJUDP�ZKRVH�RWKHU�YHUWLFHV�DUH X� �� DQG Y� 6HH
)LJ� ��

v

u

x2

x1

u

v

u + v

0

7KH�SDUDOOHORJUDP�UXOH�

7KH�YHFWRUV X D
#

2
2

$
� Y D

#
"6

1

$
� DQG X C Y D

#
"4

3

$
DUH�GLVSOD\HG

LQ�)LJ� ��
x2

x1

u

v

u + v

2–6

3

7KH�QH[W�H[DPSOH�LOOXVWUDWHV�WKH�IDFW�WKDW�WKH�VHW�RI�DOO�VFDODU�PXOWLSOHV�RI�RQH�À[HG
QRQ]HUR�YHFWRU�LV�D�OLQH�WKURXJK�WKH�RULJLQ� .0; 0/�

/HW X D
#

3
"1

$
� 'LVSOD\�WKH�YHFWRUV X� 2X� DQG " 2

3
X RQ�D�JUDSK�

6HH�)LJ� �� ZKHUH X� 2X D
#

6
"2

$
� DQG " 2

3
X D

#
"2

2=3

$
DUH�GLVSOD\HG� 7KH

DUURZ�IRU 2X LV�WZLFH�DV�ORQJ�DV�WKH�DUURZ�IRU X� DQG�WKH�DUURZV�SRLQW�LQ�WKH�VDPH
GLUHFWLRQ� 7KH�DUURZ�IRU " 2

3
X LV�WZR�WKLUGV�WKH�OHQJWK�RI�WKH�DUURZ�IRU X� DQG�WKH�DUURZV

SRLQW�LQ�RSSRVLWH�GLUHFWLRQV� ,Q�JHQHUDO� WKH�OHQJWK�RI�WKH�DUURZ�IRU cX LV jcj WLPHV�WKH

x2

x1

u

x2

x1

u

0u

2u

u

The set of all multiples of uTypical multiples of u

2
3

– –



9HFWRU�(TXDWLRQV

OHQJWK�RI�WKH�DUURZ�IRU X� >5HFDOO�WKDW�WKH�OHQJWK�RI�WKH�OLQH�VHJPHQW�IURP .0; 0/ WR .a; b/
LV

p
a2 C b2� :H�VKDOO�GLVFXVV�WKLV�IXUWKHU�LQ�&KDSWHU ��@

9HFWRUV�LQ R3

9HFWRUV�LQ R3 DUH 3 # 1 FROXPQ�PDWULFHV�ZLWK�WKUHH�HQWULHV� 7KH\�DUH�UHSUHVHQWHG�JHR�
PHWULFDOO\�E\�SRLQWV�LQ�D�WKUHH�GLPHQVLRQDO�FRRUGLQDWH�VSDFH� ZLWK�DUURZV�IURP�WKH�RUL�

2a

a

x2x1

x3

6FDODU�PXOWLSOHV��

JLQ�VRPHWLPHV�LQFOXGHG�IRU�YLVXDO�FODULW\� 7KH�YHFWRUV D D

2
4

2
3
4

3
5 DQG 2D DUH�GLVSOD\HG

LQ�)LJ� ��

9HFWRUV�LQ Rn

,I n LV�D�SRVLWLYH�LQWHJHU� Rn �UHDG�´U�Qµ��GHQRWHV�WKH�FROOHFWLRQ�RI�DOO�OLVWV��RU RUGHUHG
n�WXSOHV��RI n UHDO�QXPEHUV� XVXDOO\�ZULWWHQ�DV n # 1 FROXPQ�PDWULFHV� VXFK�DV

X D

2
6664

u1

u2

:::
un

3
7775

7KH�YHFWRU�ZKRVH�HQWULHV�DUH�DOO�]HUR�LV�FDOOHG�WKH ]HUR�YHFWRU DQG�LV�GHQRWHG�E\ ��
�7KH�QXPEHU�RI�HQWULHV�LQ � ZLOO�EH�FOHDU�IURP�WKH�FRQWH[W��

(TXDOLW\�RI�YHFWRUV�LQ Rn DQG�WKH�RSHUDWLRQV�RI�VFDODU�PXOWLSOLFDWLRQ�DQG�YHFWRU
DGGLWLRQ�LQ Rn DUH�GHÀQHG�HQWU\�E\�HQWU\�MXVW�DV�LQ R2� 7KHVH�RSHUDWLRQV�RQ�YHFWRUV
KDYH�WKH�IROORZLQJ�SURSHUWLHV� ZKLFK�FDQ�EH�YHULÀHG�GLUHFWO\�IURP�WKH�FRUUHVSRQGLQJ
SURSHUWLHV�IRU�UHDO�QXPEHUV� 6HH�3UDFWLFH�3UREOHP���DQG�([HUFLVHV����DQG����DW�WKH�HQG
RI�WKLV�VHFWLRQ�

Rn

)RU�DOO X; Y;Z LQ Rn DQG�DOO�VFDODUV c DQG d �

�L� X C Y D Y C X �Y� c.X C Y/ D cX C cY
�LL� .X C Y/ C Z D X C .Y C Z/ �YL� .c C d/X D cX C dX
�LLL� X C � D � C X D X �YLL� c.dX/ D .cd/.X/

�LY� X C ."X/ D "X C X D �� �YLLL� 1X D X
ZKHUH "X GHQRWHV ."1/X

)RU�VLPSOLFLW\�RI�QRWDWLRQ� D�YHFWRU�VXFK�DV X C ."1/Y LV�RIWHQ�ZULWWHQ�DV X " Y�
)LJXUH ��VKRZV X " Y DV�WKH�VXP�RI X DQG "Y�

/LQHDU�&RPELQDWLRQV
*LYHQ�YHFWRUV Y1; Y2; : : : ; Yp LQ Rn DQG�JLYHQ�VFDODUV c1; c2; : : : ; cp � WKH�YHFWRU \ GHÀQHG

x1

x2

v

u

–v

u – v

9HFWRU�VXEWUDFWLRQ�
E\

\ D c1Y1 C ! ! ! C cpYp

LV�FDOOHG�D OLQHDU�FRPELQDWLRQ RI Y1; : : : ; Yp ZLWK ZHLJKWV c1; : : : ; cp � 3URSHUW\��LL�
DERYH�SHUPLWV�XV�WR�RPLW�SDUHQWKHVHV�ZKHQ�IRUPLQJ�VXFK�D�OLQHDU�FRPELQDWLRQ� 7KH



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

ZHLJKWV�LQ�D�OLQHDU�FRPELQDWLRQ�FDQ�EH�DQ\�UHDO�QXPEHUV� LQFOXGLQJ�]HUR� )RU�H[DPSOH�
VRPH�OLQHDU�FRPELQDWLRQV�RI�YHFWRUV Y1 DQG Y2 DUHp

3 Y1 C Y2; 1
2
Y1 .D 1

2
Y1 C 0Y2/; DQG � .D 0Y1 C 0Y2/

)LJXUH���LGHQWLÀHV�VHOHFWHG�OLQHDU�FRPELQDWLRQV�RI Y1 D
#

"1
1

$
DQG

Y2 D
#

2
1

$
� �1RWH�WKDW�VHWV�RI�SDUDOOHO�JULG�OLQHV�DUH�GUDZQ�WKURXJK�LQWHJHU�PXOWLSOHV�RI

Y1 DQG Y2�� (VWLPDWH�WKH�OLQHDU�FRPELQDWLRQV�RI Y1 DQG Y2 WKDW�JHQHUDWH�WKH�YHFWRUV X
DQG Z�

3v2

2v22v1
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3v1
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–v1–v2

w
u
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3
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0

/LQHDU�FRPELQDWLRQV�RI Y1 DQG Y2�

7KH�SDUDOOHORJUDP�UXOH�VKRZV�WKDW X LV�WKH�VXP�RI 3Y1 DQG "2Y2� WKDW�LV�
X D 3Y1 " 2Y2

7KLV�H[SUHVVLRQ�IRU X FDQ�EH�LQWHUSUHWHG�DV�LQVWUXFWLRQV�IRU�WUDYHOLQJ�IURP�WKH�RULJLQ
WR X DORQJ�WZR�VWUDLJKW�SDWKV� )LUVW� WUDYHO���XQLWV�LQ�WKH Y1 GLUHFWLRQ�WR 3Y1� DQG�WKHQ
WUDYHO "��XQLWV�LQ�WKH Y2 GLUHFWLRQ��SDUDOOHO�WR�WKH�OLQH�WKURXJK Y2 DQG ��� 1H[W� DOWKRXJK
WKH�YHFWRU Z LV�QRW�RQ�D�JULG�OLQH� Z DSSHDUV�WR�EH�DERXW�KDOIZD\�EHWZHHQ�WZR�SDLUV�RI
JULG�OLQHV� DW�WKH�YHUWH[�RI�D�SDUDOOHORJUDP�GHWHUPLQHG�E\ .5=2/Y1 DQG ."1=2/Y2� �6HH
)LJ� ��� 7KXV�D�UHDVRQDEOH�HVWLPDWH�IRU Z LV
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7KH�QH[W�H[DPSOH�FRQQHFWV�D�SUREOHP�DERXW�OLQHDU�FRPELQDWLRQV�WR�WKH�IXQGDPHQWDO
H[LVWHQFH�TXHVWLRQ�VWXGLHG�LQ�6HFWLRQV�����DQG�����
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2
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3
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E FDQ�EH�JHQHUDWHG��RU�ZULWWHQ��DV�D�OLQHDU�FRPELQDWLRQ�RI D1 DQG D2� 7KDW�LV� GHWHUPLQH
ZKHWKHU�ZHLJKWV x1 DQG x2 H[LVW�VXFK�WKDW

x1D1 C x2D2 D E ���
,I�YHFWRU�HTXDWLRQ�����KDV�D�VROXWLRQ� ÀQG�LW�

8VH�WKH�GHÀQLWLRQV�RI�VFDODU�PXOWLSOLFDWLRQ�DQG�YHFWRU�DGGLWLRQ�WR�UHZULWH
WKH�YHFWRU�HTXDWLRQ
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ZKLFK�LV�WKH�VDPH�DV 2
4
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3
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2
4

2x2

5x2

6x2

3
5 D

2
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7
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3
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DQG 2
4

x1 C 2x2
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"5x1 C 6x2

3
5 D

2
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"3

3
5 ���

7KH�YHFWRUV�RQ�WKH�OHIW�DQG�ULJKW�VLGHV�RI�����DUH�HTXDO�LI�DQG�RQO\�LI�WKHLU�FRUUHVSRQGLQJ
HQWULHV�DUH�ERWK�HTXDO� 7KDW�LV� x1 DQG x2 PDNH�WKH�YHFWRU�HTXDWLRQ�����WUXH�LI�DQG�RQO\
LI x1 DQG x2 VDWLVI\�WKH�V\VWHP

x1 C 2x2 D 7

"2x1 C 5x2 D 4

"5x1 C 6x2 D "3

���

7R�VROYH�WKLV�V\VWHP� URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�RI�WKH�V\VWHP�DV�IROORZV�ó2
4
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5

7KH�VROXWLRQ�RI�����LV x1 D 3 DQG x2 D 2� +HQFH E LV�D�OLQHDU�FRPELQDWLRQ�RI D1 DQG D2�
ZLWK�ZHLJKWV x1 D 3 DQG x2 D 2� 7KDW�LV�

3

2
4

1
"2
"5

3
5C 2

2
4

2
5
6

3
5 D

2
4

7
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"3

3
5

2EVHUYH�LQ�([DPSOH���WKDW�WKH�RULJLQDO�YHFWRUV D1� D2� DQG E DUH�WKH�FROXPQV�RI�WKH
DXJPHQWHG�PDWUL[�WKDW�ZH�URZ�UHGXFHG�2

4
1 2 7

"2 5 4
"5

" " "
D1 D2 E

6 "3

3
5

)RU�EUHYLW\� ZULWH�WKLV�PDWUL[�LQ�D�ZD\�WKDW�LGHQWLÀHV�LWV�FROXPQV³QDPHO\�
Œ D1 D2 E ! ���

,W�LV�FOHDU�KRZ�WR�ZULWH�WKLV�DXJPHQWHG�PDWUL[�LPPHGLDWHO\�IURP�YHFWRU�HTXDWLRQ�����
ZLWKRXW�JRLQJ�WKURXJK�WKH�LQWHUPHGLDWH�VWHSV�RI�([DPSOH��� 7DNH�WKH�YHFWRUV�LQ�WKH
RUGHU�LQ�ZKLFK�WKH\�DSSHDU�LQ�����DQG�SXW�WKHP�LQWR�WKH�FROXPQV�RI�D�PDWUL[�DV�LQ ����

7KH�GLVFXVVLRQ�DERYH�LV�HDVLO\�PRGLÀHG�WR�HVWDEOLVK�WKH�IROORZLQJ�IXQGDPHQWDO�IDFW�

$ YHFWRU�HTXDWLRQ
x1D1 C x2D2 C ! ! ! C xnDn D E

KDV�WKH�VDPH�VROXWLRQ�VHW�DV�WKH�OLQHDU�V\VWHP�ZKRVH�DXJPHQWHG�PDWUL[�LV
%
D1 D2 ! ! ! Dn E

&
���

,Q�SDUWLFXODU� E FDQ�EH�JHQHUDWHG�E\�D�OLQHDU�FRPELQDWLRQ�RI D1; : : : ; Dn LI�DQG�RQO\
LI�WKHUH�H[LVWV�D�VROXWLRQ�WR�WKH�OLQHDU�V\VWHP�FRUUHVSRQGLQJ�WR�WKH�PDWUL[�����

ó7KH�V\PERO" EHWZHHQ�PDWULFHV�GHQRWHV�URZ�HTXLYDOHQFH��6HFWLRQ �����
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2QH�RI�WKH�NH\�LGHDV�LQ�OLQHDU�DOJHEUD�LV�WR�VWXG\�WKH�VHW�RI�DOO�YHFWRUV�WKDW�FDQ�EH
JHQHUDWHG�RU�ZULWWHQ�DV�D�OLQHDU�FRPELQDWLRQ�RI�D�À[HG�VHW fY1; : : : ; Ypg RI�YHFWRUV�

,I Y1; : : : ; Yp DUH�LQ Rn� WKHQ�WKH�VHW�RI�DOO � OLQHDU�FRPELQDWLRQV�RI Y1; : : : ; Yp

LV �GHQRWHG�E\ 6SDQ fY1; : : : ; Ypg DQG�LV �FDOOHG� WKH VXEVHW�RI Rn VSDQQHG �RU
JHQHUDWHG� E\ Y1; : : : ; Yp � 7KDW � LV� 6SDQ fY1; : : : ; Ypg LV � WKH�FROOHFWLRQ�RI�DOO
YHFWRUV�WKDW�FDQ�EH�ZULWWHQ�LQ�WKH�IRUP

c1Y1 C c2Y2 C ! ! ! C cpYp

ZLWK c1; : : : ; cp VFDODUV�

$VNLQJ�ZKHWKHU�D�YHFWRU E LV�LQ 6SDQ fY1; : : : ; Ypg DPRXQWV�WR�DVNLQJ�ZKHWKHU�WKH
YHFWRU�HTXDWLRQ

x1Y1 C x2Y2 C ! ! ! C xpYp D E

KDV�D�VROXWLRQ� RU� HTXLYDOHQWO\� DVNLQJ�ZKHWKHU�WKH�OLQHDU�V\VWHP�ZLWK�DXJPHQWHG�PDWUL[
Œ Y1 ! ! ! Yp E ! KDV�D�VROXWLRQ�

1RWH � WKDW 6SDQ fY1; : : : ; Ypg FRQWDLQV � HYHU\ � VFDODU �PXOWLSOH � RI Y1 �IRU � H[DP�
SOH�� VLQFH cY1 D cY1 C 0Y2 C ! ! ! C 0Yp � ,Q�SDUWLFXODU� WKH�]HUR�YHFWRU�PXVW�EH�LQ
6SDQ fY1; : : : ; Ypg�

$ *HRPHWULF�'HVFULSWLRQ�RI�6SDQfYg DQG�6SDQfX� Yg
/HW Y EH�D�QRQ]HUR�YHFWRU�LQ R3� 7KHQ 6SDQ fYg LV�WKH�VHW�RI�DOO�VFDODU�PXOWLSOHV�RI Y�
ZKLFK�LV�WKH�VHW�RI�SRLQWV�RQ�WKH�OLQH�LQ R3 WKURXJK Y DQG �� 6HH�)LJ� ���

,I X DQG Y DUH�QRQ]HUR�YHFWRUV�LQ R3� ZLWK Y QRW�D�PXOWLSOH�RI X� WKHQ 6SDQ fX; Yg LV
WKH�SODQH�LQ R3 WKDW�FRQWDLQV X� Y� DQG �� ,Q�SDUWLFXODU� 6SDQ fX; Yg FRQWDLQV�WKH�OLQH�LQ
R3 WKURXJK X DQG � DQG�WKH�OLQH�WKURXJK Y DQG � � 6HH�)LJ� ���

x3

x1

Span{v}

x2

v

6SDQ fYg DV�D�OLQH
WKURXJK�WKH�RULJLQ�

x1

x3

x2

3u

3v2vv

u

5u

6SDQ fX; Yg DV�D
SODQH�WKURXJK�WKH�RULJLQ�

/HW D1 D

2
4

1
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3

3
5� D2 D

2
4

5
"13
"3

3
5� DQG E D

2
4

"3
8
1

3
5� 7KHQ

6SDQ fD1; D2g LV�D�SODQH�WKURXJK�WKH�RULJLQ�LQ R3� ,V E LQ�WKDW�SODQH"
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'RHV�WKH�HTXDWLRQ x1D1 C x2D2 D E KDYH�D�VROXWLRQ" 7R�DQVZHU�WKLV� URZ
UHGXFH�WKH�DXJPHQWHG�PDWUL[ Œ D1 D2 E !�

2
4

1 5 "3
"2 "13 8

3 "3 1

3
5 %

2
4

1 5 "3
0 "3 2
0 "18 10

3
5 %

2
4

1 5 "3
0 "3 2
0 0 "2
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5

7KH�WKLUG�HTXDWLRQ�LV 0 D "2� ZKLFK�VKRZV�WKDW�WKH�V\VWHP�KDV�QR�VROXWLRQ� 7KH�YHFWRU
HTXDWLRQ x1D1 C x2D2 D E KDV�QR�VROXWLRQ� DQG�VR E LV QRW LQ 6SDQ fD1; D2g�

/LQHDU�&RPELQDWLRQV�LQ�$SSOLFDWLRQV
7KH�ÀQDO�H[DPSOH�VKRZV�KRZ�VFDODU�PXOWLSOHV�DQG�OLQHDU�FRPELQDWLRQV�FDQ�DULVH�ZKHQ
D�TXDQWLW\�VXFK�DV�´FRVWµ�LV�EURNHQ�GRZQ�LQWR�VHYHUDO�FDWHJRULHV� 7KH�EDVLF�SULQFLSOH�IRU
WKH�H[DPSOH�FRQFHUQV�WKH�FRVW�RI�SURGXFLQJ�VHYHUDO�XQLWV�RI�DQ�LWHP�ZKHQ�WKH�FRVW�SHU
XQLW�LV�NQRZQ� '

QXPEHU
RI�XQLWV

(
!
'

FRVW
SHU�XQLW

(
D
'
WRWDO
FRVW

(

$ FRPSDQ\�PDQXIDFWXUHV�WZR�SURGXFWV� )RU�������ZRUWK�RI�SURGXFW
%��WKH�FRPSDQ\�VSHQGV������RQ�PDWHULDOV� �����RQ�ODERU� DQG������RQ�RYHUKHDG� )RU
������ZRUWK�RI�SURGXFW�&��WKH�FRPSDQ\�VSHQGV������RQ�PDWHULDOV� �����RQ�ODERU� DQG
�����RQ�RYHUKHDG� /HW

E D
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3
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5

7KHQ E DQG F UHSUHVHQW�WKH�´FRVWV�SHU�GROODU�RI�LQFRPHµ�IRU�WKH�WZR�SURGXFWV�

D� :KDW�HFRQRPLF�LQWHUSUHWDWLRQ�FDQ�EH�JLYHQ�WR�WKH�YHFWRU 100E"
E� 6XSSRVH�WKH�FRPSDQ\�ZLVKHV�WR�PDQXIDFWXUH x1 GROODUV�ZRUWK�RI�SURGXFW�% DQG

x2 GROODUV�ZRUWK�RI�SURGXFW�&��*LYH�D�YHFWRU�WKDW�GHVFULEHV�WKH�YDULRXV�FRVWV�WKH
FRPSDQ\�ZLOO�KDYH��IRU�PDWHULDOV� ODERU� DQG�RYHUKHDG��

D� &RPSXWH
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7KH �YHFWRU 100E OLVWV � WKH � YDULRXV � FRVWV � IRU � SURGXFLQJ ����� �ZRUWK � RI � SURGXFW
%³QDPHO\� ����IRU�PDWHULDOV� ����IRU�ODERU� DQG�����IRU�RYHUKHDG�

E� 7KH�FRVWV�RI�PDQXIDFWXULQJ x1 GROODUV�ZRUWK�RI�% DUH�JLYHQ�E\�WKH�YHFWRU x1E� DQG
WKH�FRVWV�RI�PDQXIDFWXULQJ x2 GROODUV�ZRUWK�RI�& DUH�JLYHQ�E\ x2F� +HQFH�WKH�WRWDO
FRVWV�IRU�ERWK�SURGXFWV�DUH�JLYHQ�E\�WKH�YHFWRU x1E C x2F�

�� 3URYH�WKDW X C Y D Y C X IRU�DQ\ X DQG Y LQ Rn�
�� )RU�ZKDW�YDOXH�V��RI h ZLOO \ EH�LQ 6SDQfY1; Y2; Y3g LI
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$
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WKDW X " Y LV�WKH�YHUWH[�RI�D�SDUDOOHORJUDP�ZKRVH�RWKHU�YHUWLFHV�DUH
X� �� DQG "Y�
�� X DQG Y DV�LQ�([HUFLVH�� �� X DQG Y DV�LQ�([HUFLVH��
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G� 7KH�VROXWLRQ�VHW�RI�WKH�OLQHDU�V\VWHP�ZKRVH�DXJPHQWHG
PDWUL[�LV Œ D1 D2 D3 E ! LV�WKH�VDPH�DV�WKH�VROXWLRQ
VHW�RI�WKH�HTXDWLRQ x1D1 C x2D2 C x3D3 D E�

H� 7KH�VHW 6SDQ fX; Yg LV�DOZD\V�YLVXDOL]HG�DV�D�SODQH�WKURXJK
WKH�RULJLQ�

��� D� :KHQ X DQG Y DUH�QRQ]HUR�YHFWRUV� 6SDQ fX; Yg FRQWDLQV
RQO\�WKH�OLQH�WKURXJK X DQG�WKH�RULJLQ� DQG�WKH�OLQH�WKURXJK
Y DQG�WKH�RULJLQ�
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KDV�WKH�GHVLUHG�SURSHUW\�

��� /HW A EH�D 3 # 2 PDWUL[� ([SODLQ�ZK\�WKH�HTXDWLRQ A[ D E
FDQQRW�EH�FRQVLVWHQW�IRU�DOO E LQ R3� *HQHUDOL]H�\RXU�DU�
JXPHQW�WR�WKH�FDVH�RI�DQ�DUELWUDU\ A ZLWK�PRUH�URZV�WKDQ
FROXPQV�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

��� &RXOG�D�VHW�RI�WKUHH�YHFWRUV�LQ R4 VSDQ�DOO�RI R4" ([SODLQ�
:KDW�DERXW n YHFWRUV�LQ Rm ZKHQ n LV�OHVV�WKDQ m"

��� 6XSSRVH A LV�D 4 # 3 PDWUL[�DQG E LV�D�YHFWRU�LQ R4 ZLWK
WKH�SURSHUW\�WKDW A[ D E KDV�D�XQLTXH�VROXWLRQ� :KDW�FDQ
\RX�VD\�DERXW�WKH�UHGXFHG�HFKHORQ�IRUP�RI A" -XVWLI\�\RXU
DQVZHU�

��� /HW A EH�D 3 # 4 PDWUL[� OHW Y1 DQG Y2 EH�YHFWRUV�LQ R3� DQG
OHW Z D Y1 C Y2� 6XSSRVH Y1 D AX1 DQG Y2 D AX2 IRU�VRPH
YHFWRUV X1 DQG X2 LQ R4� :KDW�IDFW�DOORZV�\RX�WR�FRQFOXGH
WKDW�WKH�V\VWHP A[ D Z LV�FRQVLVWHQW" �1RWH� X1 DQG X2

GHQRWH�YHFWRUV� QRW�VFDODU�HQWULHV�LQ�YHFWRUV��
��� /HW A EH�D 5 # 3 PDWUL[� OHW \ EH�D�YHFWRU�LQ R3� DQG�OHW ] EH

D�YHFWRU�LQ R5� 6XSSRVH A\ D ]� :KDW�IDFW�DOORZV�\RX�WR
FRQFOXGH�WKDW�WKH�V\VWHP A[ D 5] LV�FRQVLVWHQW"

��� 6XSSRVH A LV�D 4 # 4 PDWUL[�DQG E LV�D�YHFWRU�LQ R4 ZLWK�WKH
SURSHUW\�WKDW A[ D E KDV�D�XQLTXH�VROXWLRQ� ([SODLQ�ZK\�WKH
FROXPQV�RI A PXVW�VSDQ R4�

>0@ ,Q�([HUFLVHV���²��� GHWHUPLQH�LI�WKH�FROXPQV�RI�WKH�PDWUL[
VSDQ R4�

���

2
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3
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3
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2
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3
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2
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"7 "3 "4 6 "9
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"3 4 "7 2 7

3
775

��� >0@ )LQG�D�FROXPQ�RI�WKH�PDWUL[�LQ�([HUFLVH����WKDW�FDQ�EH
GHOHWHG�DQG�\HW�KDYH�WKH�UHPDLQLQJ�PDWUL[�FROXPQV�VWLOO�VSDQ
R4�

��� >0@ )LQG�D�FROXPQ�RI�WKH�PDWUL[�LQ�([HUFLVH����WKDW�FDQ�EH
GHOHWHG�DQG�\HW�KDYH�WKH�UHPDLQLQJ�PDWUL[�FROXPQV�VWLOO�VSDQ
R4� &DQ�\RX�GHOHWH�PRUH�WKDQ�RQH�FROXPQ"

SG WEB

�� 7KH�PDWUL[�HTXDWLRQ
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ZKLFK�H[SUHVVHV E DV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A�

�� X C Y D
#

4
"1
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$
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#
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6ROXWLRQ�6HWV�RI�/LQHDU�6\VWHPV

6ROXWLRQ�VHWV�RI�OLQHDU�V\VWHPV�DUH�LPSRUWDQW�REMHFWV�RI�VWXG\�LQ�OLQHDU�DOJHEUD� 7KH\
ZLOO�DSSHDU�ODWHU�LQ�VHYHUDO�GLIIHUHQW�FRQWH[WV� 7KLV�VHFWLRQ�XVHV�YHFWRU�QRWDWLRQ�WR�JLYH
H[SOLFLW�DQG�JHRPHWULF�GHVFULSWLRQV�RI�VXFK�VROXWLRQ�VHWV�

+RPRJHQHRXV�/LQHDU�6\VWHPV
$ V\VWHP�RI�OLQHDU�HTXDWLRQV�LV�VDLG�WR�EH KRPRJHQHRXV LI�LW�FDQ�EH�ZULWWHQ�LQ�WKH
IRUP A[ D �� ZKHUH A LV�DQ m # n PDWUL[�DQG � LV�WKH�]HUR�YHFWRU�LQ Rm� 6XFK�D
V\VWHP A[ D � DOZD\V KDV�DW�OHDVW�RQH�VROXWLRQ� QDPHO\� [ D � �WKH�]HUR�YHFWRU�LQ Rn/�
7KLV�]HUR�VROXWLRQ�LV�XVXDOO\�FDOOHG�WKH WULYLDO�VROXWLRQ� )RU�D�JLYHQ�HTXDWLRQ A[ D �;
WKH�LPSRUWDQW�TXHVWLRQ�LV�ZKHWKHU�WKHUH�H[LVWV�D QRQWULYLDO�VROXWLRQ� WKDW�LV� D�QRQ]HUR
YHFWRU [ WKDW�VDWLVÀHV A[ D �: 7KH�([LVWHQFH�DQG�8QLTXHQHVV�7KHRUHP�LQ�6HFWLRQ ���
�7KHRUHP ���OHDGV�LPPHGLDWHO\�WR�WKH�IROORZLQJ�IDFW�

7KH�KRPRJHQHRXV�HTXDWLRQ A[ D � KDV�D�QRQWULYLDO�VROXWLRQ�LI�DQG�RQO\�LI�WKH
HTXDWLRQ�KDV�DW�OHDVW�RQH�IUHH�YDULDEOH�

'HWHUPLQH�LI � WKH�IROORZLQJ�KRPRJHQHRXV�V\VWHP�KDV�D�QRQWULYLDO
VROXWLRQ� 7KHQ�GHVFULEH�WKH�VROXWLRQ�VHW�

3x1 C 5x2 " 4x3 D 0

"3x1 " 2x2 C 4x3 D 0

6x1 C x2 " 8x3 D 0

/HW A EH�WKH�PDWUL[�RI�FRHIÀFLHQWV�RI�WKH�V\VWHP�DQG�URZ�UHGXFH�WKH
DXJPHQWHG�PDWUL[ Œ A � ! WR�HFKHORQ�IRUP�

2
4

3 5 "4 0
"3 "2 4 0

6 1 "8 0

3
5 %

2
4

3 5 "4 0
0 3 0 0
0 "9 0 0

3
5 %

2
4

3 5 "4 0
0 3 0 0
0 0 0 0

3
5

6LQFH x3 LV�D�IUHH�YDULDEOH� A[ D � KDV�QRQWULYLDO�VROXWLRQV��RQH�IRU�HDFK�FKRLFH�RI x3��
7R�GHVFULEH�WKH�VROXWLRQ�VHW� FRQWLQXH�WKH�URZ�UHGXFWLRQ�RI Œ A � ! WR UHGXFHG HFKHORQ
IRUP� 2

4
1 0 " 4

3
0

0 1 0 0
0 0 0 0

3
5

x1 " 4
3
x3 D 0

x2 D 0

0 D 0

6ROYH�IRU�WKH�EDVLF�YDULDEOHV x1 DQG x2 DQG�REWDLQ x1 D 4
3
x3� x2 D 0� ZLWK x3 IUHH� $V�D

YHFWRU� WKH�JHQHUDO�VROXWLRQ�RI A[ D � KDV�WKH�IRUP
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+HUH x3 LV�IDFWRUHG�RXW�RI�WKH�H[SUHVVLRQ�IRU�WKH�JHQHUDO�VROXWLRQ�YHFWRU� 7KLV�VKRZV�WKDW
HYHU\�VROXWLRQ�RI A[ D � LQ�WKLV�FDVH�LV�D�VFDODU�PXOWLSOH�RI Y� 7KH�WULYLDO�VROXWLRQ�LV
REWDLQHG�E\�FKRRVLQJ x3 D 0: *HRPHWULFDOO\� WKH�VROXWLRQ�VHW�LV�D�OLQH�WKURXJK � LQ R3�
6HH�)LJ� ��

Span{v}

0

x3

x1

x2

v



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

1RWLFH�WKDW�D�QRQWULYLDO�VROXWLRQ [ FDQ�KDYH�VRPH�]HUR�HQWULHV�VR�ORQJ�DV�QRW�DOO�RI
LWV�HQWULHV�DUH�]HUR�

$ VLQJOH�OLQHDU�HTXDWLRQ�FDQ�EH�WUHDWHG�DV�D�YHU\�VLPSOH�V\VWHP�RI
HTXDWLRQV� 'HVFULEH�DOO�VROXWLRQV�RI�WKH�KRPRJHQHRXV�´V\VWHPµ

10x1 " 3x2 " 2x3 D 0 ���

7KHUH�LV�QR�QHHG�IRU�PDWUL[�QRWDWLRQ� 6ROYH�IRU�WKH�EDVLF�YDULDEOH x1 LQ
WHUPV�RI�WKH�IUHH�YDULDEOHV� 7KH�JHQHUDO�VROXWLRQ�LV x1 D :3x2 C :2x3� ZLWK x2 DQG x3

IUHH� $V�D�YHFWRU� WKH�JHQHUDO�VROXWLRQ�LV

[ D

2
4

x1

x2

x3

3
5 D

2
4

:3x2 C :2x3

x2

x3

3
5 D

2
4

:3x2

x2

0

3
5C

2
4

:2x3

0
x3

3
5

D x2

2
4

:3
1
0

3
5

"
X

C x3

2
4

:2
0
1

3
5

"
Y

�ZLWK x2� x3 IUHH� ���

7KLV�FDOFXODWLRQ�VKRZV�WKDW�HYHU\�VROXWLRQ�RI�����LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�YHFWRUV
X DQG Y� VKRZQ�LQ����� 7KDW�LV� WKH�VROXWLRQ�VHW�LV 6SDQ fX; Yg� 6LQFH�QHLWKHU X QRU Y LV�D
VFDODU�PXOWLSOH�RI�WKH�RWKHU� WKH�VROXWLRQ�VHW�LV�D�SODQH�WKURXJK�WKH�RULJLQ� 6HH�)LJ� ��

u

x3

x1

x2

v

([DPSOHV �� �DQG ��� DORQJ �ZLWK � WKH �H[HUFLVHV� LOOXVWUDWH � WKH � IDFW � WKDW � WKH � VROX�
WLRQ�VHW�RI�D�KRPRJHQHRXV�HTXDWLRQ A[ D � FDQ�DOZD\V�EH�H[SUHVVHG�H[SOLFLWO\�DV
6SDQ fY1; : : : ; Ypg IRU�VXLWDEOH�YHFWRUV Y1; : : : ; Yp � ,I�WKH�RQO\�VROXWLRQ�LV�WKH�]HUR�YHFWRU�
WKHQ�WKH�VROXWLRQ�VHW�LV 6SDQ f�g� ,I�WKH�HTXDWLRQ A[ D � KDV�RQO\�RQH�IUHH�YDULDEOH�
WKH�VROXWLRQ�VHW�LV�D�OLQH�WKURXJK�WKH�RULJLQ� DV�LQ�)LJ� �� $ SODQH�WKURXJK�WKH�RULJLQ�
DV�LQ�)LJ� �� SURYLGHV�D�JRRG�PHQWDO�LPDJH�IRU�WKH�VROXWLRQ�VHW�RI A[ D � ZKHQ�WKHUH
DUH�WZR�RU�PRUH�IUHH�YDULDEOHV� 1RWH� KRZHYHU� WKDW�D�VLPLODU�ÀJXUH�FDQ�EH�XVHG�WR
YLVXDOL]H 6SDQ fX; Yg HYHQ�ZKHQ X DQG Y GR�QRW�DULVH�DV�VROXWLRQV�RIA[ D �: 6HH�)LJ� ��
LQ�6HFWLRQ ����

3DUDPHWULF�9HFWRU�)RUP
7KH�RULJLQDO�HTXDWLRQ�����IRU�WKH�SODQH�LQ�([DPSOH���LV�DQ LPSOLFLW GHVFULSWLRQ�RI�WKH
SODQH� 6ROYLQJ�WKLV�HTXDWLRQ�DPRXQWV�WR�ÀQGLQJ�DQ H[SOLFLW GHVFULSWLRQ�RI�WKH�SODQH�DV
WKH�VHW�VSDQQHG�E\ X DQG Y� (TXDWLRQ�����LV�FDOOHG�D SDUDPHWULF�YHFWRU�HTXDWLRQ RI�WKH
SODQH� 6RPHWLPHV�VXFK�DQ�HTXDWLRQ�LV�ZULWWHQ�DV

[ D sX C tY .s; t LQ R/

WR�HPSKDVL]H�WKDW�WKH�SDUDPHWHUV�YDU\�RYHU�DOO�UHDO�QXPEHUV� ,Q�([DPSOH��� WKH�HTXDWLRQ
[ D x3Y �ZLWK x3 IUHH�� RU [ D tY �ZLWK t LQR�� LV�D�SDUDPHWULF�YHFWRU�HTXDWLRQ�RI�D�OLQH�
:KHQHYHU�D�VROXWLRQ�VHW�LV�GHVFULEHG�H[SOLFLWO\�ZLWK�YHFWRUV�DV�LQ�([DPSOHV���DQG��� ZH
VD\�WKDW�WKH�VROXWLRQ�LV�LQ SDUDPHWULF�YHFWRU�IRUP�

6ROXWLRQV�RI�1RQKRPRJHQHRXV�6\VWHPV
:KHQ�D�QRQKRPRJHQHRXV�OLQHDU�V\VWHP�KDV�PDQ\�VROXWLRQV� WKH�JHQHUDO�VROXWLRQ�FDQ�EH
ZULWWHQ�LQ�SDUDPHWULF�YHFWRU�IRUP�DV�RQH�YHFWRU�SOXV�DQ�DUELWUDU\�OLQHDU�FRPELQDWLRQ�RI
YHFWRUV�WKDW�VDWLVI\�WKH�FRUUHVSRQGLQJ�KRPRJHQHRXV�V\VWHP�



6ROXWLRQ�6HWV�RI�/LQHDU�6\VWHPV

'HVFULEH�DOO�VROXWLRQV�RI A[ D E� ZKHUH
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3
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A[ D E KDV�WKH�IRUP
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7KH�HTXDWLRQ [ D S C x3Y� RU� ZULWLQJ t DV�D�JHQHUDO�SDUDPHWHU�
[ D S C tY �t LQ R� ���

GHVFULEHV�WKH�VROXWLRQ�VHW�RI A[ D E LQ�SDUDPHWULF�YHFWRU�IRUP� 5HFDOO�IURP�([DPSOH��
WKDW�WKH�VROXWLRQ�VHW�RI A[ D � KDV�WKH�SDUDPHWULF�YHFWRU�HTXDWLRQ

[ D tY �t LQ R� ���
>ZLWK�WKH�VDPH Y WKDW�DSSHDUV�LQ����@� 7KXV�WKH�VROXWLRQV�RI A[ D E DUH�REWDLQHG�E\
DGGLQJ�WKH�YHFWRU S WR�WKH�VROXWLRQV�RI A[ D �� 7KH�YHFWRU S LWVHOI�LV�MXVW�RQH�SDUWLFXODU
VROXWLRQ�RI A[ D E >FRUUHVSRQGLQJ�WR t D 0 LQ����@�

p

v

v + p

$GGLQJ S WR Y WUDQVODWHV Y WR Y C S�

7R�GHVFULEH� WKH�VROXWLRQ�VHW �RI A[ D E JHRPHWULFDOO\� ZH�FDQ� WKLQN�RI �YHFWRU
DGGLWLRQ�DV�D WUDQVODWLRQ� *LYHQ Y DQG S LQ R2 RU R3� WKH�HIIHFW�RI�DGGLQJ S WR Y LV
WR PRYH Y LQ�D�GLUHFWLRQ�SDUDOOHO�WR�WKH�OLQH�WKURXJK S DQG �� :H�VD\�WKDW Y LV WUDQVODWHGL + p

L

7UDQVODWHG�OLQH�

E\ S WR Y C S� 6HH�)LJ� �� ,I�HDFK�SRLQW�RQ�D�OLQH L LQ R2 RU R3 LV�WUDQVODWHG�E\�D�YHFWRU
S� WKH�UHVXOW�LV�D�OLQH�SDUDOOHO�WR L� 6HH�)LJ� ��

6XSSRVH L LV�WKH�OLQH�WKURXJK � DQG Y� GHVFULEHG�E\�HTXDWLRQ����� $GGLQJ S WR�HDFK
SRLQW�RQ L SURGXFHV�WKH�WUDQVODWHG�OLQH�GHVFULEHG�E\�HTXDWLRQ����� 1RWH�WKDW S LV�RQ�WKH
OLQH�LQ�HTXDWLRQ����� :H�FDOO���� WKH�HTXDWLRQ�RI�WKH�OLQH�WKURXJK S SDUDOOHO�WR�Y� 7KXV
WKH�VROXWLRQ�VHW�RI A[ D E LV�D�OLQH�WKURXJK S SDUDOOHO�WR�WKH�VROXWLRQ�VHW�RI A[ D ��
)LJXUH���LOOXVWUDWHV�WKLV�FDVH�

p

v tv

p + tv
Ax = b

Ax = 0

3DUDOOHO�VROXWLRQ�VHWV�RI A[ D E DQG
A[ D ��

7KH�UHODWLRQ�EHWZHHQ�WKH�VROXWLRQ�VHWV�RI A[ D E DQG A[ D � VKRZQ�LQ�)LJ� �
JHQHUDOL]HV�WR�DQ\ FRQVLVWHQW HTXDWLRQ A[ D E� DOWKRXJK�WKH�VROXWLRQ�VHW�ZLOO�EH�ODUJHU
WKDQ�D�OLQH�ZKHQ�WKHUH�DUH�VHYHUDO�IUHH�YDULDEOHV� 7KH�IROORZLQJ�WKHRUHP�JLYHV�WKH�SUHFLVH
VWDWHPHQW� 6HH�([HUFLVH����IRU�D�SURRI�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

6XSSRVH�WKH�HTXDWLRQ A[ D E LV�FRQVLVWHQW�IRU�VRPH�JLYHQ E� DQG�OHW S EH�D
VROXWLRQ� 7KHQ�WKH�VROXWLRQ�VHW�RI A[ D E LV�WKH�VHW�RI�DOO�YHFWRUV�RI�WKH�IRUP
Z D S C Yh� ZKHUH Yh LV�DQ\�VROXWLRQ�RI�WKH�KRPRJHQHRXV�HTXDWLRQ A[ D ��

7KHRUHP���VD\V�WKDW�LI A[ D E KDV�D�VROXWLRQ� WKHQ�WKH�VROXWLRQ�VHW�LV�REWDLQHG�E\
WUDQVODWLQJ�WKH�VROXWLRQ�VHW�RI A[ D �� XVLQJ�DQ\�SDUWLFXODU�VROXWLRQ S RI A[ D E IRU
WKH�WUDQVODWLRQ� )LJXUH���LOOXVWUDWHV�WKH�FDVH�LQ�ZKLFK�WKHUH�DUH�WZR�IUHH�YDULDEOHV� (YHQ
ZKHQ n > 3� RXU�PHQWDO�LPDJH�RI�WKH�VROXWLRQ�VHW�RI�D�FRQVLVWHQW�V\VWHP A[ D E �ZLWK
E ¤ ���LV�HLWKHU�D�VLQJOH�QRQ]HUR�SRLQW�RU�D�OLQH�RU�SODQH�QRW�SDVVLQJ�WKURXJK�WKH�RULJLQ�

Ax = b

Ax = 0p

3DUDOOHO�VROXWLRQ�VHWV�RI
A[ D E DQG A[ D ��

:DUQLQJ� 7KHRUHP���DQG�)LJ� ��DSSO\�RQO\�WR�DQ�HTXDWLRQ A[ D E WKDW�KDV�DW�OHDVW
RQH�QRQ]HUR�VROXWLRQ S� :KHQ A[ D E KDV�QR�VROXWLRQ� WKH�VROXWLRQ�VHW�LV�HPSW\�

7KH�IROORZLQJ�DOJRULWKP�RXWOLQHV�WKH�FDOFXODWLRQV�VKRZQ�LQ�([DPSOHV��� �� DQG���

�� 5RZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�WR�UHGXFHG�HFKHORQ�IRUP�
�� ([SUHVV�HDFK�EDVLF�YDULDEOH�LQ�WHUPV�RI�DQ\�IUHH�YDULDEOHV�DSSHDULQJ�LQ�DQ

HTXDWLRQ�
�� :ULWH �D � W\SLFDO � VROXWLRQ [ DV �D �YHFWRU �ZKRVH �HQWULHV �GHSHQG�RQ� WKH � IUHH

YDULDEOHV� LI�DQ\�
�� 'HFRPSRVH [ LQWR�D�OLQHDU�FRPELQDWLRQ�RI�YHFWRUV��ZLWK�QXPHULF�HQWULHV��XVLQJ

WKH�IUHH�YDULDEOHV�DV�SDUDPHWHUV�

�� (DFK�RI�WKH�IROORZLQJ�HTXDWLRQV�GHWHUPLQHV�D�SODQH�LQ R3� 'R�WKH�WZR�SODQHV
LQWHUVHFW" ,I�VR� GHVFULEH�WKHLU�LQWHUVHFWLRQ�

x1 C 4x2 " 5x3 D 0

2x1 " x2 C 8x3 D 9

�� :ULWH�WKH�JHQHUDO�VROXWLRQ�RI 10x1 " 3x2 " 2x3 D 7 LQ�SDUDPHWULF�YHFWRU�IRUP� DQG
UHODWH�WKH�VROXWLRQ�VHW�WR�WKH�RQH�IRXQG�LQ�([DPSOH���



6ROXWLRQ�6HWV�RI�/LQHDU�6\VWHPV

,Q�([HUFLVHV��²�� GHWHUPLQH�LI�WKH�V\VWHP�KDV�D�QRQWULYLDO�VROXWLRQ�
7U\�WR�XVH�DV�IHZ�URZ�RSHUDWLRQV�DV�SRVVLEOH�

�� 2x1 " 5x2 C 8x3 D 0

"2x1 " 7x2 C x3 D 0

4x1 C 2x2 C 7x3 D 0

�� x1 " 2x2 C 3x3 D 0

"2x1 " 3x2 " 4x3 D 0

2x1 " 4x2 C 9x3 D 0

�� "3x1 C 4x2 " 8x3 D 0

"2x1 C 5x2 C 4x3 D 0

�� 5x1 " 3x2 C 2x3 D 0

"3x1 " 4x2 C 2x3 D 0

,Q�([HUFLVHV���DQG��� IROORZ�WKH�PHWKRG�RI�([DPSOHV���DQG��
WR�ZULWH�WKH�VROXWLRQ�VHW�RI� WKH�JLYHQ�KRPRJHQHRXV�V\VWHP�LQ
SDUDPHWULF�YHFWRU�IRUP�

�� 2x1 C 2x2 C 4x3 D 0

"4x1 " 4x2 " 8x3 D 0

" 3x2 " 3x3 D 0

�� x1 C 2x2 " 3x3 D 0

2x1 C x2 " 3x3 D 0

"1x1 C x2 D 0

,Q�([HUFLVHV��²��� GHVFULEH�DOO�VROXWLRQV�RI A[ D � LQ�SDUDPHWULF
YHFWRU�IRUP� ZKHUH A LV�URZ�HTXLYDOHQW�WR�WKH�JLYHQ�PDWUL[�
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3
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3
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��� 6XSSRVH�WKH�VROXWLRQ�VHW�RI�D�FHUWDLQ�V\VWHP�RI�OLQHDU�HTXD�
WLRQV�FDQ�EH�GHVFULEHG�DV x1 D 5 C 4x3� x2 D "2 " 7x3� ZLWK
x3 IUHH� 8VH�YHFWRUV�WR�GHVFULEH�WKLV�VHW�DV�D�OLQH�LQ R3�

��� 6XSSRVH � WKH � VROXWLRQ � VHW � RI � D � FHUWDLQ � V\VWHP � RI � OLQHDU
HTXDWLRQV � FDQ � EH � GHVFULEHG � DV x1 D 5x4� x2 D 3 " 2x4�
x3 D 2 C 5x4� ZLWK x4 IUHH� 8VH�YHFWRUV�WR�GHVFULEH�WKLV�VHW
DV�D�´OLQHµ�LQ R4�

��� 'HVFULEH � DQG � FRPSDUH � WKH � VROXWLRQ � VHWV � RI x1 C 5x2 "
3x3 D 0 DQG x1 C 5x2 " 3x3 D "2�

��� 'HVFULEH � DQG � FRPSDUH � WKH � VROXWLRQ � VHWV � RI x1 " 2x2 C
3x3 D 0 DQG x1 " 2x2 C 3x3 D 4�

��� )ROORZ�WKH�PHWKRG�RI�([DPSOH���WR�GHVFULEH�WKH�VROXWLRQV�RI
WKH�IROORZLQJ�V\VWHP�LQ�SDUDPHWULF�YHFWRU�IRUP� $OVR� JLYH
D�JHRPHWULF�GHVFULSWLRQ�RI�WKH�VROXWLRQ�VHW�DQG�FRPSDUH�LW�WR
WKDW�LQ�([HUFLVH���

2x1 C 2x2 C 4x3 D 8

"4x1 " 4x2 " 8x3 D "16

" 3x2 " 3x3 D 12

��� $V�LQ�([HUFLVH���� GHVFULEH�WKH�VROXWLRQV�RI�WKH�IROORZLQJ
V\VWHP�LQ�SDUDPHWULF�YHFWRU�IRUP� DQG�SURYLGH�D�JHRPHWULF
FRPSDULVRQ�ZLWK�WKH�VROXWLRQ�VHW�LQ�([HUFLVH���

x1 C 2x2 " 3x3 D 5

2x1 C x2 " 3x3 D 13

"x1 C x2 D "8

,Q�([HUFLVHV����DQG���� ÀQG�WKH�SDUDPHWULF�HTXDWLRQ�RI�WKH�OLQH
WKURXJK D SDUDOOHO�WR E�
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#
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��� D D
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� E D

#
"7
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$

,Q�([HUFLVHV����DQG���� ÀQG�D�SDUDPHWULF�HTXDWLRQ�RI�WKH�OLQH M
WKURXJK S DQG T� >+LQW� M LV�SDUDOOHO�WR�WKH�YHFWRU T " S� 6HH�WKH
ÀJXUH�EHORZ�@

��� S D
#

3
"3

$
� T D

#
4
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$
��� S D

#
"3

2

$
� T D

#
0

"3

$

0

q – p

q

p

–p

x2

M

x1

,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

��� D� $ KRPRJHQHRXV�HTXDWLRQ�LV�DOZD\V�FRQVLVWHQW�
E� 7KH�HTXDWLRQ A[ D � JLYHV�DQ�H[SOLFLW�GHVFULSWLRQ�RI�LWV

VROXWLRQ�VHW�
F� 7KH�KRPRJHQHRXV�HTXDWLRQ A[ D � KDV�WKH�WULYLDO�VR�

OXWLRQ�LI�DQG�RQO\�LI�WKH�HTXDWLRQ�KDV�DW�OHDVW�RQH�IUHH
YDULDEOH�

G� 7KH�HTXDWLRQ [ D S C tY GHVFULEHV�D�OLQH�WKURXJK Y SDU�
DOOHO�WR S�

H� 7KH�VROXWLRQ�VHW�RI A[ D E LV�WKH�VHW�RI�DOO�YHFWRUV�RI
WKH�IRUP Z D S C Yh� ZKHUH Yh LV�DQ\�VROXWLRQ�RI�WKH
HTXDWLRQ A[ D ��

��� D� $ KRPRJHQHRXV�V\VWHP�RI�HTXDWLRQV�FDQ�EH�LQFRQVLVWHQW�
E� ,I [ LV�D�QRQWULYLDO�VROXWLRQ�RI A[ D �� WKHQ�HYHU\�HQWU\�LQ

[ LV�QRQ]HUR�
F� 7KH�HIIHFW�RI�DGGLQJ S WR�D�YHFWRU�LV�WR�PRYH�WKH�YHFWRU�LQ

D�GLUHFWLRQ�SDUDOOHO�WR S�
G� 7KH�HTXDWLRQ A[ D E LV�KRPRJHQHRXV�LI�WKH�]HUR�YHFWRU

LV�D�VROXWLRQ�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

H� ,I A[ D E LV�FRQVLVWHQW� WKHQ�WKH�VROXWLRQ�VHW�RI A[ D E
LV�REWDLQHG�E\�WUDQVODWLQJ�WKH�VROXWLRQ�VHW�RI A[ D ��

��� 3URYH�7KHRUHP���
D� 6XSSRVH S LV�D�VROXWLRQ�RI A[ D E� VR�WKDW AS D E� /HW

Yh EH�DQ\�VROXWLRQ�RI�WKH�KRPRJHQHRXV�HTXDWLRQ A[ D ��
DQG�OHWZ D S C Yh� 6KRZ�WKDWZ LV�D�VROXWLRQ�RIA[ D E�

E� /HWZ EH�DQ\�VROXWLRQ�RIA[ D E� DQG�GHÀQH Yh D Z " S�
6KRZ�WKDW Yh LV�D�VROXWLRQ�RI A[ D �� 7KLV�VKRZV�WKDW
HYHU\�VROXWLRQ�RI A[ D E KDV�WKH�IRUP Z D S C Yh� ZLWK
S D�SDUWLFXODU�VROXWLRQ�RI A[ D E DQG Yh D�VROXWLRQ�RI
A[ D ��

��� 6XSSRVH A LV�WKH 3 # 3 ]HUR PDWUL[��ZLWK�DOO�]HUR�HQWULHV��
'HVFULEH�WKH�VROXWLRQ�VHW�RI�WKH�HTXDWLRQ A[ D ��

��� 6XSSRVH A[ D E KDV�D�VROXWLRQ� ([SODLQ�ZK\�WKH�VROXWLRQ�LV
XQLTXH�SUHFLVHO\�ZKHQ A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ�

,Q�([HUFLVHV���²��� �D��GRHV�WKH�HTXDWLRQ A[ D � KDYH�D�QRQWULY�
LDO�VROXWLRQ�DQG��E��GRHV�WKH�HTXDWLRQ A[ D E KDYH�DW�OHDVW�RQH
VROXWLRQ�IRU�HYHU\�SRVVLEOH E"

��� A LV�D 3 # 3 PDWUL[�ZLWK�WKUHH�SLYRW�SRVLWLRQV�
��� A LV�D 4 # 4 PDWUL[�ZLWK�WKUHH�SLYRW�SRVLWLRQV�
��� A LV�D 2 # 5 PDWUL[�ZLWK�WZR�SLYRW�SRVLWLRQV�
��� A LV�D 3 # 2 PDWUL[�ZLWK�WZR�SLYRW�SRVLWLRQV�
��� ,I E ¤ �� FDQ�WKH�VROXWLRQ�VHW�RI A[ D E EH�D�SODQH�WKURXJK

WKH�RULJLQ" ([SODLQ�

��� &RQVWUXFW�D 3 # 3 QRQ]HUR�PDWUL[A VXFK�WKDW�WKH�YHFWRU
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4
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1
1

3
5

LV�D�VROXWLRQ�RI A[ D ��

��� &RQVWUXFW �D 3 # 3 QRQ]HUR�PDWUL[ A VXFK� WKDW � WKH �YHFWRU2
4
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1

3
5 LV�D�VROXWLRQ�RI A[ D ��

��� *LYHQ A D

2
4

"1 "3
7 21

"2 "6

3
5� ÀQG � RQH � QRQWULYLDO � VROXWLRQ � RI

A[ D � E\�LQVSHFWLRQ� >+LQW� 7KLQN�RI�WKH�HTXDWLRQ A[ D �
ZULWWHQ�DV�D�YHFWRU�HTXDWLRQ�@

��� *LYHQ A D

2
4
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12 "8
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5� ÀQG � RQH � QRQWULYLDO � VROXWLRQ � RI

A[ D � E\�LQVSHFWLRQ�

��� &RQVWUXFW�D 2 # 2 PDWUL[ A VXFK�WKDW�WKH�VROXWLRQ�VHW�RI�WKH
HTXDWLRQ A[ D � LV � WKH�OLQH�LQ R2 WKURXJK .4; 1/ DQG�WKH
RULJLQ� 7KHQ� ÀQG�D�YHFWRU E LQ R2 VXFK�WKDW�WKH�VROXWLRQ
VHW�RI A[ D E LV QRW D�OLQH�LQ R2 SDUDOOHO�WR�WKH�VROXWLRQ�VHW
RI A[ D �� :K\�GRHV�WKLV QRW FRQWUDGLFW�7KHRUHP��"

��� /HW A EH�DQ m # n PDWUL[�DQG�OHW Z EH�D�YHFWRU�LQ Rn WKDW
VDWLVÀHV�WKH�HTXDWLRQ A[ D �� 6KRZ�WKDW�IRU�DQ\�VFDODU c�
WKH�YHFWRU cZ DOVR�VDWLVÀHV A[ D �� >7KDW� LV� VKRZ�WKDW
A.cZ/ D ��@

��� /HW A EH�DQ m # n PDWUL[� DQG�OHW Y DQG Z EH�YHFWRUV�LQ
Rn ZLWK�WKH�SURSHUW\�WKDW AY D � DQG AZ D �� ([SODLQ
ZK\ A.Y C Z/ PXVW�EH�WKH�]HUR�YHFWRU� 7KHQ�H[SODLQ�ZK\
A.cY C dZ/ D � IRU�HDFK�SDLU�RI�VFDODUV c DQG d �

��� 6XSSRVH A LV�D 3 # 3 PDWUL[�DQG E LV�D�YHFWRU�LQ R3 VXFK�WKDW
WKH�HTXDWLRQ A[ D E GRHV QRW KDYH�D�VROXWLRQ� 'RHV�WKHUH
H[LVW�D�YHFWRU \ LQ R3 VXFK�WKDW�WKH�HTXDWLRQ A[ D \ KDV�D
XQLTXH�VROXWLRQ" 'LVFXVV�

�� 5RZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�
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7KH�LQWHUVHFWLRQ�RI�WKH�WZR�SODQHV�LV�WKH�OLQH�WKURXJK S LQ�WKH�GLUHFWLRQ�RI Y�
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�� 7KH�DXJPHQWHG�PDWUL[
%
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&
LV�URZ�HTXLYDOHQW�WR
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�

DQG�WKH�JHQHUDO�VROXWLRQ�LV x1 D :7 C :3x2 C :2x3� ZLWK x2 DQG x3 IUHH� 7KDW�LV�
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:7 C :3x2 C :2x3

x2

x3

3
5 D

2
4

:7
0
0

3
5 C x2

2
4

:3
1
0

3
5 C x3

2
4

:2
0
1

3
5
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7KH�VROXWLRQ�VHW�RI�WKH�QRQKRPRJHQHRXV�HTXDWLRQ A[ D E LV�WKH�WUDQVODWHG�SODQH
S C 6SDQ fX; Yg� ZKLFK�SDVVHV�WKURXJK S DQG�LV�SDUDOOHO�WR�WKH�VROXWLRQ�VHW�RI�WKH
KRPRJHQHRXV�HTXDWLRQ�LQ�([DPSOH���

<RX�PLJKW�H[SHFW�WKDW�D�UHDO�OLIH�SUREOHP�LQYROYLQJ�OLQHDU�DOJHEUD�ZRXOG�KDYH�RQO\�RQH
VROXWLRQ� RU�SHUKDSV�QR�VROXWLRQ� 7KH�SXUSRVH�RI�WKLV�VHFWLRQ�LV�WR�VKRZ�KRZ�OLQHDU
V\VWHPV�ZLWK�PDQ\�VROXWLRQV�FDQ�DULVH�QDWXUDOO\� 7KH�DSSOLFDWLRQV�KHUH�FRPH�IURP
HFRQRPLFV� FKHPLVWU\� DQG�QHWZRUN�ÁRZ�

$ +RPRJHQHRXV�6\VWHP�LQ�(FRQRPLFV
7KH�V\VWHP�RI�����HTXDWLRQV�LQ�����YDULDEOHV� PHQWLRQHG�LQ�WKLV�FKDSWHU·V�LQWURGXFWLRQ�WEB
LV�QRZ�NQRZQ�DV�D�/HRQWLHI�´LQSXW²RXWSXWµ��RU�´SURGXFWLRQµ��PRGHO�ñ 6HFWLRQ ����ZLOO
H[DPLQH�WKLV�PRGHO�LQ�PRUH�GHWDLO� ZKHQ�PRUH�WKHRU\�DQG�EHWWHU�QRWDWLRQ�DUH�DYDLODEOH�
)RU�QRZ� ZH�ORRN�DW�D�VLPSOHU�´H[FKDQJH�PRGHO�µ DOVR�GXH�WR�/HRQWLHI�

6XSSRVH�D�QDWLRQ·V�HFRQRP\�LV�GLYLGHG�LQWR�PDQ\�VHFWRUV� VXFK�DV�YDULRXV�PDQX�
IDFWXULQJ� FRPPXQLFDWLRQ� HQWHUWDLQPHQW� DQG�VHUYLFH�LQGXVWULHV� 6XSSRVH�WKDW�IRU�HDFK
VHFWRU�ZH�NQRZ�LWV�WRWDO�RXWSXW�IRU�RQH�\HDU�DQG�ZH�NQRZ�H[DFWO\�KRZ�WKLV�RXWSXW�LV
GLYLGHG�RU�´H[FKDQJHGµ�DPRQJ�WKH�RWKHU�VHFWRUV�RI�WKH�HFRQRP\� /HW�WKH�WRWDO�GROODU
YDOXH�RI�D�VHFWRU·V�RXWSXW�EH�FDOOHG�WKH SULFH RI�WKDW�RXWSXW� /HRQWLHI�SURYHG�WKH
IROORZLQJ�UHVXOW�

7KHUH�H[LVW HTXLOLEULXP�SULFHV WKDW�FDQ�EH�DVVLJQHG�WR�WKH�WRWDO�RXWSXWV�RI�WKH
YDULRXV�VHFWRUV�LQ�VXFK�D�ZD\�WKDW�WKH�LQFRPH�RI�HDFK�VHFWRU�H[DFWO\�EDODQFHV�LWV
H[SHQVHV�

7KH�IROORZLQJ�H[DPSOH�VKRZV�KRZ�WR�ÀQG�WKH�HTXLOLEULXP�SULFHV�

6XSSRVH�DQ�HFRQRP\�FRQVLVWV�RI�WKH�&RDO� (OHFWULF��SRZHU�� DQG�6WHHO
VHFWRUV� DQG�WKH�RXWSXW�RI�HDFK�VHFWRU�LV�GLVWULEXWHG�DPRQJ�WKH�YDULRXV�VHFWRUV�DV�VKRZQ
LQ�7DEOH ��RQ�SDJH���� ZKHUH�WKH�HQWULHV�LQ�D�FROXPQ�UHSUHVHQW�WKH�IUDFWLRQDO�SDUWV�RI�D
VHFWRU·V�WRWDO�RXWSXW�

7KH�VHFRQG�FROXPQ�RI�7DEOH��� IRU�LQVWDQFH� VD\V�WKDW�WKH�WRWDO�RXWSXW�RI�WKH�(OHFWULF
VHFWRU�LV�GLYLGHG�DV�IROORZV� ����WR�&RDO� ����WR�6WHHO� DQG�WKH�UHPDLQLQJ�����WR
(OHFWULF� �(OHFWULF�WUHDWV�WKLV�����DV�DQ�H[SHQVH�LW�LQFXUV�LQ�RUGHU�WR�RSHUDWH�LWV�EXVLQHVV��
6LQFH�DOO�RXWSXW�PXVW�EH�WDNHQ�LQWR�DFFRXQW� WKH�GHFLPDO�IUDFWLRQV�LQ�HDFK�FROXPQ�PXVW
VXP�WR���

ñ6HH�:DVVLO\�:��/HRQWLHI� ´,QSXW²2XWSXW�(FRQRPLFV�µ 6FLHQWLÀF�$PHULFDQ� 2FWREHU������ SS� ��²���
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'HQRWH� WKH�SULFHV��L�H�� GROODU �YDOXHV� �RI � WKH� WRWDO �DQQXDO �RXWSXWV �RI � WKH�&RDO�
(OHFWULF� DQG�6WHHO�VHFWRUV�E\ p&� p(� DQG p6� UHVSHFWLYHO\� ,I�SRVVLEOH� ÀQG�HTXLOLEULXP
SULFHV�WKDW�PDNH�HDFK�VHFWRU·V�LQFRPH�PDWFK�LWV�H[SHQGLWXUHV�

.1

.2

.2 .5

Steel

.4

.4

.6

.6

Coal

Electric

'LVWULEXWLRQ�RI�2XWSXW�IURP�
&RDO (OHFWULF 6WHHO 3XUFKDVHG�E\�
�� �� �� &RDO
�� �� �� (OHFWULF
�� �� �� 6WHHO

$ VHFWRU�ORRNV�GRZQ�D�FROXPQ�WR�VHH�ZKHUH�LWV�RXWSXW�JRHV� DQG�LW�ORRNV
DFURVV�D�URZ�WR�VHH�ZKDW�LW�QHHGV�DV�LQSXWV� )RU�LQVWDQFH� WKH�ÀUVW�URZ�RI�7DEOH��
VD\V�WKDW�&RDO�UHFHLYHV��DQG�SD\V�IRU������RI�WKH�(OHFWULF�RXWSXW�DQG�����RI�WKH�6WHHO
RXWSXW� 6LQFH�WKH�UHVSHFWLYH�YDOXHV�RI�WKH�WRWDO�RXWSXWV�DUH p( DQG p6� &RDO�PXVW�VSHQG
:4p( GROODUV�IRU�LWV�VKDUH�RI�(OHFWULF·V�RXWSXW�DQG :6p6 IRU�LWV�VKDUH�RI�6WHHO·V�RXWSXW�
7KXV�&RDO·V�WRWDO�H[SHQVHV�DUH :4p( C :6p6� 7R�PDNH�&RDO·V�LQFRPH� p&� HTXDO�WR�LWV
H[SHQVHV� ZH�ZDQW

p& D :4p( C :6p6 ���

7KH�VHFRQG�URZ�RI�WKH�H[FKDQJH�WDEOH�VKRZV�WKDW�WKH�(OHFWULF�VHFWRU�VSHQGV :6p&
IRU�FRDO� :1p( IRU�HOHFWULFLW\� DQG :2p6 IRU�VWHHO� +HQFH�WKH�LQFRPH�H[SHQVH�UHTXLUHPHQW
IRU�(OHFWULF�LV

p( D :6p& C :1p( C :2p6 ���

)LQDOO\� WKH�WKLUG�URZ�RI�WKH�H[FKDQJH�WDEOH�OHDGV�WR�WKH�ÀQDO�UHTXLUHPHQW�

p6 D :4p& C :5p( C :2p6 ���

7R�VROYH�WKH�V\VWHP�RI�HTXDWLRQV����� ���� DQG����� PRYH�DOO�WKH�XQNQRZQV�WR�WKH�OHIW
VLGHV�RI�WKH�HTXDWLRQV�DQG�FRPELQH�OLNH�WHUPV� >)RU�LQVWDQFH� RQ�WKH�OHIW�VLGH�RI�����
ZULWH p( " :1p( DV :9p(�@

p& " :4p( " :6p6 D 0

":6p& C :9p( " :2p6 D 0

":4p& " :5p( C :8p6 D 0

5RZ�UHGXFWLRQ�LV�QH[W� )RU�VLPSOLFLW\�KHUH� GHFLPDOV�DUH�URXQGHG�WR�WZR�SODFHV�
2
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4
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3
5 %

2
4

1 ":4 ":6 0
0 :66 ":56 0
0 0 0 0

3
5

%

2
4

1 ":4 ":6 0
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3
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2
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1 0 ":94 0
0 1 ":85 0
0 0 0 0
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7KH�JHQHUDO�VROXWLRQ�LV p& D :94p6� p( D :85p6� DQG p6 LV�IUHH� 7KH�HTXLOLEULXP�SULFH
YHFWRU�IRU�WKH�HFRQRP\�KDV�WKH�IRUP

S D
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4

p&
p(
p6

3
5 D

2
4

:94p6
:85p6

p6

3
5 D p6

2
4

:94
:85
1
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$Q\��QRQQHJDWLYH��FKRLFH�IRU p6 UHVXOWV�LQ�D�FKRLFH�RI�HTXLOLEULXP�SULFHV� )RU�LQVWDQFH�
LI�ZH�WDNH p6 WR�EH������RU������PLOOLRQ�� WKHQ p& D 94 DQG p( D 85� 7KH�LQFRPHV�DQG
H[SHQGLWXUHV�RI�HDFK�VHFWRU�ZLOO�EH�HTXDO�LI�WKH�RXWSXW�RI�&RDO�LV�SULFHG�DW�����PLOOLRQ�
WKDW�RI�(OHFWULF�DW�����PLOOLRQ� DQG�WKDW�RI�6WHHO�DW������PLOOLRQ�

%DODQFLQJ�&KHPLFDO�(TXDWLRQV
&KHPLFDO �HTXDWLRQV �GHVFULEH � WKH �TXDQWLWLHV �RI � VXEVWDQFHV �FRQVXPHG�DQG �SURGXFHG
E\�FKHPLFDO�UHDFWLRQV� )RU�LQVWDQFH� ZKHQ�SURSDQH�JDV�EXUQV� WKH�SURSDQH��&3+8�
FRPELQHV�ZLWK�R[\JHQ��22��WR�IRUP�FDUERQ�GLR[LGH��&22��DQG�ZDWHU��+22���DFFRUGLQJ
WR�DQ�HTXDWLRQ�RI�WKH�IRUP

.x1/&3+8 C .x2/22 ! .x3/&22 C .x4/+22 ���

7R�´EDODQFHµ�WKLV�HTXDWLRQ� D�FKHPLVW�PXVW�ÀQG�ZKROH�QXPEHUV x1; : : : ; x4 VXFK�WKDW�WKH
WRWDO�QXPEHUV�RI�FDUERQ��&���K\GURJHQ��+���DQG�R[\JHQ��2� DWRPV�RQ�WKH�OHIW�PDWFK�WKH
FRUUHVSRQGLQJ�QXPEHUV�RI�DWRPV�RQ�WKH�ULJKW��EHFDXVH�DWRPV�DUH�QHLWKHU�GHVWUR\HG�QRU
FUHDWHG�LQ�WKH�UHDFWLRQ��

$ V\VWHPDWLF�PHWKRG�IRU�EDODQFLQJ�FKHPLFDO�HTXDWLRQV�LV�WR�VHW�XS�D�YHFWRU�HTXDWLRQ
WKDW�GHVFULEHV�WKH�QXPEHUV�RI�DWRPV�RI�HDFK�W\SH�SUHVHQW�LQ�D�UHDFWLRQ� 6LQFH�HTXDWLRQ
����LQYROYHV�WKUHH�W\SHV�RI�DWRPV��FDUERQ� K\GURJHQ� DQG�R[\JHQ�� FRQVWUXFW�D�YHFWRU�LQ
R3 IRU�HDFK�UHDFWDQW�DQG�SURGXFW�LQ�����WKDW�OLVWV�WKH�QXPEHUV�RI�´DWRPV�SHU�PROHFXOH�µ
DV�IROORZV�

&3+8W

2
4

3
8
0

3
5; 22W

2
4

0
0
2

3
5; &22W

2
4

1
0
2

3
5; +22W

2
4

0
2
1

3
5

! &DUERQ
! +\GURJHQ
! 2[\JHQ

7R�EDODQFH�HTXDWLRQ����� WKH�FRHIÀFLHQWV x1; : : : ; x4 PXVW�VDWLVI\

x1

2
4

3
8
0

3
5C x2

2
4

0
0
2

3
5 D x3

2
4

1
0
2

3
5C x4

2
4

0
2
1

3
5

7R�VROYH� PRYH�DOO�WKH�WHUPV�WR�WKH�OHIW��FKDQJLQJ�WKH�VLJQV�LQ�WKH�WKLUG�DQG�IRXUWK
YHFWRUV��

x1

2
4

3
8
0

3
5C x2

2
4

0
0
2

3
5C x3

2
4

"1
0

"2

3
5C x4

2
4

0
"2
"1

3
5 D

2
4

0
0
0

3
5

5RZ�UHGXFWLRQ�RI�WKH�DXJPHQWHG�PDWUL[�IRU�WKLV�HTXDWLRQ�OHDGV�WR�WKH�JHQHUDO�VROXWLRQ

x1 D 1
4
x4; x2 D 5

4
x4; x3 D 3

4
x4; ZLWK x4 IUHH

6LQFH�WKH�FRHIÀFLHQWV�LQ�D�FKHPLFDO�HTXDWLRQ�PXVW�EH�LQWHJHUV� WDNH x4 D 4� LQ�ZKLFK
FDVH x1 D 1� x2 D 5� DQG x3 D 3� 7KH�EDODQFHG�HTXDWLRQ�LV

&3+8 C 522 ! 3&22 C 4+22

7KH�HTXDWLRQ�ZRXOG�DOVR�EH�EDODQFHG�LI� IRU�H[DPSOH� HDFK�FRHIÀFLHQW�ZHUH�GRXEOHG� )RU
PRVW�SXUSRVHV� KRZHYHU� FKHPLVWV�SUHIHU�WR�XVH�D�EDODQFHG�HTXDWLRQ�ZKRVH�FRHIÀFLHQWV
DUH�WKH�VPDOOHVW�SRVVLEOH�ZKROH�QXPEHUV�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

1HWZRUN�)ORZ
6\VWHPV�RI�OLQHDU�HTXDWLRQV�DULVH�QDWXUDOO\�ZKHQ�VFLHQWLVWV� HQJLQHHUV� RU�HFRQRPLVWVWEB
VWXG\�WKH�ÁRZ�RI�VRPH�TXDQWLW\�WKURXJK�D�QHWZRUN� )RU�LQVWDQFH� XUEDQ�SODQQHUV�DQG
WUDIÀF�HQJLQHHUV�PRQLWRU�WKH�SDWWHUQ�RI�WUDIÀF�ÁRZ�LQ�D�JULG�RI�FLW\�VWUHHWV� (OHFWULFDO
HQJLQHHUV�FDOFXODWH�FXUUHQW�ÁRZ�WKURXJK�HOHFWULFDO�FLUFXLWV� $QG�HFRQRPLVWV�DQDO\]H
WKH�GLVWULEXWLRQ�RI�SURGXFWV�IURP�PDQXIDFWXUHUV�WR�FRQVXPHUV�WKURXJK�D�QHWZRUN�RI
ZKROHVDOHUV � DQG � UHWDLOHUV� )RU �PDQ\ �QHWZRUNV� WKH � V\VWHPV �RI � HTXDWLRQV � LQYROYH
KXQGUHGV�RU�HYHQ�WKRXVDQGV�RI�YDULDEOHV�DQG�HTXDWLRQV�

$ QHWZRUN FRQVLVWV�RI�D�VHW�RI�SRLQWV�FDOOHG MXQFWLRQV� RU QRGHV� ZLWK�OLQHV�RU�DUFV
FDOOHG EUDQFKHV FRQQHFWLQJ�VRPH�RU�DOO�RI�WKH�MXQFWLRQV� 7KH�GLUHFWLRQ�RI�ÁRZ�LQ�HDFK
EUDQFK�LV�LQGLFDWHG� DQG�WKH�ÁRZ�DPRXQW��RU�UDWH��LV�HLWKHU�VKRZQ�RU�LV�GHQRWHG�E\�D
YDULDEOH�

7KH�EDVLF�DVVXPSWLRQ�RI�QHWZRUN�ÁRZ�LV�WKDW�WKH�WRWDO�ÁRZ�LQWR�WKH�QHWZRUN�HTXDOV
WKH�WRWDO�ÁRZ�RXW�RI�WKH�QHWZRUN�DQG�WKDW�WKH�WRWDO�ÁRZ�LQWR�D�MXQFWLRQ�HTXDOV�WKH�WRWDO
ÁRZ�RXW�RI�WKH�MXQFWLRQ� )RU�H[DPSOH� )LJ� ��VKRZV����XQLWV�ÁRZLQJ�LQWR�D�MXQFWLRQ
WKURXJK�RQH�EUDQFK� ZLWK x1 DQG x2 GHQRWLQJ�WKH�ÁRZV�RXW�RI�WKH�MXQFWLRQ�WKURXJK�RWKHU
EUDQFKHV� 6LQFH�WKH�ÁRZ�LV�´FRQVHUYHGµ�DW�HDFK�MXQFWLRQ� ZH�PXVW�KDYH x1 C x2 D 30�
,Q�D�VLPLODU�IDVKLRQ� WKH�ÁRZ�DW�HDFK�MXQFWLRQ�LV�GHVFULEHG�E\�D�OLQHDU�HTXDWLRQ� 7KH
SUREOHP�RI�QHWZRUN�DQDO\VLV� LV � WR�GHWHUPLQH�WKH�ÁRZ�LQ�HDFK�EUDQFK�ZKHQ�SDUWLDO
LQIRUPDWLRQ��VXFK�DV�WKH�ÁRZ�LQWR�DQG�RXW�RI�WKH�QHWZRUN��LV�NQRZQ�

30

x1

x2

$ MXQFWLRQ� RU�QRGH�

7KH�QHWZRUN�LQ�)LJ� ��VKRZV�WKH�WUDIÀF�ÁRZ��LQ�YHKLFOHV�SHU�KRXU�
RYHU�VHYHUDO�RQH�ZD\�VWUHHWV�LQ�GRZQWRZQ�%DOWLPRUH�GXULQJ�D�W\SLFDO�HDUO\�DIWHUQRRQ�
'HWHUPLQH�WKH�JHQHUDO�ÁRZ�SDWWHUQ�IRU�WKH�QHWZRUN�

300

300

400

600

500

A

B

D

C

x1

x4

x2 x5

x3 100

Calvert St. South St.

Lombard St.

Pratt St.

N

%DOWLPRUH�VWUHHWV�

:ULWH�HTXDWLRQV�WKDW�GHVFULEH�WKH�ÁRZ� DQG�WKHQ�ÀQG�WKH�JHQHUDO�VROXWLRQ
RI�WKH�V\VWHP� /DEHO�WKH�VWUHHW�LQWHUVHFWLRQV��MXQFWLRQV��DQG�WKH�XQNQRZQ�ÁRZV�LQ�WKH
EUDQFKHV� DV�VKRZQ�LQ�)LJ� �� $W�HDFK�LQWHUVHFWLRQ� VHW�WKH�ÁRZ�LQ�HTXDO�WR�WKH�ÁRZ�RXW�

,QWHUVHFWLRQ )ORZ�LQ )ORZ�RXW
$ 300 C 500 D x1 C x2

% x2 C x4 D 300 C x3

& 100 C 400 D x4 C x5

' x1 C x5 D 600



$SSOLFDWLRQV�RI�/LQHDU�6\VWHPV

$OVR� WKH�WRWDO�ÁRZ�LQWR�WKH�QHWZRUN .500 C 300 C 100 C 400/ HTXDOV�WKH�WRWDO�ÁRZ
RXW�RI�WKH�QHWZRUN .300 C x3 C 600/� ZKLFK�VLPSOLÀHV�WR x3 D 400� &RPELQH�WKLV
HTXDWLRQ�ZLWK�D�UHDUUDQJHPHQW�RI�WKH�ÀUVW�IRXU�HTXDWLRQV�WR�REWDLQ�WKH�IROORZLQJ�V\VWHP
RI�HTXDWLRQV�

x1 C x2 D 800

x2 " x3 C x4 D 300

x4 C x5 D 500

x1 C x5 D 600

x3 D 400

5RZ�UHGXFWLRQ�RI�WKH�DVVRFLDWHG�DXJPHQWHG�PDWUL[�OHDGV�WR

x1 C x5 D 600

x2 " x5 D 200

x3 D 400

x4 C x5 D 500

7KH�JHQHUDO�ÁRZ�SDWWHUQ�IRU�WKH�QHWZRUN�LV�GHVFULEHG�E\

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

x1 D 600 " x5

x2 D 200 C x5

x3 D 400

x4 D 500 " x5

x5 LV�IUHH

$ QHJDWLYH�ÁRZ�LQ�D�QHWZRUN�EUDQFK�FRUUHVSRQGV�WR�ÁRZ�LQ�WKH�GLUHFWLRQ�RSSRVLWH
WR�WKDW�VKRZQ�RQ�WKH�PRGHO� 6LQFH�WKH�VWUHHWV�LQ�WKLV�SUREOHP�DUH�RQH�ZD\� QRQH�RI�WKH
YDULDEOHV�KHUH�FDQ�EH�QHJDWLYH� 7KLV�IDFW�OHDGV�WR�FHUWDLQ�OLPLWDWLRQV�RQ�WKH�SRVVLEOH
YDOXHV�RI�WKH�YDULDEOHV� )RU�LQVWDQFH� x5 ' 500 EHFDXVH x4 FDQQRW�EH�QHJDWLYH� 2WKHU
FRQVWUDLQWV�RQ�WKH�YDULDEOHV�DUH�FRQVLGHUHG�LQ�3UDFWLFH�3UREOHP���

�� 6XSSRVH�DQ�HFRQRP\�KDV�WKUHH�VHFWRUV� $JULFXOWXUH� 0LQLQJ� DQG�0DQXIDFWXULQJ�
$JULFXOWXUH�VHOOV����RI�LWV�RXWSXW�WR�0LQLQJ�DQG�����WR�0DQXIDFWXULQJ� DQG�UHWDLQV
WKH�UHVW� 0LQLQJ�VHOOV�����RI�LWV�RXWSXW�WR�$JULFXOWXUH�DQG�����WR�0DQXIDFWXULQJ�
DQG�UHWDLQV�WKH�UHVW� 0DQXIDFWXULQJ�VHOOV�����RI�LWV�RXWSXW�WR�$JULFXOWXUH�DQG�����WR
0LQLQJ� DQG�UHWDLQV�WKH�UHVW� 'HWHUPLQH�WKH�H[FKDQJH�WDEOH�IRU�WKLV�HFRQRP\� ZKHUH
WKH�FROXPQV�GHVFULEH�KRZ�WKH�RXWSXW�RI�HDFK�VHFWRU�LV�H[FKDQJHG�DPRQJ�WKH�WKUHH
VHFWRUV�

�� &RQVLGHU�WKH�QHWZRUN�ÁRZ�VWXGLHG�LQ�([DPSOH��� 'HWHUPLQH�WKH�SRVVLEOH�UDQJH�RI
YDOXHV�RI x1 DQG x2� >+LQW� 7KH�H[DPSOH�VKRZHG�WKDW x5 ' 500� :KDW�GRHV�WKLV
LPSO\�DERXW x1 DQG x2" $OVR� XVH�WKH�IDFW�WKDW x5 & 0�@



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

�� 6XSSRVH�DQ�HFRQRP\�KDV�RQO\�WZR�VHFWRUV� *RRGV�DQG�6HU�
YLFHV� (DFK�\HDU� *RRGV�VHOOV�����RI�LWV�RXWSXW�WR�6HUYLFHV
DQG�NHHSV�WKH�UHVW� ZKLOH�6HUYLFHV�VHOOV�����RI�LWV�RXWSXW�WR
*RRGV�DQG�UHWDLQV�WKH�UHVW� )LQG�HTXLOLEULXP�SULFHV�IRU�WKH
DQQXDO�RXWSXWV�RI�WKH�*RRGV�DQG�6HUYLFHV�VHFWRUV�WKDW�PDNH
HDFK�VHFWRU·V�LQFRPH�PDWFK�LWV�H[SHQGLWXUHV�

.7

.8

.2 .3

Goods Services

�� )LQG�DQRWKHU�VHW�RI�HTXLOLEULXP�SULFHV�IRU�WKH�HFRQRP\�LQ
([DPSOH ��� 6XSSRVH � WKH � VDPH � HFRQRP\ �XVHG � -DSDQHVH
\HQ�LQVWHDG�RI�GROODUV�WR�PHDVXUH�WKH�YDOXHV�RI�WKH�YDULRXV
VHFWRUV·�RXWSXWV� :RXOG�WKLV�FKDQJH�WKH�SUREOHP�LQ�DQ\�ZD\"
'LVFXVV�

�� &RQVLGHU�DQ�HFRQRP\�ZLWK�WKUHH�VHFWRUV� )XHOV�DQG�3RZHU�
0DQXIDFWXULQJ� DQG�6HUYLFHV� )XHOV�DQG�3RZHU�VHOOV����
RI�LWV�RXWSXW�WR�0DQXIDFWXULQJ� ����WR�6HUYLFHV� DQG�UHWDLQV
WKH�UHVW� 0DQXIDFWXULQJ�VHOOV�����RI�LWV�RXWSXW�WR�)XHOV�DQG
3RZHU� ����WR�6HUYLFHV� DQG�UHWDLQV�WKH�UHVW� 6HUYLFHV�VHOOV
����WR�)XHOV�DQG�3RZHU� ����WR�0DQXIDFWXULQJ� DQG�UHWDLQV
WKH�UHVW�
D� &RQVWUXFW�WKH�H[FKDQJH�WDEOH�IRU�WKLV�HFRQRP\�
E� 'HYHORS�D �V\VWHP�RI �HTXDWLRQV� WKDW � OHDGV� WR�SULFHV�DW

ZKLFK�HDFK�VHFWRU·V�LQFRPH�PDWFKHV�LWV�H[SHQVHV� 7KHQ
ZULWH�WKH�DXJPHQWHG�PDWUL[�WKDW�FDQ�EH�URZ�UHGXFHG�WR
ÀQG�WKHVH�SULFHV�

F� >0@ )LQG�D�VHW�RI�HTXLOLEULXP�SULFHV�ZKHQ�WKH�SULFH�IRU
WKH�6HUYLFHV�RXWSXW�LV�����XQLWV�

�� 6XSSRVH�DQ�HFRQRP\�KDV � IRXU �VHFWRUV� 0LQLQJ� /XPEHU�
(QHUJ\� DQG�7UDQVSRUWDWLRQ� 0LQLQJ�VHOOV�����RI�LWV�RXWSXW
WR�/XPEHU� ����WR�(QHUJ\� DQG�UHWDLQV�WKH�UHVW� /XPEHU
VHOOV�����RI�LWV�RXWSXW�WR�0LQLQJ� ����WR�(QHUJ\� ����WR
7UDQVSRUWDWLRQ� DQG�UHWDLQV�WKH�UHVW� (QHUJ\�VHOOV�����RI�LWV
RXWSXW�WR�0LQLQJ� ����WR�/XPEHU� ����WR�7UDQVSRUWDWLRQ�
DQG�UHWDLQV�WKH�UHVW� 7UDQVSRUWDWLRQ�VHOOV�����RI�LWV�RXWSXW�WR
0LQLQJ� ����WR�/XPEHU� ����WR�(QHUJ\� DQG�UHWDLQV�WKH�UHVW�
D� &RQVWUXFW�WKH�H[FKDQJH�WDEOH�IRU�WKLV�HFRQRP\�
E� >0@ )LQG�D�VHW�RI�HTXLOLEULXP�SULFHV�IRU�WKH�HFRQRP\�

�� $Q�HFRQRP\�KDV�IRXU�VHFWRUV� $JULFXOWXUH� 0DQXIDFWXULQJ�
6HUYLFHV� DQG�7UDQVSRUWDWLRQ� $JULFXOWXUH�VHOOV�����RI�LWV
RXWSXW�WR�0DQXIDFWXULQJ� ����WR�6HUYLFHV� ����WR�7UDQV�
SRUWDWLRQ� DQG�UHWDLQV�WKH�UHVW� 0DQXIDFWXULQJ�VHOOV�����RI�LWV
RXWSXW�WR�$JULFXOWXUH� ����WR�6HUYLFHV� ����WR�7UDQVSRUWD�
WLRQ� DQG�UHWDLQV�WKH�UHVW� 6HUYLFHV�VHOOV�����RI�LWV�RXWSXW�WR
$JULFXOWXUH� ����WR�0DQXIDFWXULQJ� ����WR�7UDQVSRUWDWLRQ�

DQG�UHWDLQV�WKH�UHVW� 7UDQVSRUWDWLRQ�VHOOV�����RI�LWV�RXWSXW
WR�$JULFXOWXUH� ����WR�0DQXIDFWXULQJ� ����WR�6HUYLFHV� DQG
UHWDLQV�WKH�UHVW�
D� &RQVWUXFW�WKH�H[FKDQJH�WDEOH�IRU�WKLV�HFRQRP\�
E� >0@ )LQG�D�VHW�RI�HTXLOLEULXP�SULFHV�IRU�WKH�HFRQRP\�LI

WKH�YDOXH�RI�7UDQVSRUWDWLRQ�LV��������SHU�XQLW�
F� 7KH�6HUYLFHV�VHFWRU�ODXQFKHV�D�VXFFHVVIXO�́ HDW�IDUP�IUHVKµ

FDPSDLJQ� DQG�LQFUHDVHV�LWV�VKDUH�RI�WKH�RXWSXW�IURP�WKH
$JULFXOWXUDO�VHFWRU�WR����� ZKHUHDV�WKH�VKDUH�RI�$JUL�
FXOWXUDO�SURGXFWLRQ�JRLQJ�WR�0DQXIDFWXULQJ�IDOOV�WR�����
&RQVWUXFW�WKH�H[FKDQJH�WDEOH�IRU�WKLV�QHZ�HFRQRP\�

G� >0@ )LQG�D�VHW�RI�HTXLOLEULXP�SULFHV�IRU�WKLV�QHZ�HFRQRP\
LI � WKH�YDOXH�RI �7UDQVSRUWDWLRQ� LV �VWLOO ��������SHU �XQLW�
:KDW�HIIHFW�KDV�WKH�´HDW�IDUP�IUHVKµ�FDPSDLJQ�KDG�RQ�WKH
HTXLOLEULXP�SULFHV�IRU�WKH�VHFWRUV�LQ�WKLV�HFRQRP\"

%DODQFH�WKH�FKHPLFDO�HTXDWLRQV�LQ�([HUFLVHV��²���XVLQJ�WKH�YHFWRU
HTXDWLRQ�DSSURDFK�GLVFXVVHG�LQ�WKLV�VHFWLRQ�

�� $OXPLQXP�R[LGH�DQG�FDUERQ�UHDFW�WR�FUHDWH�HOHPHQWDO�DOX�
PLQXP�DQG�FDUERQ�GLR[LGH�

$O223 C & ! $O C &22

>)RU�HDFK�FRPSRXQG� FRQVWUXFW�D�YHFWRU�WKDW�OLVWV�WKH�QXPEHUV
RI�DWRPV�RI�DOXPLQXP� R[\JHQ� DQG�FDUERQ�@

�� $OND�6HOW]HU �FRQWDLQV � VRGLXP�ELFDUERQDWH � �1D+&23� �DQG
FLWULF�DFLG��+3&6+527�� :KHQ�D�WDEOHW�LV�GLVVROYHG�LQ�ZDWHU�
WKH�IROORZLQJ�UHDFWLRQ�SURGXFHV�VRGLXP�FLWUDWH� ZDWHU� DQG
FDUERQ�GLR[LGH��JDV��

1D+&23 C +3&6+527 ! 1D3&6+527 C +22 C &22

�� /LPHVWRQH� &D&23; QHXWUDOL]HV�WKH�DFLG� +32��LQ�DFLG�UDLQ�E\
WKH�IROORZLQJ�XQEDODQFHG�HTXDWLRQ�

+32 C &D&23 ! +22 C &D C &22

�� %RURQ�VXOÀGH�UHDFWV�YLROHQWO\�ZLWK�ZDWHU�WR�IRUP�ERULF�DFLG
DQG�K\GURJHQ�VXOÀGH�JDV��WKH�VPHOO�RI�URWWHQ�HJJV�� 7KH
XQEDODQFHG�HTXDWLRQ�LV

%263 C +22 ! +3%23 C +26

��� >0@ ,I�SRVVLEOH� XVH�H[DFW�DULWKPHWLF�RU�D�UDWLRQDO�IRUPDW�IRU
FDOFXODWLRQV�LQ�EDODQFLQJ�WKH�IROORZLQJ�FKHPLFDO�UHDFWLRQ�

3E16 C &U0Q228 ! 3E324 C &U223 C 0Q22 C 12

��� >0@ 7KH�FKHPLFDO�UHDFWLRQ�EHORZ�FDQ�EH�XVHG�LQ�VRPH�LQ�
GXVWULDO�SURFHVVHV� VXFK�DV�WKH�SURGXFWLRQ�RI�DUVHQH��$V+3��
8VH�H[DFW�DULWKPHWLF�RU�D�UDWLRQDO�IRUPDW�IRU�FDOFXODWLRQV�WR
EDODQFH�WKLV�HTXDWLRQ�

0Q6 C $V2&U10235 C +2624

! +0Q24 C $V+3 C &U63212 C +22



/LQHDU�,QGHSHQGHQFH

��� )LQG�WKH�JHQHUDO�ÁRZ�SDWWHUQ�RI�WKH�QHWZRUN�VKRZQ�LQ�WKH
ÀJXUH� $VVXPLQJ�WKDW�WKH�ÁRZV�DUH�DOO�QRQQHJDWLYH� ZKDW�LV
WKH�VPDOOHVW�SRVVLEOH�YDOXH�IRU x4"

80

100
A

B

C

x1

x2

x4

x3

��� D� )LQG�WKH�JHQHUDO�ÁRZ�SDWWHUQ�RI�WKH�QHWZRUN�VKRZQ�LQ�WKH
ÀJXUH�

E� $VVXPLQJ�WKDW�WKH�ÁRZ�PXVW�EH�LQ�WKH�GLUHFWLRQV�LQGL�
FDWHG� ÀQG�WKH�PLQLPXP�ÁRZV�LQ�WKH�EUDQFKHV�GHQRWHG
E\ x2� x3� x4� DQG x5�

60

80

90

100
x1 x6

x2

x3

x5

x4

20 40

30 40

A

E

C

D

B

��� D� )LQG�WKH�JHQHUDO�WUDIÀF�SDWWHUQ�RI�WKH�IUHHZD\�QHWZRUN

VKRZQ�LQ�WKH�ÀJXUH� �)ORZ�UDWHV�DUH�LQ�FDUV�PLQXWH��
E� 'HVFULEH�WKH�JHQHUDO�WUDIÀF�SDWWHUQ�ZKHQ�WKH�URDG�ZKRVH

ÁRZ�LV x5 LV�FORVHG�
F� :KHQ x5 D 0� ZKDW�LV�WKH�PLQLPXP�YDOXH�RI x4"

x1

x3

x4 x2x5

100

90

80

90

BA

CD

��� ,QWHUVHFWLRQV�LQ�(QJODQG�DUH�RIWHQ�FRQVWUXFWHG�DV�RQH�ZD\
´URXQGDERXWV�µ VXFK�DV�WKH�RQH�VKRZQ�LQ�WKH�ÀJXUH� $VVXPH
WKDW�WUDIÀF�PXVW�WUDYHO�LQ�WKH�GLUHFWLRQV�VKRZQ� )LQG�WKH
JHQHUDO � VROXWLRQ �RI � WKH �QHWZRUN �ÁRZ� )LQG � WKH � VPDOOHVW
SRVVLEOH�YDOXH�IRU x6�

x1

x4

x6 x2

x3x5

70

100

60

80

80 90

DE

A B

F C

�� :ULWH�WKH�SHUFHQWDJHV�DV�GHFLPDOV� 6LQFH�DOO�RXWSXW�PXVW�EH�WDNHQ�LQWR�DFFRXQW� HDFK
FROXPQ�PXVW�VXP�WR��� 7KLV�IDFW�KHOSV�WR�ÀOO�LQ�DQ\�PLVVLQJ�HQWULHV�

'LVWULEXWLRQ�RI�2XWSXW�IURP�
$JULFXOWXUH 0LQLQJ 0DQXIDFWXULQJ 3XUFKDVHG�E\�

��� ��� ��� $JULFXOWXUH
��� ��� ��� 0LQLQJ
��� ��� ��� 0DQXIDFWXULQJ

�� 6LQFH x5 ' 500� WKH � HTXDWLRQV �' DQG �$ IRU x1 DQG x2 LPSO\ � WKDW x1 & 100
DQG x2 ' 700� 7KH�IDFW � WKDW x5 & 0 LPSOLHV� WKDW x1 ' 600 DQG x2 & 200� 6R�
100 ' x1 ' 600� DQG 200 ' x2 ' 700�

7KH�KRPRJHQHRXV�HTXDWLRQV�LQ�6HFWLRQ ����FDQ�EH�VWXGLHG�IURP�D�GLIIHUHQW�SHUVSHFWLYH
E\�ZULWLQJ�WKHP�DV�YHFWRU�HTXDWLRQV� ,Q�WKLV�ZD\� WKH�IRFXV�VKLIWV�IURP�WKH�XQNQRZQ
VROXWLRQV�RI A[ D � WR�WKH�YHFWRUV�WKDW�DSSHDU�LQ�WKH�YHFWRU�HTXDWLRQV�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

)RU�LQVWDQFH� FRQVLGHU�WKH�HTXDWLRQ

x1

2
4

1
2
3

3
5C x2

2
4

4
5
6

3
5C x3

2
4

2
1
0

3
5 D

2
4

0
0
0

3
5 ���

7KLV � HTXDWLRQ �KDV � D � WULYLDO � VROXWLRQ� RI � FRXUVH� ZKHUH x1 D x2 D x3 D 0� $V � LQ
6HFWLRQ ���� WKH�PDLQ�LVVXH�LV�ZKHWKHU�WKH�WULYLDO�VROXWLRQ�LV�WKH RQO\�RQH�

$Q�LQGH[HG�VHW�RI�YHFWRUV fY1; : : : ; Ypg LQ Rn LV�VDLG�WR�EH OLQHDUO\�LQGHSHQGHQW
LI�WKH�YHFWRU�HTXDWLRQ

x1Y1 C x2Y2 C ! ! ! C xpYp D �

KDV�RQO\�WKH�WULYLDO�VROXWLRQ� 7KH�VHW fY1; : : : ; Ypg LV�VDLG�WR�EH OLQHDUO\�GHSHQGHQW
LI�WKHUH�H[LVW�ZHLJKWV c1; : : : ; cp � QRW�DOO�]HUR� VXFK�WKDW

c1Y1 C c2Y2 C ! ! ! C cpYp D � ���

(TXDWLRQ�����LV�FDOOHG�D OLQHDU�GHSHQGHQFH�UHODWLRQ DPRQJ Y1; : : : ; Yp ZKHQ�WKH
ZHLJKWV�DUH�QRW�DOO�]HUR� $Q�LQGH[HG�VHW�LV�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�LW�LV�QRW
OLQHDUO\�LQGHSHQGHQW� )RU�EUHYLW\� ZH�PD\�VD\�WKDW Y1; : : : ; Yp DUH�OLQHDUO\�GHSHQGHQW
ZKHQ �ZH �PHDQ � WKDW fY1; : : : ; Ypg LV � D � OLQHDUO\ �GHSHQGHQW � VHW� :H �XVH � DQDORJRXV
WHUPLQRORJ\�IRU�OLQHDUO\�LQGHSHQGHQW�VHWV�

/HW Y1 D

2
4

1
2
3

3
5� Y2 D

2
4

4
5
6

3
5� DQG Y3 D

2
4

2
1
0

3
5�

D� 'HWHUPLQH�LI�WKH�VHW fY1; Y2; Y3g LV�OLQHDUO\�LQGHSHQGHQW�
E� ,I�SRVVLEOH� ÀQG�D�OLQHDU�GHSHQGHQFH�UHODWLRQ�DPRQJ Y1� Y2� DQG Y3�

D� :H�PXVW�GHWHUPLQH�LI�WKHUH�LV�D�QRQWULYLDO�VROXWLRQ�RI�HTXDWLRQ�����DERYH� 5RZ�RSHU�
DWLRQV�RQ�WKH�DVVRFLDWHG�DXJPHQWHG�PDWUL[�VKRZ�WKDW2

4
1 4 2 0
2 5 1 0
3 6 0 0

3
5 %

2
4

1 4 2 0
0 "3 "3 0
0 0 0 0

3
5

&OHDUO\� x1 DQG x2 DUH�EDVLF�YDULDEOHV� DQG x3 LV�IUHH� (DFK�QRQ]HUR�YDOXH�RI x3

GHWHUPLQHV�D�QRQWULYLDO�VROXWLRQ�RI����� +HQFH Y1; Y2; Y3 DUH�OLQHDUO\�GHSHQGHQW��DQG
QRW�OLQHDUO\�LQGHSHQGHQW��

E� 7R�ÀQG�D�OLQHDU�GHSHQGHQFH�UHODWLRQ�DPRQJ Y1� Y2� DQG Y3� FRPSOHWHO\�URZ�UHGXFH
WKH�DXJPHQWHG�PDWUL[�DQG�ZULWH�WKH�QHZ�V\VWHP�

2
4

1 0 "2 0
0 1 1 0
0 0 0 0

3
5

x1 " 2x3 D 0

x2 C x3 D 0

0 D 0

7KXV x1 D 2x3� x2 D "x3� DQG x3 LV�IUHH� &KRRVH�DQ\�QRQ]HUR�YDOXH�IRU x3³VD\�
x3 D 5� 7KHQ x1 D 10 DQG x2 D "5� 6XEVWLWXWH�WKHVH�YDOXHV�LQWR�HTXDWLRQ�����DQG
REWDLQ

10Y1 " 5Y2 C 5Y3 D �
7KLV�LV�RQH��RXW�RI�LQÀQLWHO\�PDQ\��SRVVLEOH�OLQHDU�GHSHQGHQFH�UHODWLRQV�DPRQJ Y1�
Y2� DQG Y3�



/LQHDU�,QGHSHQGHQFH

/LQHDU�,QGHSHQGHQFH�RI�0DWUL[�&ROXPQV
6XSSRVH�WKDW�ZH�EHJLQ�ZLWK�D�PDWUL[ A D Œ D1 ! ! ! Dn ! LQVWHDG�RI�D�VHW�RI�YHFWRUV� 7KH
PDWUL[�HTXDWLRQ A[ D � FDQ�EH�ZULWWHQ�DV

x1D1 C x2D2 C ! ! ! C xnDn D �

(DFK�OLQHDU�GHSHQGHQFH�UHODWLRQ�DPRQJ�WKH�FROXPQV�RI A FRUUHVSRQGV�WR�D�QRQWULYLDO
VROXWLRQ�RI A[ D �� 7KXV�ZH�KDYH�WKH�IROORZLQJ�LPSRUWDQW�IDFW�

7KH�FROXPQV�RI�D�PDWUL[ A DUH�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�WKH�HTXDWLRQ
A[ D � KDV RQO\ WKH�WULYLDO�VROXWLRQ� ���

'HWHUPLQH� LI � WKH �FROXPQV�RI � WKH �PDWUL[ A D

2
4

0 1 4
1 2 "1
5 8 0

3
5 DUH

OLQHDUO\�LQGHSHQGHQW�

7R�VWXG\ A[ D �� URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�
2
4

0 1 4 0
1 2 "1 0
5 8 0 0

3
5 %

2
4

1 2 "1 0
0 1 4 0
0 "2 5 0

3
5 %

2
4

1 2 "1 0
0 1 4 0
0 0 13 0

3
5

$W�WKLV�SRLQW� LW�LV�FOHDU�WKDW�WKHUH�DUH�WKUHH�EDVLF�YDULDEOHV�DQG�QR�IUHH�YDULDEOHV� 6R
WKH�HTXDWLRQ A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ� DQG�WKH�FROXPQV�RI A DUH�OLQHDUO\
LQGHSHQGHQW�

6HWV�RI�2QH�RU�7ZR�9HFWRUV
$ VHW�FRQWDLQLQJ�RQO\�RQH�YHFWRU³VD\� Y³LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI Y LV
QRW�WKH�]HUR�YHFWRU� 7KLV�LV�EHFDXVH�WKH�YHFWRU�HTXDWLRQ x1Y D � KDV�RQO\�WKH�WULYLDO
VROXWLRQ�ZKHQ Y ¤ �� 7KH�]HUR�YHFWRU�LV�OLQHDUO\�GHSHQGHQW�EHFDXVH x1� D � KDV�PDQ\
QRQWULYLDO�VROXWLRQV�

7KH�QH[W�H[DPSOH�ZLOO�H[SODLQ�WKH�QDWXUH�RI�D�OLQHDUO\�GHSHQGHQW�VHW�RI�WZR�YHFWRUV�

'HWHUPLQH�LI�WKH�IROORZLQJ�VHWV�RI�YHFWRUV�DUH�OLQHDUO\�LQGHSHQGHQW�

D� Y1 D
#

3
1

$
� Y2 D

#
6
2

$
E� Y1 D

#
3
2

$
� Y2 D

#
6
2

$

D� 1RWLFH�WKDW Y2 LV�D�PXOWLSOH�RI Y1� QDPHO\� Y2 D 2Y1� +HQFH "2Y1 C Y2 D �� ZKLFK
VKRZV�WKDW fY1; Y2g LV�OLQHDUO\�GHSHQGHQW�

E� 7KH�YHFWRUV Y1 DQG Y2 DUH�FHUWDLQO\ QRW PXOWLSOHV�RI�RQH�DQRWKHU� &RXOG�WKH\�EH
OLQHDUO\�GHSHQGHQW" 6XSSRVH c DQG d VDWLVI\

cY1 C dY2 D �

,I c ¤ 0� WKHQ�ZH�FDQ�VROYH�IRU Y1 LQ�WHUPV�RI Y2� QDPHO\� Y1 D ."d=c/Y2� 7KLV
UHVXOW�LV�LPSRVVLEOH�EHFDXVH Y1 LV QRW D�PXOWLSOH�RI Y2� 6R c PXVW�EH�]HUR� 6LPLODUO\�
d PXVW�DOVR�EH�]HUR� 7KXV fY1; Y2g LV�D�OLQHDUO\�LQGHSHQGHQW�VHW�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

7KH�DUJXPHQWV�LQ�([DPSOH���VKRZ�WKDW�\RX�FDQ�DOZD\V�GHFLGH E\�LQVSHFWLRQZKHQ�D

x1

x2

Linearly dependent

(3, 1)

(6, 2)

x1

x2

Linearly independent

(3, 2) (6, 2)

VHW�RI�WZR�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW� 5RZ�RSHUDWLRQV�DUH�XQQHFHVVDU\� 6LPSO\�FKHFN
ZKHWKHU�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV�D�VFDODU�WLPHV�WKH�RWKHU� �7KH�WHVW�DSSOLHV�RQO\�WR
VHWV�RI WZR YHFWRUV��

$ VHW�RI�WZR�YHFWRUV fY1; Y2g LV�OLQHDUO\�GHSHQGHQW�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV
D�PXOWLSOH�RI�WKH�RWKHU� 7KH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�QHLWKHU�RI�WKH
YHFWRUV�LV�D�PXOWLSOH�RI�WKH�RWKHU�

,Q�JHRPHWULF�WHUPV� WZR�YHFWRUV�DUH�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�WKH\�OLH�RQ�WKH
VDPH�OLQH�WKURXJK�WKH�RULJLQ� )LJXUH���VKRZV�WKH�YHFWRUV�IURP�([DPSOH���

6HWV�RI�7ZR�RU�0RUH�9HFWRUV
7KH�SURRI�RI�WKH�QH[W�WKHRUHP�LV�VLPLODU�WR�WKH�VROXWLRQ�RI�([DPSOH��� 'HWDLOV�DUH�JLYHQ
DW�WKH�HQG�RI�WKLV�VHFWLRQ�

$Q�LQGH[HG�VHW S D fY1; : : : ; Ypg RI�WZR�RU�PRUH�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW�LI
DQG�RQO\�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LQ S LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV� ,Q
IDFW� LI S LV�OLQHDUO\�GHSHQGHQW�DQG Y1 ¤ �� WKHQ�VRPH Yj �ZLWK j > 1��LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� Y1; : : : ; Yj#1�

:DUQLQJ� 7KHRUHP���GRHV QRW VD\�WKDW HYHU\ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�LV�D
OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� $ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�PD\
IDLO�WR�EH�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV� 6HH�3UDFWLFH�3UREOHP���

/HW X D

2
4

3
1
0

3
5 DQG Y D

2
4

1
6
0

3
5� 'HVFULEH�WKH�VHW�VSDQQHG�E\ X DQG Y�

DQG�H[SODLQ�ZK\�D�YHFWRUZ LV�LQ 6SDQ fX; Yg LI�DQG�RQO\�LI fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW�
7KH�YHFWRUV X DQG Y DUH�OLQHDUO\�LQGHSHQGHQW�EHFDXVH�QHLWKHU�YHFWRU�LV�D

PXOWLSOH�RI�WKH�RWKHU� DQG�VR�WKH\�VSDQ�D�SODQH�LQ R3� �6HH�6HFWLRQ ����� ,Q�IDFW�
6SDQ fX; Yg LV�WKH x1x2�SODQH��ZLWK x3 D 0/� ,I Z LV�D�OLQHDU�FRPELQDWLRQ�RI X DQG Y�
WKHQ fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW� E\�7KHRUHP��� &RQYHUVHO\� VXSSRVH�WKDW fX; Y;Zg
LV�OLQHDUO\�GHSHQGHQW� %\�7KHRUHP��� VRPH�YHFWRU�LQ fX; Y;Zg LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�SUHFHGLQJ�YHFWRUV��VLQFH X ¤ �/� 7KDW�YHFWRU�PXVW�EHZ� VLQFH Y LV�QRW�D�PXOWLSOH
RI X� 6R Z LV�LQ 6SDQ fX; Yg� 6HH�)LJ� ��

x1

x2

x3

v
wu

Linearly dependent,
w in Span{u, v}

x1

x2

x3

v

w

u

Linearly independent,
w not in Span{u, v}

/LQHDU�GHSHQGHQFH�LQ R3�



/LQHDU�,QGHSHQGHQFH

([DPSOH���JHQHUDOL]HV�WR�DQ\�VHW fX; Y;Zg LQ R3 ZLWK X DQG Y OLQHDUO\�LQGHSHQGHQW�
7KH�VHW fX; Y;Zg ZLOO�EH�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI Z LV�LQ�WKH�SODQH�VSDQQHG�E\
X DQG Y�

7KH�QH[W�WZR�WKHRUHPV�GHVFULEH�VSHFLDO�FDVHV�LQ�ZKLFK�WKH�OLQHDU�GHSHQGHQFH�RI�D
VHW�LV�DXWRPDWLF� 0RUHRYHU� 7KHRUHP���ZLOO�EH�D�NH\�UHVXOW�IRU�ZRUN�LQ�ODWHU�FKDSWHUV�

,I�D�VHW�FRQWDLQV�PRUH�YHFWRUV�WKDQ�WKHUH�DUH�HQWULHV�LQ�HDFK�YHFWRU� WKHQ�WKH�VHW
LV�OLQHDUO\�GHSHQGHQW� 7KDW�LV� DQ\�VHW fY1; : : : ; Ypg LQ Rn LV�OLQHDUO\�GHSHQGHQW�LI
p > n�

/HW A D Œ Y1 ! ! ! Yp !� 7KHQ A LV n # p� DQG�WKH�HTXDWLRQ A[ D � FRUUH�
VSRQGV�WR�D�V\VWHP�RI n HTXDWLRQV�LQ p XQNQRZQV� ,I p > n� WKHUH�DUH�PRUH�YDULDEOHV
WKDQ�HTXDWLRQV� VR�WKHUH�PXVW�EH�D�IUHH�YDULDEOH� +HQFHA[ D � KDV�D�QRQWULYLDO�VROXWLRQ�

*
*
*

*
*
*

*
p

n *
*

*
*
*

*
*
*

,I p > n� WKH�FROXPQV�DUH�OLQHDUO\
GHSHQGHQW�

DQG�WKH�FROXPQV�RI A DUH�OLQHDUO\�GHSHQGHQW� 6HH�)LJ� ��IRU�D�PDWUL[�YHUVLRQ�RI�WKLV
WKHRUHP�

:DUQLQJ� 7KHRUHP���VD\V�QRWKLQJ�DERXW�WKH�FDVH�LQ�ZKLFK�WKH�QXPEHU�RI�YHFWRUV�LQ
WKH�VHW�GRHV QRW H[FHHG�WKH�QXPEHU�RI�HQWULHV�LQ�HDFK�YHFWRU�

7KH�YHFWRUV
#

2
1

$
�
#

4
"1

$
�
#

"2
2

$
DUH�OLQHDUO\�GHSHQGHQW�E\�7KHRUHP

�� EHFDXVH�WKHUH�DUH�WKUHH�YHFWRUV�LQ�WKH�VHW�DQG�WKHUH�DUH�RQO\�WZR�HQWULHV�LQ�HDFK�YHFWRU�
1RWLFH� KRZHYHU� WKDW�QRQH�RI�WKH�YHFWRUV�LV�D�PXOWLSOH�RI�RQH�RI�WKH�RWKHU�YHFWRUV� 6HH
)LJ� ��

x1

x2

(2, 1)

(4, –1)

(–2, 2)

$ OLQHDUO\�GHSHQGHQW�VHW�LQ R2�

,I�D�VHW S D fY1; : : : ; Ypg LQ Rn FRQWDLQV�WKH�]HUR�YHFWRU� WKHQ�WKH�VHW�LV�OLQHDUO\
GHSHQGHQW�

%\�UHQXPEHULQJ�WKH�YHFWRUV� ZH�PD\�VXSSRVH Y1 D �� 7KHQ�WKH�HTXDWLRQ
1Y1 C 0Y2 C ! ! ! C 0Yp D � VKRZV�WKDW S LV�OLQHDUO\�GHSHQGHQW�

'HWHUPLQH�E\�LQVSHFWLRQ�LI�WKH�JLYHQ�VHW�LV�OLQHDUO\�GHSHQGHQW�

D�

2
4

1
7
6

3
5�
2
4

2
0
9

3
5�
2
4

3
1
5

3
5�
2
4

4
1
8

3
5 E�

2
4

2
3
5

3
5�
2
4

0
0
0

3
5�
2
4

1
1
8

3
5 F�

2
664

"2
4
6

10

3
775�

2
664

3
"6
"9
15

3
775

D� 7KH�VHW�FRQWDLQV�IRXU�YHFWRUV� HDFK�RI�ZKLFK�KDV�RQO\�WKUHH�HQWULHV� 6R�WKH�VHW�LV
OLQHDUO\�GHSHQGHQW�E\�7KHRUHP���

E� 7KHRUHP���GRHV�QRW�DSSO\�KHUH�EHFDXVH�WKH�QXPEHU�RI�YHFWRUV�GRHV�QRW�H[FHHG�WKH
QXPEHU�RI�HQWULHV�LQ�HDFK�YHFWRU� 6LQFH�WKH�]HUR�YHFWRU�LV�LQ�WKH�VHW� WKH�VHW�LV�OLQHDUO\
GHSHQGHQW�E\�7KHRUHP���

F� &RPSDUH�WKH�FRUUHVSRQGLQJ�HQWULHV�RI�WKH�WZR�YHFWRUV� 7KH�VHFRQG�YHFWRU�VHHPV�WR
EH "3=2 WLPHV�WKH�ÀUVW�YHFWRU� 7KLV�UHODWLRQ�KROGV�IRU�WKH�ÀUVW�WKUHH�SDLUV�RI�HQWULHV�
EXW�IDLOV�IRU�WKH�IRXUWK�SDLU� 7KXV�QHLWKHU�RI�WKH�YHFWRUV�LV�D�PXOWLSOH�RI�WKH�RWKHU� DQG
KHQFH�WKH\�DUH�OLQHDUO\�LQGHSHQGHQW�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

,Q �JHQHUDO� \RX � VKRXOG � UHDG �D � VHFWLRQ � WKRURXJKO\ VHYHUDO WLPHV � WR � DEVRUE �DQ
SG LPSRUWDQW�FRQFHSW�VXFK�DV�OLQHDU�LQGHSHQGHQFH� 7KH�QRWHV�LQ�WKH 6WXG\�*XLGH IRU

WKLV�VHFWLRQ�ZLOO�KHOS�\RX�OHDUQ�WR�IRUP�PHQWDO�LPDJHV�RI�NH\�LGHDV�LQ�OLQHDU�DOJHEUD�
)RU�LQVWDQFH� WKH�IROORZLQJ�SURRI�LV�ZRUWK�UHDGLQJ�FDUHIXOO\�EHFDXVH�LW�VKRZV�KRZ�WKH
GHÀQLWLRQ�RI�OLQHDU�LQGHSHQGHQFH�FDQ�EH XVHG�

,I �VRPH Yj LQ S HTXDOV�D� OLQHDU�FRPELQDWLRQ�RI� WKH�RWKHU�YHFWRUV� WKHQ Yj FDQ�EH
VXEWUDFWHG�IURP�ERWK�VLGHV�RI�WKH�HTXDWLRQ� SURGXFLQJ�D�OLQHDU�GHSHQGHQFH�UHODWLRQ
ZLWK�D �QRQ]HUR�ZHLJKW ."1/ RQ Yj � >)RU� LQVWDQFH� LI Y1 D c2Y2 C c3Y3� WKHQ � D
."1/Y1 C c2Y2 C c3Y3 C 0Y4 C ! ! ! C 0Yp �@ 7KXV S LV�OLQHDUO\�GHSHQGHQW�

&RQYHUVHO\� VXSSRVH S LV�OLQHDUO\�GHSHQGHQW� ,I Y1 LV�]HUR� WKHQ�LW�LV�D��WULYLDO�
OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV�LQ S � 2WKHUZLVH� Y1 ¤ �� DQG�WKHUH�H[LVW�ZHLJKWV
c1; : : : ; cp � QRW�DOO�]HUR� VXFK�WKDW

c1Y1 C c2Y2 C ! ! ! C cpYp D �

/HW j EH�WKH�ODUJHVW�VXEVFULSW�IRU�ZKLFK cj ¤ 0� ,I j D 1� WKHQ c1Y1 D �� ZKLFK�LV
LPSRVVLEOH�EHFDXVH Y1 ¤ �� 6R j > 1� DQG

c1Y1 C ! ! ! C cj Yj C 0YjC1 C ! ! ! C 0Yp D �
cj Yj D "c1Y1 " ! ! ! " cj#1Yj#1

Yj D
)

" c1

cj

*
Y1 C ! ! ! C

)
"cj#1

cj

*
Yj#1

/HW X D

2
4

3
2

"4

3
5� Y D

2
4

"6
1
7

3
5� Z D

2
4

0
"5

2

3
5� DQG ] D

2
4

3
7

"5

3
5�

�� $UH�WKH�VHWV fX; Yg; fX;Zg; fX; ]g; fY;Zg; fY; ]g� DQG fZ; ]g HDFK�OLQHDUO\�LQGHSHQ�
GHQW" :K\�RU�ZK\�QRW"

�� 'RHV�WKH�DQVZHU�WR�3UREOHP���LPSO\�WKDW fX; Y;Z; ]g LV�OLQHDUO\�LQGHSHQGHQW"
�� 7R�GHWHUPLQH�LI fX; Y;Z; ]g LV�OLQHDUO\�GHSHQGHQW� LV�LW�ZLVH�WR�FKHFN�LI� VD\� Z LV�D

OLQHDU�FRPELQDWLRQ�RI X� Y� DQG ]"
�� ,V fX; Y;Z; ]g OLQHDUO\�GHSHQGHQW"

,Q�([HUFLVHV��²�� GHWHUPLQH�LI�WKH�YHFWRUV�DUH�OLQHDUO\�LQGHSHQ�
GHQW� -XVWLI\�HDFK�DQVZHU�

��

2
4

5
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0

3
5�
2
4

7
2

"6

3
5�
2
4

9
4

"8

3
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2
4

0
2
3

3
5�
2
4

0
0

"8

3
5�
2
4

"1
3
1

3
5

��
#

2
"3

$
�
#

"4
6

$
��

#
"1

3

$
�
#

"3
"9

$

,Q�([HUFLVHV��²�� GHWHUPLQH�LI�WKH�FROXPQV�RI�WKH�PDWUL[�IRUP�D
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,Q � ([HUFLVHV � � � DQG � ��� �D� � IRU � ZKDW � YDOXHV � RI h LV Y3 LQ
6SDQ fY1; Y2g� DQG��E��IRU�ZKDW�YDOXHV�RI h LV fY1; Y2; Y3g OLQHDUO\
GHSHQGHQW" -XVWLI\�HDFK�DQVZHU�
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,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�RQ�WKH�EDVLV�RI�D�FDUHIXO�UHDGLQJ�RI�WKH�WH[W�

��� D� 7KH�FROXPQV�RI�D�PDWUL[ A DUH�OLQHDUO\�LQGHSHQGHQW�LI�WKH
HTXDWLRQ A[ D � KDV�WKH�WULYLDO�VROXWLRQ�

E� ,I S LV�D�OLQHDUO\�GHSHQGHQW�VHW� WKHQ�HDFK�YHFWRU�LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV�LQ S �

F� 7KH�FROXPQV�RI�DQ\ 4 # 5 PDWUL[�DUH�OLQHDUO\�GHSHQGHQW�
G� ,I [ DQG \ DUH�OLQHDUO\�LQGHSHQGHQW� DQG�LI f[; \; ]g LV

OLQHDUO\�GHSHQGHQW� WKHQ ] LV�LQ 6SDQ f[; \g�

��� D� ,I X DQG Y DUH � OLQHDUO\ � LQGHSHQGHQW� DQG � LI Z LV � LQ
6SDQ fX; Yg� WKHQ fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW�

E� ,I�WKUHH�YHFWRUV�LQ R3 OLH�LQ�WKH�VDPH�SODQH�LQ R3� WKHQ
WKH\�DUH�OLQHDUO\�GHSHQGHQW�

F� ,I�D�VHW�FRQWDLQV�IHZHU�YHFWRUV�WKDQ�WKHUH�DUH�HQWULHV�LQ�WKH
YHFWRUV� WKHQ�WKH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�

G� ,I�D�VHW�LQ Rn LV�OLQHDUO\�GHSHQGHQW� WKHQ�WKH�VHW�FRQWDLQV
PRUH�WKDQ n YHFWRUV�

,Q�([HUFLVHV���²��� GHVFULEH�WKH�SRVVLEOH�HFKHORQ�IRUPV�RI�WKH
PDWUL[� 8VH�WKH�QRWDWLRQ�RI�([DPSOH���LQ�6HFWLRQ ����

��� A LV�D 2 # 2 PDWUL[�ZLWK�OLQHDUO\�GHSHQGHQW�FROXPQV�

��� A LV�D 3 # 3 PDWUL[�ZLWK�OLQHDUO\�LQGHSHQGHQW�FROXPQV�

��� A LV�D 4 # 2 PDWUL[� A D ŒD1 D2!� DQG D2 LV�QRW�D�PXOWLSOH�RI
D1�

��� A LV�D 4 # 3 PDWUL[� A D ŒD1 D2 D3!� VXFK�WKDW fD1; D2g LV
OLQHDUO\�LQGHSHQGHQW�DQG D3 LV�QRW�LQ 6SDQ fD1; D2g�

��� +RZ�PDQ\�SLYRW�FROXPQV�PXVW�D 6 # 4 PDWUL[�KDYH�LI�LWV
FROXPQV�DUH�OLQHDUO\�LQGHSHQGHQW" :K\"

��� +RZ�PDQ\�SLYRW�FROXPQV�PXVW�D 4 # 6 PDWUL[�KDYH�LI�LWV
FROXPQV�VSDQ R4" :K\"

��� &RQVWUXFW 3 # 2 PDWULFHV A DQG B VXFK�WKDW A[ D � KDV�D
QRQWULYLDO�VROXWLRQ� EXW B[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ�

��� D� )LOO � LQ� WKH�EODQN�LQ� WKH�IROORZLQJ�VWDWHPHQW� ´,I A LV
DQ m # n PDWUL[� WKHQ � WKH �FROXPQV �RI A DUH � OLQHDUO\
LQGHSHQGHQW�LI�DQG�RQO\�LI A KDV SLYRW�FROXPQV�µ

E� ([SODLQ�ZK\�WKH�VWDWHPHQW�LQ��D��LV�WUXH�

([HUFLVHV����DQG����VKRXOG�EH�VROYHG ZLWKRXW�SHUIRUPLQJ�URZ
RSHUDWLRQV� >+LQW� :ULWH A[ D � DV�D�YHFWRU�HTXDWLRQ�@

��� *LYHQA D

2
664

2 3 5
"5 1 "4
"3 "1 "4

1 0 1

3
775� REVHUYH�WKDW�WKH�WKLUG�FROXPQ

LV�WKH�VXP�RI�WKH�ÀUVW�WZR�FROXPQV� )LQG�D�QRQWULYLDO�VROXWLRQ
RI A[ D ��

��� *LYHQ A D

2
4

4 3 "5
"2 "2 4
"2 "3 7

3
5� REVHUYH�WKDW�WKH�ÀUVW�FROXPQ

PLQXV�WKUHH�WLPHV�WKH�VHFRQG�FROXPQ�HTXDOV�WKH�WKLUG�FROXPQ�
)LQG�D�QRQWULYLDO�VROXWLRQ�RI A[ D ��

(DFK�VWDWHPHQW�LQ�([HUFLVHV���²���LV�HLWKHU�WUXH��LQ�DOO�FDVHV�
RU�IDOVH��IRU�DW�OHDVW�RQH�H[DPSOH�� ,I�IDOVH� FRQVWUXFW�D�VSHFLÀF
H[DPSOH�WR�VKRZ�WKDW�WKH�VWDWHPHQW�LV�QRW�DOZD\V�WUXH� 6XFK
DQ�H[DPSOH�LV�FDOOHG�D FRXQWHUH[DPSOH WR�WKH�VWDWHPHQW� ,I�D
VWDWHPHQW � LV � WUXH� JLYH�D � MXVWLÀFDWLRQ� �2QH�VSHFLÀF�H[DPSOH
FDQQRW�H[SODLQ�ZK\�D�VWDWHPHQW�LV�DOZD\V�WUXH� <RX�ZLOO�KDYH�WR
GR�PRUH�ZRUN�KHUH�WKDQ�LQ�([HUFLVHV����DQG�����

��� ,I Y1; : : : ; Y4 DUH�LQR4 DQG Y3 D 2Y1 C Y2� WKHQ fY1; Y2; Y3; Y4g
LV�OLQHDUO\�GHSHQGHQW�

��� ,I Y1 DQG Y2 DUH�LQ R4 DQG Y2 LV�QRW�D�VFDODU�PXOWLSOH�RI Y1�
WKHQ fY1; Y2g LV�OLQHDUO\�LQGHSHQGHQW�

��� ,I Y1; : : : ; Y5 DUH�LQ R5 DQG Y3 D �� WKHQ fY1; Y2; Y3; Y4; Y5g LV
OLQHDUO\�GHSHQGHQW�

��� ,I Y1� Y2� Y3 DUH�LQ R3 DQG Y3 LV QRW D�OLQHDU�FRPELQDWLRQ�RI
Y1; Y2� WKHQ fY1; Y2; Y3g LV�OLQHDUO\�LQGHSHQGHQW�

��� ,I Y1; : : : ; Y4 DUH�LQ R4 DQG fY1; Y2; Y3g LV�OLQHDUO\�GHSHQGHQW�
WKHQ fY1; Y2; Y3; Y4g LV�DOVR�OLQHDUO\�GHSHQGHQW�

��� ,I fY1; : : : ; Y4g LV�D�OLQHDUO\�LQGHSHQGHQW�VHW�RI�YHFWRUV�LQ R4�
WKHQ fY1; Y2; Y3g LV�DOVR�OLQHDUO\�LQGHSHQGHQW� >+LQW� 7KLQN
DERXW x1Y1 C x2Y2 C x3Y3 C 0 ! Y4 D ��@

��� 6XSSRVH A LV�DQ m # n PDWUL[�ZLWK�WKH�SURSHUW\�WKDW�IRU�DOO E
LQ Rm WKH�HTXDWLRQ A[ D E KDV�DW�PRVW�RQH�VROXWLRQ� 8VH�WKH



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

GHÀQLWLRQ�RI�OLQHDU�LQGHSHQGHQFH�WR�H[SODLQ�ZK\�WKH�FROXPQV
RI A PXVW�EH�OLQHDUO\�LQGHSHQGHQW�

��� 6XSSRVH�DQ m # n PDWUL[ A KDV n SLYRW�FROXPQV� ([SODLQ
ZK\�IRU�HDFK E LQ Rm WKH�HTXDWLRQ A[ D E KDV�DW�PRVW�RQH
VROXWLRQ� >+LQW� ([SODLQ�ZK\ A[ D E FDQQRW�KDYH�LQÀQLWHO\
PDQ\�VROXWLRQV�@

>0@ ,Q�([HUFLVHV����DQG���� XVH�DV�PDQ\�FROXPQV�RIA DV�SRVVLEOH
WR�FRQVWUXFW�D�PDWUL[B ZLWK�WKH�SURSHUW\�WKDW�WKH�HTXDWLRQB[ D �
KDV�RQO\�WKH�WULYLDO�VROXWLRQ� 6ROYH B[ D � WR�YHULI\�\RXU�ZRUN�

��� A D

2
664

3 "4 10 7 "4
"5 "3 "7 "11 15

4 3 5 2 1
8 "7 23 4 15

3
775

��� A D

2
66664

12 10 "6 8 4 "14
"7 "6 4 "5 "7 9

9 9 "9 9 9 "18
"4 "3 "1 0 "8 1

8 7 "5 6 1 "11

3
77775

��� >0@ :LWK A DQG B DV�LQ�([HUFLVH���� VHOHFW�D�FROXPQ Y RI A
WKDW�ZDV�QRW�XVHG�LQ�WKH�FRQVWUXFWLRQ�RI B DQG�GHWHUPLQH�LI
Y LV�LQ�WKH�VHW�VSDQQHG�E\�WKH�FROXPQV�RI B � �'HVFULEH�\RXU
FDOFXODWLRQV��

��� >0@ 5HSHDW�([HUFLVH����ZLWK�WKH�PDWULFHV A DQG B IURP
([HUFLVH���� 7KHQ�JLYH�DQ�H[SODQDWLRQ�IRU�ZKDW�\RX�GLVFRYHU�
DVVXPLQJ�WKDW B ZDV�FRQVWUXFWHG�DV�VSHFLÀHG�

�� <HV� ,Q�HDFK�FDVH� QHLWKHU�YHFWRU�LV�D�PXOWLSOH�RI�WKH�RWKHU� 7KXV�HDFK�VHW�LV�OLQHDUO\
LQGHSHQGHQW�

�� 1R� 7KH�REVHUYDWLRQ�LQ�3UDFWLFH�3UREOHP��� E\�LWVHOI� VD\V�QRWKLQJ�DERXW�WKH�OLQHDU
LQGHSHQGHQFH�RI fX; Y;Z; ]g�

�� 1R� :KHQ�WHVWLQJ�IRU�OLQHDU�LQGHSHQGHQFH� LW�LV�XVXDOO\�D�SRRU�LGHD�WR�FKHFN�LI�RQH
VHOHFWHG�YHFWRU�LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV� ,W�PD\�KDSSHQ�WKDW�WKH�VHOHFWHG
YHFWRU�LV�QRW�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV�DQG�\HW�WKH�ZKROH�VHW�RI�YHFWRUV�LV
OLQHDUO\�GHSHQGHQW� ,Q�WKLV�SUDFWLFH�SUREOHP� Z LV�QRW�D�OLQHDU�FRPELQDWLRQ�RI X� Y�
DQG ]�

Span{u, v, z}

w

x3

x1 x2

�� <HV� E\�7KHRUHP��� 7KHUH�DUH�PRUH�YHFWRUV��IRXU��WKDQ�HQWULHV��WKUHH��LQ�WKHP�

7KH�GLIIHUHQFH�EHWZHHQ�D�PDWUL[�HTXDWLRQ A[ D E DQG�WKH�DVVRFLDWHG�YHFWRU�HTXDWLRQ
x1D1 C ! ! ! C xnDn D E LV�PHUHO\�D�PDWWHU�RI�QRWDWLRQ� +RZHYHU� D�PDWUL[�HTXDWLRQ
A[ D E FDQ�DULVH�LQ�OLQHDU�DOJHEUD��DQG�LQ�DSSOLFDWLRQV�VXFK�DV�FRPSXWHU�JUDSKLFV�DQG
VLJQDO�SURFHVVLQJ��LQ�D�ZD\�WKDW�LV�QRW�GLUHFWO\�FRQQHFWHG�ZLWK�OLQHDU�FRPELQDWLRQV�RI
YHFWRUV� 7KLV�KDSSHQV�ZKHQ�ZH�WKLQN�RI�WKH�PDWUL[A DV�DQ�REMHFW�WKDW�´DFWVµ�RQ�D�YHFWRU
[ E\�PXOWLSOLFDWLRQ�WR�SURGXFH�D�QHZ�YHFWRU�FDOOHG A[�

)RU�LQVWDQFH� WKH�HTXDWLRQV

#
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#
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#
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1
4
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3

3
775 D

#
0
0

$

" " " " " "
A [ E A X �

VD\�WKDW�PXOWLSOLFDWLRQ�E\ A WUDQVIRUPV [ LQWR E DQG�WUDQVIRUPV X LQWR�WKH�]HUR�YHFWRU�
6HH�)LJ� ��



,QWURGXFWLRQ�WR�/LQHDU�7UDQVIRUPDWLRQV

0

multiplication

by A

multiplication

by Ax

0

u 0

b

4 2
!

!

7UDQVIRUPLQJ�YHFWRUV�YLD�PDWUL[
PXOWLSOLFDWLRQ�

)URP�WKLV�QHZ�SRLQW�RI�YLHZ� VROYLQJ�WKH�HTXDWLRQ A[ D E DPRXQWV�WR�ÀQGLQJ
DOO�YHFWRUV [ LQ R4 WKDW�DUH�WUDQVIRUPHG�LQWR�WKH�YHFWRU E LQ R2 XQGHU�WKH�´DFWLRQµ�RI
PXOWLSOLFDWLRQ�E\ A�

7KH�FRUUHVSRQGHQFH�IURP [ WR A[ LV�D IXQFWLRQ IURP�RQH�VHW�RI�YHFWRUV�WR�DQRWKHU�
7KLV�FRQFHSW�JHQHUDOL]HV�WKH�FRPPRQ�QRWLRQ�RI�D�IXQFWLRQ�DV�D�UXOH�WKDW�WUDQVIRUPV�RQH
UHDO�QXPEHU�LQWR�DQRWKHU�

$ WUDQVIRUPDWLRQ �RU IXQFWLRQ RUPDSSLQJ� T IURPRn WRRm LV�D�UXOH�WKDW�DVVLJQV
WR�HDFK�YHFWRU [ LQ Rn D�YHFWRU T .[/ LQ Rm� 7KH�VHW Rn LV�FDOOHG�WKH GRPDLQ RI T � DQG
Rm LV�FDOOHG�WKH FRGRPDLQ RI T � 7KH�QRWDWLRQ T W Rn ! Rm LQGLFDWHV�WKDW�WKH�GRPDLQ
RI T LV Rn DQG�WKH�FRGRPDLQ�LV Rm� )RU [ LQ Rn� WKH�YHFWRU T .[/ LQ Rm LV�FDOOHG�WKH
LPDJH RI [ �XQGHU�WKH�DFWLRQ�RI T �� 7KH�VHW�RI�DOO�LPDJHV T .[/ LV�FDOOHG�WKH UDQJH RI T �
6HH�)LJ� ��

!m
!

n

x

Domain Codomain

T(x)
T

Range

'RPDLQ� FRGRPDLQ� DQG�UDQJH
RI T W Rn ! Rm�

7KH�QHZ�WHUPLQRORJ\� LQ � WKLV �VHFWLRQ� LV � LPSRUWDQW �EHFDXVH�D �G\QDPLF�YLHZ�RI
PDWUL[²YHFWRU�PXOWLSOLFDWLRQ�LV�WKH�NH\�WR�XQGHUVWDQGLQJ�VHYHUDO�LGHDV�LQ�OLQHDU�DOJHEUD
DQG�WR�EXLOGLQJ�PDWKHPDWLFDO�PRGHOV�RI�SK\VLFDO�V\VWHPV�WKDW�HYROYH�RYHU�WLPH� 6XFK
G\QDPLFDO�V\VWHPV ZLOO�EH�GLVFXVVHG�LQ�6HFWLRQV������ ���� DQG�����DQG�WKURXJKRXW
&KDSWHU ��

0DWUL[�7UDQVIRUPDWLRQV

7KH�UHVW�RI�WKLV�VHFWLRQ�IRFXVHV�RQ�PDSSLQJV�DVVRFLDWHG�ZLWK�PDWUL[�PXOWLSOLFDWLRQ� )RU
HDFK [ LQ Rn� T .[/ LV�FRPSXWHG�DV A[� ZKHUH A LV�DQ m # n PDWUL[� )RU�VLPSOLFLW\� ZH
VRPHWLPHV�GHQRWH�VXFK�D PDWUL[�WUDQVIRUPDWLRQ E\ [ 7!A[� 2EVHUYH�WKDW�WKH�GRPDLQ
RI T LV Rn ZKHQ A KDV n FROXPQV�DQG�WKH�FRGRPDLQ�RI T LV Rm ZKHQ�HDFK�FROXPQ�RI
A KDV m HQWULHV� 7KH�UDQJH�RI T LV�WKH�VHW�RI�DOO�OLQHDU�FRPELQDWLRQV�RI�WKH�FROXPQV�RI
A� EHFDXVH�HDFK�LPDJH T .[/ LV�RI�WKH�IRUP A[�
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$
D

2
4

x1 " 3x2

3x1 C 5x2

"x1 C 7x2

3
5

D� )LQG T .X/� WKH�LPDJH�RI X XQGHU�WKH�WUDQVIRUPDWLRQ T �
E� )LQG�DQ [ LQ R2 ZKRVH�LPDJH�XQGHU T LV E�
F� ,V�WKHUH�PRUH�WKDQ�RQH [ ZKRVH�LPDJH�XQGHU T LV E"
G� 'HWHUPLQH�LI F LV�LQ�WKH�UDQJH�RI�WKH�WUDQVIRUPDWLRQ T �

D� &RPSXWH

T .X/ D AX D

2
4

1 "3
3 5

"1 7

3
5
#

2
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$
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1 "3
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"1 7

3
5
#

x1

x2

$
D

2
4

3
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"5

3
5 ���

8VLQJ�WKH�PHWKRG�GLVFXVVHG�LQ�6HFWLRQ ���� URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�
T(u) =

5
1

–9









x2

x3

T

x1

x2

x1

u = 2
–1







2
4

1 "3 3
3 5 2

"1 7 "5

3
5 %

2
4

1 "3 3
0 14 "7
0 4 "2

3
5 %

2
4

1 "3 3
0 1 ":5
0 0 0

3
5 %

2
4

1 0 1:5
0 1 ":5
0 0 0

3
5 ���

+HQFH x1 D 1:5� x2 D ":5� DQG [ D
#

1:5
":5

$
� 7KH�LPDJH�RI�WKLV [ XQGHU T LV�WKH

JLYHQ�YHFWRU E�
F� $Q\ [ ZKRVH�LPDJH�XQGHU T LV E PXVW�VDWLVI\�HTXDWLRQ����� )URP����� LW�LV�FOHDU�WKDW

HTXDWLRQ�����KDV�D�XQLTXH�VROXWLRQ� 6R�WKHUH�LV�H[DFWO\�RQH [ ZKRVH�LPDJH�LV E�
G� 7KH�YHFWRU F LV�LQ�WKH�UDQJH�RI T LI F LV�WKH�LPDJH�RI�VRPH [ LQR2� WKDW�LV� LI F D T .[/

IRU�VRPH [� 7KLV�LV�MXVW�DQRWKHU�ZD\�RI�DVNLQJ�LI�WKH�V\VWHP A[ D F LV�FRQVLVWHQW� 7R
ÀQG�WKH�DQVZHU� URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�

2
4

1 "3 3
3 5 2

"1 7 5

3
5 %

2
4

1 "3 3
0 14 "7
0 4 8

3
5 %

2
4

1 "3 3
0 1 2
0 14 "7

3
5 %

2
4

1 "3 3
0 1 2
0 0 "35

3
5

7KH�WKLUG�HTXDWLRQ� 0 D "35� VKRZV�WKDW�WKH�V\VWHP�LV�LQFRQVLVWHQW� 6R F LV QRW LQ
WKH�UDQJH�RI T �

7KH�TXHVWLRQ�LQ�([DPSOH���F�� LV �D XQLTXHQHVV SUREOHP�IRU�D�V\VWHP�RI� OLQHDU
HTXDWLRQV� WUDQVODWHG�KHUH�LQWR�WKH�ODQJXDJH�RI�PDWUL[�WUDQVIRUPDWLRQV� ,V E WKH�LPDJH
RI�D XQLTXH [ LQ Rn" 6LPLODUO\� ([DPSOH���G��LV�DQ H[LVWHQFH SUREOHP� 'RHV�WKHUH H[LVW
DQ [ ZKRVH�LPDJH�LV F"

7KH�QH[W�WZR�PDWUL[�WUDQVIRUPDWLRQV�FDQ�EH�YLHZHG�JHRPHWULFDOO\� 7KH\�UHLQIRUFH
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WUDQVIRUPDWLRQ T W R3 ! R3 PDSVP RQWR�D�SODQH�WKURXJK ��
RU�RQWR�D�OLQH�WKURXJK �� RU�RQWR�MXVW�WKH�RULJLQ�LQ R3� :KDW
PXVW�EH�WUXH�DERXW T .X/ DQG T .Y/ LQ�RUGHU�IRU�WKH�LPDJH�RI
WKH�SODQH P WR�EH�D�SODQH"

��� /HW X DQG Y EH�YHFWRUV�LQRn� ,W�FDQ�EH�VKRZQ�WKDW�WKH�VHWP RI
DOO�SRLQWV�LQ�WKH�SDUDOOHORJUDP�GHWHUPLQHG�E\ X DQG Y KDV�WKH
IRUP aX C bY� IRU 0 ' a ' 1� 0 ' b ' 1� /HW T W Rn ! Rm

EH�D�OLQHDU�WUDQVIRUPDWLRQ� ([SODLQ�ZK\�WKH�LPDJH�RI�D�SRLQW
LQ P XQGHU�WKH�WUDQVIRUPDWLRQ T OLHV�LQ�WKH�SDUDOOHORJUDP
GHWHUPLQHG�E\ T .X/ DQG T .Y/�

��� /HW T W R2 ! R2 EH�WKH�OLQHDU�WUDQVIRUPDWLRQ�WKDW�UHÁHFWV
HDFK�SRLQW�WKURXJK�WKH x2�D[LV� 0DNH�WZR�VNHWFKHV�VLPLODU
WR �)LJ� � � WKDW � LOOXVWUDWH �SURSHUWLHV � �L� �DQG � �LL� �RI �D � OLQHDU
WUDQVIRUPDWLRQ�

��� 6XSSRVH�YHFWRUV Y1; : : : ; Yp VSDQ Rn� DQG�OHW T W Rn ! Rn

EH � D � OLQHDU � WUDQVIRUPDWLRQ� 6XSSRVH T .Yi / D � IRU i D
1; : : : ; p� 6KRZ�WKDW T LV�WKH�]HUR�WUDQVIRUPDWLRQ� 7KDW�LV�
VKRZ�WKDW�LI [ LV�DQ\�YHFWRU�LQ Rn� WKHQ T .[/ D ��

��� /HW T W Rn ! Rm EH � D � OLQHDU � WUDQVIRUPDWLRQ� DQG � OHW
fY1; Y2; Y3g EH�D�OLQHDUO\�GHSHQGHQW�VHW�LQ Rn� ([SODLQ�ZK\
WKH�VHW fT .Y1/; T .Y2/; T .Y3/g LV�OLQHDUO\�GHSHQGHQW�

,Q�([HUFLVHV���²��� FROXPQ�YHFWRUV�DUH�ZULWWHQ�DV�URZV� VXFK�DV
[ D .x1; x2/� DQG T .[/ LV�ZULWWHQ�DV T .x1; x2/�

��� 6KRZ � WKDW � WKH � WUDQVIRUPDWLRQ T GHÀQHG � E\ T .x1; x2/ D
.x1 " 2jx2j; x1 " 4x2/ LV�QRW�OLQHDU�

��� 6KRZ � WKDW � WKH � WUDQVIRUPDWLRQ T GHÀQHG � E\ T .x1; x2/ D
.x1 " 2x2; x1 " 3; 2x1 " 5x2/ LV�QRW�OLQHDU�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

��� /HW T W R3 ! R3 EH�WKH�WUDQVIRUPDWLRQ�WKDW �UHÁHFWV�HDFK
YHFWRU [ D .x1; x2; x3/ WKURXJK � WKH � SODQH x3 D 0 RQWR
T .[/ D .x1; x2; "x3/� 6KRZ�WKDW T LV�D�OLQHDU�WUDQVIRUPD�
WLRQ� >6HH�([DPSOH���IRU�LGHDV�@

��� /HW T W R3 ! R3 EH�WKH�WUDQVIRUPDWLRQ�WKDW�SURMHFWV�HDFK
YHFWRU [ D .x1; x2; x3/ RQWR�WKH�SODQH x2 D 0� VR T .[/ D
.x1; 0; x3/� 6KRZ�WKDW T LV�D�OLQHDU�WUDQVIRUPDWLRQ�

��� /HW T W Rn ! Rm EH�D�OLQHDU�WUDQVIRUPDWLRQ� 6XSSRVH fX; Yg
LV�D�OLQHDUO\�LQGHSHQGHQW�VHW� EXW fT .X/; T .Y/g LV�D�OLQHDUO\
GHSHQGHQW�VHW� 6KRZ�WKDW T .[/ D � KDV�D�QRQWULYLDO�VROXWLRQ�
>+LQW� 8VH � WKH � IDFW � WKDW c1T .X/ C c2T .Y/ D � IRU � VRPH
ZHLJKWV c1 DQG c2� QRW�ERWK�]HUR�@

>0@ ,Q�([HUFLVHV����DQG���� WKH�JLYHQ�PDWUL[�GHWHUPLQHV�D�OLQHDU
WUDQVIRUPDWLRQ T � )LQG�DOO [ VXFK�WKDW T .[/ D ��

���
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3
775 DQG�OHW A EH�WKH�PDWUL[�LQ�([HUFLVH����

,V E LQ�WKH�UDQJH�RI�WKH�WUDQVIRUPDWLRQ [ 7! A[" ,I�VR� ÀQG
DQ [ ZKRVH�LPDJH�XQGHU�WKH�WUDQVIRUPDWLRQ�LV E�

��� >0@ /HW E D

2
664
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3
775 DQG�OHW A EH�WKH�PDWUL[�LQ�([HUFLVH����

,V E LQ�WKH�UDQJH�RI�WKH�WUDQVIRUPDWLRQ [ 7! A[" ,I�VR� ÀQG
DQ [ ZKRVH�LPDJH�XQGHU�WKH�WUDQVIRUPDWLRQ�LV E�

SG

�� A PXVW�KDYH�ÀYH�FROXPQV�IRU A[ WR�EH�GHÀQHG� A PXVW�KDYH�WZR�URZV�IRU�WKH
Au

u

x2

x1

Av

v

Ax

x

7KH�WUDQVIRUPDWLRQ [ 7!A[�

FRGRPDLQ�RI T WR�EH R2�
�� 3ORW�VRPH�UDQGRP�SRLQWV��YHFWRUV��RQ�JUDSK�SDSHU�WR�VHH�ZKDW�KDSSHQV� $ SRLQW�VXFK

DV .4; 1/ PDSV�LQWR .4; "1/� 7KH�WUDQVIRUPDWLRQ [ 7!A[ UHÁHFWV�SRLQWV�WKURXJK�WKH
x�D[LV��RU x1�D[LV��

�� /HW [ D tX IRU�VRPH t VXFK�WKDW 0 ' t ' 1� 6LQFH T LV�OLQHDU� T .tX/ D t T .X/� ZKLFK
LV�D�SRLQW�RQ�WKH�OLQH�VHJPHQW�EHWZHHQ � DQG T .X/�

:KHQHYHU�D�OLQHDU�WUDQVIRUPDWLRQ T DULVHV�JHRPHWULFDOO\�RU�LV�GHVFULEHG�LQ�ZRUGV� ZH
XVXDOO\�ZDQW�D�´IRUPXODµ�IRU T .[/� 7KH�GLVFXVVLRQ�WKDW�IROORZV�VKRZV�WKDW�HYHU\�OLQHDU
WUDQVIRUPDWLRQ�IURP Rn WR Rm LV�DFWXDOO\�D�PDWUL[�WUDQVIRUPDWLRQ [ 7!A[ DQG�WKDW
LPSRUWDQW�SURSHUWLHV�RI T DUH�LQWLPDWHO\�UHODWHG�WR�IDPLOLDU�SURSHUWLHV�RI A� 7KH�NH\�WR
ÀQGLQJ A LV�WR�REVHUYH�WKDW T LV�FRPSOHWHO\�GHWHUPLQHG�E\�ZKDW�LW�GRHV�WR�WKH�FROXPQV
RI�WKH n # n LGHQWLW\�PDWUL[ In�

7KH�FROXPQV�RI I2 D
#

1 0
0 1

$
DUH H1 D

#
1
0

$
DQG H2 D

#
0
1

$
� 6XS�

SRVH T LV�D�OLQHDU�WUDQVIRUPDWLRQ�IURP R2 LQWR R3 VXFK�WKDW

T .H1/ D

2
4

5
"7

2

3
5 DQG T .H2/ D

2
4

"3
8
0

3
5

:LWK�QR�DGGLWLRQDO�LQIRUPDWLRQ� ÀQG�D�IRUPXOD�IRU�WKH�LPDJH�RI�DQ�DUELWUDU\ [ LQ R2�

x1

x2
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7KH�0DWUL[�RI�D�/LQHDU�7UDQVIRUPDWLRQ

:ULWH

[ D
#

x1

x2

$
D x1

#
1
0

$
C x2

#
0
1

$
D x1H1 C x2H2 ���

6LQFH T LV�D OLQHDU WUDQVIRUPDWLRQ�

T .[/ D x1T .H1/ C x2T .H2/ ���

D x1

2
4

5
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2

3
5C x2

2
4

"3
8
0

3
5 D
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5x1 " 3x2

"7x1 C 8x2

2x1 C 0

3
5

7KH�VWHS�IURP�HTXDWLRQ�����WR�HTXDWLRQ�����H[SODLQV�ZK\�NQRZOHGJH�RI T .H1/ DQG
T .H2/ LV�VXIÀFLHQW�WR�GHWHUPLQH T .[/ IRU�DQ\ [� 0RUHRYHU� VLQFH�����H[SUHVVHV T .[/ DV
D�OLQHDU�FRPELQDWLRQ�RI�YHFWRUV� ZH�FDQ�SXW�WKHVH�YHFWRUV�LQWR�WKH�FROXPQV�RI�D�PDWUL[
A DQG�ZULWH�����DV

T .[/ D
%

T .H1/ T .H2/
& # x1

x2

$
D A[

/HW T W Rn ! Rm EH�D�OLQHDU�WUDQVIRUPDWLRQ� 7KHQ�WKHUH�H[LVWV�D�XQLTXH�PDWUL[
A VXFK�WKDW

T .[/ D A[ IRU�DOO [ LQ Rn

,Q�IDFW� A LV�WKH m # n PDWUL[�ZKRVH j WK�FROXPQ�LV�WKH�YHFWRU T .Hj /� ZKHUH Hj LV
WKH j WK�FROXPQ�RI�WKH�LGHQWLW\�PDWUL[�LQ Rn�

A D
%

T .H1/ ! ! ! T .Hn/
&

���

:ULWH [ D In[ D Œ H1 ! ! ! Hn ![ D x1H1 C ! ! ! C xnHn� DQG�XVH�WKH�OLQHDULW\
RI T WR�FRPSXWH

T .[/ D T .x1H1 C ! ! ! C xnHn/ D x1T .H1/ C ! ! ! C xnT .Hn/

D
%

T .H1/ ! ! ! T .Hn/
&
2
64

x1

:::
xn

3
75 D A[

7KH�XQLTXHQHVV�RI A LV�WUHDWHG�LQ�([HUFLVH����

7KH�PDWUL[ A LQ�����LV�FDOOHG�WKH VWDQGDUG�PDWUL[�IRU�WKH�OLQHDU�WUDQVIRUPD�
WLRQ T �

:H�NQRZ�QRZ�WKDW�HYHU\�OLQHDU�WUDQVIRUPDWLRQ�IURP Rn WR Rm FDQ�EH�YLHZHG�DV
D�PDWUL[�WUDQVIRUPDWLRQ� DQG�YLFH�YHUVD� 7KH�WHUP OLQHDU�WUDQVIRUPDWLRQ IRFXVHV�RQ�D
SURSHUW\�RI�D�PDSSLQJ� ZKLOH PDWUL[�WUDQVIRUPDWLRQ GHVFULEHV�KRZ�VXFK�D�PDSSLQJ�LV
LPSOHPHQWHG� DV�([DPSOHV ��DQG���LOOXVWUDWH�

)LQG�WKH�VWDQGDUG�PDWUL[A IRU�WKH�GLODWLRQ�WUDQVIRUPDWLRQ T .[/ D 3[�
IRU [ LQ R2�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

:ULWH

T .H1/ D 3H1 D
#

3
0

$
DQG T .H2/ D 3H2 D

#
0
3

$

# #

A D
#

3 0
0 3

$

/HW T W R2 ! R2 EH�WKH�WUDQVIRUPDWLRQ�WKDW�URWDWHV�HDFK�SRLQW�LQ
R2 DERXW�WKH�RULJLQ�WKURXJK�DQ�DQJOH '� ZLWK�FRXQWHUFORFNZLVH�URWDWLRQ�IRU�D�SRVLWLYH
DQJOH� :H�FRXOG�VKRZ�JHRPHWULFDOO\�WKDW�VXFK�D�WUDQVIRUPDWLRQ�LV�OLQHDU� �6HH�)LJ� ��LQ
6HFWLRQ ����� )LQG�WKH�VWDQGDUG�PDWUL[ A RI�WKLV�WUDQVIRUPDWLRQ�

#
1
0

$
URWDWHV�LQWR

#
FRV'
VLQ '

$
� DQG

#
0
1

$
URWDWHV�LQWR

#
" VLQ '
FRV'

$
� 6HH�)LJ� ��

%\�7KHRUHP����

A D
#
FRV' " VLQ '
VLQ ' FRV'

$

([DPSOH���LQ�6HFWLRQ ����LV�D�VSHFLDO�FDVH�RI�WKLV�WUDQVIRUPDWLRQ� ZLWK ' D "=2�

(– sin ϕ, cos ϕ)

(cos ϕ, sin ϕ)

(1, 0)

(0, 1)

ϕ

ϕ x1

x2

$ URWDWLRQ�WUDQVIRUPDWLRQ�

*HRPHWULF�/LQHDU�7UDQVIRUPDWLRQV�RI R2

([DPSOHV���DQG���LOOXVWUDWH�OLQHDU�WUDQVIRUPDWLRQV�WKDW�DUH�GHVFULEHG�JHRPHWULFDOO\�
7DEOHV ��²�� LOOXVWUDWH �RWKHU �FRPPRQ�JHRPHWULF � OLQHDU � WUDQVIRUPDWLRQV �RI � WKH �SODQH�
%HFDXVH�WKH�WUDQVIRUPDWLRQV�DUH�OLQHDU� WKH\�DUH�GHWHUPLQHG�FRPSOHWHO\�E\�ZKDW�WKH\
GR�WR�WKH�FROXPQV�RI I2� ,QVWHDG�RI�VKRZLQJ�RQO\�WKH�LPDJHV�RI H1 DQG H2� WKH�WDEOHV
VKRZ�ZKDW�D�WUDQVIRUPDWLRQ�GRHV�WR�WKH�XQLW�VTXDUH��)LJ� ���

2WKHU � WUDQVIRUPDWLRQV �FDQ �EH �FRQVWUXFWHG � IURP� WKRVH � OLVWHG � LQ �7DEOHV ��²� �E\
DSSO\LQJ�RQH�WUDQVIRUPDWLRQ�DIWHU�DQRWKHU� )RU�LQVWDQFH� D�KRUL]RQWDO�VKHDU�FRXOG�EH
IROORZHG�E\�D�UHÁHFWLRQ�LQ�WKH x2�D[LV� 6HFWLRQ ����ZLOO�VKRZ�WKDW�VXFK�D FRPSRVLWLRQ
RI�OLQHDU�WUDQVIRUPDWLRQV�LV�OLQHDU� �$OVR� VHH�([HUFLVH�����
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0

7KH�XQLW�VTXDUH�

([LVWHQFH�DQG�8QLTXHQHVV�4XHVWLRQV

7KH�FRQFHSW�RI�D�OLQHDU�WUDQVIRUPDWLRQ�SURYLGHV�D�QHZ�ZD\�WR�XQGHUVWDQG�WKH�H[LVWHQFH
DQG�XQLTXHQHVV�TXHVWLRQV�DVNHG�HDUOLHU� 7KH�WZR�GHÀQLWLRQV�IROORZLQJ�7DEOHV��²��JLYH
WKH�DSSURSULDWH�WHUPLQRORJ\�IRU�WUDQVIRUPDWLRQV�



7KH�0DWUL[�RI�D�/LQHDU�7UDQVIRUPDWLRQ

7UDQVIRUPDWLRQ ,PDJH�RI�WKH�8QLW�6TXDUH 6WDQGDUG�0DWUL[
5HÁHFWLRQ�WKURXJK
WKH x1�D[LV
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$

5HÁHFWLRQ�WKURXJK
WKH x2�D[LV
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$

5HÁHFWLRQ�WKURXJK
WKH�OLQH x2 D x1

x1

x2

x2 =  x1
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5HÁHFWLRQ�WKURXJK
WKH�OLQH x2 D "x1
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7UDQVIRUPDWLRQ ,PDJH�RI�WKH�8QLW�6TXDUH 6WDQGDUG�0DWUL[
+RUL]RQWDO
FRQWUDFWLRQ
DQG�H[SDQVLRQ
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k
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7UDQVIRUPDWLRQ ,PDJH�RI�WKH�8QLW�6TXDUH 6WDQGDUG�0DWUL[
+RUL]RQWDO�VKHDU
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7UDQVIRUPDWLRQ ,PDJH�RI�WKH�8QLW�6TXDUH 6WDQGDUG�0DWUL[
3URMHFWLRQ�RQWR
WKH x1�D[LV
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3URMHFWLRQ�RQWR
WKH x2�D[LV
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#
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$ PDSSLQJ T W Rn ! Rm LV�VDLG�WR�EH RQWR Rm LI�HDFK E LQ Rm LV�WKH�LPDJH�RI
DW�OHDVW�RQH [ LQ Rn�

(TXLYDOHQWO\� T LV�RQWR Rm ZKHQ�WKH�UDQJH�RI T LV�DOO�RI�WKH�FRGRPDLQ Rm� 7KDW�LV�
T PDSV Rn RQWR Rm LI� IRU�HDFK E LQ�WKH�FRGRPDLQ Rm� WKHUH�H[LVWV�DW�OHDVW�RQH�VROXWLRQ
RI T .[/ D E� ´'RHV T PDS Rn RQWR Rm"µ LV�DQ�H[LVWHQFH�TXHVWLRQ� 7KH�PDSSLQJ T LV
QRW RQWR�ZKHQ�WKHUH�LV�VRPH E LQ Rm IRU�ZKLFK�WKH�HTXDWLRQ T .[/ D E KDV�QR�VROXWLRQ�
6HH�)LJ� ��

!m

Domain Range
T T

!
n

!
n

Domain

!m

Range

T is not onto !m T is onto !m

,V�WKH�UDQJH�RI T DOO�RI Rm"

$ PDSSLQJ T W Rn ! Rm LV�VDLG�WR�EH RQH�WR�RQH LI�HDFK E LQ Rm LV�WKH�LPDJH
RI DW�PRVW�RQH [ LQ Rn�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

(TXLYDOHQWO\� T LV�RQH�WR�RQH�LI� IRU�HDFK E LQRm� WKH�HTXDWLRQ T .[/ D E KDV�HLWKHU
D�XQLTXH�VROXWLRQ�RU�QRQH�DW�DOO� ´,V T RQH�WR�RQH"µ LV�D�XQLTXHQHVV�TXHVWLRQ� 7KH
PDSSLQJ T LV QRW RQH�WR�RQH�ZKHQ�VRPH E LQ Rm LV�WKH�LPDJH�RI�PRUH�WKDQ�RQH�YHFWRU
LQ Rn� ,I�WKHUH�LV�QR�VXFK E� WKHQ T LV�RQH�WR�RQH� 6HH�)LJ� ��

Domain
Range

Domain
Range

0

T

T is not one-to-one

0 0

T is one-to-one

T

0

!
n

!
n!m !m

,V�HYHU\ E WKH�LPDJH�RI�DW�PRVW�RQH�YHFWRU"

7KH SURMHFWLRQ�WUDQVIRUPDWLRQV�VKRZQ�LQ�7DEOH���DUH QRW RQH�WR�RQH�DQG�GR QRWPDS
SG

R2 RQWR R2� 7KH�WUDQVIRUPDWLRQV�LQ�7DEOHV��� �� DQG���DUH�RQH�WR�RQH DQG GR�PDS R2

RQWR R2� 2WKHU�SRVVLELOLWLHV�DUH�VKRZQ�LQ�WKH�WZR�H[DPSOHV�EHORZ�
([DPSOH���DQG�WKH�WKHRUHPV�WKDW�IROORZ�VKRZ�KRZ�WKH�IXQFWLRQ�SURSHUWLHV�RI�EHLQJ

RQH�WR�RQH�DQG�PDSSLQJ�RQWR�DUH�UHODWHG�WR�LPSRUWDQW�FRQFHSWV�VWXGLHG�HDUOLHU�LQ�WKLV
FKDSWHU�

/HW T EH�WKH�OLQHDU�WUDQVIRUPDWLRQ�ZKRVH�VWDQGDUG�PDWUL[�LV

A D

2
4

1 "4 8 1
0 2 "1 3
0 0 0 5

3
5

'RHV T PDS R4 RQWR R3" ,V T D�RQH�WR�RQH�PDSSLQJ"

6LQFH A KDSSHQV�WR�EH�LQ�HFKHORQ�IRUP� ZH�FDQ�VHH�DW�RQFH�WKDW A KDV�D
SLYRW�SRVLWLRQ�LQ�HDFK�URZ� %\�7KHRUHP���LQ�6HFWLRQ ���� IRU�HDFK E LQ R3� WKH�HTXDWLRQ
A[ D E LV�FRQVLVWHQW� ,Q�RWKHU�ZRUGV� WKH�OLQHDU�WUDQVIRUPDWLRQ T PDSV R4 �LWV�GRPDLQ�
RQWR R3� +RZHYHU� VLQFH�WKH�HTXDWLRQ A[ D E KDV�D�IUHH�YDULDEOH��EHFDXVH�WKHUH�DUH
IRXU�YDULDEOHV�DQG�RQO\�WKUHH�EDVLF�YDULDEOHV�� HDFK E LV�WKH�LPDJH�RI�PRUH�WKDQ�RQH [�
7KDW�LV� T LV QRW RQH�WR�RQH�

/HW T W Rn ! Rm EH�D�OLQHDU�WUDQVIRUPDWLRQ� 7KHQ T LV�RQH�WR�RQH�LI�DQG�RQO\�LI
WKH�HTXDWLRQ T .[/ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ�

6LQFH T LV�OLQHDU� T .�/ D �� ,I T LV�RQH�WR�RQH� WKHQ�WKH�HTXDWLRQ T .[/ D �
KDV�DW�PRVW�RQH�VROXWLRQ�DQG�KHQFH�RQO\�WKH�WULYLDO�VROXWLRQ� ,I T LV�QRW�RQH�WR�RQH� WKHQ
WKHUH�LV�D E WKDW�LV�WKH�LPDJH�RI�DW�OHDVW�WZR�GLIIHUHQW�YHFWRUV�LQ Rn³VD\� X DQG Y� 7KDW
LV� T .X/ D E DQG T .Y/ D E� %XW�WKHQ� VLQFH T LV�OLQHDU�

T .X " Y/ D T .X/ " T .Y/ D E " E D �

7KH�YHFWRU X " Y LV�QRW�]HUR� VLQFH X ¤ Y� +HQFH�WKH�HTXDWLRQ T .[/ D � KDV�PRUH�WKDQ
RQH�VROXWLRQ� 6R� HLWKHU�WKH�WZR�FRQGLWLRQV�LQ�WKH�WKHRUHP�DUH�ERWK�WUXH�RU�WKH\�DUH�ERWK
IDOVH�



7KH�0DWUL[�RI�D�/LQHDU�7UDQVIRUPDWLRQ

/HW T W Rn ! Rm EH�D�OLQHDU�WUDQVIRUPDWLRQ�DQG�OHW A EH�WKH�VWDQGDUG�PDWUL[�IRU
T � 7KHQ�

D� T PDSV Rn RQWR Rm LI�DQG�RQO\�LI�WKH�FROXPQV�RI A VSDQ Rm�
E� T LV�RQH�WR�RQH�LI�DQG�RQO\�LI�WKH�FROXPQV�RI A DUH�OLQHDUO\�LQGHSHQGHQW�

D� %\�7KHRUHP���LQ�6HFWLRQ ���� WKH�FROXPQV�RI A VSDQ Rm LI�DQG�RQO\�LI�IRU�HDFK E
LQ Rm WKH�HTXDWLRQ A[ D E LV�FRQVLVWHQW³LQ�RWKHU�ZRUGV� LI�DQG�RQO\�LI�IRU�HYHU\ E�
WKH�HTXDWLRQ T .[/ D E KDV�DW�OHDVW�RQH�VROXWLRQ� 7KLV�LV�WUXH�LI�DQG�RQO\�LI T PDSV
Rn RQWR Rm�

E� 7KH�HTXDWLRQV T .[/ D � DQG A[ D � DUH�WKH�VDPH�H[FHSW�IRU�QRWDWLRQ� 6R� E\
7KHRUHP���� T LV�RQH�WR�RQH�LI�DQG�RQO\�LI A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ�
7KLV�KDSSHQV�LI�DQG�RQO\�LI�WKH�FROXPQV�RIA DUH�OLQHDUO\�LQGHSHQGHQW� DV�ZDV�DOUHDG\
QRWHG�LQ�WKH�ER[HG�VWDWHPHQW�����LQ�6HFWLRQ ����

6WDWHPHQW��D��LQ�7KHRUHP����LV�HTXLYDOHQW�WR�WKH�VWDWHPHQW�´T PDSV Rn RQWR Rm

LI�DQG�RQO\�LI�HYHU\�YHFWRU�LQ Rm LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A�µ 6HH
7KHRUHP���LQ�6HFWLRQ ����

,Q�WKH�QH[W�H[DPSOH�DQG�LQ�VRPH�H[HUFLVHV�WKDW�IROORZ� FROXPQ�YHFWRUV�DUH�ZULWWHQ�LQ
URZV� VXFK�DV [ D .x1; x2/� DQG T .[/ LV�ZULWWHQ�DV T .x1; x2/ LQVWHDG�RI�WKH�PRUH�IRUPDO
T ..x1; x2//�

/HW T .x1; x2/ D .3x1 C x2� 5x1 C 7x2� x1 C 3x2/� 6KRZ�WKDW T LV�D
RQH�WR�RQH�OLQHDU�WUDQVIRUPDWLRQ� 'RHV T PDS R2 RQWR R3"

:KHQ [ DQG T .[/ DUH�ZULWWHQ�DV�FROXPQ�YHFWRUV� \RX�FDQ�GHWHUPLQH�WKH
VWDQGDUG�PDWUL[�RI T E\�LQVSHFWLRQ� YLVXDOL]LQJ�WKH�URZ²YHFWRU�FRPSXWDWLRQ�RI�HDFK
HQWU\�LQ A[�

T .[/ D

2
4

3x1 C x2

5x1 C 7x2

x1 C 3x2

3
5 D

2
4
" "
" "
" "

3
5
#

x1

x2

$
D

2
4

3 1
5 7
1 3

3
5
#

x1

x2

$
���

A

6R T LV�LQGHHG�D�OLQHDU�WUDQVIRUPDWLRQ� ZLWK�LWV�VWDQGDUG�PDWUL[ A VKRZQ�LQ����� 7KH
FROXPQV�RI A DUH�OLQHDUO\�LQGHSHQGHQW�EHFDXVH�WKH\�DUH�QRW�PXOWLSOHV� %\�7KHRUHP
���E�� T LV�RQH�WR�RQH� 7R�GHFLGH�LI T LV�RQWR R3� H[DPLQH�WKH�VSDQ�RI�WKH�FROXPQV�RI
A� 6LQFH A LV 3 # 2� WKH�FROXPQV�RI A VSDQ R3 LI�DQG�RQO\�LI A KDV���SLYRW�SRVLWLRQV�
E\�7KHRUHP��� 7KLV�LV�LPSRVVLEOH� VLQFH A KDV�RQO\���FROXPQV� 6R�WKH�FROXPQV�RI A GR
QRW�VSDQ R3� DQG�WKH�DVVRFLDWHG�OLQHDU�WUDQVIRUPDWLRQ�LV�QRW�RQWR R3�

T
T

e2

e1

x3

x1

x1

x2

a2

a1

Span{a1, a2}

7KH�WUDQVIRUPDWLRQ T LV�QRW
RQWR R3�

/HW T W R2 ! R2 EH�WKH�WUDQVIRUPDWLRQ�WKDW�ÀUVW�SHUIRUPV�D�KRUL]RQWDO�VKHDU�WKDW�PDSV
H2 LQWR H2 " :5H1 �EXW�OHDYHV H1 XQFKDQJHG��DQG�WKHQ�UHÁHFWV�WKH�UHVXOW�WKURXJK�WKH x2�
D[LV� $VVXPLQJ�WKDW T LV�OLQHDU� ÀQG�LWV�VWDQGDUG�PDWUL[� >+LQW� 'HWHUPLQH�WKH�ÀQDO
ORFDWLRQ�RI�WKH�LPDJHV�RI H1 DQG H2�@



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

,Q�([HUFLVHV��²��� DVVXPH�WKDW T LV�D�OLQHDU�WUDQVIRUPDWLRQ� )LQG
WKH�VWDQGDUG�PDWUL[�RI T �

�� T W R2 ! R4� T .H1/ D .3; 1; 3; 1/� DQGT .H2/ D ."5; 2; 0; 0/�
ZKHUH H1 D .1; 0/ DQG H2 D .0; 1/�

�� T W R3 ! R2� T .H1/ D .1; 4/� T .H2/ D ."2; 9/� DQG
T .H3/ D .3; "8/� ZKHUH H1� H2� DQG H3 DUH�WKH�FROXPQV�RI
WKH 3 # 3 LGHQWLW\�PDWUL[�

�� T W R2 ! R2 LV�D�YHUWLFDO�VKHDU�WUDQVIRUPDWLRQ�WKDW�PDSV H1

LQWR H1 " 3H2� EXW�OHDYHV H2 XQFKDQJHG�

�� T W R2 ! R2 LV�D�KRUL]RQWDO�VKHDU�WUDQVIRUPDWLRQ�WKDW�OHDYHV
H1 XQFKDQJHG�DQG�PDSV H2 LQWR H2 C 2H1�

�� T W R2 ! R2 URWDWHV�SRLQWV��DERXW�WKH�RULJLQ��WKURXJK "=2
UDGLDQV��FRXQWHUFORFNZLVH��

�� T W R2 ! R2 URWDWHV � SRLQWV � �DERXW � WKH � RULJLQ� � WKURXJK
"3"=2 UDGLDQV��FORFNZLVH��

�� T W R2 ! R2 ÀUVW � URWDWHV � SRLQWV � WKURXJK "3"=4 UDGLDQV
�FORFNZLVH��DQG�WKHQ�UHÁHFWV�SRLQWV�WKURXJK�WKH�KRUL]RQWDO
x1�D[LV� >+LQW� T .H1/ D ."1=

p
2; 1=

p
2/�@

�� T W R2 ! R2 ÀUVW �SHUIRUPV�D�KRUL]RQWDO �VKHDU � WKDW � WUDQV�
IRUPV H2 LQWR H2 C 2H1 �OHDYLQJ H1 XQFKDQJHG��DQG�WKHQ�UH�
ÁHFWV�SRLQWV�WKURXJK�WKH�OLQH x2 D "x1�

�� T W R2 ! R2 ÀUVW�UHÁHFWV�SRLQWV�WKURXJK�WKH�KRUL]RQWDO x1�
D[LV�DQG�WKHQ�URWDWHV�SRLQWV ""=2 UDGLDQV�

��� T W R2 ! R2 ÀUVW�UHÁHFWV�SRLQWV�WKURXJK�WKH�KRUL]RQWDO x1�
D[LV�DQG�WKHQ�UHÁHFWV�SRLQWV�WKURXJK�WKH�OLQH x2 D x1�

��� $ OLQHDU � WUDQVIRUPDWLRQ T W R2 ! R2 ÀUVW � UHÁHFWV �SRLQWV
WKURXJK�WKH x1�D[LV�DQG�WKHQ�UHÁHFWV�SRLQWV�WKURXJK�WKH x2�
D[LV� 6KRZ�WKDW T FDQ�DOVR�EH�GHVFULEHG�DV�D�OLQHDU�WUDQVIRU�
PDWLRQ�WKDW�URWDWHV�SRLQWV�DERXW�WKH�RULJLQ� :KDW�LV�WKH�DQJOH
RI�WKDW�URWDWLRQ"

��� 6KRZ�WKDW � WKH � WUDQVIRUPDWLRQ� LQ �([HUFLVH ���� LV �PHUHO\ �D
URWDWLRQ�DERXW�WKH�RULJLQ� :KDW�LV�WKH�DQJOH�RI�WKH�URWDWLRQ"

��� /HWT W R2 ! R2 EH�WKH�OLQHDU�WUDQVIRUPDWLRQ�VXFK�WKDWT .H1/
DQG T .H2/ DUH�WKH�YHFWRUV�VKRZQ�LQ�WKH�ÀJXUH� 8VLQJ�WKH
ÀJXUH� VNHWFK�WKH�YHFWRU T .2; 1/�

T(e1) T(e2)

x1

x2

��� /HW T W R2 ! R2 EH�D�OLQHDU�WUDQVIRUPDWLRQ�ZLWK�VWDQGDUG
PDWUL[ A D Œ D1 D2 !� ZKHUH D1 DQG D2 DUH�VKRZQ�LQ�WKH
ÀJXUH�DW�WKH�WRS�RI�FROXPQ��� 8VLQJ�WKH�ÀJXUH� GUDZ�WKH

LPDJH�RI
#

1
"2

$
XQGHU�WKH�WUDQVIRUPDWLRQ T �

x2

x1

a1

a2

,Q�([HUFLVHV����DQG���� ÀOO�LQ�WKH�PLVVLQJ�HQWULHV�RI�WKH�PDWUL[�
DVVXPLQJ�WKDW�WKH�HTXDWLRQ�KROGV�IRU�DOO�YDOXHV�RI�WKH�YDULDEOHV�
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5 D
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3x1 " 2x2

x1 C 4x2

x2

3
5

,Q�([HUFLVHV���²��� VKRZ�WKDW T LV�D�OLQHDU�WUDQVIRUPDWLRQ�E\
ÀQGLQJ�D�PDWUL[�WKDW�LPSOHPHQWV�WKH�PDSSLQJ� 1RWH�WKDW x1; x2; : : :
DUH�QRW�YHFWRUV�EXW�DUH�HQWULHV�LQ�YHFWRUV�

��� T .x1; x2; x3; x4/ D .x1 C 2x2; 0; 2x2 C x4; x2 " x4/

��� T .x1; x2/ D .x1 C 4x2; 0; x1 " 3x2; x1/

��� T .x1; x2; x3/ D .x1 " 5x2 C 4x3; x2 " 6x3/

��� T .x1; x2; x3; x4/ D 3x1 C 4x3 " 2x4 �1RWLFH� T W R4 ! R/

��� /HW T W R2 ! R2 EH � D � OLQHDU � WUDQVIRUPDWLRQ � VXFK � WKDW
T .x1; x2/ D .x1 C x2; 4x1 C 5x2/� )LQG [ VXFK�WKDW T .[/ D
.3; 8/�

��� /HW T W R2 ! R3 EH � D � OLQHDU � WUDQVIRUPDWLRQ � ZLWK
T .x1; x2/ D .2x1 " x2; "3x1 C x2; 2x1 " 3x2/� )LQG [ VXFK
WKDW T .[/ D .0; "1; "4/�

,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

��� D� $ OLQHDU�WUDQVIRUPDWLRQ T W Rn ! Rm LV�FRPSOHWHO\�GH�
WHUPLQHG�E\�LWV�HIIHFW�RQ�WKH�FROXPQV�RI�WKH n # n LGHQWLW\
PDWUL[�

E� ,I T W R2 ! R2 URWDWHV�YHFWRUV�DERXW�WKH�RULJLQ�WKURXJK
DQ�DQJOH '� WKHQ T LV�D�OLQHDU�WUDQVIRUPDWLRQ�

F� :KHQ�WZR�OLQHDU�WUDQVIRUPDWLRQV�DUH�SHUIRUPHG�RQH�DIWHU
DQRWKHU� WKH�FRPELQHG�HIIHFW�PD\�QRW�DOZD\V�EH�D�OLQHDU
WUDQVIRUPDWLRQ�

G� $ PDSSLQJ T W Rn ! Rm LV�RQWR Rm LI�HYHU\�YHFWRU [ LQ
Rn PDSV�RQWR�VRPH�YHFWRU�LQ Rm�

H� ,I A LV�D 3 # 2 PDWUL[� WKHQ�WKH�WUDQVIRUPDWLRQ [ 7! A[
FDQQRW�EH�RQH�WR�RQH�

��� D� ,I A LV�D 4 # 3 PDWUL[� WKHQ�WKH�WUDQVIRUPDWLRQ [ 7! A[
PDSV R3 RQWR R4�



7KH�0DWUL[�RI�D�/LQHDU�7UDQVIRUPDWLRQ

E� (YHU\�OLQHDU�WUDQVIRUPDWLRQ�IURP Rn WR Rm LV�D�PDWUL[
WUDQVIRUPDWLRQ�

F� 7KH�FROXPQV�RI�WKH�VWDQGDUG�PDWUL[�IRU�D�OLQHDU�WUDQVIRU�
PDWLRQ�IURP Rn WR Rm DUH�WKH�LPDJHV�RI�WKH�FROXPQV�RI
WKH n # n LGHQWLW\�PDWUL[�XQGHU T �

G� $ PDSSLQJ T W Rn ! Rm LV�RQH�WR�RQH�LI�HDFK�YHFWRU�LQ
Rn PDSV�RQWR�D�XQLTXH�YHFWRU�LQ Rm�

H� 7KH�VWDQGDUG�PDWUL[�RI�D�KRUL]RQWDO�VKHDU�WUDQVIRUPDWLRQ
IURP R2 WR R2 KDV�WKH�IRUP

#
a 0
0 d

$
� ZKHUH a DQG d

DUH ˙1�

,Q�([HUFLVHV���²��� GHWHUPLQH�LI�WKH�VSHFLÀHG�OLQHDU�WUDQVIRUPD�
WLRQ�LV��D��RQH�WR�RQH�DQG��E��RQWR� -XVWLI\�HDFK�DQVZHU�

��� 7KH�WUDQVIRUPDWLRQ�LQ�([HUFLVH���

��� 7KH�WUDQVIRUPDWLRQ�LQ�([HUFLVH��

��� 7KH�WUDQVIRUPDWLRQ�LQ�([HUFLVH���

��� 7KH�WUDQVIRUPDWLRQ�LQ�([HUFLVH���

,Q�([HUFLVHV����DQG���� GHVFULEH�WKH�SRVVLEOH�HFKHORQ�IRUPV�RI�WKH
VWDQGDUG�PDWUL[�IRU�D�OLQHDU�WUDQVIRUPDWLRQ T � 8VH�WKH�QRWDWLRQ�RI
([DPSOH���LQ�6HFWLRQ ����

��� T W R3 ! R4 LV�RQH�WR�RQH� ��� T W R4 ! R3 LV�RQWR�

��� /HW T W Rn ! Rm EH �D � OLQHDU � WUDQVIRUPDWLRQ� ZLWK A LWV
VWDQGDUG�PDWUL[� &RPSOHWH�WKH�IROORZLQJ�VWDWHPHQW�WR�PDNH
LW�WUXH� ´T LV�RQH�WR�RQH�LI�DQG�RQO\�LI A KDV SLYRW
FROXPQV�µ ([SODLQ�ZK\�WKH�VWDWHPHQW�LV�WUXH� >+LQW� /RRN
LQ�WKH�H[HUFLVHV�IRU�6HFWLRQ ����@

��� /HW T W Rn ! Rm EH �D � OLQHDU � WUDQVIRUPDWLRQ� ZLWK A LWV
VWDQGDUG�PDWUL[� &RPSOHWH�WKH�IROORZLQJ�VWDWHPHQW�WR�PDNH
LW�WUXH� ´T PDSV Rn RQWR Rm LI�DQG�RQO\�LI A KDV
SLYRW�FROXPQV�µ )LQG�VRPH�WKHRUHPV�WKDW�H[SODLQ�ZK\�WKH
VWDWHPHQW�LV�WUXH�

��� 9HULI\�WKH�XQLTXHQHVV�RIA LQ�7KHRUHP���� /HW T W Rn ! Rm

EH�D�OLQHDU�WUDQVIRUPDWLRQ�VXFK�WKDW T .[/ D B[ IRU�VRPH
m # n PDWUL[ B � 6KRZ�WKDW�LI A LV�WKH�VWDQGDUG�PDWUL[�IRU
T � WKHQ A D B � >+LQW� 6KRZ�WKDW A DQG B KDYH�WKH�VDPH
FROXPQV�@

��� /HW S W Rp ! Rn DQG T W Rn ! Rm EH�OLQHDU�WUDQVIRUPD�
WLRQV� 6KRZ�WKDW�WKH�PDSSLQJ [ 7! T .S.[// LV�D�OLQHDU�WUDQV�
IRUPDWLRQ��IURPRp WRRm�� >+LQW� &RPSXWHT .S.cX C dY//
IRU X; Y LQ Rp DQG�VFDODUV c DQG d � -XVWLI\�HDFK�VWHS�RI
WKH�FRPSXWDWLRQ� DQG�H[SODLQ�ZK\�WKLV�FRPSXWDWLRQ�JLYHV�WKH
GHVLUHG�FRQFOXVLRQ�@

��� ,I�D�OLQHDU�WUDQVIRUPDWLRQ T W Rn ! Rm PDSV Rn RQWR Rm�
FDQ�\RX�JLYH�D�UHODWLRQ�EHWZHHQ m DQG n" ,I T LV�RQH�WR�RQH�
ZKDW�FDQ�\RX�VD\�DERXW m DQG n"

��� :K\�LV�WKH�TXHVWLRQ�´,V�WKH�OLQHDU�WUDQVIRUPDWLRQ T RQWR"µ
DQ�H[LVWHQFH�TXHVWLRQ"

>0@ ,Q�([HUFLVHV���²��� OHW T EH�WKH�OLQHDU�WUDQVIRUPDWLRQ�ZKRVH
VWDQGDUG�PDWUL[�LV�JLYHQ� ,Q�([HUFLVHV����DQG���� GHFLGH�LI T LV
D�RQH�WR�RQH�PDSSLQJ� ,Q�([HUFLVHV����DQG���� GHFLGH�LI T PDSV
R5 RQWR R5� -XVWLI\�\RXU�DQVZHUV�
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)ROORZ�ZKDW�KDSSHQV�WR H1 DQG H2� 6HH�)LJ� �� )LUVW� H1 LV�XQDIIHFWHG�E\�WKH�VKHDU�DQGWEB
WKHQ�LV�UHÁHFWHG�LQWR "H1� 6R T .H1/ D "H1� 6HFRQG� H2 JRHV�WR H2 " :5H1 E\�WKH�VKHDU
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Shear transformation Reflection through the x2-axis

7KH�FRPSRVLWLRQ�RI�WZR�WUDQVIRUPDWLRQV�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

WUDQVIRUPDWLRQ� 6LQFH�UHÁHFWLRQ�WKURXJK�WKH x2�D[LV�FKDQJHV H1 LQWR "H1 DQG�OHDYHV
H2 XQFKDQJHG� WKH�YHFWRU H2 " :5H1 JRHV�WR H2 C :5H1� 6R T .H2/ D H2 C :5H1� 7KXV�WKH
VWDQGDUG�PDWUL[�RI T LV

%
T .H1/ T .H2/

&
D
%

"H1 H2 C :5H1

&
D
#

"1 :5
0 1

$

7KH�PDWKHPDWLFDO�PRGHOV�LQ�WKLV�VHFWLRQ�DUH�DOO OLQHDU� WKDW�LV� HDFK�GHVFULEHV�D�SUREOHP
E\�PHDQV�RI�D�OLQHDU�HTXDWLRQ� XVXDOO\�LQ�YHFWRU�RU�PDWUL[�IRUP� 7KH�ÀUVW�PRGHO�FRQFHUQV
QXWULWLRQ�EXW�DFWXDOO\�LV�UHSUHVHQWDWLYH�RI�D�JHQHUDO�WHFKQLTXH�LQ�OLQHDU�SURJUDPPLQJ
SUREOHPV� 7KH�VHFRQG�PRGHO�FRPHV�IURP�HOHFWULFDO�HQJLQHHULQJ� 7KH�WKLUG�PRGHO
LQWURGXFHV�WKH�FRQFHSW�RI�D OLQHDU�GLIIHUHQFH�HTXDWLRQ� D�SRZHUIXO�PDWKHPDWLFDO�WRRO�IRU
VWXG\LQJ�G\QDPLF�SURFHVVHV�LQ�D�ZLGH�YDULHW\�RI�ÀHOGV�VXFK�DV�HQJLQHHULQJ� HFRORJ\�
HFRQRPLFV� WHOHFRPPXQLFDWLRQV� DQG�WKH�PDQDJHPHQW�VFLHQFHV� /LQHDU�PRGHOV�DUH
LPSRUWDQW�EHFDXVH�QDWXUDO�SKHQRPHQD�DUH�RIWHQ�OLQHDU�RU�QHDUO\�OLQHDU�ZKHQ�WKH�YDULDEOHV
LQYROYHG�DUH�KHOG�ZLWKLQ�UHDVRQDEOH�ERXQGV� $OVR� OLQHDU�PRGHOV�DUH�PRUH�HDVLO\�DGDSWHG
IRU�FRPSXWHU�FDOFXODWLRQ�WKDQ�DUH�FRPSOH[�QRQOLQHDU�PRGHOV�

$V�\RX�UHDG�DERXW�HDFK�PRGHO� SD\�DWWHQWLRQ�WR�KRZ�LWV�OLQHDULW\�UHÁHFWV�VRPH
SURSHUW\�RI�WKH�V\VWHP�EHLQJ�PRGHOHG�

&RQVWUXFWLQJ�D�1XWULWLRXV�:HLJKW�/RVV�'LHW
7KH�IRUPXOD�IRU�WKH�&DPEULGJH�'LHW� D�SRSXODU�GLHW�LQ�WKH�����V� ZDV�EDVHG�RQ�\HDUVWEB
RI � UHVHDUFK� $ WHDP�RI �VFLHQWLVWV �KHDGHG�E\�'U� $ODQ�+� +RZDUG�GHYHORSHG� WKLV
GLHW�DW�&DPEULGJH�8QLYHUVLW\�DIWHU�PRUH�WKDQ�HLJKW�\HDUV�RI�FOLQLFDO�ZRUN�ZLWK�REHVH
SDWLHQWV�ñ 7KH�YHU\�ORZ�FDORULH�SRZGHUHG�IRUPXOD�GLHW�FRPELQHV�D�SUHFLVH�EDODQFH
RI�FDUERK\GUDWH� KLJK�TXDOLW\�SURWHLQ� DQG�IDW� WRJHWKHU�ZLWK�YLWDPLQV� PLQHUDOV� WUDFH
HOHPHQWV� DQG�HOHFWURO\WHV� 0LOOLRQV�RI�SHUVRQV�KDYH�XVHG�WKH�GLHW�WR�DFKLHYH�UDSLG�DQG
VXEVWDQWLDO�ZHLJKW�ORVV�

7R�DFKLHYH�WKH�GHVLUHG�DPRXQWV�DQG�SURSRUWLRQV�RI�QXWULHQWV� 'U� +RZDUG�KDG�WR
LQFRUSRUDWH�D�ODUJH�YDULHW\�RI�IRRGVWXIIV�LQ�WKH�GLHW� (DFK�IRRGVWXII�VXSSOLHG�VHYHUDO�RI
WKH�UHTXLUHG�LQJUHGLHQWV� EXW�QRW�LQ�WKH�FRUUHFW�SURSRUWLRQV� )RU�LQVWDQFH� QRQIDW�PLON
ZDV�D�PDMRU�VRXUFH�RI�SURWHLQ�EXW�FRQWDLQHG�WRR�PXFK�FDOFLXP� 6R�VR\�ÁRXU�ZDV�XVHG�IRU
SDUW�RI�WKH�SURWHLQ�EHFDXVH�VR\�ÁRXU�FRQWDLQV�OLWWOH�FDOFLXP� +RZHYHU� VR\�ÁRXU�FRQWDLQV
SURSRUWLRQDOO\�WRR�PXFK�IDW� VR�ZKH\�ZDV�DGGHG�VLQFH�LW�VXSSOLHV�OHVV�IDW�LQ�UHODWLRQ�WR
FDOFLXP� 8QIRUWXQDWHO\� ZKH\�FRQWDLQV�WRR�PXFK�FDUERK\GUDWH: : : :

7KH�IROORZLQJ�H[DPSOH�LOOXVWUDWHV�WKH�SUREOHP�RQ�D�VPDOO�VFDOH� /LVWHG�LQ�7DEOH��
DUH�WKUHH�RI�WKH�LQJUHGLHQWV�LQ�WKH�GLHW� WRJHWKHU�ZLWK�WKH�DPRXQWV�RI�FHUWDLQ�QXWULHQWV
VXSSOLHG�E\�����JUDPV��J��RI�HDFK�LQJUHGLHQW�ò

,I�SRVVLEOH� ÀQG�VRPH�FRPELQDWLRQ�RI�QRQIDW�PLON� VR\�ÁRXU� DQG�ZKH\
WR�SURYLGH�WKH�H[DFW�DPRXQWV�RI�SURWHLQ� FDUERK\GUDWH� DQG�IDW�VXSSOLHG�E\�WKH�GLHW�LQ
RQH�GD\��7DEOH ���

ñ7KH�ÀUVW�DQQRXQFHPHQW�RI�WKLV�UDSLG�ZHLJKW�ORVV�UHJLPHQ�ZDV�JLYHQ�LQ�WKH ,QWHUQDWLRQDO�-RXUQDO�RI�2EHVLW\
������ �� ���²����
ò ,QJUHGLHQWV�LQ�WKH�GLHW�DV�RI������ QXWULHQW�GDWD�IRU�LQJUHGLHQWV�DGDSWHG�IURP�86'$ $JULFXOWXUDO
+DQGERRNV�1R������DQG����� �����



/LQHDU�0RGHOV�LQ�%XVLQHVV� 6FLHQFH� DQG�(QJLQHHULQJ

$PRXQWV��J��6XSSOLHG�SHU���� J�RI�,QJUHGLHQW
1XWULHQW 1RQIDW�PLON 6R\�ÁRXU :KH\

$PRXQWV��J��6XSSOLHG�E\
&DPEULGJH�'LHW�LQ�2QH�'D\

3URWHLQ �� �� �� ��
&DUERK\GUDWH �� �� �� ��
)DW � � ��� �

/HW x1� x2� DQG x3� UHVSHFWLYHO\� GHQRWH�WKH�QXPEHU�RI�XQLWV������J��RI
WKHVH�IRRGVWXIIV� 2QH�DSSURDFK�WR�WKH�SUREOHP�LV�WR�GHULYH�HTXDWLRQV�IRU�HDFK�QXWULHQW
VHSDUDWHO\� )RU�LQVWDQFH� WKH�SURGXFW

'
x1 XQLWV�RI
QRQIDW�PLON

(
!
'
SURWHLQ�SHU�XQLW
RI�QRQIDW�PLON

(

JLYHV�WKH�DPRXQW�RI�SURWHLQ�VXSSOLHG�E\ x1 XQLWV�RI�QRQIDW�PLON� 7R�WKLV�DPRXQW� ZH
ZRXOG�WKHQ�DGG�VLPLODU�SURGXFWV�IRU�VR\�ÁRXU�DQG�ZKH\�DQG�VHW�WKH�UHVXOWLQJ�VXP�HTXDO
WR�WKH�DPRXQW�RI�SURWHLQ�ZH�QHHG� $QDORJRXV�FDOFXODWLRQV�ZRXOG�KDYH�WR�EH�PDGH�IRU
HDFK�QXWULHQW�

$ PRUH�HIÀFLHQW�PHWKRG� DQG�RQH�WKDW�LV�FRQFHSWXDOO\�VLPSOHU� LV�WR�FRQVLGHU�D
´QXWULHQW�YHFWRUµ�IRU�HDFK�IRRGVWXII�DQG�EXLOG�MXVW�RQH�YHFWRU�HTXDWLRQ� 7KH�DPRXQW�RI
QXWULHQWV�VXSSOLHG�E\ x1 XQLWV�RI�QRQIDW�PLON�LV�WKH�VFDODU�PXOWLSOH

6FDODU 9HFWRU'
x1 XQLWV�RI
QRQIDW�PLON

(
!
'
QXWULHQWV�SHU�XQLW
RI�QRQIDW�PLON

(
D x1D1 ���

ZKHUH D1 LV�WKH�ÀUVW�FROXPQ�LQ�7DEOH��� /HW D2 DQG D3 EH�WKH�FRUUHVSRQGLQJ�YHFWRUV
IRU�VR\�ÁRXU�DQG�ZKH\� UHVSHFWLYHO\� DQG�OHW E EH�WKH�YHFWRU�WKDW�OLVWV�WKH�WRWDO�QXWULHQWV
UHTXLUHG��WKH�ODVW�FROXPQ�RI�WKH�WDEOH�� 7KHQ x2D2 DQG x3D3 JLYH�WKH�QXWULHQWV�VXSSOLHG
E\ x2 XQLWV�RI�VR\�ÁRXU�DQG x3 XQLWV�RI�ZKH\� UHVSHFWLYHO\� 6R�WKH�UHOHYDQW�HTXDWLRQ�LV

x1D1 C x2D2 C x3D3 D E ���

5RZ�UHGXFWLRQ�RI�WKH�DXJPHQWHG�PDWUL[�IRU�WKH�FRUUHVSRQGLQJ�V\VWHP�RI�HTXDWLRQV
VKRZV�WKDW 2

4
36 51 13 33
52 34 74 45
0 7 1�� 3

3
5 % ! ! ! %

2
4

1 0 0 :277
0 1 0 :392
0 0 1 :233

3
5

7R�WKUHH�VLJQLÀFDQW�GLJLWV� WKH�GLHW�UHTXLUHV������XQLWV�RI�QRQIDW�PLON� �����XQLWV�RI
VR\�ÁRXU� DQG������XQLWV�RI�ZKH\�LQ�RUGHU�WR�SURYLGH�WKH�GHVLUHG�DPRXQWV�RI�SURWHLQ�
FDUERK\GUDWH� DQG�IDW�

,W�LV�LPSRUWDQW�WKDW�WKH�YDOXHV�RI x1� x2� DQG x3 IRXQG�DERYH�DUH�QRQQHJDWLYH� 7KLV�LV
QHFHVVDU\�IRU�WKH�VROXWLRQ�WR�EH�SK\VLFDOO\�IHDVLEOH� �+RZ�FRXOG�\RX�XVH ":233 XQLWV�RI
ZKH\� IRU�LQVWDQFH"� :LWK�D�ODUJH�QXPEHU�RI�QXWULHQW�UHTXLUHPHQWV� LW�PD\�EH�QHFHVVDU\
WR�XVH�D�ODUJHU�QXPEHU�RI�IRRGVWXIIV�LQ�RUGHU�WR�SURGXFH�D�V\VWHP�RI�HTXDWLRQV�ZLWK�D
´QRQQHJDWLYHµ�VROXWLRQ� 7KXV�PDQ\� PDQ\�GLIIHUHQW�FRPELQDWLRQV�RI�IRRGVWXIIV�PD\
QHHG�WR�EH�H[DPLQHG�LQ�RUGHU�WR�ÀQG�D�V\VWHP�RI�HTXDWLRQV�ZLWK�VXFK�D�VROXWLRQ� ,Q
IDFW� WKH�PDQXIDFWXUHU�RI�WKH�&DPEULGJH�'LHW�ZDV�DEOH�WR�VXSSO\����QXWULHQWV�LQ�SUHFLVH
DPRXQWV�XVLQJ�RQO\����LQJUHGLHQWV�

7KH�GLHW�FRQVWUXFWLRQ�SUREOHP�OHDGV�WR�WKH OLQHDU HTXDWLRQ�����EHFDXVH�WKH�DPRXQW
RI�QXWULHQWV�VXSSOLHG�E\�HDFK�IRRGVWXII�FDQ�EH�ZULWWHQ�DV�D�VFDODU�PXOWLSOH�RI�D�YHFWRU� DV
LQ����� 7KDW�LV� WKH�QXWULHQWV�VXSSOLHG�E\�D�IRRGVWXII�DUH SURSRUWLRQDO WR�WKH�DPRXQW�RI



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

WKH�IRRGVWXII�DGGHG�WR�WKH�GLHW�PL[WXUH� $OVR� HDFK�QXWULHQW�LQ�WKH�PL[WXUH�LV�WKH VXP RI
WKH�DPRXQWV�IURP�WKH�YDULRXV�IRRGVWXIIV�

3UREOHPV�RI�IRUPXODWLQJ�VSHFLDOL]HG�GLHWV�IRU�KXPDQV�DQG�OLYHVWRFN�RFFXU�IUH�
TXHQWO\� 8VXDOO\�WKH\�DUH�WUHDWHG�E\�OLQHDU�SURJUDPPLQJ�WHFKQLTXHV� 2XU�PHWKRG�RI
FRQVWUXFWLQJ�YHFWRU�HTXDWLRQV�RIWHQ�VLPSOLÀHV�WKH�WDVN�RI�IRUPXODWLQJ�VXFK�SUREOHPV�

/LQHDU�(TXDWLRQV�DQG�(OHFWULFDO�1HWZRUNV
&XUUHQW�ÁRZ�LQ�D�VLPSOH�HOHFWULFDO�QHWZRUN�FDQ�EH�GHVFULEHG�E\�D�V\VWHP�RI�OLQHDUWEB
HTXDWLRQV� $ YROWDJH�VRXUFH�VXFK�DV�D�EDWWHU\�IRUFHV�D�FXUUHQW�RI�HOHFWURQV�WR�ÁRZ
WKURXJK�WKH�QHWZRUN� :KHQ�WKH�FXUUHQW�SDVVHV�WKURXJK�D�UHVLVWRU��VXFK�DV�D�OLJKWEXOE�RU
PRWRU�� VRPH�RI�WKH�YROWDJH�LV�´XVHG�XSµ� E\�2KP·V�ODZ� WKLV�´YROWDJH�GURSµ�DFURVV�D
UHVLVWRU�LV�JLYHQ�E\

V D RI

ZKHUH�WKH�YROWDJH V LV�PHDVXUHG�LQ YROWV� WKH�UHVLVWDQFH R LQ RKPV �GHQRWHG�E\ #�� DQG
WKH�FXUUHQW�ÁRZ I LQ DPSHUHV �DPSV� IRU�VKRUW��

7KH�QHWZRUN�LQ�)LJ� ��FRQWDLQV�WKUHH�FORVHG�ORRSV� 7KH�FXUUHQWV�ÁRZLQJ�LQ�ORRSV���
�� DQG���DUH�GHQRWHG�E\ I1; I2� DQG I3� UHVSHFWLYHO\� 7KH�GHVLJQDWHG�GLUHFWLRQV�RI�VXFK
ORRS�FXUUHQWV DUH�DUELWUDU\� ,I�D�FXUUHQW�WXUQV�RXW�WR�EH�QHJDWLYH� WKHQ�WKH�DFWXDO�GLUHFWLRQ
RI�FXUUHQW�ÁRZ�LV�RSSRVLWH�WR�WKDW�FKRVHQ�LQ�WKH�ÀJXUH� ,I�WKH�FXUUHQW�GLUHFWLRQ�VKRZQ�LV
DZD\�IURP�WKH�SRVLWLYH��ORQJHU��VLGH�RI�D�EDWWHU\�� ��DURXQG�WR�WKH�QHJDWLYH��VKRUWHU�
VLGH� WKH�YROWDJH�LV�SRVLWLYH� RWKHUZLVH� WKH�YROWDJH�LV�QHJDWLYH�

&XUUHQW�ÁRZ�LQ�D�ORRS�LV�JRYHUQHG�E\�WKH�IROORZLQJ�UXOH�

7KH�DOJHEUDLF�VXP�RI�WKH RI YROWDJH�GURSV�LQ�RQH�GLUHFWLRQ�DURXQG�D�ORRS�HTXDOV
WKH�DOJHEUDLF�VXP�RI�WKH�YROWDJH�VRXUFHV�LQ�WKH�VDPH�GLUHFWLRQ�DURXQG�WKH�ORRS�

'HWHUPLQH�WKH�ORRS�FXUUHQWV�LQ�WKH�QHWZRUN�LQ�)LJ� ��

1 Ω1 Ω

1 Ω1 Ω

4 Ω4 Ω

DC

BA

1 Ω

3 Ω

5 volts

20 volts

30 volts

I2

I1

I3

)RU�ORRS��� WKH�FXUUHQW I1 ÁRZV�WKURXJK�WKUHH�UHVLVWRUV� DQG�WKH�VXP�RI�WKH
RI YROWDJH�GURSV�LV

4I1 C 4I1 C 3I1 D .4 C 4 C 3/I1 D 11I1

&XUUHQW�IURP�ORRS���DOVR�ÁRZV�LQ�SDUW�RI�ORRS��� WKURXJK�WKH�VKRUW EUDQFK EHWZHHQ A
DQG B � 7KH�DVVRFLDWHG RI GURS�WKHUH�LV 3I2 YROWV� +RZHYHU� WKH�FXUUHQW�GLUHFWLRQ�IRU
WKH�EUDQFK $% LQ�ORRS���LV�RSSRVLWH�WR�WKDW�FKRVHQ�IRU�WKH�ÁRZ�LQ�ORRS��� VR�WKH�DOJHEUDLF
VXP�RI�DOO RI GURSV�IRU�ORRS���LV 11I1 " 3I2� 6LQFH�WKH�YROWDJH�LQ�ORRS���LV C30 YROWV�
.LUFKKRII·V�YROWDJH�ODZ�LPSOLHV�WKDW

11I1 " 3I2 D 30

7KH�HTXDWLRQ�IRU�ORRS���LV

"3I1 C 6I2 " I3 D 5

7KH�WHUP "3I1 FRPHV�IURP�WKH�ÁRZ�RI�WKH�ORRS���FXUUHQW�WKURXJK�WKH�EUDQFK $% �ZLWK
D�QHJDWLYH�YROWDJH�GURS�EHFDXVH�WKH�FXUUHQW�ÁRZ�WKHUH�LV�RSSRVLWH�WR�WKH�ÁRZ�LQ�ORRS����
7KH�WHUP 6I2 LV�WKH�VXP�RI�DOO�UHVLVWDQFHV�LQ�ORRS��� PXOWLSOLHG�E\�WKH�ORRS�FXUUHQW� 7KH
WHUP "I3 D "1 ! I3 FRPHV�IURP�WKH�ORRS���FXUUHQW�ÁRZLQJ�WKURXJK�WKH���RKP�UHVLVWRU
LQ�EUDQFK &'� LQ�WKH�GLUHFWLRQ�RSSRVLWH�WR�WKH�ÁRZ�LQ�ORRS��� 7KH�ORRS���HTXDWLRQ�LV

"I2 C 3I3 D "25



/LQHDU�0RGHOV�LQ�%XVLQHVV� 6FLHQFH� DQG�(QJLQHHULQJ

1RWH�WKDW�WKH���YROW�EDWWHU\�LQ�EUDQFK &' LV�FRXQWHG�DV�SDUW�RI�ERWK�ORRS���DQG�ORRS���
EXW�LW�LV "5 YROWV�IRU�ORRS���EHFDXVH�RI�WKH�GLUHFWLRQ�FKRVHQ�IRU�WKH�FXUUHQW�LQ�ORRS���
7KH����YROW�EDWWHU\�LV�QHJDWLYH�IRU�WKH�VDPH�UHDVRQ�

7KH�ORRS�FXUUHQWV�DUH�IRXQG�E\�VROYLQJ�WKH�V\VWHP

11I1 " 3I2 D 30

"3I1 C 6I2 " I3 D 5

" I2 C 3I3 D "25

���

5RZ�RSHUDWLRQV�RQ�WKH�DXJPHQWHG�PDWUL[�OHDG�WR�WKH�VROXWLRQ� I1 D ��DPSV� I2 D
��DPS� DQG I3 D "8 DPSV� 7KH�QHJDWLYH�YDOXH�RI I3 LQGLFDWHV�WKDW�WKH�DFWXDO�FXUUHQW
LQ�ORRS���ÁRZV�LQ�WKH�GLUHFWLRQ�RSSRVLWH�WR�WKDW�VKRZQ�LQ�)LJ� ��

,W�LV�LQVWUXFWLYH�WR�ORRN�DW�V\VWHP�����DV�D�YHFWRU�HTXDWLRQ�

I1

2
4

11
"3

0

3
5

"
U1

C I2

2
4

"3
6

"1

3
5

"
U2

C I3

2
4

0
"1

3

3
5

"
U3

D

2
4

30
5

"25

3
5

"
Y

���

7KH�ÀUVW�HQWU\�RI�HDFK�YHFWRU�FRQFHUQV�WKH�ÀUVW�ORRS� DQG�VLPLODUO\�IRU�WKH�VHFRQG�DQG
WKLUG�HQWULHV� 7KH�ÀUVW�UHVLVWRU�YHFWRU U1 OLVWV�WKH�UHVLVWDQFH�LQ�WKH�YDULRXV�ORRSV�WKURXJK
ZKLFK�FXUUHQW I1 ÁRZV� $ UHVLVWDQFH�LV�ZULWWHQ�QHJDWLYHO\�ZKHQ I1 ÁRZV�DJDLQVW�WKH
ÁRZ�GLUHFWLRQ�LQ�DQRWKHU�ORRS� ([DPLQH�)LJ� ��DQG�VHH�KRZ�WR�FRPSXWH�WKH�HQWULHV�LQ
U1� WKHQ�GR�WKH�VDPH�IRU U2 DQG U3� 7KH�PDWUL[�IRUP�RI�HTXDWLRQ�����

RL D Y; ZKHUH R D Œ U1 U2 U3 ! DQG L D

2
4

I1

I2

I3

3
5

SURYLGHV�D�PDWUL[�YHUVLRQ�RI�2KP·V�ODZ� ,I�DOO�ORRS�FXUUHQWV�DUH�FKRVHQ�LQ�WKH�VDPH
GLUHFWLRQ��VD\� FRXQWHUFORFNZLVH�� WKHQ�DOO�HQWULHV�RII�WKH�PDLQ�GLDJRQDO�RI R ZLOO�EH
QHJDWLYH�

7KH�PDWUL[�HTXDWLRQRL D YPDNHV�WKH�OLQHDULW\�RI�WKLV�PRGHO�HDV\�WR�VHH�DW�D�JODQFH�
)RU�LQVWDQFH� LI�WKH�YROWDJH�YHFWRU�LV�GRXEOHG� WKHQ�WKH�FXUUHQW�YHFWRU�PXVW�GRXEOH� $OVR�
D VXSHUSRVLWLRQ�SULQFLSOH KROGV� 7KDW�LV� WKH�VROXWLRQ�RI�HTXDWLRQ�����LV�WKH�VXP�RI�WKH
VROXWLRQV�RI�WKH�HTXDWLRQV

RL D

2
4

30
0
0

3
5; RL D

2
4

0
5
0

3
5; DQG RL D

2
4

0
0

"25

3
5

(DFK�HTXDWLRQ�KHUH�FRUUHVSRQGV�WR�WKH�FLUFXLW�ZLWK�RQO\�RQH�YROWDJH�VRXUFH��WKH�RWKHU
VRXUFHV�EHLQJ�UHSODFHG�E\�ZLUHV�WKDW�FORVH�HDFK�ORRS�� 7KH�PRGHO�IRU�FXUUHQW�ÁRZ�LV
OLQHDU SUHFLVHO\�EHFDXVH�2KP·V�ODZ�DQG�.LUFKKRII·V�ODZ�DUH�OLQHDU� 7KH�YROWDJH�GURS
DFURVV�D�UHVLVWRU�LV SURSRUWLRQDO WR�WKH�FXUUHQW�ÁRZLQJ�WKURXJK�LW��2KP�� DQG�WKH VXP RI
WKH�YROWDJH�GURSV�LQ�D�ORRS�HTXDOV�WKH�VXP�RI�WKH�YROWDJH�VRXUFHV�LQ�WKH�ORRS��.LUFKKRII��

/RRS�FXUUHQWV�LQ�D�QHWZRUN�FDQ�EH�XVHG�WR�GHWHUPLQH�WKH�FXUUHQW�LQ�DQ\�EUDQFK�RI
WKH�QHWZRUN� ,I�RQO\�RQH�ORRS�FXUUHQW�SDVVHV�WKURXJK�D�EUDQFK� VXFK�DV�IURP B WR D
LQ�)LJ� �� WKH�EUDQFK�FXUUHQW�HTXDOV�WKH�ORRS�FXUUHQW� ,I�PRUH�WKDQ�RQH�ORRS�FXUUHQW
SDVVHV�WKURXJK�D�EUDQFK� VXFK�DV�IURP A WR B � WKH�EUDQFK�FXUUHQW�LV�WKH�DOJHEUDLF�VXP
RI�WKH�ORRS�FXUUHQWV�LQ�WKH�EUDQFK��.LUFKKRII·V�FXUUHQW�ODZ�� )RU�LQVWDQFH� WKH�FXUUHQW�LQ
EUDQFK $% LV I1 " I2 D 3 " 1 D ��DPSV� LQ�WKH�GLUHFWLRQ�RI I1� 7KH�FXUUHQW�LQ�EUDQFK
&' LV I2 " I3 D ��DPSV�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

'LIIHUHQFH�(TXDWLRQV
,Q�PDQ\�ÀHOGV�VXFK�DV�HFRORJ\� HFRQRPLFV� DQG�HQJLQHHULQJ� D�QHHG�DULVHV�WR�PRGHO
PDWKHPDWLFDOO\�D�G\QDPLF�V\VWHP�WKDW�FKDQJHV�RYHU�WLPH� 6HYHUDO�IHDWXUHV�RI�WKH�V\VWHP
DUH�HDFK�PHDVXUHG�DW�GLVFUHWH�WLPH�LQWHUYDOV� SURGXFLQJ�D�VHTXHQFH�RI�YHFWRUV [0� [1�
[2; : : : : 7KH�HQWULHV�LQ [k SURYLGH�LQIRUPDWLRQ�DERXW�WKH VWDWH RI�WKH�V\VWHP�DW�WKH�WLPH
RI�WKH kWK�PHDVXUHPHQW�

,I�WKHUH�LV�D�PDWUL[ A VXFK�WKDW [1 D A[0� [2 D A[1� DQG� LQ�JHQHUDO�

[kC1 D A[k IRU k D 0; 1; 2; : : : ���

WKHQ�����LV�FDOOHG�D OLQHDU�GLIIHUHQFH�HTXDWLRQ �RU UHFXUUHQFH�UHODWLRQ�� *LYHQ�VXFK
DQ�HTXDWLRQ� RQH�FDQ�FRPSXWH [1� [2� DQG�VR�RQ� SURYLGHG [0 LV�NQRZQ� 6HFWLRQV����
DQG����� DQG�VHYHUDO�VHFWLRQV�LQ�&KDSWHU �� ZLOO�GHYHORS�IRUPXODV�IRU [k DQG�GHVFULEH
ZKDW�FDQ�KDSSHQ�WR [k DV k LQFUHDVHV�LQGHÀQLWHO\� 7KH�GLVFXVVLRQ�EHORZ�LOOXVWUDWHV�KRZ
D�GLIIHUHQFH�HTXDWLRQ�PLJKW�DULVH�

$ VXEMHFW�RI�LQWHUHVW�WR�GHPRJUDSKHUV�LV�WKH�PRYHPHQW�RI�SRSXODWLRQV�RU�JURXSV�RI
SHRSOH�IURP�RQH�UHJLRQ�WR�DQRWKHU� 7KH�VLPSOH�PRGHO�KHUH�FRQVLGHUV�WKH�FKDQJHV�LQ�WKH
SRSXODWLRQ�RI�D�FHUWDLQ�FLW\�DQG�LWV�VXUURXQGLQJ�VXEXUEV�RYHU�D�SHULRG�RI�\HDUV�

)L[�DQ�LQLWLDO�\HDU³VD\� ����³DQG�GHQRWH�WKH�SRSXODWLRQV�RI�WKH�FLW\�DQG�VXEXUEV
WKDW�\HDU�E\ r0 DQG s0� UHVSHFWLYHO\� /HW [0 EH�WKH�SRSXODWLRQ�YHFWRU

[0 D
#

r0

s0

$
&LW\�SRSXODWLRQ� ����
6XEXUEDQ�SRSXODWLRQ� ����

)RU������DQG�VXEVHTXHQW�\HDUV� GHQRWH�WKH�SRSXODWLRQV�RI�WKH�FLW\�DQG�VXEXUEV�E\�WKH
YHFWRUV

[1 D
#

r1

s1

$
; [2 D

#
r2

s2

$
; [3 D

#
r3

s3

$
; : : :

2XU�JRDO�LV�WR�GHVFULEH�PDWKHPDWLFDOO\�KRZ�WKHVH�YHFWRUV�PLJKW�EH�UHODWHG�
6XSSRVH�GHPRJUDSKLF�VWXGLHV�VKRZ�WKDW�HDFK�\HDU�DERXW����RI�WKH�FLW\·V�SRSXODWLRQ

PRYHV�WR�WKH�VXEXUEV��DQG�����UHPDLQV�LQ�WKH�FLW\�� ZKLOH����RI�WKH�VXEXUEDQ�SRSXODWLRQ
PRYHV�WR�WKH�FLW\��DQG�����UHPDLQV�LQ�WKH�VXEXUEV�� 6HH�)LJ� ��

.03

.05

.95 .97

City Suburbs

$QQXDO�SHUFHQWDJH�PLJUDWLRQ�EHWZHHQ�FLW\�DQG�VXEXUEV�

$IWHU���\HDU� WKH�RULJLQDO r0 SHUVRQV�LQ�WKH�FLW\�DUH�QRZ�GLVWULEXWHG�EHWZHHQ�FLW\�DQG
VXEXUEV�DV #

:95r0

:05r0

$
D r0

#
:95
:05

$
5HPDLQ�LQ�FLW\
0RYH�WR�VXEXUEV ���

7KH s0 SHUVRQV�LQ�WKH�VXEXUEV�LQ������DUH�GLVWULEXWHG���\HDU�ODWHU�DV

s0

#
:03
:97

$
0RYH�WR�FLW\
5HPDLQ�LQ�VXEXUEV ���
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7KH�YHFWRUV�LQ�����DQG�����DFFRXQW�IRU�DOO�RI�WKH�SRSXODWLRQ�LQ������ó 7KXV
#

r1

s1

$
D r0

#
:95
:05

$
C s0

#
:03
:97

$
D
#

:95 :03
:05 :97

$#
r0

s0

$

7KDW�LV�
[1 D M[0 ���

ZKHUH M LV�WKH PLJUDWLRQ�PDWUL[ GHWHUPLQHG�E\�WKH�IROORZLQJ�WDEOH�

)URP�
&LW\ 6XEXUEV 7R�#
:95
:05

:03
:97

$
&LW\
6XEXUEV

(TXDWLRQ�����GHVFULEHV�KRZ�WKH�SRSXODWLRQ�FKDQJHV�IURP������WR������ ,I�WKH�PLJUDWLRQ
SHUFHQWDJHV�UHPDLQ�FRQVWDQW� WKHQ�WKH�FKDQJH�IURP������WR������LV�JLYHQ�E\

[2 D M[1

DQG�VLPLODUO\�IRU������WR������DQG�VXEVHTXHQW�\HDUV� ,Q�JHQHUDO�

[kC1 D M[k IRU k D 0; 1; 2; : : : ���

7KH�VHTXHQFH�RI�YHFWRUV f[0; [1; [2; : : :g GHVFULEHV�WKH�SRSXODWLRQ�RI�WKH�FLW\�VXEXUEDQ
UHJLRQ�RYHU�D�SHULRG�RI�\HDUV�

&RPSXWH�WKH�SRSXODWLRQ�RI�WKH�UHJLRQ�MXVW�GHVFULEHG�IRU�WKH�\HDUV
�����DQG������ JLYHQ�WKDW�WKH�SRSXODWLRQ�LQ������ZDV���������LQ�WKH�FLW\�DQG��������
LQ�WKH�VXEXUEV�

7KH�LQLWLDO�SRSXODWLRQ�LQ������LV [0 D
#

600;000
400;000

$
� )RU������

[1 D
#

:95 :03
:05 :97

$#
600;000
400;000

$
D
#

582;000
418;000

$

)RU������

[2 D M[1 D
#

:95 :03
:05 :97

$#
582;000
418;000

$
D
#

565;440
434;560

$

7KH�PRGHO�IRU�SRSXODWLRQ�PRYHPHQW�LQ�����LV OLQHDU EHFDXVH�WKH�FRUUHVSRQGHQFH
[k 7! [kC1 LV�D�OLQHDU�WUDQVIRUPDWLRQ� 7KH�OLQHDULW\�GHSHQGV�RQ�WZR�IDFWV� WKH�QXPEHU
RI�SHRSOH�ZKR�FKRVH�WR�PRYH�IURP�RQH�DUHD�WR�DQRWKHU�LV SURSRUWLRQDO WR�WKH�QXPEHU�RI
SHRSOH�LQ�WKDW�DUHD� DV�VKRZQ�LQ�����DQG����� DQG�WKH�FXPXODWLYH�HIIHFW�RI�WKHVH�FKRLFHV
LV�IRXQG�E\ DGGLQJ WKH�PRYHPHQW�RI�SHRSOH�IURP�WKH�GLIIHUHQW�DUHDV�

)LQG�D�PDWUL[ A DQG�YHFWRUV [ DQG E VXFK�WKDW�WKH�SUREOHP�LQ�([DPSOH���DPRXQWV�WR
VROYLQJ�WKH�HTXDWLRQ A[ D E�

ó)RU�VLPSOLFLW\� ZH�LJQRUH�RWKHU�LQÁXHQFHV�RQ�WKH�SRSXODWLRQ�VXFK�DV�ELUWKV� GHDWKV� DQG�PLJUDWLRQ�LQWR�DQG
RXW�RI�WKH�FLW\�VXEXUEDQ�UHJLRQ�
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�� 7KH�FRQWDLQHU�RI�D�EUHDNIDVW�FHUHDO�XVXDOO\�OLVWV�WKH�QXPEHU
RI�FDORULHV�DQG�WKH�DPRXQWV�RI�SURWHLQ� FDUERK\GUDWH� DQG
IDW�FRQWDLQHG�LQ�RQH�VHUYLQJ�RI�WKH�FHUHDO� 7KH�DPRXQWV�IRU
WZR�FRPPRQ�FHUHDOV�DUH�JLYHQ�EHORZ� 6XSSRVH�D�PL[WXUH�RI
WKHVH�WZR�FHUHDOV�LV�WR�EH�SUHSDUHG�WKDW�FRQWDLQV�H[DFWO\����
FDORULHV� � J�RI�SURWHLQ� �� J�RI�FDUERK\GUDWH� DQG�� J�RI�IDW�
D� 6HW�XS�D�YHFWRU�HTXDWLRQ�IRU�WKLV�SUREOHP� ,QFOXGH�D�VWDWH�

PHQW�RI�ZKDW�WKH�YDULDEOHV�LQ�\RXU�HTXDWLRQ�UHSUHVHQW�
E� :ULWH�DQ�HTXLYDOHQW�PDWUL[�HTXDWLRQ� DQG�WKHQ�GHWHUPLQH

LI�WKH�GHVLUHG�PL[WXUH�RI�WKH�WZR�FHUHDOV�FDQ�EH�SUHSDUHG�

1XWULWLRQ�,QIRUPDWLRQ�SHU�6HUYLQJ
*HQHUDO�0LOOV 4XDNHU�

1XWULHQW &KHHULRV� �����1DWXUDO�&HUHDO
&DORULHV ��� ���
3URWHLQ��J� � �
&DUERK\GUDWH��J� �� ��
)DW��J� � �

�� 2QH�VHUYLQJ�RI�6KUHGGHG�:KHDW�VXSSOLHV�����FDORULHV� � J�RI
SURWHLQ� � J�RI�ÀEHU� DQG�� J�RI�IDW� 2QH�VHUYLQJ�RI�&ULVSL[�
VXSSOLHV�����FDORULHV� � J�RI�SURWHLQ� �� J�RI�ÀEHU� DQG��� J�RI
IDW�
D� 6HW�XS�D�PDWUL[ B DQG�D�YHFWRU X VXFK�WKDW BX JLYHV�WKH

DPRXQWV�RI�FDORULHV� SURWHLQ� ÀEHU� DQG�IDW�FRQWDLQHG�LQ
D�PL[WXUH�RI�WKUHH�VHUYLQJV�RI�6KUHGGHG�:KHDW�DQG�WZR
VHUYLQJV�RI�&ULVSL[�

E� >0@ 6XSSRVH�WKDW�\RX�ZDQW�D�FHUHDO�ZLWK�PRUH�ÀEHU�WKDQ
&ULVSL[�EXW�IHZHU�FDORULHV�WKDQ�6KUHGGHG�:KHDW� ,V�LW
SRVVLEOH�IRU�D�PL[WXUH�RI�WKH�WZR�FHUHDOV�WR�VXSSO\����
FDORULHV� ���� J�RI�SURWHLQ� ���� J�RI�ÀEHU� DQG���� J�RI
IDW" ,I�VR� ZKDW�LV�WKH�PL[WXUH"

�� $IWHU�WDNLQJ�D�QXWULWLRQ�FODVV� D�ELJ�$QQLH·V� 0DF�DQG�&KHHVH
IDQ�GHFLGHV� WR � LPSURYH� WKH� OHYHOV �RI �SURWHLQ�DQG�ÀEHU � LQ
KHU�IDYRULWH�OXQFK�E\�DGGLQJ�EURFFROL�DQG�FDQQHG�FKLFNHQ�
7KH�QXWULWLRQDO�LQIRUPDWLRQ�IRU�WKH�IRRGV�UHIHUUHG�WR�LQ�WKLV
H[HUFLVH�DUH�JLYHQ�LQ�WKH�WDEOH�EHORZ�

1XWULWLRQ�,QIRUPDWLRQ�SHU�6HUYLQJ
1XWULHQW 0DF�DQG�&KHHVH %URFFROL &KLFNHQ 6KHOOV
&DORULHV ��� �� �� ���
3URWHLQ��J� �� ��� �� �
)LEHU��J� � ��� � �

D� >0@ ,I�VKH�ZDQWV�WR�OLPLW�KHU�OXQFK�WR�����FDORULHV�EXW
JHW��� J�RI�SURWHLQ�DQG��� J�RI�ÀEHU� ZKDW�SURSRUWLRQV�RI
VHUYLQJV�RI�0DF�DQG�&KHHVH� EURFFROL� DQG�FKLFNHQ�VKRXOG
VKH�XVH"

E� >0@ 6KH�IRXQG�WKDW�WKHUH�ZDV�WRR�PXFK�EURFFROL�LQ�WKH
SURSRUWLRQV�IURP�SDUW��D�� VR�VKH�GHFLGHG�WR�VZLWFK�IURP

FODVVLFDO �0DF �DQG �&KHHVH � WR �$QQLH·V� :KROH �:KHDW
6KHOOV�DQG�:KLWH�&KHGGDU� :KDW�SURSRUWLRQV�RI�VHUYLQJV
RI�HDFK�IRRG�VKRXOG�VKH�XVH�WR�PHHW�WKH�VDPH�JRDOV�DV�LQ
SDUW��D�"

�� 7KH�&DPEULGJH�'LHW�VXSSOLHV��� J�RI�FDOFLXP�SHU�GD\� LQ
DGGLWLRQ�WR�WKH�QXWULHQWV�OLVWHG�LQ�WKH�7DEOH���IRU�([DPSOH
�� 7KH�DPRXQWV�RI�FDOFLXP�SHU�XQLW����� J��VXSSOLHG�E\�WKH
WKUHH�LQJUHGLHQWV�LQ�WKH�&DPEULGJH�'LHW�DUH�DV�IROORZV� ���� J
IURP�QRQIDW�PLON� ��� J�IURP�VR\�ÁRXU� DQG��� J�IURP�ZKH\�
$QRWKHU�LQJUHGLHQW�LQ�WKH�GLHW�PL[WXUH�LV�LVRODWHG�VR\�SURWHLQ�
ZKLFK�SURYLGHV�WKH�IROORZLQJ�QXWULHQWV�LQ�HDFK�XQLW� �� J�RI
SURWHLQ� � J�RI�FDUERK\GUDWH� ��� J�RI�IDW� DQG���� J�RI�FDOFLXP�
D� 6HW�XS�D�PDWUL[�HTXDWLRQ�ZKRVH�VROXWLRQ�GHWHUPLQHV�WKH

DPRXQWV�RI�QRQIDW�PLON� VR\�ÁRXU� ZKH\� DQG�LVRODWHG
VR\�SURWHLQ�QHFHVVDU\�WR�VXSSO\�WKH�SUHFLVH�DPRXQWV�RI
SURWHLQ� FDUERK\GUDWH� IDW� DQG�FDOFLXP�LQ�WKH�&DPEULGJH
'LHW� 6WDWH�ZKDW�WKH�YDULDEOHV�LQ�WKH�HTXDWLRQ�UHSUHVHQW�

E� >0@ 6ROYH�WKH�HTXDWLRQ�LQ��D��DQG�GLVFXVV�\RXU�DQVZHU�

,Q�([HUFLVHV��²�� ZULWH�D�PDWUL[�HTXDWLRQ�WKDW�GHWHUPLQHV�WKH�ORRS
FXUUHQWV� >0@ ,I�0$7/$% RU�DQRWKHU�PDWUL[�SURJUDP�LV�DYDLODEOH�
VROYH�WKH�V\VWHP�IRU�WKH�ORRS�FXUUHQWV�

��
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��

I1 I4

I2 I3

I5

2 Ω

1 Ω

2 Ω

1 Ω

1 Ω

3 Ω

50 V 40 V

20 V30 V

1 Ω 3 Ω

4 Ω

3 Ω

2 Ω

3 Ω

�� ,Q�D�FHUWDLQ�UHJLRQ� DERXW����RI�D�FLW\·V�SRSXODWLRQ�PRYHV
WR�WKH�VXUURXQGLQJ�VXEXUEV�HDFK�\HDU� DQG�DERXW����RI�WKH
VXEXUEDQ�SRSXODWLRQ�PRYHV�LQWR�WKH�FLW\� ,Q������ WKHUH�ZHUH
��������UHVLGHQWV�LQ�WKH�FLW\�DQG���������LQ�WKH�VXEXUEV�
6HW �XS�D �GLIIHUHQFH�HTXDWLRQ� WKDW �GHVFULEHV � WKLV �VLWXDWLRQ�
ZKHUH [0 LV�WKH�LQLWLDO�SRSXODWLRQ�LQ������ 7KHQ�HVWLPDWH
WKH �SRSXODWLRQV � LQ � WKH �FLW\ �DQG� LQ � WKH �VXEXUEV � WZR�\HDUV
ODWHU� LQ������ �,JQRUH�RWKHU�IDFWRUV�WKDW�PLJKW�LQÁXHQFH�WKH
SRSXODWLRQ�VL]HV��

��� ,Q�D�FHUWDLQ�UHJLRQ� DERXW����RI�D�FLW\·V�SRSXODWLRQ�PRYHV
WR�WKH�VXUURXQGLQJ�VXEXUEV�HDFK�\HDU� DQG�DERXW����RI�WKH
VXEXUEDQ�SRSXODWLRQ�PRYHV�LQWR�WKH�FLW\� ,Q������ WKHUH�ZHUH
�����������UHVLGHQWV�LQ�WKH�FLW\�DQG���������LQ�WKH�VXEXUEV�
6HW �XS�D �GLIIHUHQFH�HTXDWLRQ� WKDW �GHVFULEHV � WKLV �VLWXDWLRQ�
ZKHUH [0 LV�WKH�LQLWLDO�SRSXODWLRQ�LQ������ 7KHQ�HVWLPDWH�WKH
SRSXODWLRQV�LQ�WKH�FLW\�DQG�LQ�WKH�VXEXUEV�WZR�\HDUV�ODWHU� LQ
�����

��� ,Q������ WKH�SRSXODWLRQ�RI�&DOLIRUQLD�ZDV������������ DQG
WKH�SRSXODWLRQ�OLYLQJ�LQ�WKH�8QLWHG�6WDWHV�EXW RXWVLGH &DOL�
IRUQLD�ZDV������������� 'XULQJ�WKH�\HDU� LW�LV�HVWLPDWHG�WKDW
��������SHUVRQV�PRYHG�IURP�&DOLIRUQLD�WR�HOVHZKHUH�LQ�WKH
8QLWHG�6WDWHV� ZKLOH���������SHUVRQV�PRYHG�WR�&DOLIRUQLD
IURP�HOVHZKHUH�LQ�WKH�8QLWHG�6WDWHV��

D� 6HW�XS�WKH�PLJUDWLRQ�PDWUL[�IRU�WKLV�VLWXDWLRQ� XVLQJ�ÀYH
GHFLPDO�SODFHV�IRU�WKH�PLJUDWLRQ�UDWHV�LQWR�DQG�RXW�RI
&DOLIRUQLD� /HW�\RXU�ZRUN�VKRZ�KRZ�\RX�SURGXFHG�WKH
PLJUDWLRQ�PDWUL[�

E� >0@ &RPSXWH�WKH�SURMHFWHG�SRSXODWLRQV�LQ�WKH�\HDU�����
IRU�&DOLIRUQLD�DQG�HOVHZKHUH�LQ�WKH�8QLWHG�6WDWHV� DVVXP�
LQJ�WKDW�WKH�PLJUDWLRQ�UDWHV�GLG�QRW�FKDQJH�GXULQJ�WKH���
\HDU�SHULRG� �7KHVH�FDOFXODWLRQV�GR�QRW�WDNH�LQWR�DFFRXQW
ELUWKV� GHDWKV� RU�WKH�VXEVWDQWLDO�PLJUDWLRQ�RI�SHUVRQV�LQWR
&DOLIRUQLD�DQG�HOVHZKHUH�LQ�WKH�8QLWHG�6WDWHV�IURP�RWKHU
FRXQWULHV��

40LJUDWLRQ�GDWD�VXSSOLHG�E\�WKH�'HPRJUDSKLF�5HVHDUFK�8QLW�RI�WKH
&DOLIRUQLD�6WDWH�'HSDUWPHQW�RI�)LQDQFH�

��� >0@ %XGJHW� 5HQW�$ &DU�LQ�:LFKLWD� .DQVDV�KDV�D�ÁHHW�RI
DERXW�����FDUV� DW�WKUHH�ORFDWLRQV� $ FDU�UHQWHG�DW�RQH�ORFDWLRQ
PD\�EH�UHWXUQHG�WR�DQ\�RI�WKH�WKUHH�ORFDWLRQV� 7KH�YDULRXV
IUDFWLRQV�RI�FDUV�UHWXUQHG�WR�WKH�WKUHH�ORFDWLRQV�DUH�VKRZQ�LQ
WKH�PDWUL[�EHORZ� 6XSSRVH�WKDW�RQ�0RQGD\�WKHUH�DUH�����FDUV
DW�WKH�DLUSRUW��RU�UHQWHG�IURP�WKHUH�� ���FDUV�DW�WKH�HDVW�VLGH
RIÀFH� DQG�����FDUV�DW�WKH�ZHVW�VLGH�RIÀFH� :KDW�ZLOO�EH�WKH
DSSUR[LPDWH�GLVWULEXWLRQ�RI�FDUV�RQ�:HGQHVGD\"

&DUV�5HQWHG�)URP�
$LUSRUW (DVW :HVW 5HWXUQHG�7R�2
4

:97
:00
:03

:05
:90
:05

:10
:05
:85

3
5

$LUSRUW
(DVW
:HVW

��� >0@ /HW M DQG [0 EH�DV�LQ�([DPSOH���
D� &RPSXWH� WKH�SRSXODWLRQ�YHFWRUV [k IRU k D 1; : : : ; 20�

'LVFXVV�ZKDW�\RX�ÀQG�
E� 5HSHDW�SDUW��D��ZLWK�DQ�LQLWLDO�SRSXODWLRQ�RI���������LQ

WKH�FLW\�DQG���������LQ�WKH�VXEXUEV� :KDW�GR�\RX�ÀQG"

��� >0@ 6WXG\�KRZ�FKDQJHV�LQ�ERXQGDU\�WHPSHUDWXUHV�RQ�D�VWHHO
SODWH�DIIHFW�WKH�WHPSHUDWXUHV�DW�LQWHULRU�SRLQWV�RQ�WKH�SODWH�
D� %HJLQ�E\�HVWLPDWLQJ�WKH�WHPSHUDWXUHV T1� T2� T3� T4 DW

HDFK�RI�WKH�VHWV�RI�IRXU�SRLQWV�RQ�WKH�VWHHO�SODWH�VKRZQ�LQ
WKH�ÀJXUH� ,Q�HDFK�FDVH� WKH�YDOXH�RI Tk LV�DSSUR[LPDWHG
E\�WKH�DYHUDJH�RI�WKH�WHPSHUDWXUHV�DW � WKH�IRXU�FORVHVW
SRLQWV� 6HH�([HUFLVHV����DQG����LQ�6HFWLRQ����� ZKHUH
WKH�YDOXHV��LQ�GHJUHHV��WXUQ�RXW�WR�EH .20; 27:5; 30; 22:5/�
+RZ�LV�WKLV�OLVW�RI�YDOXHV�UHODWHG�WR�\RXU�UHVXOWV�IRU�WKH
SRLQWV�LQ�VHW��D��DQG�VHW��E�"

E� :LWKRXW �PDNLQJ �DQ\ �FRPSXWDWLRQV� JXHVV � WKH � LQWHULRU
WHPSHUDWXUHV�LQ��D��ZKHQ�WKH�ERXQGDU\�WHPSHUDWXUHV�DUH
DOO�PXOWLSOHG�E\��� &KHFN�\RXU�JXHVV�

F� )LQDOO\� PDNH�D�JHQHUDO�FRQMHFWXUH�DERXW�WKH�FRUUHVSRQ�
GHQFH�IURP�WKH�OLVW�RI�HLJKW�ERXQGDU\�WHPSHUDWXUHV�WR�WKH
OLVW�RI�IRXU�LQWHULRU�WHPSHUDWXUHV�

0º

0º

0º

0º

20º 20º

20º 20º

1 2

4 3

(a)

Plate A

10º

10º

40º

40º

0º 0º

10º 10º

1 2

4 3

(b)

Plate B
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�� 0DUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU� �,I
WUXH� FLWH�DSSURSULDWH�IDFWV�RU�WKHRUHPV� ,I�IDOVH� H[SODLQ�ZK\
RU�JLYH�D�FRXQWHUH[DPSOH�WKDW�VKRZV�ZK\�WKH�VWDWHPHQW�LV�QRW
WUXH�LQ�HYHU\�FDVH�
D� (YHU\�PDWUL[�LV�URZ�HTXLYDOHQW�WR�D�XQLTXH�PDWUL[�LQ

HFKHORQ�IRUP�

E� $Q\�V\VWHP�RI n OLQHDU�HTXDWLRQV�LQ n YDULDEOHV�KDV�DW
PRVW n VROXWLRQV�

F� ,I�D�V\VWHP�RI�OLQHDU�HTXDWLRQV�KDV�WZR�GLIIHUHQW�VROX�
WLRQV� LW�PXVW�KDYH�LQÀQLWHO\�PDQ\�VROXWLRQV�

G� ,I�D�V\VWHP�RI�OLQHDU�HTXDWLRQV�KDV�QR�IUHH�YDULDEOHV� WKHQ
LW�KDV�D�XQLTXH�VROXWLRQ�

H� ,I � DQ � DXJPHQWHG �PDWUL[ Œ A E ! LV � WUDQVIRUPHG � LQWR
Œ C G ! E\�HOHPHQWDU\�URZ�RSHUDWLRQV� WKHQ�WKH�HTXD�
WLRQV A[ D E DQG C[ D G KDYH�H[DFWO\�WKH�VDPH�VROX�
WLRQ�VHWV�

I� ,I�D�V\VWHP A[ D E KDV�PRUH�WKDQ�RQH�VROXWLRQ� WKHQ�VR
GRHV�WKH�V\VWHP A[ D ��

J� ,I A LV �DQ m # n PDWUL[�DQG�WKH�HTXDWLRQ A[ D E LV
FRQVLVWHQW�IRU�VRPH E� WKHQ�WKH�FROXPQV�RI A VSDQ Rm�

K� ,I�DQ�DXJPHQWHG�PDWUL[ Œ A E ! FDQ�EH�WUDQVIRUPHG�E\
HOHPHQWDU\�URZ�RSHUDWLRQV�LQWR�UHGXFHG�HFKHORQ�IRUP�
WKHQ�WKH�HTXDWLRQ A[ D E LV�FRQVLVWHQW�

L� ,I�PDWULFHV A DQG B DUH�URZ�HTXLYDOHQW� WKH\�KDYH�WKH
VDPH�UHGXFHG�HFKHORQ�IRUP�

M� 7KH�HTXDWLRQ A[ D � KDV�WKH�WULYLDO�VROXWLRQ�LI�DQG�RQO\
LI�WKHUH�DUH�QR�IUHH�YDULDEOHV�

N� ,I A LV�DQ m # n PDWUL[�DQG�WKH�HTXDWLRQ A[ D E LV�FRQ�
VLVWHQW�IRU�HYHU\ E LQ Rm� WKHQ A KDV m SLYRW�FROXPQV�

O� ,I�DQ m # n PDWUL[ A KDV�D�SLYRW�SRVLWLRQ�LQ�HYHU\�URZ�
WKHQ�WKH�HTXDWLRQ A[ D E KDV�D�XQLTXH�VROXWLRQ�IRU�HDFK
E LQ Rm�

P� ,I �DQ n # n PDWUL[ A KDV n SLYRW �SRVLWLRQV� WKHQ� WKH
UHGXFHG�HFKHORQ�IRUP�RI A LV�WKH n # n LGHQWLW\�PDWUL[�

Q� ,I 3 # 3 PDWULFHV A DQG B HDFK�KDYH�WKUHH�SLYRW�SRVL�
WLRQV� WKHQ A FDQ�EH�WUDQVIRUPHG�LQWR B E\�HOHPHQWDU\
URZ�RSHUDWLRQV�

R� ,I A LV�DQ m # n PDWUL[� LI�WKH�HTXDWLRQ A[ D E KDV�DW
OHDVW�WZR�GLIIHUHQW�VROXWLRQV� DQG�LI�WKH�HTXDWLRQ A[ D F
LV�FRQVLVWHQW� WKHQ�WKH�HTXDWLRQ A[ D F KDV�PDQ\�VROX�
WLRQV�

S� ,I A DQG B DUH�URZ�HTXLYDOHQW m # n PDWULFHV�DQG�LI�WKH
FROXPQV�RI A VSDQ Rm� WKHQ�VR�GR�WKH�FROXPQV�RI B �

T� ,I�QRQH�RI�WKH�YHFWRUV�LQ�WKH�VHW S D fY1; Y2; Y3g LQ R3 LV
D�PXOWLSOH�RI�RQH�RI�WKH�RWKHU�YHFWRUV� WKHQ S LV�OLQHDUO\
LQGHSHQGHQW�

U� ,I fX; Y;Zg LV�OLQHDUO\�LQGHSHQGHQW� WKHQ X� Y� DQG Z DUH
QRW�LQ R2�

V� ,Q�VRPH�FDVHV� LW�LV�SRVVLEOH�IRU�IRXU�YHFWRUV�WR�VSDQ R5�

W� ,I X DQG Y DUH�LQ Rm� WKHQ "X LV�LQ 6SDQfX; Yg�
X� ,I X� Y� DQGZ DUH�QRQ]HUR�YHFWRUV�LQR2� WKHQZ LV�D�OLQHDU

FRPELQDWLRQ�RI X DQG Y�

Y� ,I Z LV�D�OLQHDU�FRPELQDWLRQ�RI X DQG Y LQ Rn� WKHQ X LV�D
OLQHDU�FRPELQDWLRQ�RI Y DQG Z�

Z� 6XSSRVH�WKDW Y1� Y2� DQG Y3 DUH�LQ R5� Y2 LV�QRW�D�PXOWLSOH
RI Y1� DQG Y3 LV�QRW�D�OLQHDU�FRPELQDWLRQ�RI Y1 DQG Y2�
7KHQ fY1; Y2; Y3g LV�OLQHDUO\�LQGHSHQGHQW�

[� $ OLQHDU�WUDQVIRUPDWLRQ�LV�D�IXQFWLRQ�

\� ,I A LV�D 6 # 5 PDWUL[� WKH�OLQHDU�WUDQVIRUPDWLRQ [ 7! A[
FDQQRW�PDS R5 RQWR R6�

]� ,I A LV�DQ m # n PDWUL[�ZLWK m SLYRW�FROXPQV� WKHQ�WKH
OLQHDU�WUDQVIRUPDWLRQ [ 7! A[ LV�D�RQH�WR�RQH�PDSSLQJ�

�� /HW a DQG b UHSUHVHQW�UHDO�QXPEHUV� 'HVFULEH�WKH�SRVVLEOH
VROXWLRQ�VHWV�RI�WKH��OLQHDU��HTXDWLRQ ax D b� >+LQW� 7KH
QXPEHU�RI�VROXWLRQV�GHSHQGV�XSRQ a DQG b�@

�� 7KH�VROXWLRQV .x; y; ´/ RI�D�VLQJOH�OLQHDU�HTXDWLRQ
ax C by C c´ D d

IRUP�D�SODQH�LQR3 ZKHQ a� b� DQG c DUH�QRW�DOO�]HUR� &RQVWUXFW
VHWV�RI�WKUHH�OLQHDU�HTXDWLRQV�ZKRVH�JUDSKV��D��LQWHUVHFW�LQ
D�VLQJOH�OLQH� �E��LQWHUVHFW�LQ�D�VLQJOH�SRLQW� DQG��F��KDYH�QR



&KDSWHU���6XSSOHPHQWDU\�([HUFLVHV

SRLQWV�LQ�FRPPRQ� 7\SLFDO�JUDSKV�DUH�LOOXVWUDWHG�LQ�WKH�ÀJXUH�

Three planes intersecting
in a line

(a)

Three planes intersecting
in a point

(b)

Three planes with no
intersection

(c)

Three planes with no
intersection

(c')

�� 6XSSRVH�WKH�FRHIÀFLHQW�PDWUL[�RI�D�OLQHDU�V\VWHP�RI�WKUHH
HTXDWLRQV � LQ � WKUHH �YDULDEOHV �KDV �D �SLYRW �SRVLWLRQ � LQ �HDFK
FROXPQ� ([SODLQ�ZK\�WKH�V\VWHP�KDV�D�XQLTXH�VROXWLRQ�

�� 'HWHUPLQH h DQG k VXFK�WKDW�WKH�VROXWLRQ�VHW�RI�WKH�V\VWHP
�L��LV�HPSW\� �LL��FRQWDLQV�D�XQLTXH�VROXWLRQ� DQG��LLL��FRQWDLQV
LQÀQLWHO\�PDQ\�VROXWLRQV�
D� x1 C 3x2 D k

4x1 C hx2 D 8

E� "2x1 C hx2 D 1

6x1 C kx2 D "2

�� &RQVLGHU�WKH�SUREOHP�RI�GHWHUPLQLQJ�ZKHWKHU�WKH�IROORZLQJ
V\VWHP�RI�HTXDWLRQV�LV�FRQVLVWHQW�

4x1 " 2x2 C 7x3 D "5

8x1 " 3x2 C 10x3 D "3

D� 'HÀQH�DSSURSULDWH�YHFWRUV� DQG�UHVWDWH�WKH�SUREOHP�LQ
WHUPV�RI�OLQHDU�FRPELQDWLRQV� 7KHQ�VROYH�WKDW�SUREOHP�

E� 'HÀQH�DQ�DSSURSULDWH�PDWUL[� DQG�UHVWDWH� WKH�SUREOHP
XVLQJ�WKH�SKUDVH�´FROXPQV�RI A�µ

F� 'HÀQH�DQ�DSSURSULDWH�OLQHDU�WUDQVIRUPDWLRQ T XVLQJ�WKH
PDWUL[�LQ��E�� DQG�UHVWDWH�WKH�SUREOHP�LQ�WHUPV�RI T �

�� &RQVLGHU�WKH�SUREOHP�RI�GHWHUPLQLQJ�ZKHWKHU�WKH�IROORZLQJ
V\VWHP�RI�HTXDWLRQV�LV�FRQVLVWHQW�IRU�DOO b1� b2� b3�

2x1 " 4x2 " 2x3 D b1

"5x1 C x2 C x3 D b2

7x1 " 5x2 " 3x3 D b3

D� 'HÀQH�DSSURSULDWH�YHFWRUV� DQG�UHVWDWH�WKH�SUREOHP�LQ
WHUPV�RI 6SDQ fY1; Y2; Y3g� 7KHQ�VROYH�WKDW�SUREOHP�

E� 'HÀQH�DQ�DSSURSULDWH�PDWUL[� DQG�UHVWDWH� WKH�SUREOHP
XVLQJ�WKH�SKUDVH�´FROXPQV�RI A�µ

F� 'HÀQH�DQ�DSSURSULDWH�OLQHDU�WUDQVIRUPDWLRQ T XVLQJ�WKH
PDWUL[�LQ��E�� DQG�UHVWDWH�WKH�SUREOHP�LQ�WHUPV�RI T �

�� 'HVFULEH�WKH�SRVVLEOH�HFKHORQ�IRUPV�RI�WKH�PDWUL[A� 8VH�WKH
QRWDWLRQ�RI�([DPSOH���LQ�6HFWLRQ ����
D� A LV�D 2 # 3 PDWUL[�ZKRVH�FROXPQV�VSDQ R2�
E� A LV�D 3 # 3 PDWUL[�ZKRVH�FROXPQV�VSDQ R3�

�� :ULWH � WKH � YHFWRU
#

5
6

$
DV � WKH � VXP � RI � WZR � YHFWRUV�

RQH � RQ � WKH � OLQH f.x; y/ W y D 2xg DQG � RQH � RQ � WKH � OLQH
f.x; y/ W y D x=2g�

��� /HW D1; D2� DQG E EH�WKH�YHFWRUV�LQR2 VKRZQ�LQ�WKH�ÀJXUH� DQG
OHWA D ŒD1 D2!� 'RHV�WKH�HTXDWLRQA[ D E KDYH�D�VROXWLRQ"
,I�VR� LV�WKH�VROXWLRQ�XQLTXH" ([SODLQ�

a2

a1

b

x1

x2

��� &RQVWUXFW�D 2 # 3 PDWUL[ A� QRW�LQ�HFKHORQ�IRUP� VXFK�WKDW
WKH�VROXWLRQ�RI A[ D � LV�D�OLQH�LQ R3�

��� &RQVWUXFW�D 2 # 3 PDWUL[ A� QRW�LQ�HFKHORQ�IRUP� VXFK�WKDW
WKH�VROXWLRQ�RI A[ D � LV�D�SODQH�LQ R3�

��� :ULWH�WKH UHGXFHG HFKHORQ�IRUP�RI�D 3 # 3 PDWUL[ A VXFK
WKDW � WKH � ÀUVW � WZR � FROXPQV � RI A DUH � SLYRW � FROXPQV � DQG

A

2
4

3
"2

1

3
5 D

2
4

0
0
0

3
5�

��� 'HWHUPLQH�WKH�YDOXH�V��RI a VXFK�WKDW
'#

1
a

$
;

#
a

a C 2

$(
LV

OLQHDUO\�LQGHSHQGHQW�

��� ,Q��D��DQG��E�� VXSSRVH�WKH�YHFWRUV�DUH�OLQHDUO\�LQGHSHQGHQW�
:KDW�FDQ�\RX�VD\�DERXW�WKH�QXPEHUV a; : : : ; f " -XVWLI\�\RXU
DQVZHUV� >+LQW� 8VH�D�WKHRUHP�IRU��E��@

D�

2
4

a
0
0

3
5�
2
4

b
c
0

3
5�
2
4

d
e
f

3
5 E�

2
664

a
1
0
0

3
775�

2
664

b
c
1
0

3
775�

2
664

d
e
f
1

3
775

��� 8VH�7KHRUHP���LQ�6HFWLRQ ����WR�H[SODLQ�ZK\�WKH�FROXPQV�RI
WKH�PDWUL[ A DUH�OLQHDUO\�LQGHSHQGHQW�

A D

2
664

1 0 0 0
2 5 0 0
3 6 8 0
4 7 9 10

3
775

��� ([SODLQ �ZK\�D � VHW fY1; Y2; Y3; Y4g LQ R5 PXVW �EH � OLQHDUO\
LQGHSHQGHQW�ZKHQ fY1; Y2; Y3g LV�OLQHDUO\�LQGHSHQGHQW�DQG Y4

LV QRW LQ 6SDQ fY1; Y2; Y3g�
��� 6XSSRVH fY1; Y2g LV�D�OLQHDUO\�LQGHSHQGHQW�VHW�LQ Rn� 6KRZ

WKDW fY1; Y1 C Y2g LV�DOVR�OLQHDUO\�LQGHSHQGHQW�



/LQHDU�(TXDWLRQV�LQ�/LQHDU�$OJHEUD

��� 6XSSRVH Y1; Y2; Y3 DUH�GLVWLQFW�SRLQWV�RQ�RQH�OLQH�LQ R3� 7KH
OLQH�QHHG�QRW�SDVV�WKURXJK�WKH�RULJLQ� 6KRZ�WKDW fY1; Y2; Y3g
LV�OLQHDUO\�GHSHQGHQW�

��� /HW T W Rn ! Rm EH�D�OLQHDU�WUDQVIRUPDWLRQ� DQG�VXSSRVH
T .X/ D Y� 6KRZ�WKDW T ."X/ D "Y�

��� /HW T W R3 ! R3 EH � WKH � OLQHDU � WUDQVIRUPDWLRQ � WKDW � UH�
ÁHFWV � HDFK � YHFWRU � WKURXJK � WKH � SODQH x2 D 0� 7KDW � LV�
T .x1; x2; x3/ D .x1; "x2; x3/� )LQG�WKH�VWDQGDUG�PDWUL[�RI T �

��� /HW A EH�D 3 # 3 PDWUL[�ZLWK�WKH�SURSHUW\�WKDW�WKH�OLQHDU
WUDQVIRUPDWLRQ [ 7! A[ PDSV R3 RQWR R3� ([SODLQ�ZK\�WKH
WUDQVIRUPDWLRQ�PXVW�EH�RQH�WR�RQH�

��� $ *LYHQV�URWDWLRQ LV�D�OLQHDU�WUDQVIRUPDWLRQ�IURP Rn WR Rn

XVHG�LQ�FRPSXWHU�SURJUDPV�WR�FUHDWH�D�]HUR�HQWU\�LQ�D�YHFWRU
�XVXDOO\�D�FROXPQ�RI�D�PDWUL[�� 7KH�VWDQGDUG�PDWUL[�RI�D
*LYHQV�URWDWLRQ�LQ R2 KDV�WKH�IRUP#

a "b
b a

$
; a2 C b2 D 1

)LQG a DQG b VXFK�WKDW
#

4
3

$
LV�URWDWHG�LQWR

#
5
0

$
�

(4, 3)

(5, 0)
x1

x2

$ *LYHQV�URWDWLRQ�LQ R2�

��� 7KH�IROORZLQJ�HTXDWLRQ�GHVFULEHV�D�*LYHQV�URWDWLRQ�LQ R3�
)LQG a DQG b�

2
4

a 0 "b
0 1 0
b 0 a

3
5
2
4

2
3
4

3
5 D

2
4

2
p

5
3
0

3
5 ; a2 C b2 D 1

��� $ ODUJH �DSDUWPHQW �EXLOGLQJ � LV � WR �EH �EXLOW � XVLQJ �PRGXODU
FRQVWUXFWLRQ � WHFKQLTXHV� 7KH �DUUDQJHPHQW �RI �DSDUWPHQWV
RQ�DQ\�SDUWLFXODU�ÁRRU�LV�WR�EH�FKRVHQ�IURP�RQH�RI�WKUHH
EDVLF�ÁRRU�SODQV� 3ODQ�$ KDV����DSDUWPHQWV�RQ�RQH�ÁRRU�
LQFOXGLQJ���WKUHH�EHGURRP�XQLWV� ��WZR�EHGURRP�XQLWV� DQG��
RQH�EHGURRP�XQLWV� (DFK�ÁRRU�RI�SODQ�% LQFOXGHV���WKUHH�
EHGURRP�XQLWV� ��WZR�EHGURRP�XQLWV� DQG���RQH�EHGURRP
XQLWV� (DFK�ÁRRU�RI�SODQ�& LQFOXGHV���WKUHH�EHGURRP�XQLWV�
��WZR�EHGURRP�XQLWV� DQG���RQH�EHGURRP�XQLWV� 6XSSRVH�WKH
EXLOGLQJ�FRQWDLQV�D�WRWDO�RI x1 ÁRRUV�RI�SODQ�$� x2 ÁRRUV�RI
SODQ�%��DQG x3 ÁRRUV�RI�SODQ�&�

D� :KDW�LQWHUSUHWDWLRQ�FDQ�EH�JLYHQ�WR�WKH�YHFWRU x1

2
4

3
7
8

3
5"

E� :ULWH �D � IRUPDO � OLQHDU �FRPELQDWLRQ�RI �YHFWRUV � WKDW �H[�
SUHVVHV � WKH � WRWDO � QXPEHUV � RI � WKUHH�� WZR�� DQG � RQH�
EHGURRP�DSDUWPHQWV�FRQWDLQHG�LQ�WKH�EXLOGLQJ�

F� >0@ ,V�LW�SRVVLEOH�WR�GHVLJQ�WKH�EXLOGLQJ�ZLWK�H[DFWO\���
WKUHH�EHGURRP�XQLWV� ���WZR�EHGURRP�XQLWV� DQG�����RQH�
EHGURRP�XQLWV" ,I�VR� LV�WKHUH�PRUH�WKDQ�RQH�ZD\�WR�GR
LW" ([SODLQ�\RXU�DQVZHU�

WEB



0DWUL[�$OJHEUD

&RPSXWHU�0RGHOV�LQ�$LUFUDIW�'HVLJQ
7R�GHVLJQ�WKH�QH[W�JHQHUDWLRQ�RI�FRPPHUFLDO�DQG�PLOLWDU\
DLUFUDIW� HQJLQHHUV�DW�%RHLQJ·V�3KDQWRP�:RUNV�XVH��'
PRGHOLQJ�DQG�FRPSXWDWLRQDO�ÁXLG�G\QDPLFV��&)'���7KH\
VWXG\�WKH�DLUÁRZ�DURXQG�D�YLUWXDO�DLUSODQH�WR�DQVZHU
LPSRUWDQW�GHVLJQ�TXHVWLRQV�EHIRUH�SK\VLFDO�PRGHOV�DUH
FUHDWHG� 7KLV�KDV�GUDVWLFDOO\�UHGXFHG�GHVLJQ�F\FOH�WLPHV
DQG�FRVW³DQG�OLQHDU�DOJHEUD�SOD\V�D�FUXFLDO�UROH�LQ�WKH
SURFHVV�

7KH�YLUWXDO�DLUSODQH�EHJLQV�DV�D�PDWKHPDWLFDO�´ZLUH�
IUDPHµ�PRGHO�WKDW�H[LVWV�RQO\�LQ�FRPSXWHU�PHPRU\�DQG
RQ�JUDSKLFV�GLVSOD\�WHUPLQDOV� �$ PRGHO�RI�D�%RHLQJ
����LV�VKRZQ�� 7KLV�PDWKHPDWLFDO�PRGHO�RUJDQL]HV�DQG
LQÁXHQFHV�HDFK�VWHS�RI�WKH�GHVLJQ�DQG�PDQXIDFWXUH�RI�WKH
DLUSODQH³ERWK�WKH�H[WHULRU�DQG�LQWHULRU� 7KH�&)' DQDO\VLV
FRQFHUQV�WKH�H[WHULRU�VXUIDFH�

$OWKRXJK�WKH�ÀQLVKHG�VNLQ�RI�D�SODQH�PD\�VHHP
VPRRWK� WKH�JHRPHWU\�RI�WKH�VXUIDFH�LV�FRPSOLFDWHG� ,Q
DGGLWLRQ�WR�ZLQJV�DQG�D�IXVHODJH� DQ�DLUFUDIW�KDV�QDFHOOHV�
VWDELOL]HUV� VODWV� ÁDSV� DQG�DLOHURQV� 7KH�ZD\�DLU�ÁRZV
DURXQG�WKHVH�VWUXFWXUHV�GHWHUPLQHV�KRZ�WKH�SODQH�PRYHV
WKURXJK�WKH�VN\� (TXDWLRQV�WKDW�GHVFULEH�WKH�DLUÁRZ�DUH
FRPSOLFDWHG� DQG�WKH\�PXVW�DFFRXQW�IRU�HQJLQH�LQWDNH�
HQJLQH�H[KDXVW� DQG�WKH�ZDNHV�OHIW�E\�WKH�ZLQJV�RI�WKH
SODQH� 7R�VWXG\�WKH�DLUÁRZ� HQJLQHHUV�QHHG�D�KLJKO\�UHÀQHG
GHVFULSWLRQ�RI�WKH�SODQH·V�VXUIDFH�

$ FRPSXWHU�FUHDWHV�D�PRGHO�RI�WKH�VXUIDFH�E\�ÀUVW
VXSHULPSRVLQJ�D�WKUHH�GLPHQVLRQDO�JULG�RI�´ER[HVµ�RQ�WKH

RULJLQDO�ZLUH�IUDPH�PRGHO� %R[HV�LQ�WKLV�JULG�OLH�HLWKHU
FRPSOHWHO\�LQVLGH�RU�FRPSOHWHO\�RXWVLGH�WKH�SODQH� RU�WKH\
LQWHUVHFW�WKH�VXUIDFH�RI�WKH�SODQH� 7KH�FRPSXWHU�VHOHFWV
WKH�ER[HV�WKDW�LQWHUVHFW�WKH�VXUIDFH�DQG�VXEGLYLGHV�WKHP�
UHWDLQLQJ�RQO\�WKH�VPDOOHU�ER[HV�WKDW�VWLOO�LQWHUVHFW�WKH
VXUIDFH� 7KH�VXEGLYLGLQJ�SURFHVV�LV�UHSHDWHG�XQWLO�WKH�JULG
LV�H[WUHPHO\�ÀQH� $ W\SLFDO�JULG�FDQ�LQFOXGH�RYHU��������
ER[HV�

7KH�SURFHVV�IRU�ÀQGLQJ�WKH�DLUÁRZ�DURXQG�WKH�SODQH
LQYROYHV�UHSHDWHGO\�VROYLQJ�D�V\VWHP�RI�OLQHDU�HTXDWLRQV
A[ D E WKDW�PD\�LQYROYH�XS�WR���PLOOLRQ�HTXDWLRQV�DQG
YDULDEOHV� 7KH�YHFWRU E FKDQJHV�HDFK�WLPH� EDVHG�RQ�GDWD
IURP�WKH�JULG�DQG�VROXWLRQV�RI�SUHYLRXV�HTXDWLRQV� 8VLQJ
WKH�IDVWHVW�FRPSXWHUV�DYDLODEOH�FRPPHUFLDOO\� D�3KDQWRP
:RUNV�WHDP�FDQ�VSHQG�IURP�D�IHZ�KRXUV�WR�VHYHUDO�GD\V
VHWWLQJ�XS�DQG�VROYLQJ�D�VLQJOH�DLUÁRZ�SUREOHP� $IWHU�WKH
WHDP�DQDO\]HV�WKH�VROXWLRQ� WKH\�PD\�PDNH�VPDOO�FKDQJHV
WR�WKH�DLUSODQH�VXUIDFH�DQG�EHJLQ�WKH�ZKROH�SURFHVV�DJDLQ�
7KRXVDQGV�RI�&)' UXQV�PD\�EH�UHTXLUHG�

7KLV�FKDSWHU�SUHVHQWV�WZR�LPSRUWDQW�FRQFHSWV�WKDW
DVVLVW�LQ�WKH�VROXWLRQ�RI�VXFK�PDVVLYH�V\VWHPV�RI�HTXDWLRQV�

! 3DUWLWLRQHG�PDWULFHV� $ W\SLFDO �&)' V\VWHP
RI�HTXDWLRQV�KDV�D�´VSDUVHµ�FRHIÀFLHQW�PDWUL[
ZLWK�PRVWO\�]HUR�HQWULHV� *URXSLQJ�WKH�YDULDEOHV
FRUUHFWO\�OHDGV�WR�D�SDUWLWLRQHG�PDWUL[�ZLWK�PDQ\
]HUR�EORFNV� 6HFWLRQ�����LQWURGXFHV�VXFK�PDWULFHV
DQG�GHVFULEHV�VRPH�RI�WKHLU�DSSOLFDWLRQV�



0DWUL[�$OJHEUD

! 0DWUL[�IDFWRUL]DWLRQV� (YHQ�ZKHQ�ZULWWHQ�ZLWK
SDUWLWLRQHG�PDWULFHV� WKH�V\VWHP�RI�HTXDWLRQV�LV
FRPSOLFDWHG� 7R�IXUWKHU�VLPSOLI\�WKH�FRPSXWDWLRQV�
WKH�&)' VRIWZDUH�DW�%RHLQJ�XVHV�ZKDW�LV�FDOOHG
DQ�/8 IDFWRUL]DWLRQ�RI � WKH�FRHIÀFLHQW �PDWUL[�
6HFWLRQ�����GLVFXVVHV�/8 DQG�RWKHU�XVHIXO�PDWUL[
IDFWRUL]DWLRQV� )XUWKHU�GHWDLOV�DERXW�IDFWRUL]DWLRQV
DSSHDU�DW�VHYHUDO�SRLQWV�ODWHU�LQ�WKH�WH[W�

7R�DQDO\]H�D�VROXWLRQ�RI�DQ�DLUÁRZ�V\VWHP� HQJLQHHUV
ZDQW�WR�YLVXDOL]H�WKH�DLUÁRZ�RYHU�WKH�VXUIDFH�RI�WKH�SODQH�
7KH\�XVH�FRPSXWHU�JUDSKLFV� DQG�OLQHDU�DOJHEUD�SURYLGHV
WKH�HQJLQH�IRU�WKH�JUDSKLFV� 7KH�ZLUH�IUDPH�PRGHO�RI�WKH
SODQH·V�VXUIDFH�LV�VWRUHG�DV�GDWD�LQ�PDQ\�PDWULFHV� 2QFH�WKH
LPDJH�KDV�EHHQ�UHQGHUHG�RQ�D�FRPSXWHU�VFUHHQ� HQJLQHHUV
FDQ�FKDQJH�LWV�VFDOH� ]RRP�LQ�RU�RXW�RI�VPDOO�UHJLRQV� DQG
URWDWH�WKH�LPDJH�WR�VHH�SDUWV�WKDW�PD\�EH�KLGGHQ�IURP�YLHZ�
(DFK�RI�WKHVH�RSHUDWLRQV�LV�DFFRPSOLVKHG�E\�DSSURSULDWH

0RGHUQ�&)' KDV�UHYROXWLRQL]HG�ZLQJ�GHVLJQ� 7KH�%RHLQJ
%OHQGHG�:LQJ�%RG\�LV�LQ�GHVLJQ�IRU�WKH�\HDU������RU�VRRQHU�

PDWUL[�PXOWLSOLFDWLRQV� 6HFWLRQ�����H[SODLQV�WKH�EDVLF
LGHDV�

WEB

2XU�DELOLW\�WR�DQDO\]H�DQG�VROYH�HTXDWLRQV�ZLOO�EH�JUHDWO\�HQKDQFHG�ZKHQ�ZH�FDQ�SHUIRUP
DOJHEUDLF�RSHUDWLRQV�ZLWK�PDWULFHV� )XUWKHUPRUH� WKH�GHÀQLWLRQV�DQG�WKHRUHPV�LQ�WKLV
FKDSWHU�SURYLGH�VRPH�EDVLF�WRROV�IRU�KDQGOLQJ�WKH�PDQ\�DSSOLFDWLRQV�RI�OLQHDU�DOJHEUD
WKDW�LQYROYH�WZR�RU�PRUH�PDWULFHV� )RU�VTXDUH�PDWULFHV� WKH�,QYHUWLEOH�0DWUL[�7KHRUHP
LQ�6HFWLRQ ����WLHV�WRJHWKHU�PRVW�RI�WKH�FRQFHSWV�WUHDWHG�HDUOLHU�LQ�WKH�WH[W� 6HFWLRQV ���
DQG�����H[DPLQH�SDUWLWLRQHG�PDWULFHV�DQG�PDWUL[�IDFWRUL]DWLRQV� ZKLFK�DSSHDU�LQ�PRVW
PRGHUQ�XVHV�RI�OLQHDU�DOJHEUD� 6HFWLRQV ����DQG�����GHVFULEH�WZR�LQWHUHVWLQJ�DSSOLFDWLRQV
RI�PDWUL[�DOJHEUD� WR�HFRQRPLFV�DQG�WR�FRPSXWHU�JUDSKLFV�

,I A LV�DQ m ! n PDWUL[³WKDW�LV� D�PDWUL[�ZLWK m URZV�DQG n FROXPQV³WKHQ�WKH�VFDODU
HQWU\�LQ�WKH i WK�URZ�DQG j WK�FROXPQ�RI A LV�GHQRWHG�E\ aij DQG�LV�FDOOHG�WKH .i; j /�HQWU\
RI A� 6HH�)LJ� �� )RU�LQVWDQFH� WKH .3; 2/�HQWU\�LV�WKH�QXPEHU a32 LQ�WKH�WKLUG�URZ� VHFRQG
FROXPQ� (DFK�FROXPQ�RI A LV�D�OLVW�RI m UHDO�QXPEHUV� ZKLFK�LGHQWLÀHV�D�YHFWRU�LQ Rm�
2IWHQ� WKHVH�FROXPQV�DUH�GHQRWHG�E\ D1; : : : ; Dn� DQG�WKH�PDWUL[ A LV�ZULWWHQ�DV

A D
!
D1 D2 " " " Dn

"

2EVHUYH�WKDW�WKH�QXPEHU aij LV�WKH i WK�HQWU\��IURP�WKH�WRS��RI�WKH j WK�FROXPQ�YHFWRU Dj �
7KH GLDJRQDO�HQWULHV LQ�DQ m ! n PDWUL[ A D Œ aij ! DUH a11; a22; a33; : : : ; DQG�WKH\

IRUP�WKH PDLQ�GLDJRQDO RI A� $ GLDJRQDO�PDWUL[ LV�D�VTXDUH n ! n PDWUL[�ZKRVH
QRQGLDJRQDO�HQWULHV�DUH�]HUR� $Q�H[DPSOH�LV�WKH n ! n LGHQWLW\�PDWUL[� In� $Q m ! n
PDWUL[�ZKRVH�HQWULHV�DUH�DOO�]HUR�LV�D ]HUR�PDWUL[ DQG�LV�ZULWWHQ�DV��� 7KH�VL]H�RI�D�]HUR
PDWUL[�LV�XVXDOO\�FOHDU�IURP�WKH�FRQWH[W�



0DWUL[�2SHUDWLRQV

a11

am1

a1n

amn

ai1 ain

a1 j

Column
j

am j

a1 a na j

ai jRow i = A

0DWUL[�QRWDWLRQ�

6XPV�DQG�6FDODU�0XOWLSOHV
7KH�DULWKPHWLF�IRU�YHFWRUV�GHVFULEHG�HDUOLHU�KDV�D�QDWXUDO�H[WHQVLRQ�WR�PDWULFHV� :H
VD\�WKDW�WZR�PDWULFHV�DUH HTXDO LI�WKH\�KDYH�WKH�VDPH�VL]H��L�H�� WKH�VDPH�QXPEHU�RI
URZV�DQG�WKH�VDPH�QXPEHU�RI�FROXPQV��DQG�LI�WKHLU�FRUUHVSRQGLQJ�FROXPQV�DUH�HTXDO�
ZKLFK�DPRXQWV�WR�VD\LQJ�WKDW�WKHLU�FRUUHVSRQGLQJ�HQWULHV�DUH�HTXDO� ,I A DQG B DUH
m ! n PDWULFHV� WKHQ�WKH VXP A C B LV�WKH m ! n PDWUL[�ZKRVH�FROXPQV�DUH�WKH�VXPV
RI�WKH�FRUUHVSRQGLQJ�FROXPQV�LQ A DQG B � 6LQFH�YHFWRU�DGGLWLRQ�RI�WKH�FROXPQV�LV�GRQH
HQWU\ZLVH� HDFK�HQWU\�LQ A C B LV�WKH�VXP�RI�WKH�FRUUHVSRQGLQJ�HQWULHV�LQ A DQG B � 7KH
VXP A C B LV�GHÀQHG�RQO\�ZKHQ A DQG B DUH�WKH�VDPH�VL]H�

/HW

A D
#

4 0 5
#1 3 2

$
; B D

#
1 1 1
3 5 7

$
; C D

#
2 #3
0 1

$

7KHQ
A C B D

#
5 1 6
2 8 9

$

EXW A C C LV�QRW�GHÀQHG�EHFDXVH A DQG C KDYH�GLIIHUHQW�VL]HV�

,I r LV�D�VFDODU�DQG A LV�D�PDWUL[� WKHQ�WKH VFDODU�PXOWLSOH rA LV�WKH�PDWUL[�ZKRVH
FROXPQV�DUH r WLPHV�WKH�FRUUHVSRQGLQJ�FROXPQV�LQ A� $V�ZLWK�YHFWRUV� #A VWDQGV�IRU
.#1/A� DQG A # B LV�WKH�VDPH�DV A C .#1/B �

,I A DQG B DUH�WKH�PDWULFHV�LQ�([DPSOH �� WKHQ

2B D 2

#
1 1 1
3 5 7

$
D
#

2 2 2
6 10 14

$

A # 2B D
#

4 0 5
#1 3 2

$
#
#

2 2 2
6 10 14

$
D
#

2 #2 3
#7 #7 #12

$

,W�ZDV�XQQHFHVVDU\�LQ�([DPSOH ��WR�FRPSXWH A # 2B DV A C .#1/2B EHFDXVH�WKH
XVXDO�UXOHV�RI�DOJHEUD�DSSO\�WR�VXPV�DQG�VFDODU�PXOWLSOHV�RI�PDWULFHV� DV�WKH�IROORZLQJ
WKHRUHP�VKRZV�

/HW A; B � DQG C EH�PDWULFHV�RI�WKH�VDPH�VL]H� DQG�OHW r DQG s EH�VFDODUV�

D� A C B D B C A
E� .A C B/ C C D A C .B C C /
F� A C 0 D A

G� r.A C B/ D rA C rB
H� .r C s/A D rA C sA
I� r.sA/ D .rs/A
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(DFK�HTXDOLW\�LQ�7KHRUHP ��LV�YHULÀHG�E\�VKRZLQJ�WKDW�WKH�PDWUL[�RQ�WKH�OHIW�VLGH�KDV
WKH�VDPH�VL]H�DV�WKH�PDWUL[�RQ�WKH�ULJKW�DQG�WKDW�FRUUHVSRQGLQJ�FROXPQV�DUH�HTXDO� 6L]H
LV�QR�SUREOHP�EHFDXVH A� B � DQG C DUH�HTXDO�LQ�VL]H� 7KH�HTXDOLW\�RI�FROXPQV�IROORZV
LPPHGLDWHO\�IURP�DQDORJRXV�SURSHUWLHV�RI�YHFWRUV� )RU�LQVWDQFH� LI�WKH j WK FROXPQV�RI
A� B � DQG C DUH Dj � Ej � DQG Fj � UHVSHFWLYHO\� WKHQ�WKH j WK FROXPQV�RI .A C B/ C C
DQG A C .B C C / DUH

.Dj C Ej / C Fj DQG Dj C .Ej C Fj /

UHVSHFWLYHO\� 6LQFH�WKHVH�WZR�YHFWRU�VXPV�DUH�HTXDO�IRU�HDFK j � SURSHUW\��E��LV�YHULÀHG�
%HFDXVH�RI�WKH�DVVRFLDWLYH�SURSHUW\�RI�DGGLWLRQ� ZH�FDQ�VLPSO\�ZULWH A C B C C

IRU�WKH�VXP� ZKLFK�FDQ�EH�FRPSXWHG�HLWKHU�DV .A C B/ C C RU�DV A C .B C C /� 7KH
VDPH�DSSOLHV�WR�VXPV�RI�IRXU�RU�PRUH�PDWULFHV�

0DWUL[�0XOWLSOLFDWLRQ
:KHQ�D�PDWUL[ B PXOWLSOLHV�D�YHFWRU [� LW�WUDQVIRUPV [ LQWR�WKH�YHFWRU B[� ,I�WKLV�YHFWRU
LV�WKHQ�PXOWLSOLHG�LQ�WXUQ�E\�D�PDWUL[ A� WKH�UHVXOWLQJ�YHFWRU�LV A.B[/� 6HH�)LJ� ��

x

Multiplication

by B

Bx

Multiplication

by A

A(Bx)

0XOWLSOLFDWLRQ�E\ B DQG�WKHQ A�

7KXV A.B[/ LV�SURGXFHG�IURP [ E\�D FRPSRVLWLRQ RI�PDSSLQJV³WKH�OLQHDU�WUDQVIRU�
PDWLRQV�VWXGLHG�LQ�6HFWLRQ ���� 2XU�JRDO�LV�WR�UHSUHVHQW�WKLV�FRPSRVLWH�PDSSLQJ�DV
PXOWLSOLFDWLRQ�E\�D�VLQJOH�PDWUL[� GHQRWHG�E\ $%� VR�WKDW

A.B[/ D .AB/[ ���

6HH�)LJ� ��

Multiplication

by AB

Bx

Multiplication

by B
x

Multiplication

by A
A(Bx)

0XOWLSOLFDWLRQ�E\ $%�

,I A LV m ! n� B LV n ! p� DQG [ LV�LQ Rp � GHQRWH�WKH�FROXPQV�RI B E\ E1; : : : ;Ep

DQG�WKH�HQWULHV�LQ [ E\ x1; : : : ; xp � 7KHQ

B[ D x1E1 C " " " C xpEp

%\�WKH�OLQHDULW\�RI�PXOWLSOLFDWLRQ�E\ A�

A.B[/ D A.x1E1/ C " " " C A.xpEp/

D x1AE1 C " " " C xpAEp



0DWUL[�2SHUDWLRQV

7KH�YHFWRU A.B[/ LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�YHFWRUVAE1; : : : ; AEp � XVLQJ�WKH�HQWULHV
LQ [ DV�ZHLJKWV� ,Q�PDWUL[�QRWDWLRQ� WKLV�OLQHDU�FRPELQDWLRQ�LV�ZULWWHQ�DV

A.B[/ D Œ AE1 AE2 " " " AEp ![

7KXV�PXOWLSOLFDWLRQ�E\ Œ AE1 AE2 " " " AEp ! WUDQVIRUPV [ LQWR A.B[/� :H�KDYH
IRXQG�WKH�PDWUL[�ZH�VRXJKW�

,I A LV�DQ m ! n PDWUL[� DQG�LI B LV�DQ n ! p PDWUL[�ZLWK�FROXPQV E1; : : : ; Ep �
WKHQ�WKH�SURGXFW AB LV�WKH m ! p PDWUL[�ZKRVH�FROXPQV�DUH AE1; : : : ; AEp � 7KDW
LV�

AB D A
!
E1 E2 " " " Ep

"
D
!
AE1 AE2 " " " AEp

"

7KLV�GHÀQLWLRQ�PDNHV�HTXDWLRQ�����WUXH�IRU�DOO [ LQ Rp � (TXDWLRQ�����SURYHV�WKDW�WKH
FRPSRVLWH�PDSSLQJ�LQ�)LJ� ��LV�D�OLQHDU�WUDQVIRUPDWLRQ�DQG�WKDW�LWV�VWDQGDUG�PDWUL[�LV
AB � 0XOWLSOLFDWLRQ�RI�PDWULFHV�FRUUHVSRQGV�WR�FRPSRVLWLRQ�RI�OLQHDU�WUDQVIRUPDWLRQV�

&RPSXWH AB � ZKHUH A D
#

2 3
1 #5

$
DQG B D

#
4 3 6
1 #2 3

$
�

:ULWH B D Œ E1 E2 E3 !� DQG�FRPSXWH�

AE1 D
#

2 3
1 #5

$#
4
1

$
; AE2 D

#
2 3
1 #5

$#
3

#2

$
; AE3 D

#
2 3
1 #5

$#
6
3

$

D
#

11
#1

$
D
#

0
13

$
D
#

21
#9

$

! !
!7KHQ

AB D AŒ E1 E2 E3 ! D
#

11 0 21
#1 13 #9

$

" " "
AE1 AE2 AE3

1RWLFH�WKDW�VLQFH�WKH�ÀUVW�FROXPQ�RI AB LV AE1; WKLV�FROXPQ�LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�FROXPQV�RI A XVLQJ�WKH�HQWULHV�LQ E1 DV�ZHLJKWV� $ VLPLODU�VWDWHPHQW�LV�WUXH�IRU
HDFK�FROXPQ�RI AB:

(DFK�FROXPQ�RI AB LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A XVLQJ�ZHLJKWV
IURP�WKH�FRUUHVSRQGLQJ�FROXPQ�RI B �

2EYLRXVO\� WKH�QXPEHU�RI�FROXPQV�RI A PXVW�PDWFK�WKH�QXPEHU�RI�URZV�LQ B LQ
RUGHU�IRU�D�OLQHDU�FRPELQDWLRQ�VXFK�DV AE1 WR�EH�GHÀQHG� $OVR� WKH�GHÀQLWLRQ�RI AB
VKRZV�WKDW AB KDV�WKH�VDPH�QXPEHU�RI�URZV�DV�$ DQG�WKH�VDPH�QXPEHU�RI�FROXPQV
DV�%�

,I A LV�D 3 ! 5 PDWUL[�DQG B LV�D 5 ! 2 PDWUL[� ZKDW�DUH�WKH�VL]HV�RI
AB DQG BA� LI�WKH\�DUH�GHÀQHG"



0DWUL[�$OJHEUD

6LQFH A KDV���FROXPQV�DQG B KDV���URZV� WKH�SURGXFW AB LV�GHÀQHG�DQG
LV�D 3 ! 2 PDWUL[�

A B AB2
4

$ $ $ $ $
$ $ $ $ $
$ $ $ $ $

3
5
2
66664

$ $
$ $
$ $
$ $
$ $

3
77775

D
2
4

$ $
$ $
$ $

3
5

3 ! 5 5 ! 2 3 ! 2

" "" "0DWFK

6L]H�RI AB

7KH�SURGXFW BA LV QRW GHÀQHG�EHFDXVH�WKH���FROXPQV�RI B GR�QRW�PDWFK�WKH���URZV
RI A�

7KH�GHÀQLWLRQ�RI AB LV�LPSRUWDQW�IRU�WKHRUHWLFDO�ZRUN�DQG�DSSOLFDWLRQV� EXW�WKH
IROORZLQJ�UXOH�SURYLGHV�D�PRUH�HIÀFLHQW�PHWKRG�IRU�FDOFXODWLQJ�WKH�LQGLYLGXDO�HQWULHV�LQ
AB ZKHQ�ZRUNLQJ�VPDOO�SUREOHPV�E\�KDQG�

,I�WKH�SURGXFW AB LV�GHÀQHG� WKHQ�WKH�HQWU\�LQ�URZ i DQG�FROXPQ j RI AB LV�WKH
VXP�RI�WKH�SURGXFWV�RI�FRUUHVSRQGLQJ�HQWULHV�IURP�URZ i RI A DQG�FROXPQ j RI
B � ,I .AB/ij GHQRWHV�WKH .i; j /�HQWU\�LQ AB � DQG�LI A LV�DQ m ! n PDWUL[� WKHQ

.AB/ij D ai1b1j C ai2b2j C " " " C ainbnj

7R�YHULI\�WKLV�UXOH� OHW B D Œ E1 " " " Ep !� &ROXPQ j RI AB LV AEj � DQG�ZH�FDQ
FRPSXWH AEj E\�WKH�URZ²YHFWRU�UXOH�IRU�FRPSXWLQJ A[ IURP�6HFWLRQ ���� 7KH i WK HQWU\
LQ AEj LV�WKH�VXP�RI�WKH�SURGXFWV�RI�FRUUHVSRQGLQJ�HQWULHV�IURP�URZ i RI A DQG�WKH
YHFWRU Ej � ZKLFK�LV�SUHFLVHO\�WKH�FRPSXWDWLRQ�GHVFULEHG�LQ�WKH�UXOH�IRU�FRPSXWLQJ�WKH
.i; j /�HQWU\�RI AB �

8VH�WKH�URZ²FROXPQ�UXOH�WR�FRPSXWH�WZR�RI�WKH�HQWULHV�LQ AB IRU�WKH
PDWULFHV�LQ�([DPSOH �� $Q�LQVSHFWLRQ�RI�WKH�QXPEHUV�LQYROYHG�ZLOO�PDNH�LW�FOHDU�KRZ
WKH�WZR�PHWKRGV�IRU�FDOFXODWLQJ AB SURGXFH�WKH�VDPH�PDWUL[�

7R�ÀQG�WKH�HQWU\�LQ�URZ ��DQG�FROXPQ ��RI AB � FRQVLGHU�URZ ��RI A DQG
FROXPQ ��RI B � 0XOWLSO\�FRUUHVSRQGLQJ�HQWULHV�DQG�DGG�WKH�UHVXOWV� DV�VKRZQ�EHORZ�

AB D
# #

2 3
1 #5

$#
4 3

!
6

1 #2 3

$
D
#

! ! 2.6/ C 3.3/
! ! !

$
D
#

! ! 21
! ! !

$

)RU�WKH�HQWU\�LQ�URZ ��DQG�FROXPQ ��RI AB � XVH�URZ���RI A DQG�FROXPQ ��RI B�

#

#
2 3
1 #5

$#
4

!
3 6

1 #2 3

$
D
#

! ! 21
! 1.3/ C #5.#2/ !

$
D
#

! ! 21
! 13 !

$



0DWUL[�2SHUDWLRQV

)LQG�WKH�HQWULHV�LQ�WKH�VHFRQG�URZ�RI AB � ZKHUH

A D

2
664

2 #5 0
#1 3 #4

6 #8 #7
#3 0 9

3
775; B D

2
4

4 #6
7 1
3 2

3
5

%\�WKH�URZ²FROXPQ�UXOH� WKH�HQWULHV�RI�WKH�VHFRQG�URZ�RI AB FRPH�IURP
URZ ��RI A �DQG�WKH�FROXPQV�RI B��

#

2
664

2 #5 0
#1 3 #4

6 #8 #7
#3 0 9

3
775
2
4

!
4

!
# 6

7 1
3 2

3
5

D

2
664

! !
# 4 C 21 # 12 6 C 3 # 8

! !
! !

3
775 D

2
664

! !
5 1

! !
! !

3
775

1RWLFH�WKDW�VLQFH�([DPSOH ��UHTXHVWHG�RQO\�WKH�VHFRQG�URZ�RI AB � ZH�FRXOG�KDYH
ZULWWHQ�MXVW�WKH�VHFRQG�URZ�RI A WR�WKH�OHIW�RI B DQG�FRPSXWHG

!
#1 3 #4

"
2
4

4 #6
7 1
3 2

3
5 D

!
5 1

"

7KLV�REVHUYDWLRQ�DERXW�URZV�RI AB LV�WUXH�LQ�JHQHUDO�DQG�IROORZV�IURP�WKH�URZ²FROXPQ
UXOH� /HW�URZi .A/ GHQRWH�WKH i WK�URZ�RI�D�PDWUL[ A� 7KHQ

URZi .AB/ D URZi .A/ " B ���

3URSHUWLHV�RI�0DWUL[�0XOWLSOLFDWLRQ
7KH�IROORZLQJ�WKHRUHP�OLVWV�WKH�VWDQGDUG�SURSHUWLHV�RI�PDWUL[�PXOWLSOLFDWLRQ� 5HFDOO�WKDW
Im UHSUHVHQWV�WKH m ! m LGHQWLW\�PDWUL[�DQG Im[ D [ IRU�DOO [ LQ Rm�

/HW A EH�DQ m ! n PDWUL[� DQG�OHW B DQG C KDYH�VL]HV�IRU�ZKLFK�WKH�LQGLFDWHG
VXPV�DQG�SURGXFWV�DUH�GHÀQHG�

D� A.BC / D .AB/C �DVVRFLDWLYH�ODZ�RI�PXOWLSOLFDWLRQ�
E� A.B C C / D AB C AC �OHIW�GLVWULEXWLYH�ODZ�
F� .B C C /A D BA C CA �ULJKW�GLVWULEXWLYH�ODZ�
G� r.AB/ D .rA/B D A.rB/

IRU�DQ\�VFDODU r

H� ImA D A D AIn �LGHQWLW\�IRU�PDWUL[�PXOWLSOLFDWLRQ�

3URSHUWLHV��E�²�H��DUH�FRQVLGHUHG�LQ�WKH�H[HUFLVHV� 3URSHUW\ �D��IROORZV�IURP
WKH�IDFW�WKDW�PDWUL[�PXOWLSOLFDWLRQ�FRUUHVSRQGV�WR�FRPSRVLWLRQ�RI�OLQHDU�WUDQVIRUPDWLRQV
�ZKLFK�DUH�IXQFWLRQV�� DQG�LW�LV�NQRZQ��RU�HDV\�WR�FKHFN��WKDW�WKH�FRPSRVLWLRQ�RI�IXQF�
WLRQV�LV�DVVRFLDWLYH� +HUH�LV�DQRWKHU�SURRI�RI��D��WKDW�UHVWV�RQ�WKH�´FROXPQ�GHÀQLWLRQµ�RI
WKH�SURGXFW�RI�WZR�PDWULFHV� /HW

C D Œ F1 " " " Fp !
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%\�WKH�GHÀQLWLRQ�RI�PDWUL[�PXOWLSOLFDWLRQ�

BC D Œ BF1 " " " BFp !

A.BC / D Œ A.BF1/ " " " A.BFp/ !

5HFDOO�IURP�HTXDWLRQ�����WKDW�WKH�GHÀQLWLRQ�RI AB PDNHV A.B[/ D .AB/[ IRU�DOO [� VR

A.BC / D Œ .AB/F1 " " " .AB/Fp ! D .AB/C

7KH�DVVRFLDWLYH�DQG�GLVWULEXWLYH�ODZV�LQ�7KHRUHPV ��DQG���VD\�HVVHQWLDOO\�WKDW�SDLUV
RI�SDUHQWKHVHV�LQ�PDWUL[�H[SUHVVLRQV�FDQ�EH�LQVHUWHG�DQG�GHOHWHG�LQ�WKH�VDPH�ZD\�DV�LQ
WKH�DOJHEUD�RI�UHDO�QXPEHUV� ,Q�SDUWLFXODU� ZH�FDQ�ZULWH ABC IRU�WKH�SURGXFW� ZKLFK
FDQ�EH�FRPSXWHG�HLWKHU�DV A.BC / RU�DV .AB/C �ñ 6LPLODUO\� D�SURGXFW ABCD RI�IRXU
PDWULFHV�FDQ�EH�FRPSXWHG�DV A.BCD/ RU .ABC /D RU A.BC /D� DQG�VR�RQ� ,W�GRHV�QRW
PDWWHU�KRZ�ZH�JURXS�WKH�PDWULFHV�ZKHQ�FRPSXWLQJ�WKH�SURGXFW� VR�ORQJ�DV�WKH�OHIW�WR�
ULJKW�RUGHU�RI�WKH�PDWULFHV�LV�SUHVHUYHG�

7KH�OHIW�WR�ULJKW�RUGHU�LQ�SURGXFWV�LV�FULWLFDO�EHFDXVH AB DQG BA DUH�XVXDOO\�QRW
WKH�VDPH� 7KLV�LV�QRW�VXUSULVLQJ� EHFDXVH�WKH�FROXPQV�RI AB DUH�OLQHDU�FRPELQDWLRQV
RI�WKH�FROXPQV�RI A� ZKHUHDV�WKH�FROXPQV�RI BA DUH�FRQVWUXFWHG�IURP�WKH�FROXPQV�RI
B � 7KH�SRVLWLRQ�RI�WKH�IDFWRUV�LQ�WKH�SURGXFW AB LV�HPSKDVL]HG�E\�VD\LQJ�WKDW A LV
ULJKW�PXOWLSOLHG E\ B RU�WKDW B LV OHIW�PXOWLSOLHG E\ A� ,I AB D BA� ZH�VD\�WKDW A DQG
B FRPPXWH ZLWK�RQH�DQRWKHU�

/HW A D
#

5 1
3 #2

$
DQG B D

#
2 0
4 3

$
� 6KRZ�WKDW�WKHVH�PDWULFHV�GR

QRW�FRPPXWH� 7KDW�LV� YHULI\�WKDW AB ¤ BA�

AB D
#

5 1
3 #2

$#
2 0
4 3

$
D
#

14 3
#2 #6

$

BA D
#

2 0
4 3

$#
5 1
3 #2

$
D
#

10 2
29 #2

$

([DPSOH���LOOXVWUDWHV�WKH�ÀUVW�RI�WKH�IROORZLQJ�OLVW�RI�LPSRUWDQW�GLIIHUHQFHV�EHWZHHQ
PDWUL[�DOJHEUD�DQG�WKH�RUGLQDU\�DOJHEUD�RI�UHDO�QXPEHUV� 6HH�([HUFLVHV��²���IRU�H[DP�
SOHV�RI�WKHVH�VLWXDWLRQV�

:$51,1*6�
�� ,Q�JHQHUDO� AB ¤ BA�
�� 7KH�FDQFHOODWLRQ � ODZV �GR QRW KROG � IRU �PDWUL[ �PXOWLSOLFDWLRQ� 7KDW � LV� LI

AB D AC � WKHQ�LW�LV QRW WUXH�LQ�JHQHUDO�WKDW B D C � �6HH�([HUFLVH�����
�� ,I�D�SURGXFW AB LV�WKH�]HUR�PDWUL[� \RX FDQQRW FRQFOXGH�LQ�JHQHUDO�WKDW�HLWKHU

A D 0 RU B D 0� �6HH�([HUFLVH�����

3RZHUV�RI�D�0DWUL[
,I A LV�DQ n ! n PDWUL[�DQG�LI k LV�D�SRVLWLYH�LQWHJHU� WKHQ Ak GHQRWHV�WKH�SURGXFW�RI kWEB

ñ:KHQ B LV�VTXDUH�DQG C KDV�IHZHU�FROXPQV�WKDQ A KDV�URZV� LW�LV�PRUH�HIÀFLHQW�WR�FRPSXWH A.BC / WKDQ
.AB/C �
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FRSLHV�RI A�

Ak D A " " " A„ƒ‚…
k

,I A LV�QRQ]HUR�DQG�LI [ LV�LQ Rn; WKHQ Ak[ LV�WKH�UHVXOW�RI�OHIW�PXOWLSO\LQJ [ E\ A
UHSHDWHGO\ k WLPHV� ,I k D 0; WKHQ A0[ VKRXOG�EH [ LWVHOI� 7KXV A0 LV�LQWHUSUHWHG�DV�WKH
LGHQWLW\�PDWUL[� 0DWUL[�SRZHUV�DUH�XVHIXO�LQ�ERWK�WKHRU\�DQG�DSSOLFDWLRQV��6HFWLRQV�����
���� DQG�ODWHU�LQ�WKH�WH[W��

7KH�7UDQVSRVH�RI�D�0DWUL[
*LYHQ�DQ m ! n PDWUL[ A� WKH WUDQVSRVH RI A LV�WKH n ! m PDWUL[� GHQRWHG�E\ AT �
ZKRVH�FROXPQV�DUH�IRUPHG�IURP�WKH�FRUUHVSRQGLQJ�URZV�RI A�

/HW

A D
#

a b
c d

$
; B D

2
4

#5 2
1 #3
0 4

3
5; C D

#
1 1 1 1

#3 5 #2 7

$

7KHQ

AT D
#

a c
b d

$
; BT D

#
#5 1 0

2 #3 4

$
; C T D

2
664

1 #3
1 5
1 #2
1 7

3
775

/HW A DQG B GHQRWH�PDWULFHV�ZKRVH�VL]HV�DUH�DSSURSULDWH�IRU�WKH�IROORZLQJ�VXPV
DQG�SURGXFWV�

D� .AT /T D A

E� .A C B/T D AT C BT

F� )RU�DQ\�VFDODU r � .rA/T D rAT

G� .AB/T D BTAT

3URRIV�RI��D�²�F��DUH�VWUDLJKWIRUZDUG�DQG�DUH�RPLWWHG� )RU��G�� VHH�([HUFLVH����
8VXDOO\� .AB/T LV�QRW�HTXDO�WR ATBT� HYHQ�ZKHQ A DQG B KDYH�VL]HV�VXFK�WKDW�WKH
SURGXFW ATBT LV�GHÀQHG�

7KH�JHQHUDOL]DWLRQ�RI�7KHRUHP���G��WR�SURGXFWV�RI�PRUH�WKDQ�WZR�IDFWRUV�FDQ�EH
VWDWHG�LQ�ZRUGV�DV�IROORZV�

7KH�WUDQVSRVH�RI�D�SURGXFW�RI�PDWULFHV�HTXDOV�WKH�SURGXFW�RI�WKHLU�WUDQVSRVHV�LQ
WKH UHYHUVH RUGHU�

7KH�H[HUFLVHV�FRQWDLQ�QXPHULFDO�H[DPSOHV�WKDW�LOOXVWUDWH�SURSHUWLHV�RI�WUDQVSRVHV�



0DWUL[�$OJHEUD

�� 7KH�IDVWHVW�ZD\�WR�REWDLQ AB RQ�D�FRPSXWHU�GHSHQGV�RQ�WKH�ZD\�LQ�ZKLFK
WKH�FRPSXWHU�VWRUHV�PDWULFHV�LQ�LWV�PHPRU\� 7KH�VWDQGDUG�KLJK�SHUIRUPDQFH
DOJRULWKPV� VXFK�DV�LQ�/$3$&.��FDOFXODWHAB E\�FROXPQV� DV�LQ�RXU�GHÀQLWLRQ
RI�WKH�SURGXFW� �$ YHUVLRQ�RI�/$3$&.ZULWWHQ�LQ�&���FDOFXODWHVAB E\�URZV��

�� 7KH�GHÀQLWLRQ�RI AB OHQGV�LWVHOI�ZHOO�WR�SDUDOOHO�SURFHVVLQJ�RQ�D�FRPSXWHU�
7KH�FROXPQV�RI B DUH�DVVLJQHG�LQGLYLGXDOO\�RU�LQ�JURXSV�WR�GLIIHUHQW�SURFHV�
VRUV� ZKLFK�LQGHSHQGHQWO\�DQG�KHQFH�VLPXOWDQHRXVO\�FRPSXWH�WKH�FRUUHVSRQG�
LQJ�FROXPQV�RI AB �

�� 6LQFH�YHFWRUV�LQ Rn PD\�EH�UHJDUGHG�DV n ! 1 PDWULFHV� WKH�SURSHUWLHV�RI�WUDQVSRVHV
LQ�7KHRUHP ��DSSO\�WR�YHFWRUV� WRR� /HW

A D
#

1 #3
#2 4

$
DQG [ D

#
5
3

$

&RPSXWH .A[/T � [TAT � [[T � DQG [T[� ,V AT[T GHÀQHG"
�� /HW A EH�D 4 ! 4 PDWUL[�DQG�OHW [ EH�D�YHFWRU�LQ R4� :KDW�LV�WKH�IDVWHVW�ZD\�WR

FRPSXWH A2[" &RXQW�WKH�PXOWLSOLFDWLRQV�

,Q�([HUFLVHV ��DQG �� FRPSXWH�HDFK�PDWUL[�VXP�RU�SURGXFW�LI�LW�LV
GHÀQHG� ,I�DQ�H[SUHVVLRQ�LV�XQGHÀQHG� H[SODLQ�ZK\� /HW

A D
#

2 0 #1
4 #5 2

$
; B D

#
7 #5 1
1 #4 #3

$
;

C D
#

1 2
#2 1

$
; D D

#
3 5

#1 4

$
; E D

#
#5

3

$

�� #2A� B # 2A� AC � CD

�� A C 3B � 2C # 3E� DB � EC

,Q�WKH�UHVW�RI�WKLV�H[HUFLVH�VHW�DQG�LQ�WKRVH�WR�IROORZ� DVVXPH�WKDW
HDFK�PDWUL[�H[SUHVVLRQ�LV�GHÀQHG� 7KDW�LV� WKH�VL]HV�RI�WKH�PDWULFHV
�DQG�YHFWRUV��LQYROYHG�´PDWFKµ�DSSURSULDWHO\�

�� /HW A D
#

2 #5
3 #2

$
� &RPSXWH 3I2 # A DQG .3I2/A�

�� &RPSXWH A # 5I3 DQG .5I3/A� ZKHUH

A D

2
4

5 #1 3
#4 3 #6
#3 1 2

3
5:

,Q�([HUFLVHV���DQG��� FRPSXWH�WKH�SURGXFW AB LQ�WZR�ZD\V� �D��E\
WKH�GHÀQLWLRQ� ZKHUH AE1 DQG AE2 DUH�FRPSXWHG�VHSDUDWHO\� DQG
�E��E\�WKH�URZ²FROXPQ�UXOH�IRU�FRPSXWLQJ AB �

�� A D

2
4

#1 3
2 4
5 #3

3
5; B D

#
4 #2

#2 3

$

�� A D

2
4

4 #3
#3 5

0 1

3
5; B D

#
1 4
3 #2

$

�� ,I�D�PDWUL[ A LV 5 ! 3 DQG�WKH�SURGXFW AB LV 5 ! 7� ZKDW�LV
WKH�VL]H�RI B"

�� +RZ�PDQ\�URZV�GRHV B KDYH�LI BC LV�D 5 ! 4 PDWUL["

�� /HW A D
#

2 3
#1 1

$
DQG B D

#
1 9

#3 k

$
� :KDW�YDOXH�V�

RI k� LI�DQ\� ZLOO�PDNH AB D BA"

��� /HW A D
#

3 #6
#1 2

$
� B D

#
#1 1

3 4

$
� DQG C D

#
#3 #5

2 1

$
� 9HULI\�WKDW AB D AC DQG�\HW B ¤ C �

��� /HW A D

2
4

1 2 3
2 4 5
3 5 6

3
5 DQG D D

2
4

5 0 0
0 3 0
0 0 2

3
5� &RP�

SXWH AD DQG DA: ([SODLQ�KRZ�WKH�FROXPQV�RU�URZV�RI A

FKDQJH�ZKHQ A LV�PXOWLSOLHG�E\ D RQ�WKH�ULJKW�RU�RQ�WKH�OHIW�
)LQG�D 3 ! 3 PDWUL[ B; QRW�WKH�LGHQWLW\�PDWUL[�RU�WKH�]HUR
PDWUL[� VXFK�WKDW AB D BA�

��� /HW A D
#

3 #6
#2 4

$
� &RQVWUXFW�D 2 ! 2 PDWUL[ B VXFK�WKDW

AB LV�WKH�]HUR�PDWUL[� 8VH�WZR�GLIIHUHQW�QRQ]HUR�FROXPQV
IRU B:



0DWUL[�2SHUDWLRQV

��� /HW U1; : : : ; Up EH�YHFWRUV � LQ Rn� DQG� OHW Q EH�DQ m ! n
PDWUL[� :ULWH�WKH�PDWUL[ Œ QU1 " " " QUp ! DV�D SURGXFW RI
WZR�PDWULFHV��QHLWKHU�RI�ZKLFK�LV�DQ�LGHQWLW\�PDWUL[��

��� /HW U EH�WKH 3 ! 2 FRVW�PDWUL[�GHVFULEHG�LQ�([DPSOH���LQ
6HFWLRQ����� 7KH�ÀUVW�FROXPQ�RI U OLVWV�WKH�FRVWV�SHU�GROODU�RI
RXWSXW�IRU�PDQXIDFWXULQJ�SURGXFW B; DQG�WKH�VHFRQG�FROXPQ
OLVWV�WKH�FRVWV�SHU�GROODU�RI�RXWSXW�IRU�SURGXFW C: �7KH�FRVWV
DUH�FDWHJRUL]HG�DV�PDWHULDOV� ODERU� DQG�RYHUKHDG�� /HW T1

EH�D�YHFWRU�LQ R2 WKDW�OLVWV�WKH�RXWSXW��PHDVXUHG�LQ�GROODUV�
RI�SURGXFWV�% DQG�& PDQXIDFWXUHG�GXULQJ�WKH�ÀUVW�TXDUWHU
RI�WKH�\HDU� DQG�OHW T2; T3; DQG T4 EH�WKH�DQDORJRXV�YHFWRUV
WKDW�OLVW�WKH�DPRXQWV�RI�SURGXFWV�% DQG�& PDQXIDFWXUHG�LQ
WKH�VHFRQG� WKLUG� DQG�IRXUWK�TXDUWHUV� UHVSHFWLYHO\� *LYH�DQ
HFRQRPLF�GHVFULSWLRQ�RI�WKH�GDWD�LQ�WKH�PDWUL[ UQ; ZKHUH
Q D Œ T1 T2 T3 T4 !:

([HUFLVHV����DQG����FRQFHUQ�DUELWUDU\�PDWULFHV A� B � DQG C IRU
ZKLFK�WKH�LQGLFDWHG�VXPV�DQG�SURGXFWV�DUH�GHÀQHG� 0DUN�HDFK
VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�

��� D� ,I A DQG B DUH 2 ! 2 PDWULFHV�ZLWK�FROXPQV D1� D2� DQG
E1� E2� UHVSHFWLYHO\� WKHQ AB D Œ D1E1 D2E2 !�

E� (DFK � FROXPQ � RI AB LV � D � OLQHDU � FRPELQDWLRQ � RI � WKH
FROXPQV�RI B XVLQJ�ZHLJKWV�IURP�WKH�FRUUHVSRQGLQJ�FRO�
XPQ�RI A�

F� AB C AC D A.B C C /

G� AT C BT D .A C B/T

H� 7KH�WUDQVSRVH�RI�D�SURGXFW�RI�PDWULFHV�HTXDOV�WKH�SURGXFW
RI�WKHLU�WUDQVSRVHV�LQ�WKH�VDPH�RUGHU�

��� D� 7KH�ÀUVW�URZ�RI AB LV�WKH�ÀUVW�URZ�RI A PXOWLSOLHG�RQ�WKH
ULJKW�E\ B �

E� ,I A DQG B DUH 3 ! 3 PDWULFHV�DQG B D Œ E1 E2 E3 !�
WKHQ AB D Œ AE1 C AE2 C AE3 !�

F� ,I A LV�DQ n ! n PDWUL[� WKHQ .A2/T D .AT /2

G� .ABC /T D C T AT BT

H� 7KH�WUDQVSRVH�RI�D�VXP�RI�PDWULFHV�HTXDOV�WKH�VXP�RI�WKHLU
WUDQVSRVHV�

��� ,I A D
#

1 #3
#3 5

$
DQG AB D

#
#3 #11

1 17

$
� GHWHUPLQH�WKH

ÀUVW�DQG�VHFRQG FROXPQV�RI B �

��� 6XSSRVH�WKH�WKLUG�FROXPQ�RI B LV�DOO�]HURV� :KDW�FDQ�EH�VDLG
DERXW�WKH�WKLUG�FROXPQ�RI AB"

��� 6XSSRVH�WKH�WKLUG�FROXPQ�RI B LV�WKH�VXP�RI�WKH�ÀUVW�WZR
FROXPQV� :KDW�FDQ�EH�VDLG�DERXW�WKH�WKLUG�FROXPQ�RI AB"
:K\"

��� 6XSSRVH�WKH�ÀUVW�WZR�FROXPQV� E1 DQG E2� RI B DUH�HTXDO�
:KDW�FDQ�EH�VDLG�DERXW�WKH�FROXPQV�RI AB" :K\"

��� 6XSSRVH�WKH�ODVW�FROXPQ�RI AB LV�HQWLUHO\�]HURV�EXW B LWVHOI
KDV�QR�FROXPQ�RI�]HURV� :KDW�FDQ�EH�VDLG�DERXW�WKH�FROXPQV
RI A"

��� 6KRZ�WKDW�LI�WKH�FROXPQV�RI B DUH�OLQHDUO\�GHSHQGHQW� WKHQ
VR�DUH�WKH�FROXPQV�RI AB �

��� 6XSSRVH CA D In �WKH n ! n LGHQWLW\�PDWUL[�� 6KRZ�WKDW�WKH
HTXDWLRQ A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ� ([SODLQ�ZK\
A FDQQRW�KDYH�PRUH�FROXPQV�WKDQ�URZV�

��� 6XSSRVHA LV�D 3 ! nPDWUL[�ZKRVH�FROXPQV�VSDQR3:([SODLQ
KRZ�WR�FRQVWUXFW�DQ n ! 3 PDWUL[ D VXFK�WKDW AD D I3:

��� 6XSSRVH A LV�DQ m ! n PDWUL[�DQG�WKHUH�H[LVW n ! m PDWULFHV
C DQG D VXFK � WKDW CA D In DQG AD D Im: 3URYH � WKDW
m D n DQG C D D: >+LQW� 7KLQN�DERXW�WKH�SURGXFW CAD�@

��� 6XSSRVH AD D Im �WKH m ! m LGHQWLW\�PDWUL[�� 6KRZ�WKDW
IRU�DQ\ E LQ Rm� WKH�HTXDWLRQ A[ D E KDV�D�VROXWLRQ� >+LQW�
7KLQN�DERXW�WKH�HTXDWLRQ ADE D E:@�([SODLQ�ZK\ A FDQQRW
KDYH�PRUH�URZV�WKDQ�FROXPQV�

,Q�([HUFLVHV����DQG���� YLHZ�YHFWRUV�LQ Rn DV n ! 1 PDWULFHV� )RU
X DQG Y LQ Rn� WKH�PDWUL[�SURGXFW XT Y LV�D 1 ! 1 PDWUL[� FDOOHG�WKH
VFDODU�SURGXFW� RU LQQHU�SURGXFW� RI X DQG Y� ,W�LV�XVXDOO\�ZULWWHQ
DV�D�VLQJOH�UHDO�QXPEHU�ZLWKRXW�EUDFNHWV� 7KH�PDWUL[�SURGXFW XYT

LV�DQ n ! n PDWUL[� FDOOHG�WKH RXWHU�SURGXFW RI X DQG Y� 7KH
SURGXFWV XT Y DQG XYT ZLOO�DSSHDU�ODWHU�LQ�WKH�WH[W�

��� /HW X D

2
4

#3
2

#5

3
5 DQG Y D

2
4

a
b
c

3
5� &RPSXWH XT Y� YT X� XYT �

DQG YXT �

��� ,I X DQG Y DUH�LQ Rn� KRZ�DUH XT Y DQG YT X UHODWHG" +RZ�DUH
XYT DQG YXT UHODWHG"

��� 3URYH�7KHRUHP���E��DQG���F�� 8VH�WKH�URZ²FROXPQ�UXOH� 7KH
.i; j /�HQWU\�LQ A.B C C / FDQ�EH�ZULWWHQ�DV
ai1.b1j C c1j / C " " " C ain.bnj C cnj /

RU
nX

kD1

aik.bkj C ckj /

��� 3URYH�7KHRUHP���G�� >+LQW� 7KH .i; j /�HQWU\�LQ .rA/B LV
.rai1/b1j C " " " C .rain/bnj �@

��� 6KRZ�WKDW ImA D A ZKHUH A LV�DQ m ! n PDWUL[� $VVXPH
Im[ D [ IRU�DOO [ LQ Rm�

��� 6KRZ�WKDW AIn D A ZKHQ A LV�DQ m ! n PDWUL[� >+LQW� 8VH
WKH��FROXPQ��GHÀQLWLRQ�RI AIn�@

��� 3URYH�7KHRUHP���G�� >+LQW� &RQVLGHU�WKH j WK URZ�RI .AB/T �@

��� *LYH�D�IRUPXOD�IRU .AB[/T � ZKHUH [ LV�D�YHFWRU�DQG A DQG B
DUH�PDWULFHV�RI�DSSURSULDWH�VL]HV�

��� >0@ 5HDG�WKH�GRFXPHQWDWLRQ�IRU�\RXU�PDWUL[�SURJUDP� DQG
ZULWH�WKH�FRPPDQGV�WKDW�ZLOO�SURGXFH�WKH�IROORZLQJ�PDWULFHV
�ZLWKRXW�NH\LQJ�LQ�HDFK�HQWU\�RI�WKH�PDWUL[��
D� $ 4 ! 5 PDWUL[�RI�]HURV
E� $ 5 ! 3 PDWUL[�RI�RQHV
F� 7KH 5 ! 5 LGHQWLW\�PDWUL[
G� $ 4 ! 4 GLDJRQDO�PDWUL[� ZLWK�GLDJRQDO�HQWULHV��� �� �� �



0DWUL[�$OJHEUD

$ XVHIXO�ZD\�WR�WHVW�QHZ�LGHDV�LQ�PDWUL[�DOJHEUD� RU�WR�PDNH
FRQMHFWXUHV� LV � WR �PDNH�FDOFXODWLRQV �ZLWK �PDWULFHV �VHOHFWHG �DW
UDQGRP� &KHFNLQJ�D�SURSHUW\�IRU�D�IHZ�PDWULFHV�GRHV�QRW�SURYH
WKDW�WKH�SURSHUW\�KROGV�LQ�JHQHUDO� EXW�LW�PDNHV�WKH�SURSHUW\�PRUH
EHOLHYDEOH� $OVR� LI�WKH�SURSHUW\�LV�DFWXDOO\�IDOVH� PDNLQJ�D�IHZ
FDOFXODWLRQV�PD\�KHOS�WR�GLVFRYHU�WKLV�

��� >0@ :ULWH�WKH�FRPPDQG�V��WKDW�ZLOO�FUHDWH�D 5 ! 6 PDWUL[
ZLWK�UDQGRP�HQWULHV� ,Q�ZKDW�UDQJH�RI�QXPEHUV�GR�WKH�HQWULHV
OLH" 7HOO�KRZ�WR�FUHDWH�D 4 ! 4 PDWUL[�ZLWK�UDQGRP�LQWHJHU
HQWULHV�EHWZHHQ #9 DQG��� >+LQW� ,I x LV�D�UDQGRP�QXPEHU
VXFK�WKDW 0 < x < 1� WKHQ #9:5 < 19.x # :5/ < 9:5�@

��� >0@ &RQVWUXFW � UDQGRP 4 ! 4 PDWULFHV A DQG B WR � WHVW
ZKHWKHU AB D BA� 7KH�EHVW�ZD\�WR�GR�WKLV�LV�WR�FRPSXWH
AB # BA DQG � FKHFN �ZKHWKHU � WKLV � GLIIHUHQFH � LV � WKH � ]HUR
PDWUL[� 7KHQ�WHVW AB # BA IRU�WKUHH�PRUH�SDLUV�RI�UDQGRP
4 ! 4 PDWULFHV� 5HSRUW�\RXU�FRQFOXVLRQV�

��� >0@ &RQVWUXFW�D�UDQGRP 5 ! 5 PDWUL[ A DQG�WHVW�ZKHWKHU
.A C I /.A # I / D A2 # I � 7KH�EHVW �ZD\�WR�GR� WKLV � LV � WR
FRPSXWH .A C I /.A # I / # .A2 # I / DQG �YHULI\ � WKDW � WKLV
GLIIHUHQFH � LV � WKH �]HUR �PDWUL[� 'R� WKLV � IRU � WKUHH � UDQGRP
PDWULFHV� 7KHQ�WHVW .A C B/.A # B/ D A2 # B2 WKH�VDPH

ZD\�IRU�WKUHH�SDLUV�RI�UDQGRP 4 ! 4 PDWULFHV� 5HSRUW�\RXU
FRQFOXVLRQV�

��� >0@ 8VH�DW � OHDVW � WKUHH�SDLUV �RI � UDQGRP 4 ! 4 PDWULFHV A
DQG B WR � WHVW � WKH � HTXDOLWLHV .A C B/T D AT C BT DQG
.AB/T D BTAT � DV�ZHOO�DV .AB/T D ATBT � �6HH�([HUFLVH
���� 5HSRUW�\RXU�FRQFOXVLRQV� >1RWH� 0RVW�PDWUL[�SURJUDPV
XVH A0 IRU AT �@

��� >0@ /HW

S D

2
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0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
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3
77775

&RPSXWH Sk IRU k D 2; : : : ; 6�

��� >0@ 'HVFULEH�LQ�ZRUGV�ZKDW�KDSSHQV�ZKHQ A5� A10� A20� DQG
A30 DUH�FRPSXWHG�IRU

A D

2
4

1=4 1=2 1=4
1=2 1=3 1=6
1=4 1=6 7=12

3
5

�� A[ D
#

1 #3
#2 4

$#
5
3

$
D
#

#4
2

$
� 6R .A[/T D

!
#4 2

"
� $OVR�

[TAT D
!

5 3
"# 1 #2

#3 4

$
D
!

#4 2
"
:

7KH�TXDQWLWLHV .A[/T DQG [TAT DUH�HTXDO� E\�7KHRUHP ��G�� 1H[W�

[[T D
#

5
3

$!
5 3

"
D
#

25 15
15 9

$

[T[ D
!

5 3
"# 5

3

$
D Œ 25 C 9 ! D 34

$ 1 ! 1 PDWUL[�VXFK�DV [T[ LV�XVXDOO\�ZULWWHQ�ZLWKRXW�WKH�EUDFNHWV� )LQDOO\� AT[T LV
QRW�GHÀQHG� EHFDXVH [T GRHV�QRW�KDYH�WZR�URZV�WR�PDWFK�WKH�WZR�FROXPQV�RI AT �

�� 7KH�IDVWHVW�ZD\�WR�FRPSXWH A2[ LV�WR�FRPSXWH A.A[/� 7KH�SURGXFW A[ UHTXLUHV
���PXOWLSOLFDWLRQV� ��IRU�HDFK�HQWU\� DQG A.A[/ UHTXLUHV����PRUH� ,Q�FRQWUDVW� WKH
SURGXFW A2 UHTXLUHV����PXOWLSOLFDWLRQV� ��IRU�HDFK�RI�WKH����HQWULHV�LQ A2� $IWHU�WKDW�
A2[ WDNHV����PRUH�PXOWLSOLFDWLRQV� IRU�D�WRWDO�RI����

0DWUL[�DOJHEUD�SURYLGHV�WRROV�IRU�PDQLSXODWLQJ�PDWUL[�HTXDWLRQV�DQG�FUHDWLQJ�YDULRXV
XVHIXO�IRUPXODV�LQ�ZD\V�VLPLODU�WR�GRLQJ�RUGLQDU\�DOJHEUD�ZLWK�UHDO�QXPEHUV� 7KLV
VHFWLRQ�LQYHVWLJDWHV�WKH�PDWUL[�DQDORJXH�RI�WKH�UHFLSURFDO� RU�PXOWLSOLFDWLYH�LQYHUVH� RI
D�QRQ]HUR�QXPEHU�



7KH�,QYHUVH�RI�D�0DWUL[

5HFDOO�WKDW�WKH�PXOWLSOLFDWLYH�LQYHUVH�RI�D�QXPEHU�VXFK�DV���LV�����RU 5"1� 7KLV
LQYHUVH�VDWLVÀHV�WKH�HTXDWLRQV

5"1 " 5 D 1 DQG 5 " 5"1 D 1

7KH�PDWUL[�JHQHUDOL]DWLRQ�UHTXLUHV ERWK HTXDWLRQV�DQG�DYRLGV�WKH�VODQWHG�OLQH�QRWDWLRQ
�IRU�GLYLVLRQ��EHFDXVH�PDWUL[�PXOWLSOLFDWLRQ�LV�QRW�FRPPXWDWLYH� )XUWKHUPRUH� D�IXOO
JHQHUDOL]DWLRQ�LV�SRVVLEOH�RQO\�LI�WKH�PDWULFHV�LQYROYHG�DUH�VTXDUH�ñ

$Q n ! n PDWUL[ A LV�VDLG�WR�EH LQYHUWLEOH LI�WKHUH�LV�DQ n ! n PDWUL[ C VXFK�WKDW

CA D I DQG AC D I

ZKHUH I D In; WKH n ! n LGHQWLW\�PDWUL[� ,Q�WKLV�FDVH� C LV�DQ LQYHUVH RI A� ,Q�IDFW� C
LV�XQLTXHO\�GHWHUPLQHG�E\ A� EHFDXVH�LI B ZHUH�DQRWKHU�LQYHUVH�RI A� WKHQ B D BI D
B.AC / D .BA/C D IC D C: 7KLV�XQLTXH�LQYHUVH�LV�GHQRWHG�E\ A"1� VR�WKDW

A"1A D I DQG AA"1 D I

$ PDWUL[�WKDW�LV QRW LQYHUWLEOH�LV�VRPHWLPHV�FDOOHG�D VLQJXODU�PDWUL[� DQG�DQ�LQYHUWLEOH
PDWUL[�LV�FDOOHG�D QRQVLQJXODU�PDWUL[�

,I A D
#

2 5
#3 #7

$
DQG C D

#
#7 #5

3 2

$
� WKHQ

AC D
#

2 5
#3 #7

$#
#7 #5

3 2

$
D
#

1 0
0 1

$
DQG

CA D
#

#7 #5
3 2

$#
2 5

#3 #7

$
D
#

1 0
0 1

$

7KXV C D A"1�

+HUH�LV�D�VLPSOH�IRUPXOD�IRU�WKH�LQYHUVH�RI�D 2 ! 2 PDWUL[� DORQJ�ZLWK�D�WHVW�WR�WHOO
LI�WKH�LQYHUVH�H[LVWV�

/HW A D
#

a b
c d

$
� ,I ad # bc ¤ 0� WKHQ A LV�LQYHUWLEOH�DQG

A"1 D 1

ad # bc

#
d #b

#c a

$

,I ad # bc D 0� WKHQ A LV�QRW�LQYHUWLEOH�

7KH�VLPSOH�SURRI�RI�7KHRUHP ��LV�RXWOLQHG�LQ�([HUFLVHV ���DQG���� 7KH�TXDQWLW\
ad # bc LV�FDOOHG�WKH GHWHUPLQDQW RI A� DQG�ZH�ZULWH

GHWA D ad # bc

7KHRUHP���VD\V�WKDW�D 2 ! 2 PDWUL[ A LV�LQYHUWLEOH�LI�DQG�RQO\�LI GHWA ¤ 0�

ñ2QH�FRXOG�VD\�WKDW�DQ m# n PDWUL[ A LV�LQYHUWLEOH�LI�WKHUH�H[LVW n#m PDWULFHV C DQG D VXFK�WKDW
CA D In DQG AD D Im: +RZHYHU� WKHVH�HTXDWLRQV�LPSO\�WKDW A LV�VTXDUH�DQG C D D: 7KXV A LV�LQYHUWLEOH
DV�GHÀQHG�DERYH� 6HH�([HUFLVHV���²���LQ�6HFWLRQ�����
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)LQG�WKH�LQYHUVH�RI A D
#

3 4
5 6

$
�

6LQFH GHWA D 3.6/ # 4.5/ D #2 ¤ 0� A LV�LQYHUWLEOH� DQG

A"1 D 1

#2

#
6 #4

#5 3

$
D
#

6=.#2/ #4=.#2/
#5=.#2/ 3=.#2/

$
D
#

#3 2
5=2 #3=2

$

,QYHUWLEOH�PDWULFHV�DUH�LQGLVSHQVDEOH�LQ�OLQHDU�DOJHEUD³PDLQO\�IRU�DOJHEUDLF�FDOFX�
ODWLRQV�DQG�IRUPXOD�GHULYDWLRQV� DV�LQ�WKH�QH[W�WKHRUHP� 7KHUH�DUH�DOVR�RFFDVLRQV�ZKHQ
DQ�LQYHUVH�PDWUL[�SURYLGHV�LQVLJKW�LQWR�D�PDWKHPDWLFDO�PRGHO�RI�D�UHDO�OLIH�VLWXDWLRQ� DV
LQ�([DPSOH��� EHORZ�

,I A LV�DQ�LQYHUWLEOH n ! n PDWUL[� WKHQ�IRU�HDFK E LQ Rn� WKH�HTXDWLRQ A[ D E KDV
WKH�XQLTXH�VROXWLRQ [ D A"1E�

7DNH�DQ\ E LQ Rn� $ VROXWLRQ�H[LVWV�EHFDXVH�LI A"1E LV�VXEVWLWXWHG�IRU [�
WKHQ A[ D A.A"1E/ D .AA"1/E D IE D E� 6R A"1E LV�D�VROXWLRQ� 7R�SURYH�WKDW�WKH
VROXWLRQ�LV�XQLTXH� VKRZ�WKDW�LI X LV�DQ\�VROXWLRQ� WKHQ X; LQ�IDFW� PXVW�EH A"1E� ,QGHHG�
LI AX D E� ZH�FDQ�PXOWLSO\�ERWK�VLGHV�E\ A"1 DQG�REWDLQ

A"1AX D A"1E; IX D A"1E; DQG X D A"1E

$ KRUL]RQWDO�HODVWLF�EHDP�LV�VXSSRUWHG�DW�HDFK�HQG�DQG�LV�VXEMHFWHG�WR
IRUFHV�DW�SRLQWV��� �� �� DV�VKRZQ�LQ�)LJ� �� /HW I LQ R3 OLVW�WKH�IRUFHV�DW�WKHVH�SRLQWV� DQG
OHW \ LQ R3 OLVW�WKH�DPRXQWV�RI�GHÁHFWLRQ��WKDW�LV� PRYHPHQW��RI�WKH�EHDP�DW�WKH�WKUHH
SRLQWV� 8VLQJ�+RRNH·V�ODZ�IURP�SK\VLFV� LW�FDQ�EH�VKRZQ�WKDW

\ D DI

ZKHUH D LV�D ÁH[LELOLW\�PDWUL[� ,WV�LQYHUVH�LV�FDOOHG�WKH VWLIIQHVV�PDWUL[� 'HVFULEH�WKH
SK\VLFDO�VLJQLÀFDQFH�RI�WKH�FROXPQV�RI D DQG D"1�













#1 #2 #3

y1 y2
y3

f3f2
f1

'HÁHFWLRQ�RI�DQ�HODVWLF�EHDP�

:ULWH I3 D Œ H1 H2 H3 ! DQG�REVHUYH�WKDW

D D DI3 D Œ DH1 DH2 DH3 !

,QWHUSUHW�WKH�YHFWRU H1 D .1; 0; 0/ DV�D�XQLW�IRUFH�DSSOLHG�GRZQZDUG�DW�SRLQW���RQ�WKH
EHDP��ZLWK�]HUR�IRUFH�DW�WKH�RWKHU�WZR�SRLQWV�� 7KHQ DH1; WKH�ÀUVW�FROXPQ�RI D; OLVWV
WKH�EHDP�GHÁHFWLRQV�GXH�WR�D�XQLW�IRUFH�DW�SRLQW��� 6LPLODU�GHVFULSWLRQV�DSSO\�WR�WKH
VHFRQG�DQG�WKLUG�FROXPQV�RI D:

7R�VWXG\�WKH�VWLIIQHVV�PDWUL[ D"1� REVHUYH�WKDW�WKH�HTXDWLRQ I D D"1\ FRPSXWHV�D
IRUFH�YHFWRU I ZKHQ�D�GHÁHFWLRQ�YHFWRU \ LV�JLYHQ� :ULWH

D"1 D D"1I3 D Œ D"1H1 D"1H2 D"1H3 !

1RZ�LQWHUSUHW H1 DV�D�GHÁHFWLRQ�YHFWRU� 7KHQ D"1H1 OLVWV�WKH�IRUFHV�WKDW�FUHDWH�WKH
GHÁHFWLRQ� 7KDW�LV� WKH�ÀUVW�FROXPQ�RI D"1 OLVWV�WKH�IRUFHV�WKDW�PXVW�EH�DSSOLHG�DW�WKH



7KH�,QYHUVH�RI�D�0DWUL[

WKUHH�SRLQWV�WR�SURGXFH�D�XQLW�GHÁHFWLRQ�DW�SRLQW���DQG�]HUR�GHÁHFWLRQV�DW�WKH�RWKHU�SRLQWV�
6LPLODUO\� FROXPQV���DQG���RI D"1 OLVW�WKH�IRUFHV�UHTXLUHG�WR�SURGXFH�XQLW�GHÁHFWLRQV�DW
SRLQWV���DQG��� UHVSHFWLYHO\� ,Q�HDFK�FROXPQ� RQH�RU�WZR�RI�WKH�IRUFHV�PXVW�EH�QHJDWLYH
�SRLQW�XSZDUG��WR�SURGXFH�D�XQLW�GHÁHFWLRQ�DW�WKH�GHVLUHG�SRLQW�DQG�]HUR�GHÁHFWLRQV�DW
WKH�RWKHU�WZR�SRLQWV� ,I�WKH�ÁH[LELOLW\�LV�PHDVXUHG� IRU�H[DPSOH� LQ�LQFKHV�RI�GHÁHFWLRQ
SHU�SRXQG�RI�ORDG� WKHQ�WKH�VWLIIQHVV�PDWUL[�HQWULHV�DUH�JLYHQ�LQ�SRXQGV�RI�ORDG�SHU�LQFK
RI�GHÁHFWLRQ�

7KH�IRUPXOD�LQ�7KHRUHP ��LV�VHOGRP�XVHG�WR�VROYH�DQ�HTXDWLRQ A[ D E QXPHULFDOO\
EHFDXVH�URZ�UHGXFWLRQ�RI Œ A E ! LV�QHDUO\�DOZD\V�IDVWHU� �5RZ�UHGXFWLRQ�LV�XVXDOO\
PRUH�DFFXUDWH� WRR� ZKHQ�FRPSXWDWLRQV�LQYROYH�URXQGLQJ�RII�QXPEHUV�� 2QH�SRVVLEOH
H[FHSWLRQ�LV�WKH 2 ! 2 FDVH� ,Q�WKLV�FDVH� PHQWDO�FRPSXWDWLRQV�WR�VROYH A[ D E DUH
VRPHWLPHV�HDVLHU�XVLQJ�WKH�IRUPXOD�IRU A"1� DV�LQ�WKH�QH[W�H[DPSOH�

8VH�WKH�LQYHUVH�RI�WKH�PDWUL[ A LQ�([DPSOH ��WR�VROYH�WKH�V\VWHP

3x1 C 4x2 D 3

5x1 C 6x2 D 7

7KLV�V\VWHP�LV�HTXLYDOHQW�WR A[ D E� VR

[ D A"1E D
#

#3 2
5=2 #3=2

$ #
3
7

$
D
#

5
#3

$

7KH�QH[W�WKHRUHP�SURYLGHV�WKUHH�XVHIXO�IDFWV�DERXW�LQYHUWLEOH�PDWULFHV�

D� ,I A LV�DQ�LQYHUWLEOH�PDWUL[� WKHQ A"1 LV�LQYHUWLEOH�DQG

.A"1/"1 D A

E� ,I A DQG B DUH n ! n LQYHUWLEOH�PDWULFHV� WKHQ�VR�LV AB � DQG�WKH�LQYHUVH�RI AB
LV�WKH�SURGXFW�RI�WKH�LQYHUVHV�RI A DQG B LQ�WKH�UHYHUVH�RUGHU� 7KDW�LV�

.AB/"1 D B"1A"1

F� ,IA LV�DQ�LQYHUWLEOH�PDWUL[� WKHQ�VR�LVAT � DQG�WKH�LQYHUVH�RIAT LV�WKH�WUDQVSRVH
RI A"1� 7KDW�LV�

.AT /"1 D .A"1/T

7R�YHULI\�VWDWHPHQW��D�� ÀQG�D�PDWUL[ C VXFK�WKDW
A"1C D I DQG CA"1 D I

,Q�IDFW� WKHVH�HTXDWLRQV�DUH�VDWLVÀHG�ZLWK A LQ�SODFH�RI C � +HQFH A"1 LV�LQYHUWLEOH� DQG
A LV�LWV�LQYHUVH� 1H[W� WR�SURYH�VWDWHPHQW��E�� FRPSXWH�

.AB/.B"1A"1/ D A.BB"1/A"1 D AIA"1 D AA"1 D I

$ VLPLODU�FDOFXODWLRQ�VKRZV�WKDW .B"1A"1/.AB/ D I � )RU�VWDWHPHQW��F�� XVH�7KHRUHP
��G�� UHDG�IURP�ULJKW�WR�OHIW� .A"1/T AT D .AA"1/T D I T D I � 6LPLODUO\�AT .A"1/T D
I T D I � +HQFH AT LV�LQYHUWLEOH� DQG�LWV�LQYHUVH�LV .A"1/T �

7KH�IROORZLQJ�JHQHUDOL]DWLRQ�RI�7KHRUHP���E��LV�QHHGHG�ODWHU�

7KH�SURGXFW�RI n ! n LQYHUWLEOH�PDWULFHV� LV � LQYHUWLEOH� DQG�WKH�LQYHUVH�LV � WKH
SURGXFW�RI�WKHLU�LQYHUVHV�LQ�WKH�UHYHUVH�RUGHU�
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7KHUH�LV�DQ�LPSRUWDQW�FRQQHFWLRQ�EHWZHHQ�LQYHUWLEOH�PDWULFHV�DQG�URZ�RSHUDWLRQV
WKDW�OHDGV�WR�D�PHWKRG�IRU�FRPSXWLQJ�LQYHUVHV� $V�ZH�VKDOO�VHH� DQ�LQYHUWLEOH�PDWUL[
A LV�URZ�HTXLYDOHQW�WR�DQ�LGHQWLW\�PDWUL[� DQG�ZH�FDQ�ÀQG A"1 E\ ZDWFKLQJ�WKH�URZ
UHGXFWLRQ�RI A WR I �

(OHPHQWDU\�0DWULFHV
$Q HOHPHQWDU\�PDWUL[ LV�RQH�WKDW�LV�REWDLQHG�E\�SHUIRUPLQJ�D�VLQJOH�HOHPHQWDU\�URZ
RSHUDWLRQ�RQ�DQ�LGHQWLW\�PDWUL[� 7KH�QH[W�H[DPSOH�LOOXVWUDWHV�WKH�WKUHH�NLQGV�RI�HOHPHQ�
WDU\�PDWULFHV�

/HW

E1 D

2
4

1 0 0
0 1 0

#4 0 1

3
5; E2 D

2
4

0 1 0
1 0 0
0 0 1

3
5; E3 D

2
4

1 0 0
0 1 0
0 0 5

3
5;

A D

2
4

a b c
d e f
g h i

3
5

&RPSXWH E1A� E2A� DQG E3A� DQG�GHVFULEH�KRZ�WKHVH�SURGXFWV�FDQ�EH�REWDLQHG�E\
HOHPHQWDU\�URZ�RSHUDWLRQV�RQ A�

9HULI\�WKDW

E1A D

2
4

a b c
d e f

g # 4a h # 4b i # 4c

3
5 ; E2A D

2
4

d e f
a b c
g h i

3
5;

E3A D

2
4

a b c
d e f
5g 5h 5i

3
5 :

$GGLWLRQ�RI #4 WLPHV�URZ ��RI A WR�URZ ��SURGXFHV E1A� �7KLV�LV�D�URZ�UHSODFHPHQW
RSHUDWLRQ�� $Q�LQWHUFKDQJH�RI�URZV ��DQG���RI A SURGXFHV E2A� DQG�PXOWLSOLFDWLRQ�RI
URZ���RI A E\���SURGXFHV E3A�

/HIW�PXOWLSOLFDWLRQ��WKDW�LV� PXOWLSOLFDWLRQ�RQ�WKH�OHIW��E\ E1 LQ�([DPSOH ��KDV�WKH
VDPH�HIIHFW�RQ�DQ\ 3 ! n PDWUL[� ,W�DGGV #4 WLPHV�URZ ��WR�URZ �� ,Q�SDUWLFXODU� VLQFH
E1 " I D E1� ZH�VHH�WKDWE1 LWVHOI LV�SURGXFHG�E\�WKLV�VDPH�URZ�RSHUDWLRQ�RQ�WKH�LGHQWLW\�
7KXV�([DPSOH ��LOOXVWUDWHV�WKH�IROORZLQJ�JHQHUDO�IDFW�DERXW�HOHPHQWDU\�PDWULFHV� 6HH
([HUFLVHV ���DQG����

,I�DQ�HOHPHQWDU\�URZ�RSHUDWLRQ�LV�SHUIRUPHG�RQ�DQ m ! n PDWUL[ A� WKH�UHVXOWLQJ
PDWUL[�FDQ�EH�ZULWWHQ�DV EA� ZKHUH�WKH m ! m PDWUL[ E LV�FUHDWHG�E\�SHUIRUPLQJ
WKH�VDPH�URZ�RSHUDWLRQ�RQ Im�

6LQFH�URZ�RSHUDWLRQV�DUH�UHYHUVLEOH� DV�VKRZQ�LQ�6HFWLRQ ���� HOHPHQWDU\�PDWULFHV
DUH�LQYHUWLEOH� IRU�LI E LV�SURGXFHG�E\�D�URZ�RSHUDWLRQ�RQ I � WKHQ�WKHUH�LV�DQRWKHU�URZ
RSHUDWLRQ�RI�WKH�VDPH�W\SH�WKDW�FKDQJHV E EDFN�LQWR I � +HQFH�WKHUH�LV�DQ�HOHPHQWDU\
PDWUL[ F VXFK�WKDW FE D I � 6LQFH E DQG F FRUUHVSRQG�WR�UHYHUVH�RSHUDWLRQV� EF D I �
WRR�



7KH�,QYHUVH�RI�D�0DWUL[

(DFK�HOHPHQWDU\�PDWUL[E LV�LQYHUWLEOH� 7KH�LQYHUVH�RIE LV�WKH�HOHPHQWDU\�PDWUL[
RI�WKH�VDPH�W\SH�WKDW�WUDQVIRUPV E EDFN�LQWR I �

)LQG�WKH�LQYHUVH�RI E1 D

2
4

1 0 0
0 1 0

#4 0 1

3
5�

7R�WUDQVIRUP E1 LQWR I � DGG C4 WLPHV�URZ ��WR�URZ �� 7KH�HOHPHQWDU\
PDWUL[�WKDW�GRHV�WKLV�LV

E"1
1 D

2
4

1 0 0
0 1 0

C4 0 1

3
5

7KH�IROORZLQJ�WKHRUHP�SURYLGHV�WKH�EHVW�ZD\�WR�´YLVXDOL]Hµ�DQ�LQYHUWLEOH�PDWUL[�
DQG�WKH�WKHRUHP�OHDGV�LPPHGLDWHO\�WR�D�PHWKRG�IRU�ÀQGLQJ�WKH�LQYHUVH�RI�D�PDWUL[�

$Q n ! n PDWUL[ A LV�LQYHUWLEOH�LI�DQG�RQO\�LI A LV�URZ�HTXLYDOHQW�WR In� DQG�LQ
WKLV�FDVH� DQ\�VHTXHQFH�RI�HOHPHQWDU\�URZ�RSHUDWLRQV�WKDW�UHGXFHV A WR In DOVR
WUDQVIRUPV In LQWR A"1�

6XSSRVH�WKDW A LV�LQYHUWLEOH� 7KHQ� VLQFH�WKH�HTXDWLRQ A[ D E KDV�D�VROXWLRQ
IRU�HDFK E �7KHRUHP���� A KDV�D�SLYRW�SRVLWLRQ�LQ�HYHU\�URZ��7KHRUHP���LQ�6HFWLRQ������
%HFDXVH A LV�VTXDUH� WKH n SLYRW�SRVLWLRQV�PXVW�EH�RQ�WKH�GLDJRQDO� ZKLFK�LPSOLHV�WKDW
WKH�UHGXFHG�HFKHORQ�IRUP�RI A LV In� 7KDW�LV� A % In�

1RZ�VXSSRVH� FRQYHUVHO\� WKDW A % In� 7KHQ� VLQFH�HDFK�VWHS�RI�WKH�URZ�UHGXFWLRQ
RI A FRUUHVSRQGV�WR�OHIW�PXOWLSOLFDWLRQ�E\�DQ�HOHPHQWDU\�PDWUL[� WKHUH�H[LVW�HOHPHQWDU\
PDWULFHV E1; : : : ; Ep VXFK�WKDW

A % E1A % E2.E1A/ % " " " % Ep.Ep"1 " " " E1A/ D In

7KDW�LV�
Ep " " " E1A D In ���

6LQFH�WKH�SURGXFW Ep " " " E1 RI�LQYHUWLEOH�PDWULFHV�LV�LQYHUWLEOH� ����OHDGV�WR

.Ep " " " E1/"1.Ep " " " E1/A D .Ep " " " E1/"1In

A D .Ep " " " E1/"1

7KXV A LV�LQYHUWLEOH� DV�LW�LV�WKH�LQYHUVH�RI�DQ�LQYHUWLEOH�PDWUL[��7KHRUHP���� $OVR�

A"1 D Œ .Ep " " " E1/"1 !
"1 D Ep " " " E1

7KHQ A"1 D Ep " " " E1 " In� ZKLFK�VD\V�WKDW A"1 UHVXOWV�IURP�DSSO\LQJ E1; : : : ; Ep VXF�
FHVVLYHO\�WR In� 7KLV�LV�WKH�VDPH�VHTXHQFH�LQ�����WKDW�UHGXFHG A WR In�

$Q�$OJRULWKP�IRU�)LQGLQJ $±�

,I�ZH�SODFH A DQG I VLGH�E\�VLGH�WR�IRUP�DQ�DXJPHQWHG�PDWUL[ Œ A I !� WKHQ�URZ
RSHUDWLRQV�RQ�WKLV�PDWUL[�SURGXFH�LGHQWLFDO�RSHUDWLRQV�RQ A DQG�RQ I � %\�7KHRUHP ��
HLWKHU�WKHUH�DUH�URZ�RSHUDWLRQV�WKDW�WUDQVIRUP A WR In DQG In WR A"1 RU�HOVH A LV�QRW
LQYHUWLEOH�
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5RZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[ Œ A I !� ,I A LV�URZ�HTXLYDOHQW�WR I � WKHQ
Œ A I ! LV�URZ�HTXLYDOHQW�WR Œ I A"1 !� 2WKHUZLVH� A GRHV�QRW�KDYH�DQ�LQYHUVH�

)LQG�WKH�LQYHUVH�RI�WKH�PDWUL[ A D

2
4

0 1 2
1 0 3
4 #3 8

3
5� LI�LW�H[LVWV�

Œ A I ! D

2
4

0 1 2 1 0 0
1 0 3 0 1 0
4 #3 8 0 0 1

3
5 %

2
4

1 0 3 0 1 0
0 1 2 1 0 0
4 #3 8 0 0 1

3
5

%

2
4

1 0 3 0 1 0
0 1 2 1 0 0
0 #3 #4 0 #4 1

3
5 %

2
4

1 0 3 0 1 0
0 1 2 1 0 0
0 0 2 3 #4 1

3
5

%

2
4

1 0 3 0 1 0
0 1 2 1 0 0
0 0 1 3=2 #2 1=2

3
5

%

2
4

1 0 0 #9=2 7 #3=2
0 1 0 #2 4 #1
0 0 1 3=2 #2 1=2

3
5

7KHRUHP���VKRZV� VLQFH A % I � WKDW A LV�LQYHUWLEOH� DQG

A"1 D

2
4

#9=2 7 #3=2
#2 4 #1
3=2 #2 1=2

3
5

,W�LV�D�JRRG�LGHD�WR�FKHFN�WKH�ÀQDO�DQVZHU�

AA"1 D

2
4

0 1 2
1 0 3
4 #3 8

3
5
2
4

#9=2 7 #3=2
#2 4 #1
3=2 #2 1=2

3
5 D

2
4

1 0 0
0 1 0
0 0 1

3
5

,W�LV�QRW�QHFHVVDU\�WR�FKHFN�WKDW A"1A D I VLQFH A LV�LQYHUWLEOH�

$QRWKHU�9LHZ�RI�0DWUL[�,QYHUVLRQ
'HQRWH�WKH�FROXPQV�RI In E\ H1; : : : ; Hn� 7KHQ�URZ�UHGXFWLRQ�RI Œ A I ! WR Œ I A"1 !
FDQ�EH�YLHZHG�DV�WKH�VLPXOWDQHRXV�VROXWLRQ�RI�WKH n V\VWHPV

A[ D H1; A[ D H2; : : : ; A[ D Hn ���

ZKHUH�WKH�´DXJPHQWHG�FROXPQVµ�RI�WKHVH�V\VWHPV�KDYH�DOO�EHHQ�SODFHG�QH[W�WRA WR�IRUP
Œ A H1 H2 " " " Hn ! D Œ A I !� 7KH�HTXDWLRQ AA"1 D I DQG�WKH�GHÀQLWLRQ�RI�PDWUL[
PXOWLSOLFDWLRQ�VKRZ�WKDW�WKH�FROXPQV�RI A"1 DUH�SUHFLVHO\�WKH�VROXWLRQV�RI�WKH�V\VWHPV
LQ����� 7KLV�REVHUYDWLRQ�LV�XVHIXO�EHFDXVH�VRPH�DSSOLHG�SUREOHPV�PD\�UHTXLUH�ÀQGLQJ
RQO\�RQH�RU�WZR�FROXPQV�RI A"1� ,Q�WKLV�FDVH� RQO\�WKH�FRUUHVSRQGLQJ�V\VWHPV�LQ����
QHHG�EH�VROYHG�



7KH�,QYHUVH�RI�D�0DWUL[

,Q�SUDFWLFDO�ZRUN� A"1 LV�VHOGRP�FRPSXWHG� XQOHVV�WKH�HQWULHV�RI A"1 DUH�QHHGHG�
&RPSXWLQJ�ERWK A"1 DQG A"1E WDNHV �DERXW � WKUHH� WLPHV�DV �PDQ\�DULWKPHWLF
RSHUDWLRQV�DV�VROYLQJ A[ D E E\�URZ�UHGXFWLRQ� DQG�URZ�UHGXFWLRQ�PD\�EH�PRUH
DFFXUDWH�

WEB

�� 8VH�GHWHUPLQDQWV�WR�GHWHUPLQH�ZKLFK�RI�WKH�IROORZLQJ�PDWULFHV�DUH�LQYHUWLEOH�

D�
#

3 #9
2 6

$
E�
#

4 #9
0 5

$
F�
#

6 #9
#4 6

$

�� )LQG�WKH�LQYHUVH�RI�WKH�PDWUL[ A D

2
4

1 #2 #1
#1 5 6

5 #4 5

3
5� LI�LW�H[LVWV�

)LQG�WKH�LQYHUVHV�RI�WKH�PDWULFHV�LQ�([HUFLVHV��²��

��
#

8 6
5 4

$
��

#
3 2
8 5

$

��
#

7 3
#6 #3

$
��

#
2 #4
4 #6

$

�� 8VH�WKH�LQYHUVH�IRXQG�LQ�([HUFLVH���WR�VROYH�WKH�V\VWHP

8x1 C 6x2 D 2

5x1 C 4x2 D #1

�� 8VH�WKH�LQYHUVH�IRXQG�LQ�([HUFLVH���WR�VROYH�WKH�V\VWHP

7x1 C 3x2 D #9

#6x1 # 3x2 D 4

�� /HW A D
#

1 2
5 12

$
� E1 D

#
#1

3

$
� E2 D

#
1

#5

$
� E3 D

#
2
6

$
�

DQG E4 D
#

3
5

$
�

D� )LQG A!1; DQG�XVH�LW�WR�VROYH�WKH�IRXU�HTXDWLRQV
A[ D E1; A[ D E2; A[ D E3; A[ D E4

E� 7KH � IRXU � HTXDWLRQV � LQ � SDUW � �D� � FDQ � EH � VROYHG �E\ � WKH
VDPH VHW �RI � URZ�RSHUDWLRQV� VLQFH � WKH �FRHIÀFLHQW �PD�
WUL[ � LV � WKH � VDPH � LQ � HDFK �FDVH� 6ROYH � WKH � IRXU � HTXD�
WLRQV�LQ�SDUW �D��E\�URZ�UHGXFLQJ�WKH�DXJPHQWHG�PDWUL[
Œ A E1 E2 E3 E4 !�

�� 6XSSRVH P LV�LQYHUWLEOH�DQG A D PBP!1� 6ROYH�IRU B LQ
WHUPV�RI A�

,Q�([HUFLVHV���DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

�� D� ,Q �RUGHU � IRU � D �PDWUL[ B WR �EH � WKH � LQYHUVH �RI A� WKH
HTXDWLRQV AB D I DQG BA D I PXVW�ERWK�EH�WUXH�

E� ,I A DQG B DUH n ! n DQG�LQYHUWLEOH� WKHQ A!1B!1 LV�WKH
LQYHUVH�RI AB �

F� ,IA D
#

a b
c d

$
DQG ab # cd ¤ 0� WKHQA LV�LQYHUWLEOH�

G� ,I A LV � DQ � LQYHUWLEOH n ! n PDWUL[� WKHQ � WKH �HTXDWLRQ
A[ D E LV�FRQVLVWHQW�IRU HDFK E LQ Rn�

H� (DFK�HOHPHQWDU\�PDWUL[�LV�LQYHUWLEOH�

��� D� ,I A LV�LQYHUWLEOH� WKHQ�HOHPHQWDU\�URZ�RSHUDWLRQV�WKDW
UHGXFH A WR�WKH�LGHQWLW\ In DOVR�UHGXFH A!1 WR In�

E� ,I A LV�LQYHUWLEOH� WKHQ�WKH�LQYHUVH�RI A!1 LV A LWVHOI�
F� $ SURGXFW�RI�LQYHUWLEOH n ! n PDWULFHV�LV�LQYHUWLEOH� DQG

WKH�LQYHUVH�RI�WKH�SURGXFW�LV�WKH�SURGXFW�RI�WKHLU�LQYHUVHV
LQ�WKH�VDPH�RUGHU�

G� ,I A LV�DQ n ! n PDWUL[�DQG A[ D Hj LV�FRQVLVWHQW�IRU
HYHU\ j 2 f1; 2; : : : ; ng; WKHQ A LV � LQYHUWLEOH� 1RWH�
H1; : : : ; Hn UHSUHVHQW�WKH�FROXPQV�RI�WKH�LGHQWLW\�PDWUL[�

H� ,I A FDQ�EH�URZ�UHGXFHG�WR�WKH�LGHQWLW\�PDWUL[� WKHQ A
PXVW�EH�LQYHUWLEOH�

��� /HW A EH�DQ�LQYHUWLEOH n ! n PDWUL[� DQG�OHW B EH�DQ n ! p
PDWUL[� 6KRZ�WKDW�WKH�HTXDWLRQ AX D B KDV�D�XQLTXH�VROX�
WLRQ A!1B:

��� 8VH�PDWUL[�DOJHEUD�WR�VKRZ�WKDW�LI A LV�LQYHUWLEOH�DQG D
VDWLVÀHV AD D I � WKHQ D D A!1:

��� 6XSSRVH AB D AC � ZKHUH B DQG C DUH n ! p PDWULFHV�DQG
A LV�LQYHUWLEOH� 6KRZ�WKDW B D C � ,V�WKLV�WUXH� LQ�JHQHUDO�
ZKHQ A LV�QRW�LQYHUWLEOH"
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��� 6XSSRVH .B # C /D D 0� ZKHUH B DQG C DUH m ! nPDWULFHV
DQG D LV�LQYHUWLEOH� 6KRZ�WKDW B D C �

��� /HW A EH�DQ�LQYHUWLEOH n ! n PDWUL[� DQG�OHW B EH�DQ n ! p
PDWUL[� ([SODLQ�ZK\ A!1B FDQ�EH�FRPSXWHG�E\�URZ�UHGXF�
WLRQ�
,I Œ A B ! % " " " % Œ I X !� WKHQ X D A!1B �
,I A LV�ODUJHU�WKDQ 2 ! 2; WKHQ�URZ�UHGXFWLRQ�RI ŒA B! LV
PXFK�IDVWHU�WKDQ�FRPSXWLQJ�ERWK A!1 DQG A!1B:

��� 6XSSRVH A DQG B DUH n ! n PDWULFHV� B LV�LQYHUWLEOH� DQG AB
LV�LQYHUWLEOH� 6KRZ�WKDW A LV�LQYHUWLEOH� >+LQW� /HW C D AB �
DQG�VROYH�WKLV�HTXDWLRQ�IRU A�@

��� 6XSSRVH A� B � DQG C DUH�LQYHUWLEOH n ! n PDWULFHV� 6KRZ
WKDW ABC LV�DOVR�LQYHUWLEOH�E\�SURGXFLQJ�D�PDWUL[ D VXFK
WKDW .ABC /D D I DQG D.ABC / D I �

��� 6ROYH�WKH�HTXDWLRQAB D BC IRUA� DVVXPLQJ�WKDWA� B � DQG
C DUH�VTXDUH�DQG B LV�LQYHUWLEOH�

��� ,I A; B; DQG C DUH n ! n LQYHUWLEOH�PDWULFHV� GRHV�WKH�HTXD�
WLRQ C!1.A C X/B!1 D In KDYH�D�VROXWLRQ� X" ,I�VR� ÀQG
LW�

��� 6XSSRVH A� B � DQG X DUH n ! n PDWULFHV�ZLWK A� X � DQG
A # AX LQYHUWLEOH� DQG�VXSSRVH

.A # AX/!1 D X!1B ���

D� ([SODLQ�ZK\ B LV�LQYHUWLEOH�
E� 6ROYH�HTXDWLRQ�����IRU X � ,I�D�PDWUL[�QHHGV�WR�EH�LQYHUWHG�

H[SODLQ�ZK\�WKDW�PDWUL[�LV�LQYHUWLEOH�

��� ([SODLQ�ZK\�WKH�FROXPQV�RI�DQ n ! n PDWUL[ A DUH�OLQHDUO\
LQGHSHQGHQW�ZKHQ A LV�LQYHUWLEOH�

��� ([SODLQ�ZK\�WKH�FROXPQV�RI�DQ n ! nPDWUL[A VSDQRn ZKHQ
A LV�LQYHUWLEOH� >+LQW� 5HYLHZ�7KHRUHP ��LQ�6HFWLRQ ����@

��� 6XSSRVH A LV n ! n DQG�WKH�HTXDWLRQ A[ D � KDV�RQO\�WKH
WULYLDO�VROXWLRQ� ([SODLQ�ZK\ A KDV n SLYRW�FROXPQV�DQG A LV
URZ�HTXLYDOHQW�WR In� %\�7KHRUHP �� WKLV�VKRZV�WKDW A PXVW
EH�LQYHUWLEOH� �7KLV�H[HUFLVH�DQG�([HUFLVH ���ZLOO�EH�FLWHG�LQ
6HFWLRQ �����

��� 6XSSRVH A LV n ! n DQG�WKH�HTXDWLRQ A[ D E KDV�D�VROXWLRQ
IRU�HDFK E LQ Rn� ([SODLQ�ZK\ A PXVW�EH�LQYHUWLEOH� >+LQW�
,V A URZ�HTXLYDOHQW�WR In‹!

([HUFLVHV����DQG����SURYH�7KHRUHP���IRU A D
#

a b
c d

$
�

��� 6KRZ�WKDW�LI ad # bc D 0� WKHQ�WKH�HTXDWLRQ A[ D � KDV
PRUH�WKDQ�RQH�VROXWLRQ� :K\�GRHV�WKLV�LPSO\�WKDW A LV�QRW
LQYHUWLEOH" >+LQW� )LUVW� FRQVLGHU a D b D 0: 7KHQ� LI a DQG

b DUH�QRW�ERWK�]HUR� FRQVLGHU�WKH�YHFWRU [ D
#

#b
a

$
�@

��� 6KRZ�WKDW�LI ad # bc ¤ 0� WKH�IRUPXOD�IRU A!1 ZRUNV�

([HUFLVHV����DQG����SURYH�VSHFLDO�FDVHV�RI�WKH�IDFWV�DERXW�HOHPHQ�
WDU\�PDWULFHV�VWDWHG�LQ�WKH�ER[�IROORZLQJ�([DPSOH��� +HUH A LV�D
3 ! 3 PDWUL[�DQG I D I3: �$ JHQHUDO�SURRI�ZRXOG�UHTXLUH�VOLJKWO\
PRUH�QRWDWLRQ��

��� /HW A EH�D 3 ! 3 PDWUL[�
D� 8VH � HTXDWLRQ � ��� � IURP � 6HFWLRQ � ��� � WR � VKRZ � WKDW

URZi .A/ D URZi .I / "A� IRU i D 1; 2; 3�
E� 6KRZ�WKDW�LI�URZV���DQG���RI A DUH�LQWHUFKDQJHG� WKHQ�WKH

UHVXOW�PD\�EH�ZULWWHQ�DV EA� ZKHUH E LV�DQ�HOHPHQWDU\
PDWUL[�IRUPHG�E\�LQWHUFKDQJLQJ�URZV���DQG���RI I:

F� 6KRZ�WKDW�LI�URZ���RI A LV�PXOWLSOLHG�E\��� WKHQ�WKH�UHVXOW
PD\�EH�ZULWWHQ�DV EA; ZKHUH E LV�IRUPHG�E\�PXOWLSO\LQJ
URZ���RI I E\���

��� 6XSSRVH�URZ���RI A LV�UHSODFHG�E\ URZ2.A/ # 3 " URZ1.A/�
6KRZ�WKDW�WKH�UHVXOW�LV EA� ZKHUH E LV�IRUPHG�IURP I E\
UHSODFLQJ URZ2.I / E\ URZ2.I / # 3 " URZ1.A/�

)LQG�WKH�LQYHUVHV�RI�WKH�PDWULFHV�LQ�([HUFLVHV���²��� LI�WKH\�H[LVW�
8VH�WKH�DOJRULWKP�LQWURGXFHG�LQ�WKLV�VHFWLRQ�

���
#

1 #3
4 #9

$
���

#
3 6
4 7

$

���

2
4

1 0 #2
#3 1 4

2 #3 4

3
5 ���

2
4

1 2 #1
#4 #7 3
#2 #6 4

3
5

��� 8VH�WKH�DOJRULWKP�IURP�WKLV�VHFWLRQ�WR�ÀQG�WKH�LQYHUVHV�RI
2
4

1 0 0
1 1 0
1 1 1

3
5 DQG

2
664

1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

3
775:

/HW A EH�WKH�FRUUHVSRQGLQJ n ! n PDWUL[� DQG�OHW B EH�LWV
LQYHUVH� *XHVV�WKH�IRUP�RI B; DQG�WKHQ�VKRZ�WKDW AB D I �

��� 5HSHDW�WKH�VWUDWHJ\�RI�([HUFLVH����WR�JXHVV�WKH�LQYHUVH B RI

A D

2
66664

1 0 0 " " " 0
2 2 0 0
3 3 3 0
:::

: : :
:::

n n n " " " n

3
77775

:

6KRZ�WKDW AB D I �

��� /HW A D

2
4

#1 #7 #3
2 15 6
1 3 2

3
5� )LQG�WKH�WKLUG�FROXPQ�RI A!1

ZLWKRXW�FRPSXWLQJ WKH�RWKHU�FROXPQV�

��� >0@ /HW A D

2
4

#25 #9 #27
536 185 537
154 52 143

3
5� )LQG�WKH�VHFRQG�DQG

WKLUG�FROXPQV�RI A!1 ZLWKRXW�FRPSXWLQJ WKH�ÀUVW�FROXPQ�

��� /HWA D

2
4

1 2
1 3
1 5

3
5� &RQVWUXFW�D 2 ! 3PDWUL[C �E\�WULDO�DQG

HUURU��XVLQJ�RQO\��� #�� DQG���DV�HQWULHV� VXFK WKDW CA D I2�
&RPSXWH AC DQG�QRWH�WKDW AC ¤ I3:



&KDUDFWHUL]DWLRQV�RI�,QYHUWLEOH�0DWULFHV

��� /HW A D
#

1 #1 1 0
0 1 #1 1

$
� &RQVWUXFW �D 4 ! 2 PDWUL[

D XVLQJ�RQO\���DQG���DV�HQWULHV� VXFK WKDW AD D I2: ,V�LW
SRVVLEOH�WKDW CA D I4 IRU�VRPH 4 ! 2 PDWUL[ C " :K\�RU
ZK\�QRW"

��� >0@ /HW

D D

2
4

:011 :003 :001
:003 :009 :003
:001 :003 :011

3
5

EH�D�ÁH[LELOLW\�PDWUL[� ZLWK�ÁH[LELOLW\�PHDVXUHG�LQ�LQFKHV�SHU
SRXQG� 6XSSRVH�WKDW�IRUFHV�RI���� ��� DQG��� OE�DUH�DSSOLHG�DW
SRLQWV��� �� DQG��� UHVSHFWLYHO\� LQ�)LJ� ��RI�([DPSOH��� )LQG
WKH�FRUUHVSRQGLQJ�GHÁHFWLRQV�

��� >0@ &RPSXWH�WKH�VWLIIQHVV�PDWUL[ D!1 IRU D LQ�([HUFLVH ���
/LVW�WKH�IRUFHV�QHHGHG�WR�SURGXFH�D�GHÁHFWLRQ�RI�����LQ��DW
SRLQW �� ZLWK�]HUR�GHÁHFWLRQV�DW�WKH�RWKHU�SRLQWV�

��� >0@ /HW

D D

2
664

:0130 :0050 :0020 :0010
:0050 :0100 :0040 :0020
:0020 :0040 :0100 :0050
:0010 :0020 :0050 :0130

3
775

EH�D�ÁH[LELOLW\�PDWUL[�IRU�DQ�HODVWLF�EHDP�VXFK�DV�WKH�RQH�LQ
([DPSOH��� ZLWK�IRXU�SRLQWV�DW�ZKLFK�IRUFH�LV�DSSOLHG� 8QLWV
DUH�FHQWLPHWHUV�SHU�QHZWRQ�RI�IRUFH� 0HDVXUHPHQWV�DW�WKH
IRXU�SRLQWV�VKRZ�GHÁHFWLRQV�RI����� ���� ���� DQG���� FP�
'HWHUPLQH�WKH�IRUFHV�DW�WKH�IRXU�SRLQWV�

��� >0@ :LWK D DV�LQ�([HUFLVH ��� GHWHUPLQH�WKH�IRUFHV�WKDW
SURGXFH�D�GHÁHFWLRQ�RI���� FP�DW�WKH�VHFRQG�SRLQW�RQ�WKH
EHDP� ZLWK�]HUR�GHÁHFWLRQV�DW�WKH�RWKHU�WKUHH�SRLQWV� +RZ�LV
WKH�DQVZHU�UHODWHG�WR�WKH�HQWULHV�LQ D!1" >+LQW� )LUVW�DQVZHU
WKH�TXHVWLRQ�ZKHQ�WKH�GHÁHFWLRQ�LV�� FP�DW�WKH�VHFRQG�SRLQW�@

�� D� GHW
#

3 #9
2 6

$
D 3 " 6 # .#9/ " 2 D 18 C 18 D 36� 7KH�GHWHUPLQDQW�LV�QRQ]HUR� VR

WKH�PDWUL[�LV�LQYHUWLEOH�

E� GHW
#

4 #9
0 5

$
D 4 " 5 # .#9/ " 0 D 20 ¤ 0� 7KH�PDWUL[�LV�LQYHUWLEOH�

F� GHW
#

6 #9
#4 6

$
D 6 " 6 # .#9/.#4/ D 36 # 36 D 0� 7KH�PDWUL[�LV�QRW�LQYHUWLEOH�

�� Œ A I ! %

2
4

1 #2 #1 1 0 0
#1 5 6 0 1 0

5 #4 5 0 0 1

3
5

%

2
4

1 #2 #1 1 0 0
0 3 5 1 1 0
0 6 10 #5 0 1

3
5

%

2
4

1 #2 #1 1 0 0
0 3 5 1 1 0
0 0 0 #7 #2 1

3
5

6R Œ A I ! LV�URZ�HTXLYDOHQW�WR�D�PDWUL[�RI�WKH�IRUP Œ B D !� ZKHUH B LV�VTXDUH
DQG�KDV�D�URZ�RI�]HURV� )XUWKHU�URZ�RSHUDWLRQV�ZLOO�QRW�WUDQVIRUP B LQWR I � VR�ZH
VWRS� A GRHV�QRW�KDYH�DQ�LQYHUVH�

7KLV�VHFWLRQ�SURYLGHV�D�UHYLHZ�RI�PRVW�RI�WKH�FRQFHSWV�LQWURGXFHG�LQ�&KDSWHU��� LQ
UHODWLRQ�WR�V\VWHPV�RI n OLQHDU�HTXDWLRQV�LQ n XQNQRZQV�DQG�WR VTXDUH PDWULFHV� 7KH
PDLQ�UHVXOW�LV�7KHRUHP ��
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/HW A EH�D�VTXDUH n ! n PDWUL[� 7KHQ�WKH�IROORZLQJ�VWDWHPHQWV�DUH�HTXLYDOHQW�
7KDW�LV� IRU�D�JLYHQ A� WKH�VWDWHPHQWV�DUH�HLWKHU�DOO�WUXH�RU�DOO�IDOVH�

D� A LV�DQ�LQYHUWLEOH�PDWUL[�
E� A LV�URZ�HTXLYDOHQW�WR�WKH n ! n LGHQWLW\�PDWUL[�
F� A KDV n SLYRW�SRVLWLRQV�
G� 7KH�HTXDWLRQ A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ�
H� 7KH�FROXPQV�RI A IRUP�D�OLQHDUO\�LQGHSHQGHQW�VHW�
I� 7KH�OLQHDU�WUDQVIRUPDWLRQ [ 7! A[ LV�RQH�WR�RQH�
J� 7KH�HTXDWLRQ A[ D E KDV�DW�OHDVW�RQH�VROXWLRQ�IRU�HDFK E LQ Rn�
K� 7KH�FROXPQV�RI A VSDQ Rn�
L� 7KH�OLQHDU�WUDQVIRUPDWLRQ [ 7! A[ PDSV Rn RQWR Rn�
M� 7KHUH�LV�DQ n ! n PDWUL[ C VXFK�WKDW CA D I �
N� 7KHUH�LV�DQ n ! n PDWUL[ D VXFK�WKDW AD D I �
O� AT LV�DQ�LQYHUWLEOH�PDWUL[�

)LUVW� ZH�QHHG�VRPH�QRWDWLRQ� ,I�WKH�WUXWK�RI�VWDWHPHQW��D��DOZD\V�LPSOLHV�WKDW

(c) (d)

( j)

(a)

(b)
VWDWHPHQW��M��LV�WUXH� ZH�VD\�WKDW��D� LPSOLHV �M��DQG�ZULWH �D� ) �M�� 7KH�SURRI�ZLOO
HVWDEOLVK�WKH�´FLUFOHµ�RI�LPSOLFDWLRQV�VKRZQ�LQ�)LJ� �� ,I�DQ\�RQH�RI�WKHVH�ÀYH�VWDWHPHQWV
LV�WUXH� WKHQ�VR�DUH�WKH�RWKHUV� )LQDOO\� WKH�SURRI�ZLOO�OLQN�WKH�UHPDLQLQJ�VWDWHPHQWV�RI
WKH�WKHRUHP�WR�WKH�VWDWHPHQWV�LQ�WKLV�FLUFOH�

,I�VWDWHPHQW��D��LV�WUXH� WKHQA"1 ZRUNV�IRUC LQ��M�� VR �D� ) �M�� 1H[W� �M� ) �G�
E\�([HUFLVH ���LQ�6HFWLRQ ���� �7XUQ�EDFN�DQG�UHDG�WKH�H[HUFLVH�� $OVR� �G� ) �F� E\
([HUFLVH����LQ�6HFWLRQ����� ,I A LV�VTXDUH�DQG�KDV n SLYRW�SRVLWLRQV� WKHQ�WKH�SLYRWV
PXVW�OLH�RQ�WKH�PDLQ�GLDJRQDO� LQ�ZKLFK�FDVH�WKH�UHGXFHG�HFKHORQ�IRUP�RI A LV In: 7KXV
�F� ) �E�� $OVR� �E� ) �D� E\�7KHRUHP���LQ�6HFWLRQ����� 7KLV�FRPSOHWHV�WKH�FLUFOH�LQ
)LJ� ��

1H[W� �D� ) �N� EHFDXVH A"1 ZRUNV�IRU D� $OVR� �N� ) �J� E\�([HUFLVH ���LQ�6HF�
WLRQ ���� DQG �J� ) �D� E\�([HUFLVH ���LQ�6HFWLRQ ���� 6R��N��DQG��J��DUH�OLQNHG�WR
WKH�FLUFOH� )XUWKHU� �J�� �K�� DQG��L��DUH�HTXLYDOHQW�IRU�DQ\�PDWUL[� E\�7KHRUHP ��LQ
6HFWLRQ ����DQG�7KHRUHP ���D��LQ�6HFWLRQ ���� 7KXV� �K��DQG��L��DUH�OLQNHG�WKURXJK��J�
WR�WKH�FLUFOH�

6LQFH��G��LV�OLQNHG�WR�WKH�FLUFOH� VR�DUH��H��DQG��I�� EHFDXVH��G�� �H�� DQG��I��DUH
DOO�HTXLYDOHQW�IRU DQ\ PDWUL[ A� �6HH�6HFWLRQ ����DQG�7KHRUHP ���E��LQ�6HFWLRQ �����
)LQDOO\� �D� ) �O� E\�7KHRUHP ��F��LQ�6HFWLRQ ���� DQG �O� ) �D� E\�WKH�VDPH�WKHRUHP
ZLWK A DQG AT LQWHUFKDQJHG� 7KLV�FRPSOHWHV�WKH�SURRI�

(g)

(k)

(h)

(a)

(l)(a)

(i)(g)

(e) (f )(d)

%HFDXVH�RI�7KHRUHP ��LQ�6HFWLRQ ���� VWDWHPHQW��J��LQ�7KHRUHP ��FRXOG�DOVR�EH
ZULWWHQ�DV�´7KH�HTXDWLRQA[ D E KDV�D XQLTXH VROXWLRQ�IRU�HDFK E LQRn�µ 7KLV�VWDWHPHQW
FHUWDLQO\�LPSOLHV��E��DQG�KHQFH�LPSOLHV�WKDW A LV�LQYHUWLEOH�

7KH�QH[W�IDFW�IROORZV�IURP�7KHRUHP ��DQG�([HUFLVH ���LQ�6HFWLRQ ����

/HW A DQG B EH�VTXDUH�PDWULFHV� ,I AB D I � WKHQ A DQG B DUH�ERWK�LQYHUWLEOH�
ZLWK B D A"1 DQG A D B"1�



&KDUDFWHUL]DWLRQV�RI�,QYHUWLEOH�0DWULFHV

7KH�,QYHUWLEOH�0DWUL[�7KHRUHP�GLYLGHV�WKH�VHW�RI�DOO n ! nPDWULFHV�LQWR�WZR�GLVMRLQW
FODVVHV� WKH�LQYHUWLEOH��QRQVLQJXODU��PDWULFHV� DQG�WKH�QRQLQYHUWLEOH��VLQJXODU��PDWULFHV�
(DFK�VWDWHPHQW�LQ�WKH�WKHRUHP�GHVFULEHV�D�SURSHUW\�RI�HYHU\ n ! n LQYHUWLEOH�PDWUL[�
7KH QHJDWLRQ RI�D�VWDWHPHQW�LQ�WKH�WKHRUHP�GHVFULEHV�D�SURSHUW\�RI�HYHU\ n ! n VLQJXODU
PDWUL[� )RU�LQVWDQFH� DQ n ! n VLQJXODU�PDWUL[�LV QRW URZ�HTXLYDOHQW�WR In� GRHV QRW KDYH
n SLYRW�SRVLWLRQV� DQG�KDV�OLQHDUO\ GHSHQGHQW FROXPQV� 1HJDWLRQV�RI�RWKHU�VWDWHPHQWV
DUH�FRQVLGHUHG�LQ�WKH�H[HUFLVHV�

8VH�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�WR�GHFLGH�LI A LV�LQYHUWLEOH�

A D

2
4

1 0 #2
3 1 #2

#5 #1 9

3
5

A %

2
4

1 0 #2
0 1 4
0 #1 #1

3
5 %

2
4

1 0 #2
0 1 4
0 0 3

3
5

6RA KDV�WKUHH�SLYRW�SRVLWLRQV�DQG�KHQFH�LV�LQYHUWLEOH� E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�
VWDWHPHQW��F��

7KH SRZHU�RI�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�OLHV�LQ�WKH�FRQQHFWLRQV�LW�SURYLGHVSG
DPRQJ�VR�PDQ\�LPSRUWDQW�FRQFHSWV� VXFK�DV�OLQHDU�LQGHSHQGHQFH�RI�FROXPQV�RI�D�PDWUL[
A DQG�WKH�H[LVWHQFH�RI�VROXWLRQV�WR�HTXDWLRQV�RI�WKH�IRUP A[ D E� ,W�VKRXOG�EH�HPSKD�
VL]HG� KRZHYHU� WKDW�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP DSSOLHV�RQO\�WR�VTXDUH�PDWULFHV� )RU
H[DPSOH� LI�WKH�FROXPQV�RI�D 4 ! 3 PDWUL[�DUH�OLQHDUO\�LQGHSHQGHQW� ZH�FDQQRW�XVH�WKH
,QYHUWLEOH�0DWUL[�7KHRUHP�WR�FRQFOXGH�DQ\WKLQJ�DERXW�WKH�H[LVWHQFH�RU�QRQH[LVWHQFH�RI
VROXWLRQV�WR�HTXDWLRQV�RI�WKH�IRUP A[ D E�

,QYHUWLEOH�/LQHDU�7UDQVIRUPDWLRQV
5HFDOO�IURP�6HFWLRQ�����WKDW�PDWUL[�PXOWLSOLFDWLRQ�FRUUHVSRQGV�WR�FRPSRVLWLRQ�RI�OLQHDU
WUDQVIRUPDWLRQV� :KHQ�D�PDWUL[ A LV�LQYHUWLEOH� WKH�HTXDWLRQ A"1A[ D [ FDQ�EH�YLHZHG
DV�D�VWDWHPHQW�DERXW�OLQHDU�WUDQVIRUPDWLRQV� 6HH�)LJ� ��
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A!1 WUDQVIRUPV A[ EDFN�WR [�

$ OLQHDU�WUDQVIRUPDWLRQ T W Rn ! Rn LV�VDLG�WR�EH LQYHUWLEOH LI�WKHUH�H[LVWV�D�IXQF�
WLRQ S W Rn ! Rn VXFK�WKDW

S.T .[// D [ IRU�DOO [ LQ Rn ���
T .S.[// D [ IRU�DOO [ LQ Rn ���

7KH�QH[W�WKHRUHP�VKRZV�WKDW�LI�VXFK�DQ S H[LVWV� LW�LV�XQLTXH�DQG�PXVW�EH�D�OLQHDU
WUDQVIRUPDWLRQ� :H�FDOO S WKH LQYHUVH RI T DQG�ZULWH�LW�DV T "1�



0DWUL[�$OJHEUD

/HW T W Rn ! Rn EH�D�OLQHDU�WUDQVIRUPDWLRQ�DQG�OHW A EH�WKH�VWDQGDUG�PDWUL[�IRU
T � 7KHQ T LV�LQYHUWLEOH�LI�DQG�RQO\�LI A LV�DQ�LQYHUWLEOH�PDWUL[� ,Q�WKDW�FDVH� WKH
OLQHDU�WUDQVIRUPDWLRQ S JLYHQ�E\ S.[/ D A"1[ LV�WKH�XQLTXH�IXQFWLRQ�VDWLVI\LQJ
HTXDWLRQV .1/ DQG .2/�

6XSSRVH�WKDW T LV�LQYHUWLEOH� 7KHQ�����VKRZV�WKDW T LV�RQWR Rn� IRU�LI E LV�LQ
Rn DQG [ D S.E/� WKHQ T .[/ D T .S.E// D E� VR�HDFK E LV�LQ�WKH�UDQJH�RI T � 7KXV A LV
LQYHUWLEOH� E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� VWDWHPHQW��L��

&RQYHUVHO\� VXSSRVH�WKDW A LV�LQYHUWLEOH� DQG�OHW S.[/ D A"1[� 7KHQ� S LV�D�OLQHDU
WUDQVIRUPDWLRQ� DQG S REYLRXVO\�VDWLVÀHV�����DQG����� )RU�LQVWDQFH�

S.T .[// D S.A[/ D A"1.A[/ D [

7KXV T LV�LQYHUWLEOH� 7KH�SURRI�WKDW S LV�XQLTXH�LV�RXWOLQHG�LQ�([HUFLVH ���

:KDW�FDQ�\RX�VD\�DERXW�D�RQH�WR�RQH�OLQHDU�WUDQVIRUPDWLRQ T IURP
Rn LQWR Rn"

7KH�FROXPQV�RI�WKH�VWDQGDUG�PDWUL[ A RI T DUH�OLQHDUO\�LQGHSHQGHQW��E\
7KHRUHP����LQ�6HFWLRQ������ 6R A LV�LQYHUWLEOH� E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� DQG
T PDSV Rn RQWR Rn� $OVR� T LV�LQYHUWLEOH� E\�7KHRUHP���

,Q�SUDFWLFDO�ZRUN� \RX�PLJKW�RFFDVLRQDOO\�HQFRXQWHU�D�´QHDUO\�VLQJXODUµ�RU LOO�
FRQGLWLRQHG PDWUL[³DQ�LQYHUWLEOH�PDWUL[�WKDW�FDQ�EHFRPH�VLQJXODU�LI�VRPH�RI
LWV�HQWULHV�DUH�FKDQJHG�HYHU�VR�VOLJKWO\� ,Q�WKLV�FDVH� URZ�UHGXFWLRQ�PD\�SURGXFH
IHZHU�WKDQ n SLYRW�SRVLWLRQV� DV�D�UHVXOW�RI�URXQGRII�HUURU� $OVR� URXQGRII�HUURU
FDQ�VRPHWLPHV�PDNH�D�VLQJXODU�PDWUL[�DSSHDU�WR�EH�LQYHUWLEOH�

6RPH�PDWUL[ �SURJUDPV�ZLOO �FRPSXWH �D FRQGLWLRQ�QXPEHU IRU �D �VTXDUH
PDWUL[� 7KH�ODUJHU�WKH�FRQGLWLRQ�QXPEHU� WKH�FORVHU�WKH�PDWUL[�LV�WR�EHLQJ�VLQJXODU�
7KH�FRQGLWLRQ�QXPEHU�RI�WKH�LGHQWLW\�PDWUL[�LV��� $ VLQJXODU�PDWUL[�KDV�DQ
LQÀQLWH�FRQGLWLRQ�QXPEHU� ,Q�H[WUHPH�FDVHV� D�PDWUL[�SURJUDP�PD\�QRW�EH�DEOH
WR�GLVWLQJXLVK�EHWZHHQ�D�VLQJXODU�PDWUL[�DQG�DQ�LOO�FRQGLWLRQHG�PDWUL[�

([HUFLVHV���²���VKRZ�WKDW�PDWUL[�FRPSXWDWLRQV�FDQ�SURGXFH�VXEVWDQWLDO�HUURU
ZKHQ�D�FRQGLWLRQ�QXPEHU�LV�ODUJH�
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�� 6XSSRVH�WKDW A DQG B DUH n ! n PDWULFHV�DQG�WKH�HTXDWLRQ AB[ D � KDV�D�QRQWULYLDO
VROXWLRQ� :KDW�FDQ�\RX�VD\�DERXW�WKH�PDWUL[ AB"
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,Q�([HUFLVHV����DQG���� WKH�PDWULFHV�DUH�DOO n ! n� (DFK�SDUW
RI�WKH�H[HUFLVHV�LV�DQ LPSOLFDWLRQ RI�WKH�IRUP�´,I h VWDWHPHQW�� i�
WKHQ h VWDWHPHQW�� i�µ 0DUN�DQ�LPSOLFDWLRQ�DV�7UXH�LI�WKH�WUXWK�RI
h VWDWHPHQW�� i DOZD\V IROORZV�ZKHQHYHU h VWDWHPHQW�� i KDSSHQV
WR�EH�WUXH� $Q�LPSOLFDWLRQ�LV�)DOVH�LI�WKHUH�LV�DQ�LQVWDQFH�LQ�ZKLFK
h VWDWHPHQW�� i LV�IDOVH�EXW h VWDWHPHQW�� i LV�WUXH� -XVWLI\�HDFK
DQVZHU�

��� D� ,I�WKH�HTXDWLRQ A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ� WKHQ
A LV�URZ�HTXLYDOHQW�WR�WKH n ! n LGHQWLW\�PDWUL[�

E� ,I�WKH�FROXPQV�RI A VSDQ Rn� WKHQ�WKH�FROXPQV�DUH�OLQ�
HDUO\�LQGHSHQGHQW�

F� ,I A LV�DQ n ! n PDWUL[� WKHQ�WKH�HTXDWLRQ A[ D E KDV�DW
OHDVW�RQH�VROXWLRQ�IRU�HDFK E LQ Rn�

G� ,I�WKH�HTXDWLRQ A[ D � KDV�D�QRQWULYLDO�VROXWLRQ� WKHQ A
KDV�IHZHU�WKDQ n SLYRW�SRVLWLRQV�

H� ,I AT LV�QRW�LQYHUWLEOH� WKHQ A LV�QRW�LQYHUWLEOH�

��� D� ,I�WKHUH�LV�DQ n ! n PDWUL[ D VXFK�WKDW AD D I � WKHQ
DA D I �

E� ,I�WKH�OLQHDU�WUDQVIRUPDWLRQ [ 7! A[ PDSV Rn LQWR Rn�
WKHQ�WKH�URZ�UHGXFHG�HFKHORQ�IRUP�RI A LV I �

F� ,I�WKH�FROXPQV�RI A DUH�OLQHDUO\�LQGHSHQGHQW� WKHQ�WKH
FROXPQV�RI A VSDQ Rn�

G� ,I�WKH�HTXDWLRQA[ D E KDV�DW�OHDVW�RQH�VROXWLRQ�IRU�HDFK E
LQ Rn� WKHQ�WKH�WUDQVIRUPDWLRQ [ 7! A[ LV�QRW�RQH�WR�RQH�

H� ,I�WKHUH�LV�D E LQ Rn VXFK�WKDW�WKH�HTXDWLRQ A[ D E LV
FRQVLVWHQW� WKHQ�WKH�VROXWLRQ�LV�XQLTXH�

��� $Q m ! n XSSHU�WULDQJXODU�PDWUL[ LV�RQH�ZKRVH�HQWULHV
EHORZ WKH�PDLQ�GLDJRQDO�DUH��·V��DV�LQ�([HUFLVH���� :KHQ
LV�D�VTXDUH�XSSHU�WULDQJXODU�PDWUL[�LQYHUWLEOH" -XVWLI\�\RXU
DQVZHU�

��� $Q m ! n ORZHU�WULDQJXODU�PDWUL[ LV �RQH�ZKRVH�HQWULHV
DERYH WKH�PDLQ�GLDJRQDO�DUH��·V��DV�LQ�([HUFLVH���� :KHQ
LV�D�VTXDUH�ORZHU�WULDQJXODU�PDWUL[�LQYHUWLEOH" -XVWLI\�\RXU
DQVZHU�

��� ,V�LW �SRVVLEOH�IRU�D 4 ! 4 PDWUL[�WR�EH�LQYHUWLEOH�ZKHQ�LWV
FROXPQV�GR�QRW�VSDQ R4" :K\�RU�ZK\�QRW"

��� ,I�DQ n ! n PDWUL[ A LV�LQYHUWLEOH� WKHQ�WKH�FROXPQV�RI AT DUH
OLQHDUO\�LQGHSHQGHQW� ([SODLQ�ZK\�

��� &DQ�D�VTXDUH�PDWUL[�ZLWK�WZR�LGHQWLFDO�FROXPQV�EH�LQYHUW�
LEOH" :K\�RU�ZK\�QRW"

��� &DQ�D�VTXDUH�PDWUL[�ZLWK�WZR�LGHQWLFDO�URZV�EH�LQYHUWLEOH"
:K\�RU�ZK\�QRW"

��� ,I�WKH�FROXPQV�RI�D 7 ! 7 PDWUL[ D DUH�OLQHDUO\�LQGHSHQGHQW�
ZKDW�FDQ�EH�VDLG�DERXW�WKH�VROXWLRQV�RI D[ D E" :K\"

��� ,I A LV�D 5 ! 5 PDWUL[�DQG�WKH�HTXDWLRQ A[ D E LV�FRQVLVWHQW
IRU�HYHU\ E LQ R5; LV�LW�SRVVLEOH�WKDW�IRU�VRPH E� WKH�HTXDWLRQ
A[ D E KDV�PRUH�WKDQ�RQH�VROXWLRQ" :K\�RU�ZK\�QRW"

��� ,I�WKH�HTXDWLRQ CX D Y KDV�PRUH�WKDQ�RQH�VROXWLRQ�IRU�VRPH
Y LQ Rn� FDQ�WKH�FROXPQV�RI�WKH n ! n PDWUL[ C VSDQ Rn"
:K\�RU�ZK\�QRW"

��� ,I n ! n PDWULFHV E DQG F KDYH�WKH�SURSHUW\�WKDW EF D I;
WKHQ E DQG F FRPPXWH� ([SODLQ�ZK\�

��� $VVXPH�WKDW F LV�DQ n ! n PDWUL[� ,I�WKH�HTXDWLRQ F [ D \
LV�LQFRQVLVWHQW�IRU�VRPH \ LQ Rn; ZKDW�FDQ�\RX�VD\�DERXW�WKH
HTXDWLRQ F [ D �‹ :K\"

��� ,I�DQ n ! n PDWUL[ G FDQQRW�EH�URZ�UHGXFHG�WR In; ZKDW�FDQ
\RX�VD\�DERXW�WKH�FROXPQV�RI G" :K\"

��� 9HULI\�WKH�ER[HG�VWDWHPHQW�SUHFHGLQJ�([DPSOH���

��� ([SODLQ �ZK\ � WKH � FROXPQV � RI A2 VSDQ Rn ZKHQHYHU � WKH
FROXPQV�RI�DQ n ! n PDWUL[ A DUH�OLQHDUO\�LQGHSHQGHQW�

��� /HWA DQGB EH n ! nPDWULFHV� 6KRZ�WKDW�LIAB LV�LQYHUWLEOH�
VR�LV A� <RX�FDQQRW�XVH�7KHRUHP���E�� EHFDXVH�\RX�FDQQRW
DVVXPH WKDW A DQG B DUH�LQYHUWLEOH� >+LQW� 7KHUH�LV�D�PDWUL[
W VXFK�WKDW ABW D I: :K\"@

��� /HWA DQGB EH n ! nPDWULFHV� 6KRZ�WKDW�LIAB LV�LQYHUWLEOH�
VR�LV B �

��� ,I A LV�DQ n ! n PDWUL[�DQG�WKH�WUDQVIRUPDWLRQ [ 7! A[ LV
RQH�WR�RQH� ZKDW�HOVH�FDQ�\RX�VD\�DERXW�WKLV�WUDQVIRUPDWLRQ"
-XVWLI\�\RXU�DQVZHU�



0DWUL[�$OJHEUD

��� ,I A LV � DQ n ! n PDWUL[ � DQG � WKH � HTXDWLRQ A[ D E KDV
PRUH�WKDQ�RQH�VROXWLRQ�IRU�VRPH E; WKHQ�WKH�WUDQVIRUPDWLRQ
[ 7! A[ LV�QRW�RQH�WR�RQH� :KDW�HOVH�FDQ�\RX�VD\�DERXW�WKLV
WUDQVIRUPDWLRQ" -XVWLI\�\RXU�DQVZHU�

��� 6XSSRVH A LV �DQ n ! n PDWUL[�ZLWK� WKH�SURSHUW\� WKDW � WKH
HTXDWLRQ A[ D E KDV�DW�OHDVW�RQH�VROXWLRQ�IRU�HDFK E LQ Rn�
:LWKRXW�XVLQJ�7KHRUHPV ��RU��� H[SODLQ�ZK\�HDFK�HTXDWLRQ
A[ D E KDV�LQ�IDFW�H[DFWO\�RQH�VROXWLRQ�

��� 6XSSRVH A LV�DQ n ! n PDWUL[�ZLWK�WKH�SURSHUW\�WKDW�WKH�HTXD�
WLRQ A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ� :LWKRXW�XVLQJ�WKH
,QYHUWLEOH�0DWUL[�7KHRUHP� H[SODLQ�GLUHFWO\�ZK\�WKH�HTXDWLRQ
A[ D E PXVW�KDYH�D�VROXWLRQ�IRU�HDFK E LQ Rn�

,Q�([HUFLVHV����DQG���� T LV�D�OLQHDU�WUDQVIRUPDWLRQ�IURP R2 LQWR
R2� 6KRZ�WKDW T LV�LQYHUWLEOH�DQG�ÀQG�D�IRUPXOD�IRU T!1�

��� T .x1; x2/ D .#5x1 C 9x2; 4x1 # 7x2/

��� T .x1; x2/ D .2x1 # 8x2; #2x1 C 7x2/

��� /HW T W Rn ! Rn EH�DQ�LQYHUWLEOH�OLQHDU�WUDQVIRUPDWLRQ� ([�
SODLQ�ZK\ T LV�ERWK�RQH�WR�RQH�DQG�RQWR Rn: 8VH�HTXDWLRQV
����DQG����� 7KHQ�JLYH�D�VHFRQG�H[SODQDWLRQ�XVLQJ�RQH�RU
PRUH�WKHRUHPV�

��� 6XSSRVH�D�OLQHDU�WUDQVIRUPDWLRQ T W Rn ! Rn KDV�WKH�SURS�
HUW\�WKDW T .X/ D T .Y/ IRU�VRPH�SDLU�RI�GLVWLQFW�YHFWRUV X DQG
Y LQ Rn: &DQ T PDS Rn RQWR Rn" :K\�RU�ZK\�QRW"

��� 6XSSRVH T DQG U DUH� OLQHDU � WUDQVIRUPDWLRQV�IURP Rn WR
Rn VXFK�WKDW T .U.[// D [ IRU�DOO [ LQ Rn� ,V�LW�WUXH�WKDW
U.T .[// D [ IRU�DOO [ LQ Rn" :K\�RU�ZK\�QRW"

��� /HW T W Rn ! Rn EH � DQ � LQYHUWLEOH � OLQHDU � WUDQVIRUPDWLRQ�
DQG�OHW S DQG U EH�IXQFWLRQV�IURP Rn LQWR Rn VXFK�WKDW
S.T .[// D [ DQG U.T .[// D [ IRU�DOO [ LQ Rn� 6KRZ�WKDW
U.Y/ D S.Y/ IRU�DOO Y LQ Rn� 7KLV�ZLOO�VKRZ�WKDW T KDV�D
XQLTXH�LQYHUVH� DV�DVVHUWHG�LQ�7KHRUHP �� >+LQW� *LYHQ�DQ\
Y LQ Rn� ZH�FDQ�ZULWH Y D T .[/ IRU�VRPH [� :K\" &RPSXWH
S.Y/ DQG U.Y/�@

��� /HW T EH�D�OLQHDU�WUDQVIRUPDWLRQ�WKDW�PDSVRn RQWRRn� 6KRZ
WKDW T!1 H[LVWV�DQG�PDSV Rn RQWR Rn: ,V T!1 DOVR�RQH�WR�
RQH"

��� 6XSSRVH T DQG S VDWLVI\�WKH�LQYHUWLELOLW\�HTXDWLRQV�����DQG
���� ZKHUH T LV�D�OLQHDU�WUDQVIRUPDWLRQ� 6KRZ�GLUHFWO\�WKDW
S LV�D�OLQHDU�WUDQVIRUPDWLRQ� >+LQW� *LYHQ X; Y LQ Rn� OHW
[ D S.X/� \ D S.Y/� 7KHQ T .[/ D X� T .\/ D Y� :K\" $S�
SO\ S WR�ERWK�VLGHV�RI�WKH�HTXDWLRQ T .[/ C T .\/ D T .[ C \/�
$OVR� FRQVLGHU T .c[/ D cT .[/�@

��� >0@ 6XSSRVH�DQ�H[SHULPHQW�OHDGV�WR�WKH�IROORZLQJ�V\VWHP�RI
HTXDWLRQV�

4:5x1 C 3:1x2 D 19:249

1:6x1 C 1:1x2 D 6:843
���

D� 6ROYH�V\VWHP����� DQG�WKHQ�VROYH�V\VWHP����� EHORZ� LQ
ZKLFK�WKH�GDWD�RQ�WKH�ULJKW�KDYH�EHHQ�URXQGHG�WR�WZR
GHFLPDO�SODFHV� ,Q�HDFK�FDVH� ÀQG�WKH H[DFW VROXWLRQ�
4:5x1 C 3:1x2 D 19:25

1:6x1 C 1:1x2 D 6:84
���

E� 7KH�HQWULHV�LQ�V\VWHP�����GLIIHU�IURP�WKRVH�LQ�V\VWHP����
E\�OHVV�WKDQ������ )LQG�WKH�SHUFHQWDJH�HUURU�ZKHQ�XVLQJ
WKH�VROXWLRQ�RI�����DV�DQ�DSSUR[LPDWLRQ�IRU�WKH�VROXWLRQ�RI
����

F� 8VH�D�PDWUL[�SURJUDP�WR�SURGXFH�WKH�FRQGLWLRQ�QXPEHU�RI
WKH�FRHIÀFLHQW�PDWUL[�LQ�����

([HUFLVHV ���²���VKRZ�KRZ�WR�XVH� WKH�FRQGLWLRQ�QXPEHU�RI �D
PDWUL[ A WR �HVWLPDWH � WKH �DFFXUDF\�RI �D �FRPSXWHG�VROXWLRQ�RI
A[ D E� ,I�WKH�HQWULHV�RIA DQG E DUH�DFFXUDWH�WR�DERXW r VLJQLÀFDQW
GLJLWV�DQG�LI�WKH�FRQGLWLRQ�QXPEHU�RIA LV�DSSUR[LPDWHO\ 10k �ZLWK
k D�SRVLWLYH�LQWHJHU�� WKHQ�WKH�FRPSXWHG�VROXWLRQ�RIA[ D E VKRXOG
XVXDOO\�EH�DFFXUDWH�WR�DW�OHDVW r # k VLJQLÀFDQW�GLJLWV�

��� >0@ /HW A EH�WKH�PDWUL[�LQ�([HUFLVH �� )LQG�WKH�FRQGLWLRQ
QXPEHU�RIA� &RQVWUXFW�D�UDQGRP�YHFWRU [ LQR4 DQG�FRPSXWH
E D A[� 7KHQ�XVH�D�PDWUL[�SURJUDP�WR�FRPSXWH�WKH�VROXWLRQ
[1 RI A[ D E� 7R�KRZ�PDQ\�GLJLWV�GR [ DQG [1 DJUHH" )LQG
RXW�WKH�QXPEHU�RI�GLJLWV�WKH�PDWUL[�SURJUDP�VWRUHV�DFFXUDWHO\�
DQG�UHSRUW�KRZ�PDQ\�GLJLWV�RI�DFFXUDF\�DUH�ORVW�ZKHQ [1 LV
XVHG�LQ�SODFH�RI�WKH�H[DFW�VROXWLRQ [�

��� >0@ 5HSHDW�([HUFLVH����IRU�WKH�PDWUL[�LQ�([HUFLVH����

��� >0@ 6ROYH�DQ�HTXDWLRQA[ D E IRU�D�VXLWDEOH E WR�ÀQG�WKH�ODVW
FROXPQ�RI�WKH�LQYHUVH�RI�WKH ÀIWK�RUGHU�+LOEHUW�PDWUL[

A D

2
66664

1 1=2 1=3 1=4 1=5
1=2 1=3 1=4 1=5 1=6
1=3 1=4 1=5 1=6 1=7
1=4 1=5 1=6 1=7 1=8
1=5 1=6 1=7 1=8 1=9

3
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+RZ�PDQ\�GLJLWV�LQ�HDFK�HQWU\�RI [ GR�\RX�H[SHFW�WR�EH
FRUUHFW" ([SODLQ� >1RWH� 7KH�H[DFW�VROXWLRQ�LV������ #12600�
������ #88200� �������@

��� >0@ 6RPH�PDWUL[�SURJUDPV� VXFK�DV�0$7/$%��KDYH�D�FRP�
PDQG�WR�FUHDWH�+LOEHUW�PDWULFHV�RI�YDULRXV�VL]HV� ,I�SRVVLEOH�
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FRPSXWHG�DV�WKH�UDGDU�GDWD�DUH�DQDO\]HG� :KHQ [kC1 DUULYHV�
D�QHZ GkC1 PXVW�EH�FRPSXWHG� 6LQFH�WKH�GDWD�YHFWRUV�DUULYH
DW�KLJK�VSHHG� WKH�FRPSXWDWLRQDO�EXUGHQ�FRXOG�EH�VHYHUH�
%XW �SDUWLWLRQHG �PDWUL[ �PXOWLSOLFDWLRQ �KHOSV � WUHPHQGRXVO\�
&RPSXWH�WKH�FROXPQ²URZ�H[SDQVLRQV�RI Gk DQG GkC1� DQG
GHVFULEH�ZKDW�PXVW�EH�FRPSXWHG�LQ�RUGHU�WR XSGDWH Gk WR
IRUP GkC1�
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7KH�SUREH�*DOLOHR�ZDV�ODXQFKHG�2FWREHU����
����� DQG�DUULYHG�QHDU�-XSLWHU�LQ�HDUO\�'HFHPEHU
�����

��� /HW A D
#

A11 A12

A21 A22

$
� ,I A11 LV � LQYHUWLEOH� WKHQ�WKH�PD�

WUL[ S D A22 # A21A
!1
11 A12 LV � FDOOHG � WKH 6FKXU � FRPSOH�

PHQW RI A11� /LNHZLVH� LI A22 LV � LQYHUWLEOH� WKH �PDWUL[
A11 # A12A

!1
22 A21 LV�FDOOHG�WKH�6FKXU�FRPSOHPHQW�RI A22�

6XSSRVH A11 LV�LQYHUWLEOH� )LQG X DQG Y VXFK�WKDW
#

A11 A12

A21 A22

$
D
#

I 0
X I

$#
A11 0
0 S

$#
I Y
0 I

$
���

��� 6XSSRVH�WKH�EORFN�PDWUL[A RQ�WKH�OHIW�VLGH�RI�����LV�LQYHUWLEOH
DQG A11 LV�LQYHUWLEOH� 6KRZ�WKDW�WKH�6FKXU�FRPSOHPHQW S RI
A11 LV�LQYHUWLEOH� >+LQW� 7KH�RXWVLGH�IDFWRUV�RQ�WKH�ULJKW�VLGH
RI�����DUH�DOZD\V�LQYHUWLEOH� 9HULI\�WKLV�@ :KHQ A DQG A11

DUH�ERWK�LQYHUWLEOH� ����OHDGV�WR�D�IRUPXOD�IRUA!1� XVLQJ S!1�
A!1

11 � DQG�WKH�RWKHU�HQWULHV�LQ A�

��� /HW X EH�DQ m ! n GDWD�PDWUL[�VXFK�WKDW XT X LV�LQYHUWLEOH�
DQG�OHW M D Im # X.XT X/!1XT � $GG�D�FROXPQ [0 WR�WKH
GDWD�DQG�IRUP
W D

!
X [0

"

&RPSXWH W T W � 7KH .1; 1/�HQWU\�LV XT X � 6KRZ�WKDW�WKH
6FKXU�FRPSOHPHQW��([HUFLVH�����RI XT X FDQ�EH�ZULWWHQ
LQ � WKH � IRUP [T

0 M[0� ,W � FDQ �EH � VKRZQ� WKDW � WKH �TXDQWLW\
.[T

0 M[0/
!1 LV � WKH .2; 2/�HQWU\� LQ .W T W /!1� 7KLV �HQWU\

KDV � D � XVHIXO � VWDWLVWLFDO � LQWHUSUHWDWLRQ� XQGHU � DSSURSULDWH
K\SRWKHVHV�

,Q�WKH�VWXG\�RI�HQJLQHHULQJ�FRQWURO�RI�SK\VLFDO�V\VWHPV� D�VWDQGDUG
VHW�RI�GLIIHUHQWLDO�HTXDWLRQV�LV�WUDQVIRUPHG�E\�/DSODFH�WUDQVIRUPV
LQWR�WKH�IROORZLQJ�V\VWHP�RI�OLQHDU�HTXDWLRQV�#

A # sIn B
C Im

$#
[
X

$
D
#
�
\

$
���

ZKHUH A LV n ! n� B LV n ! m� C LV m ! n� DQG s LV�D�YDULDEOH�
7KH�YHFWRU X LQ Rm LV�WKH�´LQSXWµ�WR�WKH�V\VWHP� \ LQ Rm LV�WKH
´RXWSXW�µ DQG [ LQ Rn LV�WKH�´VWDWHµ�YHFWRU� �$FWXDOO\� WKH�YHFWRUV
[� X� DQG \ DUH�IXQFWLRQV�RI s� EXW�WKLV�GRHV�QRW�DIIHFW�WKH�DOJHEUDLF
FDOFXODWLRQV�LQ�([HUFLVHV ���DQG�����

��� $VVXPH A # sIn LV�LQYHUWLEOH�DQG�YLHZ�����DV�D�V\VWHP�RI�WZR
PDWUL[�HTXDWLRQV� 6ROYH�WKH�WRS�HTXDWLRQ�IRU [ DQG�VXEVWLWXWH
LQWR�WKH�ERWWRP�HTXDWLRQ� 7KH�UHVXOW�LV�DQ�HTXDWLRQ�RI�WKH
IRUP W.s/X D \� ZKHUH W.s/ LV�D�PDWUL[�WKDW�GHSHQGV�RQ s�
W.s/ LV�FDOOHG�WKH WUDQVIHU�IXQFWLRQ RI�WKH�V\VWHP�EHFDXVH
LW�WUDQVIRUPV�WKH�LQSXW X LQWR�WKH�RXWSXW \� )LQG W.s/ DQG
GHVFULEH�KRZ�LW�LV�UHODWHG�WR�WKH�SDUWLWLRQHG V\VWHP�PDWUL[ RQ
WKH�OHIW�VLGH�RI����� 6HH�([HUFLVH����

��� 6XSSRVH�WKH�WUDQVIHU�IXQFWLRQ W.s/ LQ�([HUFLVH����LV�LQYHUW�
LEOH�IRU�VRPH s� ,W�FDQ�EH�VKRZQ�WKDW�WKH�LQYHUVH�WUDQVIHU
IXQFWLRQW.s/!1� ZKLFK�WUDQVIRUPV�RXWSXWV�LQWR�LQSXWV� LV�WKH
6FKXU�FRPSOHPHQW�RI A # BC # sIn IRU�WKH�PDWUL[�EHORZ�
)LQG�WKLV�6FKXU�FRPSOHPHQW� 6HH�([HUFLVH ���
#

A # BC # sIn B
#C Im

$

��� D� 9HULI\�WKDW A2 D I ZKHQ A D
#

1 0
2 #1

$
�

E� 8VH�SDUWLWLRQHG�PDWULFHV�WR�VKRZ�WKDW M 2 D I ZKHQ

M D

2
664

1 0 0 0
2 #1 0 0
1 0 #1 0
0 1 #2 1

3
775

��� *HQHUDOL]H�WKH�LGHD�RI�([HUFLVH����E\�FRQVWUXFWLQJ�D 6 ! 6

PDWUL[ M D

2
4

A 0 0
0 B 0
C 0 D

3
5 VXFK�WKDW M 2 D I: 0DNH C D

QRQ]HUR 2 ! 2 PDWUL[� 6KRZ�WKDW�\RXU�FRQVWUXFWLRQ�ZRUNV�

��� 8VH�SDUWLWLRQHG�PDWULFHV�WR�SURYH�E\�LQGXFWLRQ�WKDW�WKH�SURG�
XFW�RI�WZR�ORZHU�WULDQJXODU�PDWULFHV�LV�DOVR�ORZHU�WULDQJXODU�
>+LQW� $ .k C 1/ ! .k C 1/ PDWUL[ A1 FDQ�EH�ZULWWHQ�LQ�WKH
IRUP�EHORZ� ZKHUH a LV�D�VFDODU� Y LV�LQ Rk � DQG A LV�D k ! k
ORZHU�WULDQJXODU�PDWUL[� 6HH�WKH 6WXG\�*XLGH IRU�KHOS�ZLWK
LQGXFWLRQ�@

A1 D
#

a �T

Y A

$
SG

��� 8VH � SDUWLWLRQHG �PDWULFHV � WR � SURYH � E\ � LQGXFWLRQ � WKDW � IRU
n D 2; 3; : : : ; WKH n ! n PDWUL[ A VKRZQ�EHORZ�LV�LQYHUWLEOH
DQG B LV�LWV�LQYHUVH�

A D

2
66664

1 0 0 " " " 0
1 1 0 0
1 1 1 0
:::

: : :

1 1 1 " " " 1

3
77775
�

B D

2
666664

1 0 0 " " " 0
#1 1 0 0

0 #1 1 0
:::

: : :
: : :

0 : : : #1 1

3
777775
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)RU � WKH � LQGXFWLRQ � VWHS� DVVXPH A DQG B DUH
.k C 1/ ! .k C 1/ PDWULFHV� DQG�SDUWLWLRQ A DQG B LQ�D�IRUP
VLPLODU�WR�WKDW�GLVSOD\HG�LQ�([HUFLVH����

��� :LWKRXW�XVLQJ�URZ�UHGXFWLRQ� ÀQG�WKH�LQYHUVH�RI

A D

2
66664

1 2 0 0 0
3 5 0 0 0
0 0 2 0 0
0 0 0 7 8
0 0 0 5 6

3
77775

��� >0@ )RU�EORFN�RSHUDWLRQV� LW�PD\�EH�QHFHVVDU\�WR�DFFHVV�RU
HQWHU�VXEPDWULFHV�RI�D�ODUJH�PDWUL[� 'HVFULEH�WKH�IXQFWLRQV
RU�FRPPDQGV�RI�D�PDWUL[�SURJUDP�WKDW�DFFRPSOLVK�WKH�IRO�
ORZLQJ�WDVNV� 6XSSRVH A LV�D 20 ! 30 PDWUL[�
D� 'LVSOD\ � WKH � VXEPDWUL[ � RI A IURP � URZV � � � WR � �� � DQG

FROXPQV����WR����
E� ,QVHUW�D 5 ! 10 PDWUL[ B LQWR A� EHJLQQLQJ�DW�URZ���DQG

FROXPQ����

F� &UHDWH �D 50 ! 50 PDWUL[�RI � WKH�IRUP C D
#

A 0
0 AT

$
�

>1RWH� ,W�PD\�QRW�EH�QHFHVVDU\�WR�VSHFLI\�WKH�]HUR�EORFNV
LQ C �@

��� >0@ 6XSSRVH�PHPRU\�RU�VL]H�UHVWULFWLRQV�SUHYHQW�D�PDWUL[
SURJUDP�IURP�ZRUNLQJ�ZLWK�PDWULFHV�KDYLQJ�PRUH�WKDQ���
URZV�DQG����FROXPQV� DQG�VXSSRVH�VRPH�SURMHFW�LQYROYHV
50 ! 50 PDWULFHV A DQG B � 'HVFULEH�WKH�FRPPDQGV�RU�RS�
HUDWLRQV�RI�WKH�PDWUL[�SURJUDP�WKDW�DFFRPSOLVK�WKH�IROORZLQJ
WDVNV�
D� &RPSXWH A C B �
E� &RPSXWH AB �
F� 6ROYH A[ D E IRU�VRPH�YHFWRU E LQ R50� DVVXPLQJ�WKDW

A FDQ �EH �SDUWLWLRQHG � LQWR �D 2 ! 2 EORFN �PDWUL[ ŒAij !�
ZLWK A11 DQ�LQYHUWLEOH 20 ! 20 PDWUL[� A22 DQ�LQYHUWLEOH
30 ! 30 PDWUL[� DQG A12 D�]HUR�PDWUL[� >+LQW� 'HVFULEH
DSSURSULDWH�VPDOOHU�V\VWHPV�WR�VROYH� ZLWKRXW�XVLQJ�DQ\
PDWUL[�LQYHUVHV�@

�� ,I
#

I 0
A I

$
LV�LQYHUWLEOH� LWV�LQYHUVH�KDV�WKH�IRUP

#
W X
Y Z

$
� 9HULI\�WKDW

#
I 0
A I

$#
W X
Y Z

$
D
#

W X
AW C Y AX C Z

$

6R W � X � Y � Z PXVW�VDWLVI\ W D I � X D 0� AW C Y D 0� DQG AX C Z D I � ,W
IROORZV�WKDW Y D #A DQG Z D I � +HQFH#

I 0
A I

$#
I 0

#A I

$
D
#

I 0
0 I

$

7KH�SURGXFW�LQ�WKH�UHYHUVH�RUGHU�LV�DOVR�WKH�LGHQWLW\� VR�WKH�EORFN�PDWUL[�LV�LQYHUW�

LEOH� DQG�LWV�LQYHUVH�LV
#

I 0
#A I

$
� �<RX�FRXOG�DOVR�DSSHDO�WR�WKH�,QYHUWLEOH�0DWUL[

7KHRUHP��

�� XT X D
"

XT
1

XT
2

#h
X1 X2

i
D
"

XT
1 X1 XT

1 X2

XT
2 X1 XT

2 X2

#
� 7KH�SDUWLWLRQV�RI XT DQG X DUH

DXWRPDWLFDOO\�FRQIRUPDEOH�IRU�EORFN�PXOWLSOLFDWLRQ�EHFDXVH�WKH�FROXPQV�RI XT DUH
WKH�URZV�RI X � 7KLV�SDUWLWLRQ�RI XTX LV�XVHG�LQ�VHYHUDO�FRPSXWHU�DOJRULWKPV�IRU
PDWUL[�FRPSXWDWLRQV�

$ IDFWRUL]DWLRQ RI�D�PDWUL[A LV�DQ�HTXDWLRQ�WKDW�H[SUHVVHVA DV�D�SURGXFW�RI�WZR�RU�PRUH
PDWULFHV� :KHUHDV�PDWUL[�PXOWLSOLFDWLRQ�LQYROYHV�D V\QWKHVLV RI�GDWD��FRPELQLQJ�WKH
HIIHFWV�RI�WZR�RU�PRUH�OLQHDU�WUDQVIRUPDWLRQV�LQWR�D�VLQJOH�PDWUL[�� PDWUL[�IDFWRUL]DWLRQ
LV�DQ DQDO\VLV RI�GDWD� ,Q�WKH�ODQJXDJH�RI�FRPSXWHU�VFLHQFH� WKH�H[SUHVVLRQ�RI A DV�D
SURGXFW�DPRXQWV�WR�D SUHSURFHVVLQJ RI�WKH�GDWD�LQ A� RUJDQL]LQJ�WKDW�GDWD�LQWR�WZR�RU
PRUH�SDUWV�ZKRVH�VWUXFWXUHV�DUH�PRUH�XVHIXO�LQ�VRPH�ZD\� SHUKDSV�PRUH�DFFHVVLEOH�IRU
FRPSXWDWLRQ�
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0DWUL[�IDFWRUL]DWLRQV�DQG� ODWHU� IDFWRUL]DWLRQV�RI�OLQHDU�WUDQVIRUPDWLRQV�ZLOO�DSSHDU
DW�D�QXPEHU�RI�NH\�SRLQWV�WKURXJKRXW�WKH�WH[W� 7KLV�VHFWLRQ�IRFXVHV�RQ�D�IDFWRUL]DWLRQ
WKDW�OLHV�DW�WKH�KHDUW�RI�VHYHUDO�LPSRUWDQW�FRPSXWHU�SURJUDPV�ZLGHO\�XVHG�LQ�DSSOLFD�
WLRQV� VXFK�DV�WKH�DLUÁRZ�SUREOHP�GHVFULEHG�LQ�WKH�FKDSWHU�LQWURGXFWLRQ� 6HYHUDO�RWKHU
IDFWRUL]DWLRQV� WR�EH�VWXGLHG�ODWHU� DUH�LQWURGXFHG�LQ�WKH�H[HUFLVHV�

7KH�/8 )DFWRUL]DWLRQ
7KH�/8 IDFWRUL]DWLRQ� GHVFULEHG�EHORZ� LV�PRWLYDWHG�E\�WKH�IDLUO\�FRPPRQ�LQGXVWULDO
DQG�EXVLQHVV�SUREOHP�RI�VROYLQJ�D�VHTXHQFH�RI�HTXDWLRQV� DOO�ZLWK�WKH�VDPH�FRHIÀFLHQW
PDWUL[�

A[ D E1; A[ D E2; : : : ; A[ D Ep ���

6HH�([HUFLVH ��� IRU�H[DPSOH� $OVR�VHH�6HFWLRQ ���� ZKHUH�WKH�LQYHUVH�SRZHU�PHWKRG
LV�XVHG�WR�HVWLPDWH�HLJHQYDOXHV�RI�D�PDWUL[�E\�VROYLQJ�HTXDWLRQV�OLNH�WKRVH�LQ�VHTXHQFH
���� RQH�DW�D�WLPH�

:KHQ A LV�LQYHUWLEOH� RQH�FRXOG�FRPSXWH A"1 DQG�WKHQ�FRPSXWH A"1E1� A"1E2�
DQG�VR�RQ� +RZHYHU� LW�LV�PRUH�HIÀFLHQW�WR�VROYH�WKH�ÀUVW�HTXDWLRQ�LQ�VHTXHQFH�����E\
URZ�UHGXFWLRQ�DQG�REWDLQ�DQ�/8 IDFWRUL]DWLRQ�RI A DW�WKH�VDPH�WLPH� 7KHUHDIWHU� WKH
UHPDLQLQJ�HTXDWLRQV�LQ�VHTXHQFH�����DUH�VROYHG�ZLWK�WKH�/8 IDFWRUL]DWLRQ�

$W�ÀUVW� DVVXPH�WKDW A LV�DQ m ! n PDWUL[�WKDW�FDQ�EH�URZ�UHGXFHG�WR�HFKHORQ
IRUP� ZLWKRXW�URZ�LQWHUFKDQJHV� �/DWHU� ZH�ZLOO�WUHDW�WKH�JHQHUDO�FDVH�� 7KHQ A FDQ
EH�ZULWWHQ�LQ�WKH�IRUP A D LU � ZKHUH L LV�DQ m ! m ORZHU�WULDQJXODU�PDWUL[�ZLWK��·V
RQ�WKH�GLDJRQDO�DQG U LV�DQ m ! n HFKHORQ�IRUP�RI A� )RU�LQVWDQFH� VHH�)LJ� �� 6XFK
D�IDFWRUL]DWLRQ�LV�FDOOHG�DQ /8 IDFWRUL]DWLRQ RI A� 7KH�PDWUL[ L LV�LQYHUWLEOH�DQG�LV
FDOOHG�D XQLW ORZHU�WULDQJXODU�PDWUL[�

A = 

L U

1
*
*
*

0
1
*
*

0
0
1
*

0
0
0
1

0
0
0

*

0
0

*
*
0
0

*
*
*
0

*
*

0

$Q�/8 IDFWRUL]DWLRQ�

%HIRUH�VWXG\LQJ�KRZ�WR�FRQVWUXFW L DQG U � ZH�VKRXOG�ORRN�DW�ZK\�WKH\�DUH�VR
XVHIXO� :KHQ A D LU � WKH�HTXDWLRQ A[ D E FDQ�EH�ZULWWHQ�DV L.U[/ D E� :ULWLQJ \
IRU U[� ZH�FDQ�ÀQG [ E\�VROYLQJ�WKH SDLU RI�HTXDWLRQV

L\ D E
U [ D \

���

)LUVW�VROYH L\ D E IRU \; DQG�WKHQ�VROYH U[ D \ IRU [� 6HH�)LJ� �� (DFK�HTXDWLRQ�LV
HDV\�WR�VROYH�EHFDXVH L DQG U DUH�WULDQJXODU�

,W�FDQ�EH�YHULÀHG�WKDW

A D

2
664

3 #7 #2 2
#3 5 1 0

6 #4 0 #5
#9 5 #5 12

3
775 D

2
664

1 0 0 0
#1 1 0 0

2 #5 1 0
#3 8 3 1

3
775

2
664

3 #7 #2 2
0 #2 #1 2
0 0 #1 1
0 0 0 #1

3
775 D LU
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x

Multiplication

by A

b

Multiplication
by L

Multiplication
by U

y

)DFWRUL]DWLRQ�RI�WKH�PDSSLQJ [ 7!A[�

8VH�WKLV�/8 IDFWRUL]DWLRQ�RI A WR�VROYH A[ D E� ZKHUH E D

2
664

#9
5
7

11

3
775�

7KH�VROXWLRQ�RI L\ D E QHHGV�RQO\���PXOWLSOLFDWLRQV�DQG���DGGLWLRQV� EH�
FDXVH�WKH�DULWKPHWLF�WDNHV�SODFH�RQO\�LQ�FROXPQ �� �7KH�]HURV�EHORZ�HDFK�SLYRW�LQ L DUH
FUHDWHG�DXWRPDWLFDOO\�E\�WKH�FKRLFH�RI�URZ�RSHUDWLRQV��

!
L E

"
D

2
664

1 0 0 0 #9
#1 1 0 0 5

2 #5 1 0 7
#3 8 3 1 11

3
775 %

2
664

1 0 0 0 #9
0 1 0 0 #4
0 0 1 0 5
0 0 0 1 1

3
775 D

!
I \

"

7KHQ� IRU U [ D \� WKH�´EDFNZDUGµ�SKDVH�RI�URZ�UHGXFWLRQ�UHTXLUHV�� GLYLVLRQV� � PXO�
WLSOLFDWLRQV� DQG�� DGGLWLRQV� �)RU�LQVWDQFH� FUHDWLQJ�WKH�]HURV�LQ�FROXPQ ��RI Œ U \ !
UHTXLUHV���GLYLVLRQ�LQ�URZ ��DQG���PXOWLSOLFDWLRQ²DGGLWLRQ�SDLUV�WR�DGG�PXOWLSOHV�RI�URZ �
WR�WKH�URZV�DERYH��

!
U \

"
D

2
664

3 #7 #2 2 #9
0 #2 #1 2 #4
0 0 #1 1 5
0 0 0 #1 1

3
775 %

2
664

1 0 0 0 3
0 1 0 0 4
0 0 1 0 #6
0 0 0 1 #1

3
775; [ D

2
664

3
4

#6
#1

3
775

7R�ÀQG [ UHTXLUHV����DULWKPHWLF�RSHUDWLRQV� RU�´ÁRSVµ��ÁRDWLQJ�SRLQW�RSHUDWLRQV��
H[FOXGLQJ�WKH�FRVW�RI�ÀQGLQJ L DQG U � ,Q�FRQWUDVW� URZ�UHGXFWLRQ�RI Œ A E ! WR Œ I [ !
WDNHV��� RSHUDWLRQV�

7KH�FRPSXWDWLRQDO�HIÀFLHQF\�RI�WKH�/8 IDFWRUL]DWLRQ�GHSHQGV�RQ�NQRZLQJL DQGU �
7KH�QH[W�DOJRULWKP�VKRZV�WKDW�WKH�URZ�UHGXFWLRQ�RI A WR�DQ�HFKHORQ�IRUP U DPRXQWV�WR
DQ�/8 IDFWRUL]DWLRQ�EHFDXVH�LW�SURGXFHV L ZLWK�HVVHQWLDOO\�QR�H[WUD�ZRUN� $IWHU�WKH�ÀUVW
URZ�UHGXFWLRQ� L DQG U DUH�DYDLODEOH�IRU�VROYLQJ�DGGLWLRQDO�HTXDWLRQV�ZKRVH�FRHIÀFLHQW
PDWUL[�LV A�

$Q�/8 )DFWRUL]DWLRQ�$OJRULWKP
6XSSRVH A FDQ�EH�UHGXFHG�WR�DQ�HFKHORQ�IRUP U XVLQJ�RQO\�URZ�UHSODFHPHQWV�WKDW�DGG�D
PXOWLSOH�RI�RQH�URZ�WR�DQRWKHU�URZ EHORZ�LW� ,Q�WKLV�FDVH� WKHUH�H[LVW�XQLW�ORZHU�WULDQJXODU
HOHPHQWDU\�PDWULFHV E1; : : : ; Ep VXFK�WKDW

Ep " " " E1A D U ���

7KHQ
A D .Ep " " " E1/"1U D LU

ZKHUH
L D .Ep " " " E1/"1 ���
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,W�FDQ�EH�VKRZQ�WKDW�SURGXFWV�DQG�LQYHUVHV�RI�XQLW�ORZHU�WULDQJXODU�PDWULFHV�DUH�DOVR�XQLW
ORZHU�WULDQJXODU� �)RU�LQVWDQFH� VHH�([HUFLVH����� 7KXV L LV�XQLW�ORZHU�WULDQJXODU�

1RWH�WKDW�WKH�URZ�RSHUDWLRQV�LQ�HTXDWLRQ����� ZKLFK�UHGXFH A WR U � DOVR�UHGXFH
WKH L LQ�HTXDWLRQ�����WR I � EHFDXVH Ep " " " E1L D .Ep " " " E1/.Ep " " " E1/"1 D I � 7KLV
REVHUYDWLRQ�LV�WKH�NH\�WR FRQVWUXFWLQJ L�

�� 5HGXFH A WR�DQ�HFKHORQ�IRUP U E\�D�VHTXHQFH�RI�URZ�UHSODFHPHQW�RSHUDWLRQV�
LI�SRVVLEOH�

�� 3ODFH�HQWULHV�LQ L VXFK�WKDW�WKH VDPH�VHTXHQFH�RI�URZ�RSHUDWLRQV UHGXFHV L
WR I �

6WHS���LV�QRW�DOZD\V�SRVVLEOH� EXW�ZKHQ�LW�LV� WKH�DUJXPHQW�DERYH�VKRZV�WKDW�DQ�/8
IDFWRUL]DWLRQ�H[LVWV� ([DPSOH���ZLOO�VKRZ�KRZ�WR�LPSOHPHQW�VWHS��� %\�FRQVWUXFWLRQ� L
ZLOO�VDWLVI\

.Ep " " " E1/L D I

XVLQJ�WKH�VDPHE1; : : : ; Ep DV�LQ�HTXDWLRQ����� 7KXVLZLOO�EH�LQYHUWLEOH� E\�WKH�,QYHUWLEOH
0DWUL[�7KHRUHP� ZLWK .Ep " " " E1/ D L"1� )URP����� L"1A D U � DQG A D LU � 6R
VWHS ��ZLOO�SURGXFH�DQ�DFFHSWDEOH L�

)LQG�DQ�/8 IDFWRUL]DWLRQ�RI

A D

2
664

2 4 #1 5 #2
#4 #5 3 #8 1

2 #5 #4 1 8
#6 0 7 #3 1

3
775

6LQFH A KDV�IRXU�URZV� L VKRXOG�EH 4 ! 4� 7KH�ÀUVW�FROXPQ�RI L LV�WKH�ÀUVW
FROXPQ�RI A GLYLGHG�E\�WKH�WRS�SLYRW�HQWU\�

L D

2
664

1 0 0 0
#2 1 0 0

1 1 0
#3 1

3
775

&RPSDUH�WKH�ÀUVW�FROXPQV�RI A DQG L� 7KH�URZ�RSHUDWLRQV�WKDW�FUHDWH�]HURV�LQ�WKH
ÀUVW�FROXPQ�RI A ZLOO�DOVR�FUHDWH�]HURV�LQ�WKH�ÀUVW�FROXPQ�RI L� 7R�PDNH�WKLV�VDPH
FRUUHVSRQGHQFH�RI�URZ�RSHUDWLRQV�RQ A KROG�IRU�WKH�UHVW�RI L� ZDWFK�D�URZ�UHGXFWLRQ�RI
A WR�DQ�HFKHORQ�IRUP U � 7KDW�LV� KLJKOLJKW�WKH�HQWULHV LQ�HDFK�PDWUL[�WKDW�DUH�XVHG�WR
GHWHUPLQH�WKH�VHTXHQFH�RI�URZ�RSHUDWLRQV�WKDW�WUDQVIRUP A LQWR U � >6HH�WKH�KLJKOLJKWHG
HQWULHV�LQ�HTXDWLRQ�����@

A D

2
664

2 4 #1 5 #2
#4 #5 3 #8 1

2 #5 #4 1 8
#6 0 7 #3 1

3
775 %

2
664

2 4 #1 5 #2
0 3 1 2 #3
0 #9 #3 #4 10
0 12 4 12 #5

3
775 D A1 ���

% A2 D

2
664

2 4 #1 5 #2
0 3 1 2 #3
0 0 0 2 1
0 0 0 4 7

3
775 %

2
664

2 4 #1 5 #2
0 3 1 2 #3
0 0 0 2 1
0 0 0 0 5

3
775 D U
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7KH�KLJKOLJKWHG�HQWULHV�DERYH�GHWHUPLQH�WKH�URZ�UHGXFWLRQ�RI A WR U � $W�HDFK�SLYRW
FROXPQ� GLYLGH�WKH�KLJKOLJKWHG�HQWULHV�E\�WKH�SLYRW�DQG�SODFH�WKH�UHVXOW�LQWR L�2

664
2

#4
2

#6

3
775
2
4

3
#9
12

3
5# 2

4

$
!

5
"

&2 &3 &2 &5

# # # #2
664

1
#2 1

1 #3 1
#3 4 2 1

3
775� DQG L D

2
664

1 0 0 0
#2 1 0 0

1 #3 1 0
#3 4 2 1

3
775

$Q�HDV\�FDOFXODWLRQ�YHULÀHV�WKDW�WKLV L DQG U VDWLVI\ LU D A�

,Q�SUDFWLFDO�ZRUN� URZ�LQWHUFKDQJHV�DUH�QHDUO\�DOZD\V�QHHGHG� EHFDXVH�SDUWLDO�SLY�
RWLQJ�LV�XVHG�IRU�KLJK�DFFXUDF\� �5HFDOO�WKDW�WKLV�SURFHGXUH�VHOHFWV� DPRQJ�WKH�SRVVLEOH
FKRLFHV�IRU�D�SLYRW� DQ�HQWU\�LQ�WKH�FROXPQ�KDYLQJ�WKH�ODUJHVW�DEVROXWH�YDOXH�� 7R�KDQGOH
URZ�LQWHUFKDQJHV� WKH�/8 IDFWRUL]DWLRQ�DERYH�FDQ�EH�PRGLÀHG�HDVLO\�WR�SURGXFH�DQL WKDW
LV SHUPXWHG�ORZHU�WULDQJXODU� LQ�WKH�VHQVH�WKDW�D�UHDUUDQJHPHQW��FDOOHG�D�SHUPXWDWLRQ�
RI�WKH�URZV�RI L FDQ�PDNH L .XQLW/ ORZHU�WULDQJXODU� 7KH�UHVXOWLQJ SHUPXWHG�/8
IDFWRUL]DWLRQ VROYHV A[ D E LQ�WKH�VDPH�ZD\�DV�EHIRUH� H[FHSW�WKDW�WKH�UHGXFWLRQ�RI
Œ L E ! WR Œ I \ ! IROORZV�WKH�RUGHU�RI�WKH�SLYRWV�LQ L IURP�OHIW�WR�ULJKW� VWDUWLQJ�ZLWK
WKH�SLYRW�LQ�WKH�ÀUVW�FROXPQ� $ UHIHUHQFH�WR�DQ�´/8 IDFWRUL]DWLRQµ�XVXDOO\�LQFOXGHV�WKH
SRVVLELOLW\�WKDW L PLJKW�EH�SHUPXWHG�ORZHU�WULDQJXODU� )RU GHWDLOV� VHH�WKH 6WXG\�*XLGH�SG

7KH�IROORZLQJ�RSHUDWLRQ�FRXQWV�DSSO\�WR�DQ n ! n GHQVH�PDWUL[ A �ZLWK�PRVW
HQWULHV�QRQ]HUR��IRU n PRGHUDWHO\�ODUJH� VD\� n ' 30��

�� &RPSXWLQJ�DQ�/8 IDFWRUL]DWLRQ�RI A WDNHV�DERXW 2n3=3 ÁRSV��DERXW�WKH�VDPH
DV�URZ�UHGXFLQJ Œ A E !/� ZKHUHDV�ÀQGLQJ A"1 UHTXLUHV�DERXW 2n3 ÁRSV�

�� 6ROYLQJ L\ D E DQG U [ D \ UHTXLUHV�DERXW 2n2 ÁRSV� EHFDXVH�DQ\ n ! n
WULDQJXODU�V\VWHP�FDQ�EH�VROYHG�LQ�DERXW n2 ÁRSV�

�� 0XOWLSOLFDWLRQ�RI E E\ A"1 DOVR�UHTXLUHV�DERXW 2n2 ÁRSV� EXW�WKH�UHVXOW�PD\
QRW�EH�DV�DFFXUDWH�DV�WKDW�REWDLQHG�IURP L DQG U �EHFDXVH�RI�URXQGRII�HUURU
ZKHQ�FRPSXWLQJ�ERWK A"1 DQG A"1E/�

�� ,I A LV�VSDUVH��ZLWK�PRVWO\�]HUR�HQWULHV�� WKHQ L DQG U PD\�EH�VSDUVH� WRR�
ZKHUHDV A"1 LV�OLNHO\�WR�EH�GHQVH� ,Q�WKLV�FDVH� D�VROXWLRQ�RI A[ D E ZLWK�DQ
/8 IDFWRUL]DWLRQ�LV PXFK IDVWHU�WKDQ�XVLQJ A"1� 6HH�([HUFLVH����

WEB

$ 0DWUL[�)DFWRUL]DWLRQ�LQ�(OHFWULFDO�(QJLQHHULQJ
0DWUL[�IDFWRUL]DWLRQ�LV�LQWLPDWHO\�UHODWHG�WR�WKH�SUREOHP�RI�FRQVWUXFWLQJ�DQ�HOHFWULFDO
QHWZRUN�ZLWK�VSHFLÀHG�SURSHUWLHV� 7KH�IROORZLQJ�GLVFXVVLRQ�JLYHV�MXVW�D�JOLPSVH�RI�WKH
FRQQHFWLRQ�EHWZHHQ�IDFWRUL]DWLRQ�DQG�FLUFXLW�GHVLJQ�

ñ6HH�6HFWLRQ�����LQ $SSOLHG�/LQHDU�$OJHEUD� �UG�HG�� E\�%HQ�1REOH�DQG�-DPHV�:��'DQLHO��(QJOHZRRG�&OLIIV�
1-��3UHQWLFH�+DOO� ������ 5HFDOO�WKDW�IRU�RXU�SXUSRVHV� D ÁRS LVC� "� #� RU$�



0DWUL[�$OJHEUD

6XSSRVH�WKH�ER[�LQ�)LJ� ��UHSUHVHQWV�VRPH�VRUW�RI�HOHFWULF�FLUFXLW� ZLWK�DQ�LQSXW

DQG�RXWSXW� 5HFRUG�WKH�LQSXW�YROWDJH�DQG�FXUUHQW�E\
#

v1

i1

$
�ZLWK�YROWDJH v LQ�YROWV�DQG

FXUUHQW i LQ�DPSV�� DQG�UHFRUG�WKH�RXWSXW�YROWDJH�DQG�FXUUHQW�E\
#

v2

i2

$
� )UHTXHQWO\� WKH

WUDQVIRUPDWLRQ
#

v1

i1

$
7!
#

v2

i2

$
LV�OLQHDU� 7KDW�LV� WKHUH�LV�D�PDWUL[ A� FDOOHG�WKH WUDQVIHU

PDWUL[� VXFK�WKDW #
v2

i2

$
D A

#
v1

i1

$

i1 i2

electric
circuit

input
terminals

output
terminalsv1 v2

$ FLUFXLW�ZLWK�LQSXW�DQG�RXWSXW
WHUPLQDOV�

)LJXUH���VKRZV�D ODGGHU�QHWZRUN� ZKHUH�WZR�FLUFXLWV��WKHUH�FRXOG�EH�PRUH��DUH
FRQQHFWHG�LQ�VHULHV� VR�WKDW�WKH�RXWSXW�RI�RQH�FLUFXLW�EHFRPHV�WKH�LQSXW�RI�WKH�QH[W�FLUFXLW�
7KH�OHIW�FLUFXLW�LQ�)LJ� ��LV�FDOOHG�D VHULHV�FLUFXLW� ZLWK�UHVLVWDQFH R1 �LQ�RKPV��

i1

R1
v1

i2 i2

v2 R2

i3

v3

A series circuit A shunt circuit

$ ODGGHU�QHWZRUN�

7KH�ULJKW�FLUFXLW�LQ�)LJ����LV�D VKXQW�FLUFXLW� ZLWK�UHVLVWDQFH R2� 8VLQJ�2KP·V�ODZ�DQG
.LUFKKRII·V�ODZV� RQH�FDQ�VKRZ�WKDW�WKH�WUDQVIHU�PDWULFHV�RI�WKH�VHULHV�DQG�VKXQW�FLUFXLWV�
UHVSHFWLYHO\� DUH #

1 #R1

0 1

$

7UDQVIHU�PDWUL[
RI�VHULHV�FLUFXLW

DQG
#

1 0
#1=R2 1

$

7UDQVIHU�PDWUL[
RI�VKXQW�FLUFXLW

D� &RPSXWH�WKH�WUDQVIHU�PDWUL[�RI�WKH�ODGGHU�QHWZRUN�LQ�)LJ� ��

E� 'HVLJQ�D�ODGGHU�QHWZRUN�ZKRVH�WUDQVIHU�PDWUL[�LV
#

1 #8
#:5 5

$
�

D� /HW A1 DQG A2 EH�WKH�WUDQVIHU�PDWULFHV�RI�WKH�VHULHV�DQG�VKXQW�FLUFXLWV� UHVSHFWLYHO\�
7KHQ�DQ�LQSXW�YHFWRU [ LV�WUDQVIRUPHG�ÀUVW�LQWRA1[ DQG�WKHQ�LQWRA2.A1[/� 7KH�VHULHV
FRQQHFWLRQ�RI�WKH�FLUFXLWV�FRUUHVSRQGV�WR�FRPSRVLWLRQ�RI�OLQHDU�WUDQVIRUPDWLRQV� DQG
WKH�WUDQVIHU�PDWUL[�RI�WKH�ODGGHU�QHWZRUN�LV��QRWH�WKH�RUGHU�

A2A1 D
#

1 0
#1=R2 1

$ #
1 #R1

0 1

$
D
#

1 #R1

#1=R2 1 C R1=R2

$
���



0DWUL[�)DFWRUL]DWLRQV

E� 7R�IDFWRU�WKH�PDWUL[
#

1 #8
#:5 5

$
LQWR�WKH�SURGXFW�RI�WUDQVIHU�PDWULFHV� DV�LQ�HTXD�

WLRQ ���� ORRN IRU R1 DQG R2 LQ�)LJ� ��WR�VDWLVI\#
1 #R1

#1=R2 1 C R1=R2

$
D
#

1 #8
#:5 5

$

)URP�WKH .1; 2/�HQWULHV� R1 D 8 RKPV� DQG�IURP�WKH .2; 1/�HQWULHV� 1=R2 D :5 RKP
DQG R2 D 1=:5 D 2 RKPV� :LWK�WKHVH�YDOXHV� WKH�QHWZRUN�LQ�)LJ� ��KDV�WKH�GHVLUHG
WUDQVIHU�PDWUL[�

$ QHWZRUN�WUDQVIHU�PDWUL[�VXPPDUL]HV�WKH�LQSXW²RXWSXW�EHKDYLRU��WKH�GHVLJQ�VSHF�
LÀFDWLRQV��RI�WKH�QHWZRUN�ZLWKRXW�UHIHUHQFH�WR�WKH�LQWHULRU�FLUFXLWV� 7R�SK\VLFDOO\�EXLOG
D�QHWZRUN�ZLWK�VSHFLÀHG�SURSHUWLHV� DQ�HQJLQHHU�ÀUVW�GHWHUPLQHV�LI�VXFK�D�QHWZRUN�FDQ
EH�FRQVWUXFWHG��RU UHDOL]HG�� 7KHQ�WKH�HQJLQHHU�WULHV�WR�IDFWRU�WKH�WUDQVIHU�PDWUL[�LQWR
PDWULFHV�FRUUHVSRQGLQJ�WR�VPDOOHU�FLUFXLWV�WKDW�SHUKDSV�DUH�DOUHDG\�PDQXIDFWXUHG�DQG
UHDG\�IRU�DVVHPEO\� ,Q�WKH�FRPPRQ�FDVH�RI�DOWHUQDWLQJ�FXUUHQW� WKH�HQWULHV�LQ�WKH�WUDQVIHU
PDWUL[�DUH�XVXDOO\�UDWLRQDO�FRPSOH[�YDOXHG�IXQFWLRQV� �6HH�([HUFLVHV ���DQG����LQ
6HFWLRQ ����DQG�([DPSOH ��LQ�6HFWLRQ ����� $ VWDQGDUG�SUREOHP�LV�WR�ÀQG�D PLQLPDO
UHDOL]DWLRQ WKDW�XVHV�WKH�VPDOOHVW�QXPEHU�RI�HOHFWULFDO�FRPSRQHQWV�

)LQG�DQ�/8 IDFWRUL]DWLRQ�RI A D

2
66664

2 #4 #2 3
6 #9 #5 8
2 #7 #3 9
4 #2 #2 #1

#6 3 3 4

3
77775
� >1RWH� ,W�ZLOO�WXUQ�RXW�WKDW A

KDV�RQO\�WKUHH�SLYRW�FROXPQV� VR�WKH�PHWKRG�RI�([DPSOH�� ZLOO�SURGXFH�RQO\�WKH�ÀUVW
WKUHH�FROXPQV�RI L� 7KH�UHPDLQLQJ�WZR�FROXPQV�RI L FRPH�IURP I5�@

,Q�([HUFLVHV��²�� VROYH�WKH�HTXDWLRQ A[ D E E\�XVLQJ�WKH�/8
IDFWRUL]DWLRQ�JLYHQ�IRU A� ,Q�([HUFLVHV ��DQG��� DOVR�VROYH A[ D E
E\�RUGLQDU\�URZ�UHGXFWLRQ�

�� A D

2
4

3 #7 #2
#3 5 1

6 #4 0

3
5; E D

2
4

#7
5
2

3
5

A D

2
4

1 0 0
#1 1 0

2 #5 1

3
5
2
4

3 #7 #2
0 #2 #1
0 0 #1

3
5

�� A D

2
4

2 #6 4
#4 8 0

0 #4 6

3
5; E D

2
4

2
#4

6

3
5

A D

2
4

1 0 0
#2 1 0

0 1 1

3
5
2
4

2 #6 4
0 #4 8
0 0 #2

3
5

�� A D

2
4

2 #4 2
#4 5 2

6 #9 1

3
5; E D

2
4

6
0
6

3
5

A D

2
4

1 0 0
#2 1 0

3 #1 1

3
5
2
4

2 #4 2
0 #3 6
0 0 1

3
5

�� A D

2
4

1 #1 2
1 #3 1
3 7 5

3
5; E D

2
4

0
#5

7

3
5

A D

2
4

1 0 0
1 1 0
3 #5 1

3
5
2
4

1 #1 2
0 #2 #1
0 0 #6

3
5

�� A D

2
664

1 #2 #2 #3
3 #9 0 #9

#1 2 4 7
#3 #6 26 2

3
775; E D

2
664

1
6
0
3

3
775

A D

2
664

1 0 0 0
3 1 0 0

#1 0 1 0
#3 4 #2 1

3
775

2
664

1 #2 #2 #3
0 #3 6 0
0 0 2 4
0 0 0 1

3
775
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�� A D

2
664

1 3 2 0
#2 #3 #4 12

3 0 4 #36
#5 #3 #8 49

3
775; E D

2
664

1
#2
#1

2

3
775

A D

2
664

1 0 0 0
#2 1 0 0

3 #3 1 0
#5 4 #1 1

3
775

2
664

1 3 2 0
0 3 0 12
0 0 #2 0
0 0 0 1

3
775

)LQG�DQ�/8 IDFWRUL]DWLRQ�RI�WKH�PDWULFHV�LQ�([HUFLVHV �²����ZLWKL
XQLW�ORZHU�WULDQJXODU�� 1RWH�WKDW�0$7/$% ZLOO�XVXDOO\�SURGXFH
D�SHUPXWHG�/8 IDFWRUL]DWLRQ�EHFDXVH�LW�XVHV�SDUWLDO�SLYRWLQJ�IRU
QXPHULFDO�DFFXUDF\�

��
#

2 5
#3 #4

$
��

#
6 4

12 5

$

��

2
4

3 1 2
#9 0 #4

9 9 14

3
5 ���

2
4

#5 0 4
10 2 #5
10 10 16

3
5

���

2
4

3 7 2
6 19 4

#3 #2 3

3
5 ���

2
4

2 3 2
4 13 9

#6 5 4

3
5

���

2
664

1 3 #5 #3
#1 #5 8 4

4 2 #5 #7
#2 #4 7 5

3
775 ���

2
664

1 3 1 5
5 20 6 31

#2 #1 #1 #4
#1 7 1 7

3
775

���

2
4

2 0 5 2
#6 3 #13 #3

4 9 16 17

3
5 ���

2
66664

2 #3 4
#4 8 #7

6 #5 14
#6 9 #12

8 #6 19

3
77775

��� :KHQ A LV � LQYHUWLEOH� 0$7/$% ÀQGV A!1 E\ � IDFWRULQJ
A D LU �ZKHUH L PD\�EH�SHUPXWHG�ORZHU�WULDQJXODU�� LQ�
YHUWLQJ L DQG U � DQG�WKHQ�FRPSXWLQJ U!1L!1� 8VH�WKLV
PHWKRG�WR�FRPSXWH�WKH�LQYHUVH�RI A LQ�([HUFLVH �� �$SSO\
WKH�DOJRULWKP�LQ�6HFWLRQ ����WR L DQG�WR U ��

��� )LQG A!1 DV�LQ�([HUFLVH���� XVLQJ A IURP�([HUFLVH ��

��� /HW A EH�D�ORZHU�WULDQJXODU n ! n PDWUL[�ZLWK�QRQ]HUR�HQWULHV
RQ�WKH�GLDJRQDO� 6KRZ�WKDW A LV�LQYHUWLEOH�DQG A!1 LV�ORZHU
WULDQJXODU� >+LQW� ([SODLQ�ZK\ A FDQ�EH�FKDQJHG�LQWR I
XVLQJ�RQO\�URZ�UHSODFHPHQWV�DQG�VFDOLQJ� �:KHUH�DUH�WKH
SLYRWV"� $OVR� H[SODLQ�ZK\�WKH�URZ�RSHUDWLRQV�WKDW�UHGXFH
A WR I FKDQJH I LQWR�D�ORZHU�WULDQJXODU�PDWUL[�@

��� /HW A D LU EH�DQ�/8 IDFWRUL]DWLRQ� ([SODLQ�ZK\ A FDQ�EH
URZ�UHGXFHG�WR U XVLQJ�RQO\�UHSODFHPHQW�RSHUDWLRQV� �7KLV
IDFW�LV�WKH�FRQYHUVH�RI�ZKDW�ZDV�SURYHG�LQ�WKH�WH[W��

��� 6XSSRVH A D BC � ZKHUH B LV�LQYHUWLEOH� 6KRZ�WKDW�DQ\
VHTXHQFH�RI�URZ�RSHUDWLRQV�WKDW�UHGXFHV B WR I DOVR�UHGXFHV
A WR C � 7KH�FRQYHUVH�LV�QRW�WUXH� VLQFH�WKH�]HUR�PDWUL[�PD\
EH�IDFWRUHG�DV 0 D B " 0�

([HUFLVHV���²���SURYLGH�D�JOLPSVH�RI�VRPH�ZLGHO\�XVHG�PDWUL[
IDFWRUL]DWLRQV� VRPH�RI�ZKLFK�DUH�GLVFXVVHG�ODWHU�LQ�WKH�WH[W�

��� �5HGXFHG LU )DFWRUL]DWLRQ��:LWK A DV�LQ�WKH�3UDFWLFH�3URE�
OHP� ÀQG�D 5 ! 3 PDWUL[ B DQG�D 3 ! 4 PDWUL[ C VXFK�WKDW
A D BC � *HQHUDOL]H�WKLV�LGHD�WR�WKH�FDVH�ZKHUH A LV m ! n�
A D LU � DQG U KDV�RQO\�WKUHH�QRQ]HUR�URZV�

��� �5DQN�)DFWRUL]DWLRQ��6XSSRVH�DQ m ! n PDWUL[ A DGPLWV�D
IDFWRUL]DWLRQ A D CD ZKHUH C LV m ! 4 DQG D LV 4 ! n�
D� 6KRZ�WKDW A LV� WKH�VXP�RI�IRXU�RXWHU�SURGXFWV� �6HH

6HFWLRQ �����
E� /HW m D 400 DQG n D 100� ([SODLQ�ZK\�D�FRPSXWHU�SUR�

JUDPPHU�PLJKW�SUHIHU�WR�VWRUH�WKH�GDWD�IURPA LQ�WKH�IRUP
RI�WZR�PDWULFHV C DQG D�

��� �QR )DFWRUL]DWLRQ��6XSSRVH A D QR� ZKHUH Q DQG R DUH
n ! n� R LV�LQYHUWLEOH�DQG�XSSHU�WULDQJXODU� DQG Q KDV�WKH
SURSHUW\�WKDW QT Q D I � 6KRZ�WKDW�IRU�HDFK E LQ Rn� WKH
HTXDWLRQ A[ D E KDV�D�XQLTXH�VROXWLRQ� :KDW�FRPSXWDWLRQV
ZLWK Q DQG R ZLOO�SURGXFH�WKH�VROXWLRQ"

WEB

��� �6LQJXODU � 9DOXH � 'HFRPSRVLWLRQ� � 6XSSRVH A D UDV T �
ZKHUH U DQG V DUH n ! n PDWULFHV�ZLWK�WKH�SURSHUW\�WKDW
U T U D I DQG V TV D I � DQG�ZKHUH D LV�D�GLDJRQDO�PDWUL[
ZLWK�SRVLWLYH�QXPEHUV "1; : : : ; "n RQ�WKH�GLDJRQDO� 6KRZ�WKDW
A LV�LQYHUWLEOH� DQG�ÀQG�D�IRUPXOD�IRU A!1�

��� �6SHFWUDO�)DFWRUL]DWLRQ��6XSSRVH�D 3 ! 3 PDWUL[ A DGPLWV
D�IDFWRUL]DWLRQ�DV A D PDP!1� ZKHUH P LV�VRPH�LQYHUWLEOH
3 ! 3 PDWUL[�DQG D LV�WKH�GLDJRQDO�PDWUL[

D D

2
4

2 0 0
0 3 0
0 0 1

3
5

6KRZ�WKDW�WKLV�IDFWRUL]DWLRQ�LV�XVHIXO�ZKHQ�FRPSXWLQJ�KLJK
SRZHUV�RI A� )LQG�IDLUO\�VLPSOH�IRUPXODV�IRU A2� A3� DQG Ak

�k D�SRVLWLYH�LQWHJHU�� XVLQJ P DQG�WKH�HQWULHV�LQ D�

��� 'HVLJQ�WZR�GLIIHUHQW�ODGGHU�QHWZRUNV�WKDW�HDFK�RXWSXW�� YROWV
DQG�� DPSV�ZKHQ�WKH�LQSXW�LV��� YROWV�DQG�� DPSV�

��� 6KRZ�WKDW�LI�WKUHH�VKXQW�FLUFXLWV��ZLWK�UHVLVWDQFHVR1� R2� R3�
DUH�FRQQHFWHG�LQ�VHULHV� WKH�UHVXOWLQJ�QHWZRUN�KDV�WKH�VDPH
WUDQVIHU�PDWUL[�DV�D�VLQJOH�VKXQW�FLUFXLW� )LQG�D�IRUPXOD�IRU
WKH�UHVLVWDQFH�LQ�WKDW�FLUFXLW�

��� D� &RPSXWH�WKH�WUDQVIHU�PDWUL[�RI�WKH�QHWZRUN�LQ�WKH�ÀJXUH
EHORZ�

i1 i4i2

v1 v2 v3 v4

i2 i3 i3

R1 R3
R2

E� /HW A D
#

3 #12
#1=3 5=3

$
� 'HVLJQ � D � ODGGHU � QHWZRUN

ZKRVH�WUDQVIHU�PDWUL[�LV A E\�ÀQGLQJ�D�VXLWDEOH�PDWUL[
IDFWRUL]DWLRQ�RI A�



0DWUL[�)DFWRUL]DWLRQV

��� )LQG�D �GLIIHUHQW � IDFWRUL]DWLRQ �RI � WKH � WUDQVIHU �PDWUL[ A LQ
([HUFLVH ��� DQG�WKHUHE\�GHVLJQ�D�GLIIHUHQW�ODGGHU�QHWZRUN
ZKRVH�WUDQVIHU�PDWUL[�LV A�

��� >0@ &RQVLGHU�WKH�KHDW�SODWH�LQ�WKH�IROORZLQJ�ÀJXUH��UHIHU�WR
([HUFLVH����LQ�6HFWLRQ������

0°

5°

5°

20°

20°

0° 0°0°

10° 10° 10°10°

1 3 5 7

2 4 6 8

7KH�VROXWLRQ�WR�WKH�VWHDG\�VWDWH�KHDW�ÁRZ�SUREOHP�IRU�WKLV
SODWH�LV�DSSUR[LPDWHG�E\�WKH�VROXWLRQ�WR�WKH�HTXDWLRQA[ D E�
ZKHUH E D .5; 15; 0; 10; 0; 10; 20; 30/ DQG

A D

2
66666666664

4 #1 #1
#1 4 0 #1
#1 0 4 #1 #1

#1 #1 4 0 #1
#1 0 4 #1 #1

#1 #1 4 0 #1
#1 0 4 #1

#1 #1 4

3
77777777775

WEB

7KH�PLVVLQJ�HQWULHV�LQ A DUH�]HURV� 7KH�QRQ]HUR�HQWULHV�RI
A OLH�ZLWKLQ�D�EDQG�DORQJ�WKH�PDLQ�GLDJRQDO� 6XFK EDQG
PDWULFHV RFFXU � LQ �D �YDULHW\ �RI �DSSOLFDWLRQV �DQG�RIWHQ�DUH
H[WUHPHO\�ODUJH��ZLWK�WKRXVDQGV�RI�URZV�DQG�FROXPQV�EXW
UHODWLYHO\�QDUURZ�EDQGV��
D� 8VH�WKH�PHWKRG�LQ�([DPSOH���WR�FRQVWUXFW�DQ�/8 IDFWRU�

L]DWLRQ�RI A� DQG�QRWH�WKDW�ERWK�IDFWRUV�DUH�EDQG�PDWULFHV
�ZLWK�WZR�QRQ]HUR�GLDJRQDOV�EHORZ�RU�DERYH�WKH�PDLQ
GLDJRQDO�� &RPSXWH LU # A WR�FKHFN�\RXU�ZRUN�

E� 8VH�WKH�/8 IDFWRUL]DWLRQ�WR�VROYH A[ D E�
F� 2EWDLQ A!1 DQG�QRWH�WKDW A!1 LV�D�GHQVH�PDWUL[�ZLWK�QR

EDQG�VWUXFWXUH� :KHQ A LV�ODUJH� L DQG U FDQ�EH�VWRUHG
LQ�PXFK�OHVV�VSDFH�WKDQ A!1� 7KLV�IDFW�LV�DQRWKHU�UHDVRQ
IRU�SUHIHUULQJ�WKH�/8 IDFWRUL]DWLRQ�RI A WR A!1 LWVHOI�

��� >0@ 7KH�EDQG�PDWUL[ A VKRZQ�EHORZ�FDQ�EH�XVHG�WR�HVWLPDWH
WKH�XQVWHDG\�FRQGXFWLRQ�RI�KHDW�LQ�D�URG�ZKHQ�WKH�WHPSHUD�
WXUHV�DW�SRLQWV p1; : : : ; p4 RQ�WKH�URG�FKDQJH�ZLWK�WLPH��

∆x ∆x∆x∆x ∆x

p1 p4p3p2

7KH�FRQVWDQW C LQ�WKH�PDWUL[�GHSHQGV�RQ�WKH�SK\VLFDO�QDWXUH
RI�WKH�URG� WKH�GLVWDQFH #x EHWZHHQ�WKH�SRLQWV�RQ�WKH�URG�
DQG�WKH�OHQJWK�RI�WLPH #t EHWZHHQ�VXFFHVVLYH�WHPSHUDWXUH
PHDVXUHPHQWV� 6XSSRVH�WKDW�IRU k D 0; 1; 2; : : : ; D�YHFWRU Wk
LQR4 OLVWV�WKH�WHPSHUDWXUHV�DW�WLPH k#t � ,I�WKH�WZR�HQGV�RI�WKH
URG�DUH�PDLQWDLQHG�DW 0ı� WKHQ�WKH�WHPSHUDWXUH�YHFWRUV�VDWLVI\
WKH�HTXDWLRQ AWkC1 D Wk .k D 0; 1; : : :/� ZKHUH

A D

2
664

.1 C 2C / #C
#C .1 C 2C / #C

#C .1 C 2C / #C
#C .1 C 2C /

3
775

D� )LQG�WKH�/8 IDFWRUL]DWLRQ�RI A ZKHQ C D 1� $ PDWUL[
VXFK�DV A ZLWK�WKUHH�QRQ]HUR�GLDJRQDOV�LV�FDOOHG�D WULGL�
DJRQDO �PDWUL[� 7KH L DQG U IDFWRUV �DUH ELGLDJRQDO
PDWULFHV�

E� 6XSSRVH C D 1 DQG W0 D .10; 15; 15; 10/T � 8VH�WKH�/8
IDFWRUL]DWLRQ�RI A WR�ÀQG�WKH�WHPSHUDWXUH�GLVWULEXWLRQV W1�
W2� W3� DQG W4�

2 6HH�%LVZD�1��'DWWD�1XPHULFDO�/LQHDU�$OJHEUD�DQG�$SSOLFDWLRQV �3DFLÀF
*URYH� &$��%URRNV�&ROH� ������ SS� ���²����

A D

2
66664

2 #4 #2 3
6 #9 #5 8
2 #7 #3 9
4 #2 #2 #1

#6 3 3 4

3
77775

%

2
66664

2 #4 #2 3
0 3 1 #1
0 #3 #1 6
0 6 2 #7
0 #9 #3 13

3
77775

%

2
66664

2 #4 #2 3
0 3 1 #1
0 0 0 5
0 0 0 #5
0 0 0 10

3
77775

%

2
66664

2 #4 #2 3
0 3 1 #1
0 0 0 5
0 0 0 0
0 0 0 0

3
77775

D U

'LYLGH�WKH�HQWULHV�LQ�HDFK�KLJKOLJKWHG�FROXPQ�E\�WKH�SLYRW�DW�WKH�WRS� 7KH�UHVXOWLQJ
FROXPQV�IRUP�WKH�ÀUVW�WKUHH�FROXPQV�LQ�WKH�ORZHU�KDOI�RI L� 7KLV�VXIÀFHV�WR�PDNH�URZ
UHGXFWLRQ�RI L WR I FRUUHVSRQG�WR�UHGXFWLRQ�RI A WR U � 8VH�WKH�ODVW�WZR�FROXPQV�RI I5
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WR�PDNH L XQLW�ORZHU�WULDQJXODU�
2
66664

2
6
2
4

#6

3
77775

2
664

3
#3

6
#9

3
775
2
4

5
#5
10

3
5

&2 &3 &5

# # #2
66664

1
3 1
1 #1 1 " " "
2 2 #1

#3 #3 2

3
77775
� L D

2
66664

1 0 0 0 0
3 1 0 0 0
1 #1 1 0 0
2 2 #1 1 0

#3 #3 2 0 1

3
77775

/LQHDU�DOJHEUD�SOD\HG�DQ�HVVHQWLDO�UROH�LQ�WKH�1REHO�SUL]H²ZLQQLQJ�ZRUN�RI�:DVVLO\WEB
/HRQWLHI� DV�PHQWLRQHG�DW�WKH�EHJLQQLQJ�RI�&KDSWHU �� 7KH�HFRQRPLF�PRGHO�GHVFULEHG
LQ�WKLV�VHFWLRQ�LV�WKH�EDVLV�IRU�PRUH�HODERUDWH�PRGHOV�XVHG�LQ�PDQ\�SDUWV�RI�WKH�ZRUOG�

6XSSRVH�D�QDWLRQ·V�HFRQRP\�LV�GLYLGHG�LQWR n VHFWRUV�WKDW�SURGXFH�JRRGV�RU�VHUYLFHV�
DQG�OHW [ EH�D SURGXFWLRQ�YHFWRU LQ Rn WKDW�OLVWV�WKH�RXWSXW�RI�HDFK�VHFWRU�IRU�RQH
\HDU� $OVR� VXSSRVH�DQRWKHU�SDUW�RI�WKH�HFRQRP\��FDOOHG�WKH RSHQ�VHFWRU��GRHV�QRW
SURGXFH�JRRGV�RU�VHUYLFHV�EXW�RQO\�FRQVXPHV�WKHP� DQG�OHW G EH�D ÀQDO�GHPDQG�YHFWRU
�RU ELOO�RI�ÀQDO�GHPDQGV� WKDW�OLVWV�WKH�YDOXHV�RI�WKH�JRRGV�DQG�VHUYLFHV�GHPDQGHG
IURP�WKH�YDULRXV�VHFWRUV�E\�WKH�QRQSURGXFWLYH�SDUW�RI�WKH�HFRQRP\� 7KH�YHFWRU G FDQ
UHSUHVHQW�FRQVXPHU�GHPDQG� JRYHUQPHQW�FRQVXPSWLRQ� VXUSOXV�SURGXFWLRQ� H[SRUWV� RU
RWKHU�H[WHUQDO�GHPDQGV�

$V�WKH�YDULRXV�VHFWRUV�SURGXFH�JRRGV�WR�PHHW�FRQVXPHU�GHPDQG� WKH�SURGXFHUV
WKHPVHOYHV�FUHDWH�DGGLWLRQDO LQWHUPHGLDWH�GHPDQG IRU�JRRGV�WKH\�QHHG�DV�LQSXWV�IRU
WKHLU�RZQ�SURGXFWLRQ� 7KH�LQWHUUHODWLRQV�EHWZHHQ�WKH�VHFWRUV�DUH�YHU\�FRPSOH[� DQG�WKH
FRQQHFWLRQ�EHWZHHQ�WKH�ÀQDO�GHPDQG�DQG�WKH�SURGXFWLRQ�LV�XQFOHDU� /HRQWLHI�DVNHG�LI
WKHUH�LV�D�SURGXFWLRQ�OHYHO [ VXFK�WKDW�WKH�DPRXQWV�SURGXFHG��RU�´VXSSOLHGµ��ZLOO�H[DFWO\
EDODQFH�WKH�WRWDO�GHPDQG�IRU�WKDW�SURGXFWLRQ� VR�WKDW

8<
:

DPRXQW
SURGXFHG

[

9=
; D

%
LQWHUPHGLDWH
GHPDQG

&
C

8<
:

ÀQDO
GHPDQG

G

9=
; ���

7KH�EDVLF�DVVXPSWLRQ�RI�/HRQWLHI·V�LQSXW²RXWSXW�PRGHO�LV�WKDW�IRU�HDFK�VHFWRU� WKHUH�LV
D XQLW�FRQVXPSWLRQ�YHFWRU LQ Rn WKDW�OLVWV�WKH�LQSXWV�QHHGHG SHU�XQLW�RI�RXWSXW RI�WKH
VHFWRU� $OO�LQSXW�DQG�RXWSXW�XQLWV�DUH�PHDVXUHG�LQ�PLOOLRQV�RI�GROODUV� UDWKHU�WKDQ�LQ
TXDQWLWLHV�VXFK�DV�WRQV�RU�EXVKHOV� �3ULFHV�RI�JRRGV�DQG�VHUYLFHV�DUH�KHOG�FRQVWDQW��

$V�D�VLPSOH�H[DPSOH� VXSSRVH�WKH�HFRQRP\�FRQVLVWV�RI�WKUHH�VHFWRUV³PDQXIDF�
WXULQJ� DJULFXOWXUH� DQG�VHUYLFHV³ZLWK�XQLW�FRQVXPSWLRQ�YHFWRUV F1� F2� DQG F3� DV�VKRZQ
LQ�WKH�WDEOH�WKDW�IROORZV�



7KH�/HRQWLHI�,QSXW 2XWSXW�0RGHO

,QSXWV�&RQVXPHG�SHU�8QLW�RI�2XWSXW
3XUFKDVHG�IURP� 0DQXIDFWXULQJ $JULFXOWXUH 6HUYLFHV
0DQXIDFWXULQJ ��� ��� ���
$JULFXOWXUH ��� ��� ���
6HUYLFHV ��� ��� ���

" " "
F1 F2 F3

:KDW�DPRXQWV�ZLOO�EH�FRQVXPHG�E\�WKH�PDQXIDFWXULQJ�VHFWRU�LI�LW
GHFLGHV�WR�SURGXFH�����XQLWV"

&RPSXWH

100F1 D 100

2
4

:50
:20
:10

3
5 D

2
4

50
20
10

3
5

7R�SURGXFH�����XQLWV� PDQXIDFWXULQJ�ZLOO�RUGHU��L�H�� ´GHPDQGµ��DQG�FRQVXPH����XQLWV
IURP�RWKHU�SDUWV�RI�WKH�PDQXIDFWXULQJ�VHFWRU� ���XQLWV�IURP�DJULFXOWXUH� DQG����XQLWV
IURP�VHUYLFHV�

,I�PDQXIDFWXULQJ�GHFLGHV�WR�SURGXFH x1 XQLWV�RI�RXWSXW� WKHQ x1F1 UHSUHVHQWV�WKH LQ�
WHUPHGLDWH�GHPDQGV RI�PDQXIDFWXULQJ� EHFDXVH�WKH�DPRXQWV�LQ x1F1 ZLOO�EH�FRQVXPHG�LQ
WKH�SURFHVV�RI�FUHDWLQJ�WKH x1 XQLWV�RI�RXWSXW� /LNHZLVH� LI x2 DQG x3 GHQRWH�WKH�SODQQHG
RXWSXWV�RI�WKH�DJULFXOWXUH�DQG�VHUYLFHV�VHFWRUV� x2F2 DQG x3F3 OLVW�WKHLU�FRUUHVSRQGLQJ
LQWHUPHGLDWH�GHPDQGV� 7KH�WRWDO�LQWHUPHGLDWH�GHPDQG�IURP�DOO�WKUHH�VHFWRUV�LV�JLYHQ�E\

fLQWHUPHGLDWH�GHPDQGg D x1F1 C x2F2 C x3F3

D C[ ���

ZKHUH C LV�WKH FRQVXPSWLRQ�PDWUL[ Œ F1 F2 F3 !� QDPHO\�

C D

2
4

:50 :40 :20
:20 :30 :10
:10 :10 :30

3
5 ���

(TXDWLRQV�����DQG�����\LHOG�/HRQWLHI·V�PRGHO�

[ D C[ C G
$PRXQW ,QWHUPHGLDWH )LQDO
SURGXFHG GHPDQG GHPDQG

���

(TXDWLRQ�����PD\�DOVR�EH�ZULWWHQ�DV I[ # C[ D G� RU

.I # C /[ D G ���

&RQVLGHU�WKH�HFRQRP\�ZKRVH�FRQVXPSWLRQ�PDWUL[�LV�JLYHQ�E\�����
6XSSRVH�WKH�ÀQDO�GHPDQG�LV��� XQLWV�IRU�PDQXIDFWXULQJ� �� XQLWV�IRU�DJULFXOWXUH� DQG
�� XQLWV�IRU�VHUYLFHV� )LQG�WKH�SURGXFWLRQ�OHYHO [ WKDW�ZLOO�VDWLVI\�WKLV�GHPDQG�
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7KH�FRHIÀFLHQW�PDWUL[�LQ�����LV

I # C D

2
4

1 0 0
0 1 0
0 0 1

3
5 #

2
4

:5 :4 :2
:2 :3 :1
:1 :1 :3

3
5 D

2
4

:5 #:4 #:2
#:2 :7 #:1
#:1 #:1 :7

3
5

7R�VROYH����� URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[
2
4

:5 #:4 #:2 50
#:2 :7 #:1 30
#:1 #:1 :7 20

3
5 %

2
4

5 #4 #2 500
#2 7 #1 300
#1 #1 7 200

3
5 % " " " %

2
4

1 0 0 226
0 1 0 119
0 0 1 78

3
5

7KH�ODVW�FROXPQ�LV�URXQGHG�WR�WKH�QHDUHVW�ZKROH�XQLW� 0DQXIDFWXULQJ�PXVW�SURGXFH
DSSUR[LPDWHO\���� XQLWV� DJULFXOWXUH���� XQLWV� DQG�VHUYLFHV�RQO\��� XQLWV�

,I�WKH�PDWUL[ I # C LV�LQYHUWLEOH� WKHQ�ZH�FDQ�DSSO\�7KHRUHP ��LQ�6HFWLRQ ���� ZLWK
A UHSODFHG�E\ .I # C /� DQG�IURP�WKH�HTXDWLRQ .I # C /[ D G REWDLQ [ D .I # C /"1G�
7KH�WKHRUHP�EHORZ�VKRZV�WKDW�LQ�PRVW�SUDFWLFDO�FDVHV� I # C LV LQYHUWLEOH�DQG�WKH
SURGXFWLRQ�YHFWRU [ LV�HFRQRPLFDOO\�IHDVLEOH� LQ�WKH�VHQVH�WKDW�WKH�HQWULHV�LQ [ DUH�QRQ�
QHJDWLYH�

,Q�WKH�WKHRUHP� WKH�WHUP FROXPQ�VXP GHQRWHV�WKH�VXP�RI�WKH�HQWULHV�LQ�D�FROXPQ
RI�D�PDWUL[� 8QGHU�RUGLQDU\�FLUFXPVWDQFHV� WKH�FROXPQ�VXPV�RI�D�FRQVXPSWLRQ�PDWUL[
DUH�OHVV�WKDQ���EHFDXVH�D�VHFWRU�VKRXOG�UHTXLUH�OHVV�WKDQ�RQH�XQLW·V�ZRUWK�RI�LQSXWV�WR
SURGXFH�RQH�XQLW�RI�RXWSXW�

/HW C EH�WKH�FRQVXPSWLRQ�PDWUL[�IRU�DQ�HFRQRP\� DQG�OHW G EH�WKH�ÀQDO�GHPDQG�
,I C DQG G KDYH�QRQQHJDWLYH�HQWULHV�DQG�LI�HDFK�FROXPQ�VXP�RI C LV�OHVV�WKDQ���
WKHQ .I # C /"1 H[LVWV�DQG�WKH�SURGXFWLRQ�YHFWRU

[ D .I # C /"1G

KDV�QRQQHJDWLYH�HQWULHV�DQG�LV�WKH�XQLTXH�VROXWLRQ�RI

[ D C[ C G

7KH�IROORZLQJ�GLVFXVVLRQ�ZLOO�VXJJHVW�ZK\�WKH�WKHRUHP�LV�WUXH�DQG�ZLOO�OHDG�WR�D
QHZ�ZD\�WR�FRPSXWH .I # C /"1�

$ )RUPXOD�IRU �, ±�&�±�

,PDJLQH�WKDW�WKH�GHPDQG�UHSUHVHQWHG�E\ G LV�SUHVHQWHG�WR�WKH�YDULRXV�LQGXVWULHV�DW�WKH
EHJLQQLQJ�RI�WKH�\HDU� DQG�WKH�LQGXVWULHV�UHVSRQG�E\�VHWWLQJ�WKHLU�SURGXFWLRQ�OHYHOV�DW
[ D G� ZKLFK�ZLOO�H[DFWO\�PHHW�WKH�ÀQDO�GHPDQG� $V�WKH�LQGXVWULHV�SUHSDUH�WR�SURGXFH G�
WKH\�VHQG�RXW�RUGHUV�IRU�WKHLU�UDZ�PDWHULDOV�DQG�RWKHU�LQSXWV� 7KLV�FUHDWHV�DQ�LQWHUPHGLDWH
GHPDQG�RI CG IRU�LQSXWV�

7R�PHHW�WKH�DGGLWLRQDO�GHPDQG�RI CG� WKH�LQGXVWULHV�ZLOO�QHHG�DV�DGGLWLRQDO�LQSXWV
WKH�DPRXQWV�LQ C.CG/ D C 2G� 2I�FRXUVH� WKLV�FUHDWHV�D�VHFRQG�URXQG�RI�LQWHUPHGLDWH
GHPDQG� DQG�ZKHQ�WKH�LQGXVWULHV�GHFLGH�WR�SURGXFH�HYHQ�PRUH�WR�PHHW�WKLV�QHZ�GHPDQG�
WKH\�FUHDWH�D�WKLUG�URXQG�RI�GHPDQG� QDPHO\� C.C 2G/ D C 3G� $QG�VR�LW�JRHV�

7KHRUHWLFDOO\� WKLV�SURFHVV�FRXOG�FRQWLQXH�LQGHÀQLWHO\� DOWKRXJK�LQ�UHDO�OLIH�LW�ZRXOG
QRW�WDNH�SODFH�LQ�VXFK�D�ULJLG�VHTXHQFH�RI�HYHQWV� :H�FDQ�GLDJUDP�WKLV�K\SRWKHWLFDO
VLWXDWLRQ�DV�IROORZV�



7KH�/HRQWLHI�,QSXW 2XWSXW�0RGHO

'HPDQG�7KDW ,QSXWV�1HHGHG�WR
0XVW�%H�0HW 0HHW�7KLV�'HPDQG

)LQDO�GHPDQG G CG
,QWHUPHGLDWH�GHPDQG
�VW�URXQG CG C.CG/ D C 2G
�QG�URXQG C 2G C.C 2G/ D C 3G
�UG�URXQG C 3G C.C 3G/ D C 4G

:::
:::

7KH�SURGXFWLRQ�OHYHO [ WKDW�ZLOO�PHHW�DOO�RI�WKLV�GHPDQG�LV

[ D G C CG C C 2G C C 3G C " " "
D .I C C C C 2 C C 3 C " " " /G ���

7R�PDNH�VHQVH�RI�HTXDWLRQ����� FRQVLGHU�WKH�IROORZLQJ�DOJHEUDLF�LGHQWLW\�

.I # C /.I C C C C 2 C " " " C C m/ D I # C mC1 ���

,W�FDQ�EH�VKRZQ�WKDW�LI�WKH�FROXPQ�VXPV�LQ C DUH�DOO�VWULFWO\�OHVV�WKDQ��� WKHQ I # C LV�LQ�
YHUWLEOH� C m DSSURDFKHV�WKH�]HUR�PDWUL[�DVm JHWV�DUELWUDULO\�ODUJH� DQG I # C mC1 ! I �
�7KLV�IDFW�LV�DQDORJRXV�WR�WKH�IDFW�WKDW�LI�D�SRVLWLYH�QXPEHU t LV�OHVV�WKDQ��� WKHQ tm ! 0
DV m LQFUHDVHV�� 8VLQJ�HTXDWLRQ����� ZULWH

.I # C /"1 ( I C C C C 2 C C 3 C " " " C C m

ZKHQ�WKH�FROXPQ�VXPV�RI C DUH�OHVV�WKDQ���
���

7KH�DSSUR[LPDWLRQ�LQ�����PHDQV�WKDW�WKH�ULJKW�VLGH�FDQ�EH�PDGH�DV�FORVH�WR .I # C /"1

DV�GHVLUHG�E\�WDNLQJ m VXIÀFLHQWO\�ODUJH�
,Q�DFWXDO�LQSXW²RXWSXW�PRGHOV� SRZHUV�RI�WKH�FRQVXPSWLRQ�PDWUL[�DSSURDFK�WKH�]HUR

PDWUL[�UDWKHU�TXLFNO\� 6R�����UHDOO\�SURYLGHV�D�SUDFWLFDO�ZD\�WR�FRPSXWH .I # C /"1�
/LNHZLVH� IRU�DQ\ G� WKH�YHFWRUV C mG DSSURDFK�WKH�]HUR�YHFWRU�TXLFNO\� DQG�����LV�D
SUDFWLFDO�ZD\�WR�VROYH .I # C /[ D G� ,I�WKH�HQWULHV�LQ C DQG G DUH�QRQQHJDWLYH� WKHQ����
VKRZV�WKDW�WKH�HQWULHV�LQ [ DUH�QRQQHJDWLYH� WRR�

7KH�(FRQRPLF�,PSRUWDQFH�RI�(QWULHV�LQ �, ±�&�±�

7KH�HQWULHV�LQ .I # C /"1 DUH�VLJQLÀFDQW�EHFDXVH�WKH\�FDQ�EH�XVHG�WR�SUHGLFW�KRZ�WKH
SURGXFWLRQ [ ZLOO�KDYH�WR�FKDQJH�ZKHQ�WKH�ÀQDO�GHPDQG G FKDQJHV� ,Q�IDFW� WKH�HQWULHV
LQ�FROXPQ j RI .I # C /"1 DUH�WKH LQFUHDVHG DPRXQWV�WKH�YDULRXV�VHFWRUV�ZLOO�KDYH�WR
SURGXFH�LQ�RUGHU�WR�VDWLVI\ DQ�LQFUHDVH�RI�� XQLW LQ�WKH�ÀQDO�GHPDQG�IRU�RXWSXW�IURP
VHFWRU j � 6HH�([HUFLVH ��

,Q�DQ\�DSSOLHG�SUREOHP��QRW�MXVW�LQ�HFRQRPLFV�� DQ�HTXDWLRQ A[ D E FDQ�DOZD\V
EH�ZULWWHQ�DV .I # C /[ D E� ZLWK C D I # A� ,I�WKH�V\VWHP�LV�ODUJH�DQG VSDUVH
�ZLWK�PRVWO\�]HUR�HQWULHV�� LW�FDQ�KDSSHQ�WKDW�WKH�FROXPQ�VXPV�RI�WKH�DEVROXWH
YDOXHV�LQ C DUH�OHVV�WKDQ��� ,Q�WKLV�FDVH� C m ! 0� ,I C m DSSURDFKHV�]HUR
TXLFNO\�HQRXJK� ����DQG�����ZLOO�SURYLGH�SUDFWLFDO�IRUPXODV�IRU�VROYLQJ A[ D E
DQG�ÀQGLQJ A"1�
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6XSSRVH�DQ�HFRQRP\�KDV�WZR�VHFWRUV� JRRGV�DQG�VHUYLFHV� 2QH�XQLW�RI�RXWSXW�IURP
JRRGV�UHTXLUHV�LQSXWV�RI��� XQLW�IURP�JRRGV�DQG��� XQLW�IURP�VHUYLFHV� 2QH�XQLW�RI
RXWSXW�IURP�VHUYLFHV�UHTXLUHV�LQSXWV�RI��� XQLW�IURP�JRRGV�DQG��� XQLW�IURP�VHUYLFHV�
7KHUH�LV�D�ÀQDO�GHPDQG�RI����XQLWV�RI�JRRGV�DQG����XQLWV�RI�VHUYLFHV� 6HW�XS�WKH�/HRQWLHI
LQSXW²RXWSXW�PRGHO�IRU�WKLV�VLWXDWLRQ�

Agriculture Manufacturing Services

Open Sector

([HUFLVHV ��²� � UHIHU � WR �DQ �HFRQRP\� WKDW � LV �GLYLGHG � LQWR � WKUHH
VHFWRUV³PDQXIDFWXULQJ� DJULFXOWXUH� DQG�VHUYLFHV� )RU�HDFK�XQLW
RI�RXWSXW� PDQXIDFWXULQJ�UHTXLUHV���� XQLW�IURP�RWKHU�FRPSDQLHV
LQ�WKDW�VHFWRU� ��� XQLW�IURP�DJULFXOWXUH� DQG���� XQLW�IURP�VHUYLFHV�
)RU�HDFK�XQLW�RI�RXWSXW� DJULFXOWXUH�XVHV���� XQLW�RI�LWV�RZQ�RXWSXW�
��� XQLW�IURP�PDQXIDFWXULQJ� DQG���� XQLW�IURP�VHUYLFHV� )RU�HDFK
XQLW�RI�RXWSXW� WKH�VHUYLFHV�VHFWRU�FRQVXPHV���� XQLW�IURP�VHUYLFHV�
��� XQLW�IURP�PDQXIDFWXULQJ� EXW�QR�DJULFXOWXUDO�SURGXFWV�

�� &RQVWUXFW�WKH�FRQVXPSWLRQ�PDWUL[�IRU�WKLV�HFRQRP\� DQG�GH�
WHUPLQH�ZKDW�LQWHUPHGLDWH�GHPDQGV�DUH�FUHDWHG�LI�DJULFXOWXUH
SODQV�WR�SURGXFH���� XQLWV�

�� 'HWHUPLQH� WKH�SURGXFWLRQ� OHYHOV �QHHGHG� WR�VDWLVI\�D �ÀQDO
GHPDQG�RI����XQLWV�IRU�DJULFXOWXUH� ZLWK�QR�ÀQDO�GHPDQG�IRU
WKH�RWKHU�VHFWRUV� �'R�QRW�FRPSXWH�DQ�LQYHUVH�PDWUL[��

�� 'HWHUPLQH� WKH�SURGXFWLRQ� OHYHOV �QHHGHG� WR�VDWLVI\�D �ÀQDO
GHPDQG�RI����XQLWV�IRU�PDQXIDFWXULQJ� ZLWK�QR�ÀQDO�GHPDQG
IRU�WKH�RWKHU�VHFWRUV� �'R�QRW�FRPSXWH�DQ�LQYHUVH�PDWUL[��

�� 'HWHUPLQH�WKH�SURGXFWLRQ�OHYHOV�QHHGHG�WR�VDWLVI\�D�ÀQDO�GH�
PDQG�RI����XQLWV�IRU�PDQXIDFWXULQJ� ���XQLWV�IRU�DJULFXOWXUH�
DQG���XQLWV�IRU�VHUYLFHV�

�� &RQVLGHU�WKH�SURGXFWLRQ�PRGHO [ D C[ C G IRU�DQ�HFRQRP\
ZLWK�WZR�VHFWRUV� ZKHUH
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7KH�/HRQWLHI�,QSXW 2XWSXW�0RGHO
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WR�H[SODLQ�KRZ

DQG�ZK\�WKH�DQVZHUV�WR�SDUWV��D��DQG��E��DQG�WR�([HUFLVH
��DUH�UHODWHG�

�� /HW C EH�DQ n ! n FRQVXPSWLRQ�PDWUL[�ZKRVH�FROXPQ�VXPV
DUH�OHVV�WKDQ��� /HW [ EH�WKH�SURGXFWLRQ�YHFWRU�WKDW�VDWLVÀHV
D�ÀQDO�GHPDQG G� DQG�OHW #[ EH�D�SURGXFWLRQ�YHFWRU�WKDW
VDWLVÀHV�D�GLIIHUHQW�ÀQDO�GHPDQG #G�
D� 6KRZ�WKDW�LI�WKH�ÀQDO�GHPDQG�FKDQJHV�IURP G WR G C #G�

WKHQ�WKH�QHZ�SURGXFWLRQ�OHYHO�PXVW�EH [ C #[� 7KXV #[
JLYHV�WKH�DPRXQWV�E\�ZKLFK�SURGXFWLRQ�PXVW FKDQJH LQ
RUGHU�WR�DFFRPPRGDWH�WKH FKDQJH #G LQ�GHPDQG�

E� /HW #G EH�WKH�YHFWRU�LQ Rn ZLWK���DV�WKH�ÀUVW�HQWU\�DQG
0·V�HOVHZKHUH� ([SODLQ�ZK\�WKH�FRUUHVSRQGLQJ�SURGXFWLRQ
#[ LV�WKH�ÀUVW�FROXPQ�RI .I # C /!1� 7KLV�VKRZV�WKDW�WKH
ÀUVW�FROXPQ�RI .I # C /!1 JLYHV�WKH�DPRXQWV�WKH�YDULRXV
VHFWRUV�PXVW�SURGXFH�WR�VDWLVI\�DQ�LQFUHDVH�RI���XQLW�LQ�WKH
ÀQDO�GHPDQG�IRU�RXWSXW�IURP�VHFWRU���

�� 6ROYH�WKH�/HRQWLHI�SURGXFWLRQ�HTXDWLRQ�IRU�DQ�HFRQRP\�ZLWK
WKUHH�VHFWRUV� JLYHQ�WKDW
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��� 7KH�FRQVXPSWLRQ�PDWUL[ C IRU�WKH�8�6��HFRQRP\�LQ�����
KDV�WKH�SURSHUW\�WKDW HYHU\�HQWU\ LQ�WKH�PDWUL[ .I # C /!1 LV
QRQ]HUR��DQG�SRVLWLYH��� :KDW�GRHV�WKDW�VD\�DERXW�WKH�HIIHFW
RI�UDLVLQJ�WKH�GHPDQG�IRU�WKH�RXWSXW�RI�MXVW�RQH�VHFWRU�RI�WKH
HFRQRP\"

��� 7KH�/HRQWLHI�SURGXFWLRQ�HTXDWLRQ� [ D C[ C G� LV�XVXDOO\
DFFRPSDQLHG�E\�D�GXDO SULFH�HTXDWLRQ�
S D C T S C Y
ZKHUH S LV�D SULFH�YHFWRU ZKRVH�HQWULHV�OLVW�WKH�SULFH�SHU�XQLW
IRU�HDFK�VHFWRU·V�RXWSXW� DQG Y LV�D YDOXH�DGGHG�YHFWRUZKRVH
HQWULHV�OLVW�WKH�YDOXH�DGGHG�SHU�XQLW�RI�RXWSXW� �9DOXH�DGGHG
LQFOXGHV�ZDJHV� SURÀW� GHSUHFLDWLRQ� HWF�� $Q�LPSRUWDQW�IDFW
LQ�HFRQRPLFV�LV�WKDW�WKH�JURVV�GRPHVWLF�SURGXFW��*'3� FDQ
EH�H[SUHVVHG�LQ�WZR�ZD\V�
fJURVV�GRPHVWLF�SURGXFWg D ST G D YT [
9HULI\� WKH�VHFRQG�HTXDOLW\� >+LQW� &RPSXWH ST [ LQ � WZR
ZD\V�@

1 :DVVLO\�:��/HRQWLHI� ´7KH�:RUOG�(FRQRP\�RI�WKH�<HDU������µ 6FLHQWLÀF
$PHULFDQ� 6HSWHPEHU������ SS�����²����

��� /HW C EH � D � FRQVXPSWLRQ �PDWUL[ � VXFK � WKDW C m ! 0 DV
m ! 1� DQG�IRU m D 1; 2; : : : ; OHW Dm D I C C C " " " C
C m� )LQG�D�GLIIHUHQFH�HTXDWLRQ�WKDW�UHODWHV Dm DQG DmC1

DQG�WKHUHE\�REWDLQ�DQ�LWHUDWLYH�SURFHGXUH�IRU�FRPSXWLQJ�IRU�
PXOD�����IRU .I # C /!1�

��� >0@ 7KH � FRQVXPSWLRQ � PDWUL[ C EHORZ � LV � EDVHG � RQ
LQSXW²RXWSXW�GDWD�IRU�WKH�8�6��HFRQRP\�LQ������ ZLWK�GDWD
IRU����VHFWRUV�JURXSHG�LQWR���ODUJHU�VHFWRUV� ����QRQPHWDO
KRXVHKROG�DQG�SHUVRQDO�SURGXFWV� ����ÀQDO�PHWDO�SURGXFWV
�VXFK � DV �PRWRU � YHKLFOHV�� ��� � EDVLF �PHWDO � SURGXFWV � DQG
PLQLQJ� ��� �EDVLF �QRQPHWDO �SURGXFWV � DQG �DJULFXOWXUH� ���
HQHUJ\� ����VHUYLFHV� DQG�����HQWHUWDLQPHQW�DQG�PLVFHOODQHRXV
SURGXFWV�� )LQG�WKH�SURGXFWLRQ�OHYHOV�QHHGHG�WR�VDWLVI\�WKH
ÀQDO�GHPDQG G� �8QLWV�DUH�LQ�PLOOLRQV�RI�GROODUV��2
666666664

:1588 :0064 :0025 :0304 :0014 :0083 :1594
:0057 :2645 :0436 :0099 :0083 :0201 :3413
:0264 :1506 :3557 :0139 :0142 :0070 :0236
:3299 :0565 :0495 :3636 :0204 :0483 :0649
:0089 :0081 :0333 :0295 :3412 :0237 :0020
:1190 :0901 :0996 :1260 :1722 :2368 :3369
:0063 :0126 :0196 :0098 :0064 :0132 :0012
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777777775
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25;000
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777777775

��� >0@ 7KH�GHPDQG�YHFWRU � LQ �([HUFLVH ���� LV � UHDVRQDEOH � IRU
�����GDWD� EXW�/HRQWLHI·V�GLVFXVVLRQ�RI�WKH�HFRQRP\�LQ�WKH
UHIHUHQFH�FLWHG�WKHUH�XVHG�D�GHPDQG�YHFWRU�FORVHU�WR�����
GDWD�
G D .99640; 75548; 14444; 33501; 23527; 263985; 6526/

)LQG�WKH�SURGXFWLRQ�OHYHOV�QHHGHG�WR�VDWLVI\�WKLV�GHPDQG�

��� >0@ 8VH�HTXDWLRQ�����WR�VROYH�WKH�SUREOHP�LQ�([HUFLVH ��� 6HW
[.0/ D G; DQG�IRU k D 1; 2; : : :� FRPSXWH [.k/ D G C C[.k!1/�
+RZ�PDQ\�VWHSV�DUH�QHHGHG�WR�REWDLQ�WKH�DQVZHU�LQ�([HU�
FLVH ���WR�IRXU�VLJQLÀFDQW�ÀJXUHV"

2 :DVVLO\�:��/HRQWLHI� ´7KH�6WUXFWXUH�RI�WKH�8�6��(FRQRP\�µ 6FLHQWLÀF
$PHULFDQ� $SULO������ SS����²���
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7KH�IROORZLQJ�GDWD�DUH�JLYHQ�

,QSXWV�1HHGHG�SHU�8QLW�RI�2XWSXW
3XUFKDVHG�IURP� *RRGV 6HUYLFHV ([WHUQDO�'HPDQG
*RRGV �� �� ��
6HUYLFHV �� �� ��

7KH�/HRQWLHI�LQSXW²RXWSXW�PRGHO�LV [ D C[ C G� ZKHUH
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&RPSXWHU�JUDSKLFV�DUH�LPDJHV�GLVSOD\HG�RU�DQLPDWHG�RQ�D�FRPSXWHU�VFUHHQ� $SSOLFD�
WLRQV�RI�FRPSXWHU�JUDSKLFV�DUH�ZLGHVSUHDG�DQG�JURZLQJ�UDSLGO\� )RU�LQVWDQFH� FRPSXWHU�
DLGHG�GHVLJQ��&$'� LV�DQ�LQWHJUDO�SDUW�RI�PDQ\�HQJLQHHULQJ�SURFHVVHV� VXFK�DV�WKH
DLUFUDIW�GHVLJQ�SURFHVV�GHVFULEHG�LQ�WKH�FKDSWHU�LQWURGXFWLRQ� 7KH�HQWHUWDLQPHQW�LQGXVWU\
KDV�PDGH�WKH�PRVW�VSHFWDFXODU�XVH�RI�FRPSXWHU�JUDSKLFV³IURP�WKH�VSHFLDO�HIIHFWV�LQ 7KH
0DWUL[ WR�3OD\6WDWLRQ���DQG�WKH�;ER[�

0RVW�LQWHUDFWLYH�FRPSXWHU�VRIWZDUH�IRU�EXVLQHVV�DQG�LQGXVWU\�PDNHV�XVH�RI�FRP�
SXWHU�JUDSKLFV�LQ�WKH�VFUHHQ�GLVSOD\V�DQG�IRU�RWKHU�IXQFWLRQV� VXFK�DV�JUDSKLFDO�GLVSOD\
RI�GDWD� GHVNWRS�SXEOLVKLQJ� DQG�VOLGH�SURGXFWLRQ�IRU�FRPPHUFLDO�DQG�HGXFDWLRQDO�SUH�
VHQWDWLRQV� &RQVHTXHQWO\� DQ\RQH�VWXG\LQJ�D�FRPSXWHU�ODQJXDJH�LQYDULDEO\�VSHQGV�WLPH
OHDUQLQJ�KRZ�WR�XVH�DW�OHDVW�WZR�GLPHQVLRQDO���'� JUDSKLFV�

7KLV�VHFWLRQ�H[DPLQHV�VRPH�RI�WKH�EDVLF�PDWKHPDWLFV�XVHG�WR�PDQLSXODWH�DQG�GLV�
SOD\�JUDSKLFDO�LPDJHV�VXFK�DV�D�ZLUH�IUDPH�PRGHO�RI�DQ�DLUSODQH� 6XFK�DQ�LPDJH��RU
SLFWXUH��FRQVLVWV�RI�D�QXPEHU�RI�SRLQWV� FRQQHFWLQJ�OLQHV�RU�FXUYHV� DQG�LQIRUPDWLRQ
DERXW�KRZ�WR�ÀOO�LQ�FORVHG�UHJLRQV�ERXQGHG�E\�WKH�OLQHV�DQG�FXUYHV� 2IWHQ� FXUYHG�OLQHV
DUH�DSSUR[LPDWHG�E\�VKRUW�VWUDLJKW�OLQH�VHJPHQWV� DQG�D�ÀJXUH�LV�GHÀQHG�PDWKHPDWLFDOO\
E\�D�OLVW�RI�SRLQWV�

$PRQJ�WKH�VLPSOHVW��' JUDSKLFV�V\PEROV�DUH�OHWWHUV�XVHG�IRU�ODEHOV�RQ�WKH�VFUHHQ�
6RPH�OHWWHUV�DUH�VWRUHG�DV�ZLUH�IUDPH�REMHFWV� RWKHUV�WKDW�KDYH�FXUYHG�SRUWLRQV�DUH�VWRUHG
ZLWK�DGGLWLRQDO�PDWKHPDWLFDO�IRUPXODV�IRU�WKH�FXUYHV�

7KH�FDSLWDO�OHWWHU�1 LQ�)LJ� ��LV�GHWHUPLQHG�E\�HLJKW�SRLQWV� RU YHUWLFHV�
7KH�FRRUGLQDWHV�RI�WKH�SRLQWV�FDQ�EH�VWRUHG�LQ�D�GDWD�PDWUL[� D�8
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RWKHU�OLQH�VHJPHQWV� �)RU�LQVWDQFH� VHH�([HUFLVH ���LQ�6HFWLRQ ����� 2QFH�WKH�YHUWLFHV



$SSOLFDWLRQV�WR�&RPSXWHU�*UDSKLFV

WKDW�GHVFULEH�DQ�REMHFW�KDYH�EHHQ�WUDQVIRUPHG� WKHLU�LPDJHV�FDQ�EH�FRQQHFWHG�ZLWK�WKH
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�' &RPSXWHU�*UDSKLFV
6RPH�RI�WKH�QHZHVW�DQG�PRVW�H[FLWLQJ�ZRUN�LQ�FRPSXWHU�JUDSKLFV�LV�FRQQHFWHG�ZLWK
PROHFXODU�PRGHOLQJ� :LWK��' �WKUHH�GLPHQVLRQDO��JUDSKLFV� D�ELRORJLVW�FDQ�H[DPLQH�D
VLPXODWHG�SURWHLQ�PROHFXOH�DQG�VHDUFK�IRU�DFWLYH�VLWHV�WKDW�PLJKW�DFFHSW�D�GUXJ�PROHFXOH�
7KH�ELRORJLVW�FDQ�URWDWH�DQG�WUDQVODWH�DQ�H[SHULPHQWDO�GUXJ�DQG�DWWHPSW�WR�DWWDFK�LW�WR�WKH
SURWHLQ� 7KLV�DELOLW\�WR YLVXDOL]H SRWHQWLDO�FKHPLFDO�UHDFWLRQV�LV�YLWDO�WR�PRGHUQ�GUXJ�DQG
FDQFHU�UHVHDUFK� ,Q�IDFW� DGYDQFHV�LQ�GUXJ�GHVLJQ�GHSHQG�WR�VRPH�H[WHQW�XSRQ�SURJUHVV
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LQ�WKH�DELOLW\�RI�FRPSXWHU�JUDSKLFV�WR�FRQVWUXFW�UHDOLVWLF�VLPXODWLRQV�RI�PROHFXOHV�DQG
WKHLU�LQWHUDFWLRQV�ñ

&XUUHQW�UHVHDUFK�LQ�PROHFXODU�PRGHOLQJ�LV�IRFXVHG�RQ YLUWXDO�UHDOLW\� DQ�HQYLURQ�
PHQW�LQ�ZKLFK�D�UHVHDUFKHU�FDQ�VHH�DQG IHHO WKH�GUXJ�PROHFXOH�VOLGH�LQWR�WKH�SURWHLQ� ,Q
)LJ� �� VXFK�WDFWLOH�IHHGEDFN�LV�SURYLGHG�E\�D�IRUFH�GLVSOD\LQJ�UHPRWH�PDQLSXODWRU�

0ROHFXODU�PRGHOLQJ�LQ�YLUWXDO�UHDOLW\�
�&RPSXWHU�6FLHQFH�'HSDUWPHQW� 8QLYHUVLW\�RI
1RUWK�&DUROLQD�DW�&KDSHO�+LOO� 3KRWR�E\�%R
6WUDLQ��

$QRWKHU�GHVLJQ�IRU�YLUWXDO�UHDOLW\�LQYROYHV�D�KHOPHW�DQG�JORYH�WKDW�GHWHFW�KHDG� KDQG� DQG
ÀQJHU�PRYHPHQWV� 7KH�KHOPHW�FRQWDLQV�WZR�WLQ\�FRPSXWHU�VFUHHQV� RQH�IRU�HDFK�H\H�
0DNLQJ�WKLV�YLUWXDO�HQYLURQPHQW�PRUH�UHDOLVWLF�LV�D�FKDOOHQJH�WR�HQJLQHHUV� VFLHQWLVWV�
DQG�PDWKHPDWLFLDQV� 7KH�PDWKHPDWLFV�ZH�H[DPLQH�KHUH�EDUHO\�RSHQV�WKH�GRRU�WR�WKLV
LQWHUHVWLQJ�ÀHOG�RI�UHVHDUFK�

+RPRJHQHRXV �' &RRUGLQDWHV
%\�DQDORJ\�ZLWK�WKH��' FDVH� ZH�VD\�WKDW .x; y; ´; 1/ DUH�KRPRJHQHRXV�FRRUGLQDWHV�IRU
WKH�SRLQW .x; y; ´/ LQ R3� ,Q�JHQHUDO� .X; Y; Z; H/ DUH KRPRJHQHRXV�FRRUGLQDWHV IRU
.x; y; ´/ LI H ¤ 0 DQG

x D X

H
; y D Y

H
; DQG ´ D Z

H
���

(DFK�QRQ]HUR�VFDODU�PXOWLSOH�RI .x; y; ´; 1/ JLYHV�D�VHW�RI�KRPRJHQHRXV�FRRUGLQDWHV�IRU
.x; y; ´/� )RU�LQVWDQFH� ERWK .10; #6; 14; 2/ DQG .#15; 9; #21; #3/ DUH�KRPRJHQHRXV
FRRUGLQDWHV�IRU .5; #3; 7/�

7KH�QH[W�H[DPSOH�LOOXVWUDWHV�WKH�WUDQVIRUPDWLRQV�XVHG�LQ�PROHFXODU�PRGHOLQJ�WR
PRYH�D�GUXJ�LQWR�D�SURWHLQ�PROHFXOH�

*LYH 4 ! 4 PDWULFHV�IRU�WKH�IROORZLQJ�WUDQVIRUPDWLRQV�

D� 5RWDWLRQ�DERXW�WKH y�D[LV�WKURXJK�DQ�DQJOH�RI 30ı� �%\�FRQYHQWLRQ� D�SRVLWLYH�DQJOH
LV�WKH�FRXQWHUFORFNZLVH�GLUHFWLRQ�ZKHQ�ORRNLQJ�WRZDUG�WKH�RULJLQ�IURP�WKH�SRVLWLYH
KDOI�RI�WKH�D[LV�RI�URWDWLRQ³LQ�WKLV�FDVH� WKH y�D[LV��

ñ5REHUW�3RRO� ´&RPSXWLQJ�LQ�6FLHQFH�µ 6FLHQFH ���� ��$SULO������ S�����
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E� 7UDQVODWLRQ�E\�WKH�YHFWRU S D .#6; 4; 5/�

D� )LUVW� FRQVWUXFW�WKH 3 ! 3 PDWUL[�IRU�WKH�URWDWLRQ� 7KH�YHFWRU H1 URWDWHV�GRZQ�WRZDUGz
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WKH�QHJDWLYH ´�D[LV� VWRSSLQJ�DW .FRV 30ı; 0; # VLQ 30ı/ D .
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3=2; 0; #:5/� 7KH�YHFWRU
H2 RQ�WKH y�D[LV�GRHV�QRW�PRYH� EXW H3 RQ�WKH ´�D[LV�URWDWHV�GRZQ�WRZDUG�WKH�SRVLWLYH
x�D[LV� VWRSSLQJ�DW .VLQ 30ı; 0; FRV 30ı/ D .:5; 0;

p
3=2/� 6HH�)LJ� �� )URP�6HFWLRQ

���� WKH�VWDQGDUG�PDWUL[�IRU�WKLV�URWDWLRQ�LV
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p
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3HUVSHFWLYH�3URMHFWLRQV
$ WKUHH�GLPHQVLRQDO�REMHFW�LV�UHSUHVHQWHG�RQ�WKH�WZR�GLPHQVLRQDO�FRPSXWHU�VFUHHQ�E\
SURMHFWLQJ�WKH�REMHFW�RQWR�D YLHZLQJ�SODQH� �:H�LJQRUH�RWKHU�LPSRUWDQW�VWHSV� VXFK�DV
VHOHFWLQJ�WKH�SRUWLRQ�RI�WKH�YLHZLQJ�SODQH�WR�GLVSOD\�RQ�WKH�VFUHHQ�� )RU�VLPSOLFLW\� OHW
WKH xy�SODQH�UHSUHVHQW�WKH�FRPSXWHU�VFUHHQ� DQG�LPDJLQH�WKDW�WKH�H\H�RI�D�YLHZHU�LV
DORQJ�WKH�SRVLWLYH ´�D[LV� DW�D�SRLQW .0; 0; d/� $ SHUVSHFWLYH�SURMHFWLRQ PDSV�HDFK�SRLQW
.x; y; ´/ RQWR�DQ�LPDJH�SRLQW .x%; y%; 0/ VR�WKDW�WKH�WZR�SRLQWV�DQG�WKH�H\H�SRVLWLRQ�
FDOOHG�WKH FHQWHU�RI�SURMHFWLRQ� DUH�RQ�D�OLQH� 6HH�)LJ� ��D��
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3HUVSHFWLYH�SURMHFWLRQ�RI .x; y; ´/ RQWR .x"; y"; 0/�
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7KH�WULDQJOH�LQ�WKH x´�SODQH�LQ�)LJ� ��D��LV�UHGUDZQ�LQ�SDUW��E��VKRZLQJ�WKH�OHQJWKV
RI�OLQH�VHJPHQWV� 6LPLODU�WULDQJOHV�VKRZ�WKDW
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/HW S EH�WKH�ER[�ZLWK�YHUWLFHV .3; 1; 5/� .5; 1; 5/� .5; 0; 5/� .3; 0; 5/�
.3; 1; 4/� .5; 1; 4/� .5; 0; 4/� DQG .3; 0; 4/� )LQG�WKH�LPDJH�RI S XQGHU�WKH�SHUVSHFWLYH�SUR�
MHFWLRQ�ZLWK�FHQWHU�RI�SURMHFWLRQ�DW .0; 0; 10/�

/HW P EH�WKH�SURMHFWLRQ�PDWUL[� DQG�OHW D EH�WKH�GDWD�PDWUL[�IRU S XVLQJ
KRPRJHQHRXV�FRRUGLQDWHV� 7KH�GDWD�PDWUL[�IRU�WKH�LPDJH�RI S LV
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7R�REWDLQ R3 FRRUGLQDWHV� XVH�HTXDWLRQ�����EHIRUH�([DPSOH �� DQG�GLYLGH�WKH�WRS�WKUHH

S XQGHU�WKH�SHUVSHFWLYH
WUDQVIRUPDWLRQ�

HQWULHV�LQ�HDFK�FROXPQ�E\�WKH�FRUUHVSRQGLQJ�HQWU\�LQ�WKH�IRXUWK�URZ�
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7KLV�WH[W·V�ZHE�VLWH�KDV�VRPH�LQWHUHVWLQJ�DSSOLFDWLRQV�RI�FRPSXWHU�JUDSKLFV� LQFOXG�WEB
LQJ�D�IXUWKHU�GLVFXVVLRQ�RI�SHUVSHFWLYH�SURMHFWLRQV� 2QH�RI�WKH�FRPSXWHU�SURMHFWV�RQ�WKH
ZHE�VLWH�LQYROYHV�VLPSOH�DQLPDWLRQ�
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&RQWLQXRXV�PRYHPHQW�RI�JUDSKLFDO��' REMHFWV�UHTXLUHV�LQWHQVLYH�FRPSXWDWLRQ
ZLWK 4 ! 4 PDWULFHV� SDUWLFXODUO\ �ZKHQ � WKH � VXUIDFHV � DUH UHQGHUHG WR � DSSHDU
UHDOLVWLF� ZLWK�WH[WXUH�DQG�DSSURSULDWH�OLJKWLQJ� +LJK�HQG�FRPSXWHU�JUDSKLFV
ERDUGV KDYH 4 ! 4 PDWUL[�RSHUDWLRQV�DQG�JUDSKLFV�DOJRULWKPV�HPEHGGHG�LQ�WKHLU
PLFURFKLSV�DQG�FLUFXLWU\� 6XFK�ERDUGV�FDQ�SHUIRUP�WKH�ELOOLRQV�RI�PDWUL[�PXOWLSOL�
FDWLRQV�SHU�VHFRQG�QHHGHG�IRU�UHDOLVWLF�FRORU�DQLPDWLRQ�LQ��' JDPLQJ�SURJUDPV��

)XUWKHU�5HDGLQJ
-DPHV�'��)ROH\� $QGULHV�YDQ�'DP� 6WHYHQ�.��)HLQHU� DQG�-RKQ�)��+XJKHV� &RPSXWHU
*UDSKLFV� 3ULQFLSOHV�DQG�3UDFWLFH� �UG�HG� �%RVWRQ� 0$��$GGLVRQ�:HVOH\� ������
&KDSWHUV���DQG���

5RWDWLRQ�RI�D�ÀJXUH�DERXW�D�SRLQW S LQ R2 LV�DFFRPSOLVKHG�E\�ÀUVW�WUDQVODWLQJ�WKH�ÀJXUH
E\ #S� URWDWLQJ�DERXW�WKH�RULJLQ� DQG�WKHQ�WUDQVODWLQJ�EDFN�E\ S� 6HH�)LJ� �� &RQVWUXFW
WKH 3 ! 3 PDWUL[�WKDW�URWDWHV�SRLQWV #30ı DERXW�WKH�SRLQW .#2; 6/� XVLQJ�KRPRJHQHRXV
FRRUGLQDWHV�

x2 x2 x2 x2

x1 x1 x1 x1

(a) Original figure. (b) Translated to
      origin by –p.

(c) Rotated about
      the origin.

(d) Translated
      back by p.

p p p p

5RWDWLRQ�RI�ÀJXUH�DERXW�SRLQW S�

�� :KDW 3 ! 3PDWUL[�ZLOO�KDYH�WKH�VDPH�HIIHFW�RQ�KRPRJHQHRXV
FRRUGLQDWHV�IRU R2 WKDW�WKH�VKHDU�PDWUL[ A KDV�LQ�([DPSOH��"

�� 8VH�PDWUL[�PXOWLSOLFDWLRQ�WR�ÀQG�WKH�LPDJH�RI�WKH�WULDQJOH

ZLWK�GDWD�PDWUL[ D D
#

4 2 5
0 2 3

$
XQGHU�WKH�WUDQVIRUPD�

WLRQ�WKDW�UHÁHFWV�SRLQWV�WKURXJK�WKH y�D[LV� 6NHWFK�ERWK�WKH
RULJLQDO�WULDQJOH�DQG�LWV�LPDJH�

,Q�([HUFLVHV��²�� ÀQG�WKH 3 ! 3 PDWULFHV�WKDW�SURGXFH�WKH�GH�
VFULEHG�FRPSRVLWH��' WUDQVIRUPDWLRQV� XVLQJ�KRPRJHQHRXV�FRRU�
GLQDWHV�

�� 7UDQVODWH�E\ .2; 1/� DQG�WKHQ�URWDWH 90ı DERXW�WKH�RULJLQ�

�� 7UDQVODWH�E\ .#1; 4/� DQG�WKHQ�VFDOH�WKH x�FRRUGLQDWH�E\����
DQG�WKH y�FRRUGLQDWH�E\�����

�� 5HÁHFW�SRLQWV�WKURXJK�WKH x�D[LV� DQG�WKHQ�URWDWH 45ı DERXW
WKH�RULJLQ�

�� 5RWDWH�SRLQWV 45ı DERXW�WKH�RULJLQ� WKHQ�UHÁHFW�WKURXJK�WKH
x�D[LV�

�� 5RWDWH�SRLQWV�WKURXJK 60ı DERXW�WKH�SRLQW .6; 8/�

�� 5RWDWH�SRLQWV�WKURXJK 45ı DERXW�WKH�SRLQW .3; 7/�

�� $ 2 ! 100 GDWD�PDWUL[ D FRQWDLQV�WKH�FRRUGLQDWHV�RI����
SRLQWV� &RPSXWH�WKH�QXPEHU�RI�PXOWLSOLFDWLRQV�UHTXLUHG�WR
WUDQVIRUP�WKHVH�SRLQWV�XVLQJ�WZR�DUELWUDU\ 2 ! 2 PDWULFHV A
DQG B � &RQVLGHU�WKH�WZR�SRVVLELOLWLHV A.BD/ DQG .AB/D�
'LVFXVV�WKH�LPSOLFDWLRQV�RI�\RXU�UHVXOWV�IRU�FRPSXWHU�JUDSK�
LFV�FDOFXODWLRQV�

ò6HH�-DQ�2]HU� ´+LJK�3HUIRUPDQFH�*UDSKLFV�%RDUGV�µ 3& 0DJD]LQH ��� ��6HSWHPEHU������ SS� ���²����
$OVR� ´7KH�8OWLPDWH�8SJUDGH�*XLGH� 0RYLQJ�2Q�8S�µ 3& 0DJD]LQH ��� ���-DQXDU\������ SS� ��²���
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��� &RQVLGHU�WKH�IROORZLQJ�JHRPHWULF��' WUDQVIRUPDWLRQV� D� D
GLODWLRQ��LQ�ZKLFK x�FRRUGLQDWHV�DQG y�FRRUGLQDWHV�DUH�VFDOHG
E\�WKH�VDPH�IDFWRU�� R� D�URWDWLRQ� DQG T � D�WUDQVODWLRQ� 'RHV
D FRPPXWH ZLWK R" 7KDW�LV� LV D.R.[// D R.D.[// IRU�DOO
[ LQ R2" 'RHV D FRPPXWH�ZLWK T " 'RHV R FRPPXWH�ZLWK
T "

��� $ URWDWLRQ�RQ�D�FRPSXWHU�VFUHHQ�LV�VRPHWLPHV�LPSOHPHQWHG
DV�WKH�SURGXFW�RI�WZR�VKHDU�DQG�VFDOH�WUDQVIRUPDWLRQV� ZKLFK
FDQ�VSHHG�XS�FDOFXODWLRQV�WKDW�GHWHUPLQH�KRZ�D�JUDSKLF�LPDJH
DFWXDOO\�DSSHDUV�LQ�WHUPV�RI�VFUHHQ�SL[HOV� �7KH�VFUHHQ�FRQ�
VLVWV�RI�URZV�DQG�FROXPQV�RI�VPDOO�GRWV� FDOOHG SL[HOV�� 7KH
ÀUVW�WUDQVIRUPDWLRQ A1 VKHDUV�YHUWLFDOO\�DQG�WKHQ�FRPSUHVVHV
HDFK�FROXPQ�RI�SL[HOV� WKH�VHFRQG�WUDQVIRUPDWLRQ A2 VKHDUV
KRUL]RQWDOO\�DQG�WKHQ�VWUHWFKHV�HDFK�URZ�RI�SL[HOV� /HW
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D�URWDWLRQ�LQ R2�

��� $ URWDWLRQ�LQ R2 XVXDOO\�UHTXLUHV�IRXU�PXOWLSOLFDWLRQV� &RP�
SXWH�WKH�SURGXFW�EHORZ� DQG�VKRZ�WKDW�WKH�PDWUL[�IRU�D�URWD�
WLRQ�FDQ�EH�IDFWRUHG�LQWR�WKUHH�VKHDU�WUDQVIRUPDWLRQV��HDFK�RI
ZKLFK�UHTXLUHV�RQO\�RQH�PXOWLSOLFDWLRQ��2
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��� 7KH�XVXDO�WUDQVIRUPDWLRQV�RQ�KRPRJHQHRXV�FRRUGLQDWHV�IRU
�' FRPSXWHU�JUDSKLFV�LQYROYH 3 ! 3 PDWULFHV�RI�WKH�IRUP#

A S
�T 1

$
ZKHUH A LV�D 2 ! 2 PDWUL[�DQG S LV�LQ R2� 6KRZ

WKDW�VXFK�D�WUDQVIRUPDWLRQ�DPRXQWV�WR�D�OLQHDU�WUDQVIRUPDWLRQ
RQ R2 IROORZHG�E\�D�WUDQVODWLRQ� >+LQW� )LQG�DQ�DSSURSULDWH
PDWUL[�IDFWRUL]DWLRQ�LQYROYLQJ�SDUWLWLRQHG�PDWULFHV�@

��� 6KRZ�WKDW�WKH�WUDQVIRUPDWLRQ�LQ�([HUFLVH ��LV�HTXLYDOHQW�WR
D�URWDWLRQ DERXW�WKH�RULJLQ�IROORZHG�E\�D�WUDQVODWLRQ�E\ S�
)LQG S�

��� :KDW � YHFWRU � LQ R3 KDV � KRPRJHQHRXV � FRRUGLQDWHV
. 1

2
; # 1

4
; # 1

8
; 1

24
/"

��� $UH .1; #2; #3; 4/ DQG .10; #20; #30; 40/ KRPRJHQHRXV�FR�
RUGLQDWHV�IRU�WKH�VDPH�SRLQW�LQ R3" :K\�RU�ZK\�QRW"

��� *LYH�WKH 4 ! 4 PDWUL[�WKDW�URWDWHV�SRLQWV�LQ R3 DERXW�WKH x�
D[LV�WKURXJK�DQ�DQJOH�RI 60ı� �6HH�WKH�ÀJXUH��

z

e3

e2
y

e1
x

��� *LYH�WKH 4 ! 4 PDWUL[�WKDW�URWDWHV�SRLQWV�LQ R3 DERXW�WKH
´�D[LV � WKURXJK�DQ �DQJOH �RI #30ı� DQG� WKHQ� WUDQVODWHV �E\
S D .5; #2; 1/�

��� /HW S EH�WKH�WULDQJOH�ZLWK�YHUWLFHV .4:2; 1:2; 4/� .6; 4; 2/� DQG
.2; 2; 6/� )LQG�WKH�LPDJH�RIS XQGHU�WKH�SHUVSHFWLYH�SURMHFWLRQ
ZLWK�FHQWHU�RI�SURMHFWLRQ�DW .0; 0; 10/�

��� /HW S EH�WKH�WULDQJOH�ZLWK�YHUWLFHV .7; 3; #5/� .12; 8; 2/� DQG
.1; 2; 1/� )LQG�WKH�LPDJH�RIS XQGHU�WKH�SHUVSHFWLYH�SURMHFWLRQ
ZLWK�FHQWHU�RI�SURMHFWLRQ�DW .0; 0; 10/�

([HUFLVHV����DQG����FRQFHUQ�WKH�ZD\�LQ�ZKLFK�FRORU�LV�VSHFLÀHG
IRU�GLVSOD\�LQ�FRPSXWHU�JUDSKLFV� $ FRORU�RQ�D�FRPSXWHU�VFUHHQ
LV�HQFRGHG�E\�WKUHH�QXPEHUV .R; G; B/ WKDW�OLVW�WKH�DPRXQWV�RI
HQHUJ\�DQ�HOHFWURQ�JXQ�PXVW � WUDQVPLW � WR �UHG� JUHHQ� DQG�EOXH
SKRVSKRU�GRWV�RQ�WKH�FRPSXWHU�VFUHHQ� �$ IRXUWK�QXPEHU�VSHFLÀHV
WKH�OXPLQDQFH�RU�LQWHQVLW\�RI�WKH�FRORU��

��� >0@ 7KH�DFWXDO�FRORU�D�YLHZHU�VHHV�RQ�D�VFUHHQ�LV�LQÁXHQFHG
E\�WKH�VSHFLÀF�W\SH�DQG�DPRXQW�RI�SKRVSKRUV�RQ�WKH�VFUHHQ�
6R�HDFK�FRPSXWHU�VFUHHQ�PDQXIDFWXUHU�PXVW�FRQYHUW�EHWZHHQ
WKH .R; G; B/ GDWD �DQG�DQ� LQWHUQDWLRQDO �&,( VWDQGDUG�IRU
FRORU� ZKLFK�XVHV�WKUHH�SULPDU\�FRORUV� FDOOHG X � Y � DQG Z�
$ W\SLFDO�FRQYHUVLRQ�IRU�VKRUW�SHUVLVWHQFH�SKRVSKRUV�LV
2
4
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:04 :12 :787
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4
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$ FRPSXWHU�SURJUDP�ZLOO�VHQG�D�VWUHDP�RI�FRORU�LQIRUPDWLRQ
WR�WKH�VFUHHQ� XVLQJ�VWDQGDUG�&,( GDWD .X; Y; Z/� )LQG�WKH
HTXDWLRQ�WKDW�FRQYHUWV�WKHVH�GDWD�WR�WKH .R; G; B/ GDWD�QHHGHG
IRU�WKH�VFUHHQ·V�HOHFWURQ�JXQ�

��� >0@ 7KH�VLJQDO�EURDGFDVW�E\�FRPPHUFLDO�WHOHYLVLRQ�GHVFULEHV
HDFK�FRORU�E\�D�YHFWRU .Y; I; Q/� ,I�WKH�VFUHHQ�LV�EODFN�DQG
ZKLWH� RQO\�WKH Y �FRRUGLQDWH�LV�XVHG� �7KLV�JLYHV�D�EHWWHU
PRQRFKURPH�SLFWXUH�WKDQ�XVLQJ�&,( GDWD�IRU�FRORUV�� 7KH
FRUUHVSRQGHQFH�EHWZHHQ <,4 DQG�D�´VWDQGDUGµ 5*% FRORU�LV
JLYHQ�E\
2
4
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Q

3
5 D
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4
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:212 #:528 :311

3
5
2
4

R
G
B

3
5



0DWUL[�$OJHEUD

�$ VFUHHQ�PDQXIDFWXUHU�ZRXOG�FKDQJH�WKH�PDWUL[�HQWULHV�WR
ZRUN�IRU�LWV 5*% VFUHHQV�� )LQG�WKH�HTXDWLRQ�WKDW�FRQYHUWV

WKH <,4 GDWD�WUDQVPLWWHG�E\�WKH�WHOHYLVLRQ�VWDWLRQ�WR�WKH 5*%
GDWD�QHHGHG�IRU�WKH�WHOHYLVLRQ�VFUHHQ�

$VVHPEOH � WKH �PDWULFHV � ULJKW�WR�OHIW � IRU � WKH � WKUHH � RSHUDWLRQV� 8VLQJ S D .#2; 6/�
FRV.#30ı/ D

p
3=2� DQG VLQ.#30ı/ D #:5� ZH�KDYH

7UDQVODWH
EDFN�E\ p2

4
1 0 #2
0 1 6
0 0 1

3
5

5RWDWH�DURXQG
WKH�RULJLQ2

4
p

3=2 1=2 0

#1=2
p

3=2 0
0 0 1

3
5

7UDQVODWH
E\ #p2

4
1 0 2
0 1 #6
0 0 1

3
5

D

2
4

p
3=2 1=2

p
3 # 5

#1=2
p

3=2 #3
p

3 C 5
0 0 1

3
5

Rn

7KLV�VHFWLRQ�IRFXVHV�RQ�LPSRUWDQW�VHWV�RI�YHFWRUV�LQ Rn FDOOHG VXEVSDFHV� 2IWHQ�VXE�
VSDFHV�DULVH�LQ�FRQQHFWLRQ�ZLWK�VRPH�PDWUL[ A; DQG�WKH\�SURYLGH�XVHIXO�LQIRUPDWLRQ
DERXW�WKH�HTXDWLRQ A[ D E� 7KH�FRQFHSWV�DQG�WHUPLQRORJ\�LQ�WKLV�VHFWLRQ�ZLOO�EH�XVHG
UHSHDWHGO\�WKURXJKRXW�WKH�UHVW�RI�WKH�ERRN�ñ

$ VXEVSDFH RI Rn LV�DQ\�VHW H LQ Rn WKDW�KDV�WKUHH�SURSHUWLHV�

D� 7KH�]HUR�YHFWRU�LV�LQ H �
E� )RU�HDFK X DQG Y LQ H � WKH�VXP X C Y LV�LQ H �
F� )RU�HDFK X LQ H DQG�HDFK�VFDODU c� WKH�YHFWRU cX LV�LQ H �

,Q�ZRUGV� D�VXEVSDFH�LV FORVHG XQGHU�DGGLWLRQ�DQG�VFDODU�PXOWLSOLFDWLRQ� $V�\RX�ZLOO
VHH�LQ�WKH�QH[W�IHZ�H[DPSOHV� PRVW�VHWV�RI�YHFWRUV�GLVFXVVHG�LQ�&KDSWHU���DUH�VXEVSDFHV�
)RU�LQVWDQFH� D�SODQH�WKURXJK�WKH�RULJLQ�LV�WKH�VWDQGDUG�ZD\�WR�YLVXDOL]H�WKH�VXEVSDFH�LQ
([DPSOH �� 6HH�)LJ� ��

,I Y1 DQG Y2 DUH�LQ Rn DQG H D 6SDQ fY1; Y2g� WKHQ H LV�D�VXEVSDFH
RI Rn� 7R�YHULI\�WKLV�VWDWHPHQW� QRWH�WKDW�WKH�]HUR�YHFWRU�LV�LQ H �EHFDXVH 0Y1 C 0Y2 LV
D�OLQHDU�FRPELQDWLRQ�RI Y1 DQG Y2/� 1RZ�WDNH�WZR�DUELWUDU\�YHFWRUV�LQ H � VD\�

v1

x1

x3

x2

v2

0

6SDQ fY1; Y2g DV�D�SODQH�WKURXJK
WKH�RULJLQ� X D s1Y1 C s2Y2 DQG Y D t1Y1 C t2Y2

7KHQ
X C Y D .s1 C t1/Y1 C .s2 C t2/Y2

ZKLFK�VKRZV�WKDW X C Y LV�D�OLQHDU�FRPELQDWLRQ�RI Y1 DQG Y2 DQG�KHQFH�LV�LQ H � $OVR� IRU
DQ\�VFDODU c� WKH�YHFWRU cX LV�LQ H � EHFDXVH cX D c.s1Y1 C s2Y2/ D .cs1/Y1 C .cs2/Y2�

ñ6HFWLRQV�����DQG�����DUH�LQFOXGHG�KHUH�WR�SHUPLW�UHDGHUV�WR�SRVWSRQH�WKH�VWXG\�RI�PRVW�RU�DOO�RI�WKH�QH[W�WZR
FKDSWHUV�DQG�WR�VNLS�GLUHFWO\�WR�&KDSWHU �� LI�VR�GHVLUHG� 2PLW WKHVH�WZR�VHFWLRQV�LI�\RX�SODQ�WR�ZRUN�WKURXJK
&KDSWHU ��EHIRUH�EHJLQQLQJ�&KDSWHU ��



6XEVSDFHV�RI Rn

,I Y1 LV�QRW�]HUR�DQG�LI Y2 LV�D�PXOWLSOH�RI Y1� WKHQ Y1 DQG Y2 VLPSO\�VSDQ�D OLQH
WKURXJK�WKH�RULJLQ� 6R�D�OLQH�WKURXJK�WKH�RULJLQ�LV�DQRWKHU�H[DPSOH�RI�D�VXEVSDFH�

Span{v1, 
v 2}

v1

v2

x2

x1

Y1 ¤ �� Y2 D kY1�

$ OLQH L QRW WKURXJK�WKH�RULJLQ�LV QRW D�VXEVSDFH� EHFDXVH�LW�GRHV�QRW
FRQWDLQ�WKH�RULJLQ� DV�UHTXLUHG� $OVR� )LJ� ��VKRZV�WKDW L LV�QRW�FORVHG�XQGHU�DGGLWLRQ
RU�VFDODU�PXOWLSOLFDWLRQ�

u

v

u ! v

u ! v is not on L 2w is not on L

2w

w

L L

)RU Y1; : : : ; Yp LQ Rn� WKH�VHW�RI�DOO�OLQHDU�FRPELQDWLRQV�RI Y1; : : : ; Yp

LV�D�VXEVSDFH�RI Rn� 7KH�YHULÀFDWLRQ�RI�WKLV�VWDWHPHQW�LV�VLPLODU�WR�WKH�DUJXPHQW�JLYHQ
LQ�([DPSOH��� :H�VKDOO�QRZ�UHIHU�WR 6SDQ fY1; : : : ; Ypg DV WKH�VXEVSDFH�VSDQQHG �RU
JHQHUDWHG��E\ Y1; : : : ; Yp �

1RWH�WKDW Rn LV�D�VXEVSDFH�RI�LWVHOI�EHFDXVH�LW�KDV�WKH�WKUHH�SURSHUWLHV�UHTXLUHG�IRU�D
VXEVSDFH� $QRWKHU�VSHFLDO�VXEVSDFH�LV�WKH�VHW�FRQVLVWLQJ�RI�RQO\�WKH�]HUR�YHFWRU�LQ Rn�
7KLV�VHW� FDOOHG�WKH ]HUR�VXEVSDFH� DOVR�VDWLVÀHV�WKH�FRQGLWLRQV�IRU�D�VXEVSDFH�

&ROXPQ�6SDFH�DQG�1XOO�6SDFH�RI�D�0DWUL[
6XEVSDFHV�RI Rn XVXDOO\�RFFXU�LQ�DSSOLFDWLRQV�DQG�WKHRU\�LQ�RQH�RI�WZR�ZD\V� ,Q�ERWK
FDVHV� WKH�VXEVSDFH�FDQ�EH�UHODWHG�WR�D�PDWUL[�

7KH FROXPQ�VSDFH RI�D�PDWUL[ A LV�WKH�VHW &ROA RI�DOO�OLQHDU�FRPELQDWLRQV�RI�WKH
FROXPQV�RI A�

,I A D Œ D1 " " " Dn !� ZLWK � WKH � FROXPQV � LQ Rm� WKHQ &ROA LV � WKH � VDPH � DV
6SDQ fD1; : : : ; Dng� ([DPSOH ��VKRZV�WKDW�WKH FROXPQ�VSDFH�RI�DQ m ! n PDWUL[�LV�D
VXEVSDFH�RI Rm� 1RWH�WKDW &ROA HTXDOV Rm RQO\�ZKHQ�WKH�FROXPQV�RI A VSDQ Rm�
2WKHUZLVH� &ROA LV�RQO\�SDUW�RI Rm�

/HW A D

2
4

1 #3 #4
#4 6 #2
#3 7 6

3
5 DQG E D

2
4

3
3

#4

3
5� 'HWHUPLQH�ZKHWKHU E LV

LQ�WKH�FROXPQ�VSDFH�RI A�
7KH�YHFWRU E LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A LI�DQG�RQO\�LI

E FDQ�EH�ZULWWHQ�DV A[ IRU�VRPH [� WKDW�LV� LI�DQG�RQO\�LI�WKH�HTXDWLRQ A[ D E KDV�D
VROXWLRQ� 5RZ�UHGXFLQJ�WKH�DXJPHQWHG�PDWUL[ Œ A E !�2

4
1 #3 #4 3

#4 6 #2 3
#3 7 6 #4

3
5 %

2
4

1 #3 #4 3
0 #6 #18 15
0 #2 #6 5

3
5 %

2
4

1 #3 #4 3
0 #6 #18 15
0 0 0 0

3
5

ZH�FRQFOXGH�WKDW A[ D E LV�FRQVLVWHQW�DQG E LV�LQ &ROA�

x3 x2

x1b

Col A0
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7KH�VROXWLRQ�RI�([DPSOH ��VKRZV�WKDW�ZKHQ�D�V\VWHP�RI�OLQHDU�HTXDWLRQV�LV�ZULWWHQ
LQ�WKH�IRUP A[ D E� WKH�FROXPQ�VSDFH�RI A LV�WKH�VHW�RI�DOO E IRU�ZKLFK�WKH�V\VWHP�KDV
D�VROXWLRQ�

7KH QXOO�VSDFH RI�D�PDWUL[ A LV�WKH�VHW 1XOA RI�DOO�VROXWLRQV�RI�WKH�KRPRJHQHRXV
HTXDWLRQ A[ D ��

:KHQ A KDV n FROXPQV� WKH�VROXWLRQV�RI A[ D � EHORQJ�WR Rn� DQG�WKH�QXOO�VSDFH
RI A LV�D�VXEVHW�RI Rn� ,Q�IDFW� 1XOA KDV�WKH�SURSHUWLHV�RI�D VXEVSDFH RI Rn�

7KH�QXOO�VSDFH�RI�DQ m ! n PDWUL[ A LV�D�VXEVSDFH�RI Rn� (TXLYDOHQWO\� WKH
VHW�RI�DOO�VROXWLRQV�RI�D�V\VWHP A[ D � RI m KRPRJHQHRXV�OLQHDU�HTXDWLRQV�LQ
n XQNQRZQV�LV�D�VXEVSDFH�RI Rn�

7KH�]HUR�YHFWRU�LV�LQ 1XOA �EHFDXVH A� D ��� 7R�VKRZ�WKDW 1XOA VDWLVÀHV�WKH
RWKHU�WZR�SURSHUWLHV�UHTXLUHG�IRU�D�VXEVSDFH� WDNH�DQ\ X DQG Y LQ 1XOA� 7KDW�LV� VXSSRVH
AX D � DQG AY D �� 7KHQ� E\�D�SURSHUW\�RI�PDWUL[�PXOWLSOLFDWLRQ�

A.X C Y/ D AX C AY D � C � D �
7KXV X C Y VDWLVÀHV A[ D �� DQG�VR X C Y LV�LQ 1XOA� $OVR� IRU�DQ\�VFDODU c; A.cX/ D
c.AX/ D c.�/ D �� ZKLFK�VKRZV�WKDW cX LV�LQ 1XOA�

7R�WHVW�ZKHWKHU�D�JLYHQ�YHFWRU Y LV�LQ 1XOA� MXVW�FRPSXWH AY WR�VHH�ZKHWKHU AY LV
WKH�]HUR�YHFWRU� %HFDXVH 1XOA LV�GHVFULEHG�E\�D�FRQGLWLRQ�WKDW�PXVW�EH�FKHFNHG�IRU�HDFK
YHFWRU� ZH�VD\�WKDW�WKH�QXOO�VSDFH�LV�GHÀQHG LPSOLFLWO\� ,Q�FRQWUDVW� WKH�FROXPQ�VSDFH�LV
GHÀQHG H[SOLFLWO\� EHFDXVH�YHFWRUV�LQ &ROA FDQ�EH�FRQVWUXFWHG��E\�OLQHDU�FRPELQDWLRQV�
IURP�WKH�FROXPQV�RI A� 7R�FUHDWH�DQ�H[SOLFLW�GHVFULSWLRQ�RI 1XOA� VROYH�WKH�HTXDWLRQ
A[ D � DQG�ZULWH�WKH�VROXWLRQ�LQ�SDUDPHWULF�YHFWRU�IRUP� �6HH�([DPSOH��� EHORZ��ò

%DVLV�IRU�D�6XEVSDFH
%HFDXVH�D�VXEVSDFH�W\SLFDOO\�FRQWDLQV�DQ�LQÀQLWH�QXPEHU�RI�YHFWRUV� VRPH�SUREOHPV
LQYROYLQJ�D�VXEVSDFH�DUH�KDQGOHG�EHVW�E\�ZRUNLQJ�ZLWK�D�VPDOO�ÀQLWH�VHW�RI�YHFWRUV�WKDW
VSDQ�WKH�VXEVSDFH� 7KH�VPDOOHU�WKH�VHW� WKH�EHWWHU� ,W�FDQ�EH�VKRZQ�WKDW�WKH�VPDOOHVW
SRVVLEOH�VSDQQLQJ�VHW�PXVW�EH�OLQHDUO\�LQGHSHQGHQW�

$ EDVLV IRU�D�VXEVSDFH H RI Rn LV�D�OLQHDUO\�LQGHSHQGHQW�VHW�LQ H WKDW�VSDQV H �

7KH�FROXPQV�RI�DQ�LQYHUWLEOH n ! n PDWUL[�IRUP�D�EDVLV�IRU�DOO�RI Rn

EHFDXVH�WKH\�DUH�OLQHDUO\�LQGHSHQGHQW�DQG�VSDQ Rn� E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�
2QH�VXFK�PDWUL[�LV�WKH n ! n LGHQWLW\�PDWUL[� ,WV�FROXPQV�DUH�GHQRWHG�E\ H1; : : : ; Hn�

H1 D

2
664

1
0
:::
0

3
775 ; H2 D

2
664

0
1
:::
0

3
775 ; : : : ; Hn D

2
664

0
:::
0
1

3
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7KH�VHW fH1; : : : ; Hng LV�FDOOHG�WKH VWDQGDUG�EDVLV IRU Rn� 6HH�)LJ� ��

x3

e3

e2
x2

e1

x1

7KH�VWDQGDUG�EDVLV�IRU R3� ò7KH�FRQWUDVW�EHWZHHQ 1XOA DQG &ROA LV�GLVFXVVHG�IXUWKHU�LQ�6HFWLRQ ����



6XEVSDFHV�RI Rn

7KH�QH[W�H[DPSOH�VKRZV�WKDW�WKH�VWDQGDUG�SURFHGXUH�IRU�ZULWLQJ�WKH�VROXWLRQ�VHW�RI
A[ D � LQ�SDUDPHWULF�YHFWRU�IRUP�DFWXDOO\�LGHQWLÀHV�D�EDVLV�IRU 1XOA� 7KLV�IDFW�ZLOO�EH
XVHG�WKURXJKRXW�&KDSWHU ��

)LQG�D�EDVLV�IRU�WKH�QXOO�VSDFH�RI�WKH�PDWUL[

A D

2
4

#3 6 #1 1 #7
1 #2 2 3 #1
2 #4 5 8 #4

3
5

)LUVW� ZULWH�WKH�VROXWLRQ�RI A[ D � LQ�SDUDPHWULF�YHFWRU�IRUP�

!
A �

"
%

2
4

1 #2 0 #1 3 0
0 0 1 2 #2 0
0 0 0 0 0 0

3
5;

x1 # 2x2 # x4 C 3x5 D 0

x3 C 2x4 # 2x5 D 0

0 D 0

7KH�JHQHUDO�VROXWLRQ�LV x1 D 2x2 C x4 # 3x5� x3 D #2x4 C 2x5� ZLWK x2� x4� DQG x5

IUHH� 2
66664

x1

x2

x3

x4

x5

3
77775

D

2
66664

2x2 C x4 # 3x5

x2

#2x4 C 2x5

x4

x5

3
77775

D x2

2
66664

2
1
0
0
0

3
77775

"
X

C x4

2
66664

1
0

#2
1
0

3
77775

"
Y

C x5

2
66664

#3
0
2
0
1

3
77775

"
Z

D x2X C x4Y C x5Z ���
(TXDWLRQ�����VKRZV�WKDW 1XOA FRLQFLGHV�ZLWK�WKH�VHW�RI�DOO�OLQHDU�FRPELQDWLRQV�RI X�
Y; DQG Z: 7KDW�LV� fX; Y;Zg JHQHUDWHV 1XOA� ,Q�IDFW� WKLV�FRQVWUXFWLRQ�RI X� Y� DQG Z
DXWRPDWLFDOO\�PDNHV�WKHP�OLQHDUO\�LQGHSHQGHQW� EHFDXVH�HTXDWLRQ�����VKRZV�WKDW � D
x2X C x4Y C x5Z RQO\�LI�WKH�ZHLJKWV x2� x4� DQG x5 DUH�DOO�]HUR� �([DPLQH�HQWULHV��� ��
DQG���LQ�WKH�YHFWRU x2X C x4Y C x5Z�� 6R fX; Y;Zg LV�D EDVLV IRU 1XOA�

)LQGLQJ�D�EDVLV�IRU�WKH�FROXPQ�VSDFH�RI�D�PDWUL[�LV�DFWXDOO\�OHVV�ZRUN�WKDQ�ÀQGLQJ
D�EDVLV�IRU�WKH�QXOO�VSDFH� +RZHYHU� WKH�PHWKRG�UHTXLUHV�VRPH�H[SODQDWLRQ� /HW·V�EHJLQ
ZLWK�D�VLPSOH�FDVH�

)LQG�D�EDVLV�IRU�WKH�FROXPQ�VSDFH�RI�WKH�PDWUL[

B D

2
664

1 0 #3 5 0
0 1 2 #1 0
0 0 0 0 1
0 0 0 0 0

3
775

'HQRWH�WKH�FROXPQV�RIB E\ E1; : : : ;E5 DQG�QRWH�WKDW E3 D #3E1 C 2E2 DQG
E4 D 5E1 # E2� 7KH�IDFW�WKDW E3 DQG E4 DUH�FRPELQDWLRQV�RI�WKH�SLYRW�FROXPQV�PHDQV�WKDW
DQ\�FRPELQDWLRQ�RI E1; : : : ;E5 LV�DFWXDOO\�MXVW�D�FRPELQDWLRQ�RI E1� E2� DQG E5� ,QGHHG�
LI Y LV�DQ\�YHFWRU�LQ &ROB � VD\�

Y D c1E1 C c2E2 C c3E3 C c4E4 C c5E5

WKHQ� VXEVWLWXWLQJ�IRU E3 DQG E4� ZH�FDQ�ZULWH Y LQ�WKH�IRUP
Y D c1E1 C c2E2 C c3.#3E1 C 2E2/ C c4.5E1 # E2/ C c5E5

ZKLFK�LV�D�OLQHDU�FRPELQDWLRQ�RI E1� E2� DQG E5� 6R fE1; E2; E5g VSDQV &ROB � $OVR� E1�
E2� DQG E5 DUH�OLQHDUO\�LQGHSHQGHQW� EHFDXVH�WKH\�DUH�FROXPQV�IURP�DQ�LGHQWLW\�PDWUL[�
6R�WKH�SLYRW�FROXPQV�RI B IRUP�D�EDVLV�IRU &ROB �



0DWUL[�$OJHEUD

7KH�PDWUL[ B LQ�([DPSOH ��LV�LQ�UHGXFHG�HFKHORQ�IRUP� 7R�KDQGOH�D�JHQHUDO�PDWUL[
A� UHFDOO�WKDW�OLQHDU�GHSHQGHQFH�UHODWLRQV�DPRQJ�WKH�FROXPQV�RI A FDQ�EH�H[SUHVVHG
LQ�WKH�IRUP A[ D � IRU�VRPH [� �,I�VRPH�FROXPQV�DUH�QRW�LQYROYHG�LQ�D�SDUWLFXODU
GHSHQGHQFH�UHODWLRQ� WKHQ�WKH�FRUUHVSRQGLQJ�HQWULHV�LQ [ DUH�]HUR�� :KHQ A LV�URZ
UHGXFHG�WR�HFKHORQ�IRUP B � WKH�FROXPQV�DUH�GUDVWLFDOO\�FKDQJHG� EXW�WKH�HTXDWLRQV
A[ D � DQG B[ D � KDYH�WKH�VDPH�VHW�RI�VROXWLRQV� 7KDW�LV� WKH�FROXPQV�RI A KDYH
H[DFWO\�WKH�VDPH�OLQHDU�GHSHQGHQFH�UHODWLRQVKLSV DV�WKH�FROXPQV�RI B �

,W�FDQ�EH�YHULÀHG�WKDW�WKH�PDWUL[

A D Œ D1 D2 " " " D5 ! D

2
664

1 3 3 2 #9
#2 #2 2 #8 2

2 3 0 7 1
3 4 #1 11 #8

3
775

LV�URZ�HTXLYDOHQW�WR�WKH�PDWUL[ B LQ�([DPSOH �� )LQG�D�EDVLV�IRU &ROA�

)URP�([DPSOH ��� WKH �SLYRW � FROXPQV �RI A DUH � FROXPQV ��� �� DQG ���
$OVR� E3 D #3E1 C 2E2 DQG E4 D 5E1 # E2� 6LQFH�URZ�RSHUDWLRQV�GR�QRW�DIIHFW�OLQHDU
GHSHQGHQFH�UHODWLRQV�DPRQJ�WKH�FROXPQV�RI�WKH�PDWUL[� ZH�VKRXOG�KDYH

D3 D #3D1 C 2D2 DQG D4 D 5D1 # D2

&KHFN�WKDW�WKLV�LV�WUXH� %\�WKH�DUJXPHQW�LQ�([DPSOH �� D3 DQG D4 DUH�QRW�QHHGHG�WR
JHQHUDWH�WKH�FROXPQ�VSDFH�RIA� $OVR� fD1; D2; D5gPXVW�EH�OLQHDUO\�LQGHSHQGHQW� EHFDXVH
DQ\�GHSHQGHQFH�UHODWLRQ�DPRQJ D1� D2� DQG D5 ZRXOG�LPSO\�WKH�VDPH�GHSHQGHQFH�UHODWLRQ
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,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

��� D� $ VXEVSDFH�RIRn LV�DQ\�VHWH VXFK�WKDW��L��WKH�]HUR�YHFWRU
LV�LQ H; �LL� X; Y; DQG X C Y DUH�LQ H � DQG��LLL� c LV�D�VFDODU
DQG cX LV�LQ H �

E� ,I Y1; : : : ; Yp DUH�LQ Rn; WKHQ�6SDQ fY1; : : : ; Ypg LV�WKH�VDPH
DV�WKH�FROXPQ�VSDFH�RI�WKH�PDWUL[
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Y1 " " " Yp

"
�

F� 7KH�VHW�RI�DOO�VROXWLRQV�RI�D�V\VWHP�RI m KRPRJHQHRXV
HTXDWLRQV�LQ n XQNQRZQV�LV�D�VXEVSDFH�RI Rm:

G� 7KH�FROXPQV�RI�DQ�LQYHUWLEOH n ! n PDWUL[�IRUP�D�EDVLV
IRU Rn�

H� 5RZ�RSHUDWLRQV�GR�QRW�DIIHFW�OLQHDU�GHSHQGHQFH�UHODWLRQV
DPRQJ�WKH�FROXPQV�RI�D�PDWUL[�

��� D� $ VXEVHW H RI Rn LV�D�VXEVSDFH�LI�WKH�]HUR�YHFWRU�LV�LQ H �
E� ,I B LV�DQ�HFKHORQ�IRUP�RI�D�PDWUL[ A� WKHQ�WKH�SLYRW

FROXPQV�RI B IRUP�D�EDVLV�IRU &ROA:

F� *LYHQ�YHFWRUV Y1; : : : ; Yp LQ Rn; WKH�VHW�RI�DOO�OLQHDU�FRP�
ELQDWLRQV�RI�WKHVH�YHFWRUV�LV�D�VXEVSDFH�RI Rn:

G� /HW H EH�D�VXEVSDFH�RI Rn: ,I [ LV�LQ H � DQG \ LV�LQ Rn;
WKHQ [ C \ LV�LQ H:

H� 7KH�FROXPQ�VSDFH�RI�D�PDWUL[ A LV�WKH�VHW�RI�VROXWLRQV�RI
A[ D E�
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�� 7R�GHWHUPLQH�ZKHWKHU X LV�LQ 1XOA� VLPSO\�FRPSXWH
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7KH�UHVXOW�VKRZV�WKDW X LV�LQ 1XOA: 'HFLGLQJ�ZKHWKHU X LV�LQ &ROA UHTXLUHV�PRUH
ZRUN� 5HGXFH�WKH�DXJPHQWHG�PDWUL[ ŒA X! WR�HFKHORQ�IRUP�WR�GHWHUPLQH�ZKHWKHU
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7KH�HTXDWLRQ A[ D X KDV�QR�VROXWLRQ� VR X LV�QRW�LQ &ROA�
�� ,Q�FRQWUDVW�WR�3UDFWLFH�3UREOHP��� ÀQGLQJ�D�YHFWRU�LQ 1XOA UHTXLUHV�PRUH�ZRUN

WKDQ�WHVWLQJ�ZKHWKHU�D�VSHFLÀHG�YHFWRU�LV�LQ 1XOA� +RZHYHU� VLQFH A LV�DOUHDG\
LQ�UHGXFHG�HFKHORQ�IRUP� WKH�HTXDWLRQ A[ D � VKRZV�WKDW�LI [ D .x1; x2; x3/; WKHQ
x2 D 0; x3 D 0; DQG x1 LV�D�IUHH�YDULDEOH� 7KXV� D�EDVLV�IRU 1XOA LV Y D .1; 0; 0/:
)LQGLQJ�MXVW�RQH�YHFWRU�LQ &ROA LV�WULYLDO� VLQFH�HDFK�FROXPQ�RI A LV�LQ &ROA� ,Q
WKLV�SDUWLFXODU�FDVH� WKH�VDPH�YHFWRU Y LV�LQ�ERWK 1XOA DQG &ROA� )RU�PRVW n ! n
PDWULFHV� WKH�]HUR�YHFWRU�RI Rn LV�WKH�RQO\�YHFWRU�LQ�ERWK 1XOA DQG &ROA�

�� ,I A LV�LQYHUWLEOH� WKHQ�WKH�FROXPQV�RI A VSDQ Rn; E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�
%\�GHÀQLWLRQ� WKH�FROXPQV�RI�DQ\�PDWUL[�DOZD\V�VSDQ�WKH�FROXPQ�VSDFH� VR�LQ�WKLV
FDVH &ROA LV�DOO�RI Rn: ,Q�V\PEROV� &ROA D Rn: $OVR� VLQFH A LV�LQYHUWLEOH� WKH
HTXDWLRQ A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ� 7KLV�PHDQV�WKDW 1XOA LV�WKH�]HUR
VXEVSDFH� ,Q�V\PEROV� 1XOA D f�g:

7KLV�VHFWLRQ�FRQWLQXHV�WKH�GLVFXVVLRQ�RI�VXEVSDFHV�DQG�EDVHV�IRU�VXEVSDFHV� EHJLQQLQJ
ZLWK�WKH�FRQFHSW�RI�D�FRRUGLQDWH�V\VWHP� 7KH�GHÀQLWLRQ�DQG�H[DPSOH�EHORZ�VKRXOG�PDNH
D�XVHIXO�QHZ�WHUP� GLPHQVLRQ� VHHP�TXLWH�QDWXUDO� DW�OHDVW�IRU�VXEVSDFHV�RI R3�

&RRUGLQDWH�6\VWHPV
7KH�PDLQ�UHDVRQ�IRU�VHOHFWLQJ�D�EDVLV�IRU�D�VXEVSDFH H; LQVWHDG�RI�PHUHO\�D�VSDQQLQJ
VHW� LV�WKDW�HDFK�YHFWRU�LQ H FDQ�EH�ZULWWHQ�LQ�RQO\�RQH�ZD\�DV�D�OLQHDU�FRPELQDWLRQ�RI
WKH�EDVLV�YHFWRUV� 7R�VHH�ZK\� VXSSRVH B D fE1; : : : ; Epg LV�D�EDVLV�IRU H � DQG�VXSSRVH
D�YHFWRU [ LQ H FDQ�EH�JHQHUDWHG�LQ�WZR�ZD\V� VD\�

[ D c1E1 C " " " C cpEp DQG [ D d1E1 C " " " C dpEp ���

7KHQ� VXEWUDFWLQJ�JLYHV
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IRU 1 ) j ) p; ZKLFK�VKRZV�WKDW�WKH�WZR�UHSUHVHQWDWLRQV�LQ�����DUH�DFWXDOO\�WKH�VDPH�
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6XSSRVH�WKH�VHW B D fE1; : : : ; Epg LV�D�EDVLV�IRU�D�VXEVSDFH H � )RU�HDFK [ LQ H �
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'LPHQVLRQ�DQG�5DQN

1RWLFH�WKDW�DOWKRXJK�SRLQWV�LQ H DUH�DOVR�LQ R3� WKH\�DUH�FRPSOHWHO\�GHWHUPLQHG�E\
WKHLU�FRRUGLQDWH�YHFWRUV� ZKLFK�EHORQJ�WR R2� 7KH�JULG�RQ�WKH�SODQH�LQ�)LJ� ��PDNHV
H ´ORRNµ�OLNH R2� 7KH�FRUUHVSRQGHQFH [ 7! Œ [ !B LV�D�RQH�WR�RQH�FRUUHVSRQGHQFH
EHWZHHQ H DQG R2 WKDW�SUHVHUYHV�OLQHDU�FRPELQDWLRQV� :H�FDOO�VXFK�D�FRUUHVSRQGHQFH
DQ LVRPRUSKLVP� DQG�ZH�VD\�WKDW H LV LVRPRUSKLF WR R2�

,Q�JHQHUDO� LI B D fE1; : : : ;Epg LV�D�EDVLV�IRU H � WKHQ�WKH�PDSSLQJ [ 7! Œ[!B LV�D
RQH�WR�RQH�FRUUHVSRQGHQFH�WKDW�PDNHV H ORRN�DQG�DFW�WKH�VDPH�DV Rp �HYHQ�WKRXJK�WKH
YHFWRUV�LQ H WKHPVHOYHV�PD\�KDYH�PRUH�WKDQ p HQWULHV�� �6HFWLRQ ����KDV�PRUH�GHWDLOV��

7KH�'LPHQVLRQ�RI�D�6XEVSDFH
,W�FDQ�EH�VKRZQ�WKDW�LI�D�VXEVSDFHH KDV�D�EDVLV�RI p YHFWRUV� WKHQ�HYHU\�EDVLV�RIH PXVW
FRQVLVW�RI�H[DFWO\ p YHFWRUV� �6HH�([HUFLVHV ���DQG����� 7KXV�WKH�IROORZLQJ�GHÀQLWLRQ
PDNHV�VHQVH�

7KH GLPHQVLRQ RI�D�QRQ]HUR�VXEVSDFH H � GHQRWHG�E\ GLPH � LV�WKH�QXPEHU�RI
YHFWRUV�LQ�DQ\�EDVLV�IRU H � 7KH�GLPHQVLRQ�RI�WKH�]HUR�VXEVSDFH f�g LV�GHÀQHG�WR
EH�]HUR��

7KH�VSDFH Rn KDV�GLPHQVLRQ n� (YHU\�EDVLV�IRU Rn FRQVLVWV�RI n YHFWRUV� $ SODQH
WKURXJK � LQ R3 LV�WZR�GLPHQVLRQDO� DQG�D�OLQH�WKURXJK � LV�RQH�GLPHQVLRQDO�

5HFDOO�WKDW�WKH�QXOO�VSDFH�RI�WKH�PDWUL[ A LQ�([DPSOH ��LQ�6HFWLRQ����
KDG�D�EDVLV�RI���YHFWRUV� 6R�WKH�GLPHQVLRQ�RI 1XOA LQ�WKLV�FDVH�LV��� 2EVHUYH�KRZ�HDFK
EDVLV�YHFWRU�FRUUHVSRQGV�WR�D�IUHH�YDULDEOH�LQ�WKH�HTXDWLRQ A[ D �� 2XU�FRQVWUXFWLRQ
DOZD\V�SURGXFHV�D�EDVLV�LQ�WKLV�ZD\� 6R� WR�ÀQG�WKH�GLPHQVLRQ�RI 1XOA� VLPSO\�LGHQWLI\
DQG�FRXQW�WKH�QXPEHU�RI�IUHH�YDULDEOHV�LQ A[ D ��

7KH UDQN RI�D�PDWUL[ A� GHQRWHG�E\ UDQNA� LV�WKH�GLPHQVLRQ�RI�WKH�FROXPQ�VSDFH
RI A�

6LQFH�WKH�SLYRW�FROXPQV�RIA IRUP�D�EDVLV�IRU &ROA� WKH�UDQN�RIA LV�MXVW�WKH�QXPEHU
RI�SLYRW�FROXPQV�LQ A�
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7KH�URZ�UHGXFWLRQ�LQ�([DPSOH ��UHYHDOV�WKDW�WKHUH�DUH�WZR�IUHH�YDULDEOHV�LQ A[ D ��
EHFDXVH�WZR�RI�WKH�ÀYH�FROXPQV�RI A DUH QRW SLYRW�FROXPQV� �7KH�QRQSLYRW�FROXPQV
FRUUHVSRQG�WR�WKH�IUHH�YDULDEOHV�LQ A[ D ��� 6LQFH�WKH�QXPEHU�RI�SLYRW�FROXPQV�SOXV�WKH
QXPEHU�RI�QRQSLYRW�FROXPQV�LV�H[DFWO\�WKH�QXPEHU�RI�FROXPQV� WKH�GLPHQVLRQV�RI &ROA
DQG 1XOA KDYH�WKH�IROORZLQJ�XVHIXO�FRQQHFWLRQ� �6HH�WKH�5DQN�7KHRUHP�LQ�6HFWLRQ ���
IRU�DGGLWLRQDO�GHWDLOV��

,I�D�PDWUL[ A KDV n FROXPQV� WKHQ UDQNA C GLP1XOA D n�

7KH�IROORZLQJ�WKHRUHP�LV�LPSRUWDQW�IRU�DSSOLFDWLRQV�DQG�ZLOO�EH�QHHGHG�LQ�&KDS�
WHUV ��DQG��� 7KH�WKHRUHP��SURYHG�LQ�6HFWLRQ �����LV�FHUWDLQO\�SODXVLEOH� LI�\RX�WKLQN�RI
D p�GLPHQVLRQDO�VXEVSDFH�DV�LVRPRUSKLF�WR Rp � 7KH�,QYHUWLEOH�0DWUL[�7KHRUHP�VKRZV
WKDW p YHFWRUV�LQ Rp DUH�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�WKH\�DOVR�VSDQ Rp �

/HWH EH�Dp�GLPHQVLRQDO�VXEVSDFH�RIRn� $Q\�OLQHDUO\�LQGHSHQGHQW�VHW�RI�H[DFWO\
p HOHPHQWV�LQ H LV�DXWRPDWLFDOO\�D�EDVLV�IRU H � $OVR� DQ\�VHW�RI p HOHPHQWV�RI
H WKDW�VSDQV H LV�DXWRPDWLFDOO\�D�EDVLV�IRU H �

5DQN�DQG�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP
7KH�YDULRXV �YHFWRU � VSDFH �FRQFHSWV �DVVRFLDWHG �ZLWK �D �PDWUL[ �SURYLGH �VHYHUDO �PRUH
VWDWHPHQWV�IRU�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� 7KH\�DUH�SUHVHQWHG�EHORZ�WR�IROORZ�WKH
VWDWHPHQWV�LQ�WKH�RULJLQDO�WKHRUHP�LQ�6HFWLRQ�����
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WKHQ GLP1XOA D 0� E\�WKH�5DQN�7KHRUHP� DQG�VR 1XOA D f�g� 7KXV �S� ) �U� ) �T��
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��� 6XSSRVH � D 4 ! 6 PDWUL[ A KDV � IRXU � SLYRW � FROXPQV� ,V
&ROA D R4‹ ,V 1XOA D R2‹ ([SODLQ�\RXU�DQVZHUV�

��� 6XSSRVH � D 4 ! 7 PDWUL[ A KDV � WKUHH �SLYRW � FROXPQV� ,V
&ROA D R3‹ :KDW�LV�WKH�GLPHQVLRQ�RI 1XOA" ([SODLQ�\RXU
DQVZHUV�

,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU� +HUH A LV�DQ m ! n PDWUL[�

��� D� ,I B D fY1; : : : ; Ypg LV�D�EDVLV�IRU�D�VXEVSDFH H DQG�LI
[ D c1Y1 C " " " C cpYp; WKHQ c1; : : : ; cp DUH � WKH �FRRUGL�
QDWHV�RI [ UHODWLYH�WR�WKH�EDVLV B:

E� (DFK�OLQH�LQ Rn LV�D�RQH�GLPHQVLRQDO�VXEVSDFH�RI Rn�
F� 7KH�GLPHQVLRQ�RI &ROA LV�WKH�QXPEHU�RI�SLYRW�FROXPQV

LQ A�
G� 7KH�GLPHQVLRQV�RI &ROA DQG 1XOA DGG�XS�WR�WKH�QXPEHU

RI�FROXPQV�LQ A�
H� ,I�D�VHW�RI p YHFWRUV�VSDQV�D p�GLPHQVLRQDO�VXEVSDFH H

RI Rn; WKHQ�WKHVH�YHFWRUV�IRUP�D�EDVLV�IRU H �

��� D� ,I B LV�D�EDVLV�IRU�D�VXEVSDFH H; WKHQ�HDFK�YHFWRU�LQ H
FDQ�EH�ZULWWHQ�LQ�RQO\�RQH�ZD\�DV�D�OLQHDU�FRPELQDWLRQ�RI
WKH�YHFWRUV�LQ B:

E� 7KH�GLPHQVLRQ�RI 1XOA LV�WKH�QXPEHU�RI�YDULDEOHV�LQ�WKH
HTXDWLRQ A[ D �:

F� 7KH�GLPHQVLRQ�RI�WKH�FROXPQ�VSDFH�RI A LV UDQNA:
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G� ,I B D fY1; : : : ; Ypg LV�D�EDVLV�IRU�D�VXEVSDFH H RI Rn;
WKHQ�WKH�FRUUHVSRQGHQFH [ 7! Œ[!B PDNHV H ORRN�DQG�DFW
WKH�VDPH�DV Rp:
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��� ,I�WKH�VXEVSDFH�RI�DOO�VROXWLRQV�RI A[ D � KDV�D�EDVLV�FRQ�
VLVWLQJ�RI�WKUHH�YHFWRUV�DQG�LI A LV�D 5 ! 7 PDWUL[� ZKDW�LV�WKH
UDQN�RI A"

��� :KDW�LV�WKH�UDQN�RI�D 6 ! 8 PDWUL[�ZKRVH�QXOO�VSDFH�LV�WKUHH�
GLPHQVLRQDO"

��� ,I�WKH�UDQN�RI�D 9 ! 8 PDWUL[ A LV��� ZKDW�LV�WKH�GLPHQVLRQ�RI
WKH�VROXWLRQ�VSDFH�RI A[ D �‹

��� 6KRZ�WKDW�D�VHW fY1; : : : ; Y5g LQ Rn LV�OLQHDUO\�GHSHQGHQW�LI
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3 DQG�GLP�&RO A D 2�

��� &RQVWUXFW�D 3 ! 4 PDWUL[�ZLWK�UDQN���

��� /HW A EH � DQ n ! p PDWUL[ � ZKRVH � FROXPQ � VSDFH � LV p�
GLPHQVLRQDO� ([SODLQ�ZK\�WKH�FROXPQV�RI A PXVW�EH�OLQHDUO\
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UDQN�RIA LV��� ([SODLQ�ZK\�WKH�ÀYH�FROXPQV�PHQWLRQHG�PXVW
EH�D�EDVLV�IRU�WKH�FROXPQ�VSDFH�RI A�

��� 6XSSRVH � YHFWRUV E1; : : : ; Ep VSDQ � D � VXEVSDFH W; DQG � OHW
fD1; : : : ; Dqg EH�DQ\�VHW�LQ W FRQWDLQLQJ�PRUH�WKDQ p YHF�
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�� $ IRXU�GLPHQVLRQDO�VXEVSDFH�ZRXOG�FRQWDLQ�D�EDVLV�RI�IRXU�OLQHDUO\�LQGHSHQGHQW
YHFWRUV� 7KLV�LV�LPSRVVLEOH�LQVLGH R3: 6LQFH�DQ\�OLQHDUO\�LQGHSHQGHQW�VHW�LQ R3 KDV
QR�PRUH�WKDQ�WKUHH�YHFWRUV� DQ\�VXEVSDFH�RI R3 KDV�GLPHQVLRQ�QR�PRUH�WKDQ��� 7KH
VSDFH R3 LWVHOI�LV�WKH�RQO\�WKUHH�GLPHQVLRQDO�VXEVSDFH�RI R3� 2WKHU�VXEVSDFHV�RI R3

KDYH�GLPHQVLRQ��� �� RU���

�� $VVXPH�WKDW�WKH�PDWULFHV�PHQWLRQHG�LQ�WKH�VWDWHPHQWV�EHORZ
KDYH�DSSURSULDWH�VL]HV� 0DUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH�
-XVWLI\�HDFK�DQVZHU�
D� ,I A DQG B DUH m ! n� WKHQ�ERWK ABT DQG ATB DUH

GHÀQHG�
E� ,I AB D C DQG C KDV�� FROXPQV� WKHQ A KDV�� FROXPQV�
F� /HIW�PXOWLSO\LQJ�D�PDWUL[B E\�D�GLDJRQDO�PDWUL[A� ZLWK

QRQ]HUR�HQWULHV�RQ�WKH�GLDJRQDO� VFDOHV�WKH�URZV�RI B �
G� ,I BC D BD� WKHQ C D D�
H� ,I AC D 0� WKHQ�HLWKHU A D 0 RU C D 0�
I� ,IA DQGB DUH n ! n� WKHQ .A C B/.A # B/ D A2 # B2�
J� $Q � HOHPHQWDU\ n ! n PDWUL[ � KDV � HLWKHU n RU n C 1

QRQ]HUR�HQWULHV�
K� 7KH�WUDQVSRVH�RI�DQ�HOHPHQWDU\�PDWUL[�LV�DQ�HOHPHQWDU\

PDWUL[�
L� $Q�HOHPHQWDU\�PDWUL[�PXVW�EH�VTXDUH�
M� (YHU\�VTXDUH�PDWUL[�LV�D�SURGXFW�RI�HOHPHQWDU\�PDWULFHV�
N� ,I A LV � D 3 ! 3 PDWUL[ � ZLWK � WKUHH � SLYRW � SRVLWLRQV�

WKHUH �H[LVW � HOHPHQWDU\ �PDWULFHV E1; : : : ; Ep VXFK � WKDW
Ep " " " E1A D I �

O� ,I AB D I � WKHQ A LV�LQYHUWLEOH�
P� ,I A DQG B DUH�VTXDUH�DQG�LQYHUWLEOH� WKHQ AB LV�LQYHUW�

LEOH� DQG .AB/!1 D A!1B!1�
Q� ,I AB D BA DQG�LI A LV�LQYHUWLEOH� WKHQ A!1B D BA!1�
R� ,I A LV�LQYHUWLEOH�DQG�LI r ¤ 0� WKHQ .rA/!1 D rA!1�

S� ,I A LV�D 3 ! 3 PDWUL[�DQG�WKH�HTXDWLRQ A[ D

2
4

1
0
0

3
5 KDV

D�XQLTXH�VROXWLRQ� WKHQ A LV�LQYHUWLEOH�

�� )LQG�WKH�PDWUL[ C ZKRVH�LQYHUVH�LV C!1 D
#

4 5
6 7

$
�

�� /HW A D

2
4

0 0 0
1 0 0
0 1 0

3
5� 6KRZ�WKDW A3 D 0� 8VH�PDWUL[

DOJHEUD�WR�FRPSXWH�WKH�SURGXFW .I # A/.I C A C A2/�

�� 6XSSRVH An D 0 IRU�VRPH n > 1� )LQG�DQ�LQYHUVH�IRU I # A�

�� 6XSSRVH � DQ n ! n PDWUL[ A VDWLVÀHV � WKH � HTXDWLRQ A2#
2A C I D 0� 6KRZ�WKDW A3 D 3A # 2I DQG A4 D 4A # 3I �

�� /HW A D
#

1 0
0 #1

$
� B D

#
0 1
1 0

$
� 7KHVH�DUH 3DXOL�VSLQ

PDWULFHV XVHG � LQ � WKH � VWXG\ � RI � HOHFWURQ � VSLQ � LQ � TXDQWXP
PHFKDQLFV� 6KRZ�WKDW A2 D I � B2 D I � DQG AB D #BA�
0DWULFHV�VXFK�WKDW AB D #BA DUH�VDLG�WR DQWLFRPPXWH�

�� /HW A D

2
4

1 3 8
2 4 11
1 2 5

3
5 DQG B D

2
4

#3 5
1 5
3 4

3
5� &RPSXWH

A!1B ZLWKRXW�FRPSXWLQJ A!1� >+LQW� A!1B LV�WKH�VROXWLRQ
RI�WKH�HTXDWLRQ AX D B �@

�� )LQG�D�PDWUL[ A VXFK�WKDW�WKH�WUDQVIRUPDWLRQ [ 7!A[ PDSV#
1
3

$
DQG

#
2
7

$
LQWR

#
1
1

$
DQG

#
3
1

$
� UHVSHFWLYHO\� >+LQW�

:ULWH�D�PDWUL[�HTXDWLRQ�LQYROYLQJ A� DQG�VROYH�IRU A�@

�� 6XSSRVH AB D
#

5 4
#2 3

$
DQG B D

#
7 3
2 1

$
� )LQG A�

��� 6XSSRVH A LV�LQYHUWLEOH� ([SODLQ�ZK\ ATA LV�DOVR�LQYHUWLEOH�
7KHQ�VKRZ�WKDW A!1 D .ATA/!1AT �

��� /HW x1; : : : ; xn EH�À[HG�QXPEHUV� 7KH�PDWUL[�EHORZ� FDOOHG
D 9DQGHUPRQGH�PDWUL[� RFFXUV�LQ�DSSOLFDWLRQV�VXFK�DV�VLJQDO
SURFHVVLQJ� HUURU�FRUUHFWLQJ�FRGHV� DQG�SRO\QRPLDO�LQWHUSR�
ODWLRQ�

V D

2
6664

1 x1 x2
1 " " " xn!1

1

1 x2 x2
2 " " " xn!1

2
:::

:::
:::

:::
1 xn x2

n " " " xn!1
n

3
7775

*LYHQ \ D .y1; : : : ; yn/ LQ Rn� VXSSRVH F D .c0; : : : ; cn!1/ LQ
Rn VDWLVÀHV V F D \� DQG�GHÀQH�WKH�SRO\QRPLDO
p.t/ D c0 C c1t C c2t

2 C " " " C cn!1t
n!1

D� 6KRZ � WKDW p.x1/ D y1; : : : ; p.xn/ D yn� :H � FDOO
p.t/ DQ LQWHUSRODWLQJ � SRO\QRPLDO � IRU � WKH � SRLQWV
.x1; y1/; : : : ; .xn; yn/ EHFDXVH�WKH�JUDSK�RI p.t/ SDVVHV
WKURXJK�WKH�SRLQWV�

E� 6XSSRVH x1; : : : ; xn DUH�GLVWLQFW�QXPEHUV� 6KRZ�WKDW�WKH
FROXPQV�RI V DUH�OLQHDUO\�LQGHSHQGHQW� >+LQW� +RZ�PDQ\
]HURV�FDQ�D�SRO\QRPLDO�RI�GHJUHH n # 1 KDYH"@

F� 3URYH� ´,I x1; : : : ; xn DUH�GLVWLQFW�QXPEHUV� DQG y1; : : : ; yn

DUH�DUELWUDU\�QXPEHUV� WKHQ�WKHUH�LV�DQ�LQWHUSRODWLQJ�SRO\�
QRPLDO�RI�GHJUHH ) n # 1 IRU .x1; y1/; : : : ; .xn; yn/�µ

��� /HW A D LU � ZKHUH L LV�DQ�LQYHUWLEOH�ORZHU�WULDQJXODU�PD�
WUL[�DQG U LV�XSSHU�WULDQJXODU� ([SODLQ�ZK\�WKH�ÀUVW�FROXPQ
RI A LV�D�PXOWLSOH�RI�WKH�ÀUVW�FROXPQ�RI L� +RZ�LV�WKH�VHFRQG
FROXPQ�RI A UHODWHG�WR�WKH�FROXPQV�RI L"



&KDSWHU���6XSSOHPHQWDU\�([HUFLVHV

��� *LYHQ X LQ Rn ZLWK XTX D 1� OHW P D XXT �DQ�RXWHU�SURGXFW�
DQG Q D I # 2P � -XVWLI\�VWDWHPHQWV��D�� �E�� DQG��F��
D� P 2 D P E� P T D P F� Q2 D I

7KH � WUDQVIRUPDWLRQ [ 7!P [ LV � FDOOHG � D SURMHFWLRQ� DQG
[ 7!Q[ LV�FDOOHG�D +RXVHKROGHU�UHÁHFWLRQ� 6XFK�UHÁHFWLRQV
DUH�XVHG�LQ�FRPSXWHU�SURJUDPV�WR�FUHDWH�PXOWLSOH�]HURV�LQ�D
YHFWRU��XVXDOO\�D�FROXPQ�RI�D�PDWUL[��

��� /HW X D

2
4

0
0
1

3
5 DQG [ D

2
4

1
5
3

3
5� 'HWHUPLQH P DQG Q DV�LQ

([HUFLVH���� DQG�FRPSXWH P [ DQG Q[� 7KH�ÀJXUH�VKRZV�WKDW
Q[ LV�WKH�UHÁHFWLRQ�RI [ WKURXJK�WKH x1x2�SODQH�

Px

x3

x1

x2

u

x

x ! Px

Qx

$ +RXVHKROGHU�UHÁHFWLRQ�WKURXJK�WKH�SODQH
x3 D 0�

��� 6XSSRVH C D E3E2E1B � ZKHUH E1� E2� DQG E3 DUH�HOHPHQ�
WDU\�PDWULFHV� ([SODLQ�ZK\ C LV�URZ�HTXLYDOHQW�WR B �

��� /HW A EH�DQ n ! n VLQJXODU�PDWUL[� 'HVFULEH�KRZ�WR�FRQVWUXFW
DQ n ! n QRQ]HUR�PDWUL[ B VXFK�WKDW AB D 0:

��� /HW A EH�D 6 ! 4 PDWUL[�DQG B D 4 ! 6 PDWUL[� 6KRZ�WKDW�WKH
6 ! 6 PDWUL[ AB FDQQRW�EH�LQYHUWLEOH�

��� 6XSSRVH A LV�D 5 ! 3 PDWUL[�DQG�WKHUH�H[LVWV�D 3 ! 5 PDWUL[
C VXFK�WKDW CA D I3� 6XSSRVH�IXUWKHU�WKDW�IRU�VRPH�JLYHQ E
LQ R5� WKH�HTXDWLRQ A[ D E KDV�DW�OHDVW�RQH�VROXWLRQ� 6KRZ
WKDW�WKLV�VROXWLRQ�LV�XQLTXH�

��� >0@ &HUWDLQ�G\QDPLFDO�V\VWHPV�FDQ�EH�VWXGLHG�E\�H[DPLQLQJ
SRZHUV�RI�D�PDWUL[� VXFK�DV�WKRVH�EHORZ� 'HWHUPLQH�ZKDW
KDSSHQV � WR Ak DQG Bk DV k LQFUHDVHV � �IRU � H[DPSOH� WU\
k D 2; : : : ; 16/� 7U\�WR�LGHQWLI\�ZKDW�LV�VSHFLDO�DERXW A DQG
B � ,QYHVWLJDWH�ODUJH�SRZHUV�RI�RWKHU�PDWULFHV�RI�WKLV�W\SH�
DQG�PDNH�D�FRQMHFWXUH�DERXW�VXFK�PDWULFHV�

A D
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:3 :2 :4

3
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:1 :6 :3
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5

��� >0@ /HWAn EH�WKH n ! nPDWUL[�ZLWK��·V�RQ�WKH�PDLQ�GLDJRQDO
DQG��·V�HOVHZKHUH� &RPSXWH A!1

n IRU n D 4� �� DQG��� DQG
PDNH�D�FRQMHFWXUH�DERXW�WKH�JHQHUDO�IRUP�RI A!1

n IRU�ODUJHU
YDOXHV�RI n�
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'HWHUPLQDQWV

WEB

5DQGRP�3DWKV�DQG�'LVWRUWLRQ
,Q �KLV � DXWRELRJUDSKLFDO � ERRN � ´6XUHO\ �<RX·UH � -RNLQJ�
0U� )H\QPDQ�µ WKH�1REHO�3UL]H²ZLQQLQJ�SK\VLFLVW�5LFKDUG
)H\QPDQ�WHOOV�RI�REVHUYLQJ�DQWV�LQ�KLV�3ULQFHWRQ�JUDGXDWH
VFKRRO �DSDUWPHQW� +H � VWXGLHG � WKH � DQWV·�EHKDYLRU �E\
SURYLGLQJ�SDSHU�IHUULHV�WR�VXJDU�VXVSHQGHG�RQ�D�VWULQJ
ZKHUH�WKH�DQWV�ZRXOG�QRW�DFFLGHQWDOO\�ÀQG�LW� :KHQ�DQ�DQW
ZRXOG�VWHS�RQWR�D�SDSHU�IHUU\� )H\QPDQ�ZRXOG�WUDQVSRUW�WKH
DQW�WR�WKH�IRRG�DQG�WKHQ�EDFN� $IWHU�WKH�DQWV�OHDUQHG�WR�XVH
WKH�IHUU\� KH�UHORFDWHG�WKH�UHWXUQ�ODQGLQJ� 7KH�FRORQ\�VRRQ
FRQIXVHG�WKH�RXWERXQG�DQG�UHWXUQ�IHUU\�ODQGLQJV� LQGLFDWLQJ
WKDW�WKHLU�´OHDUQLQJµ�FRQVLVWHG�RI�FUHDWLQJ�DQG�IROORZLQJ
WUDLOV� )H\QPDQ�FRQÀUPHG�WKLV�FRQMHFWXUH�E\�OD\LQJ�JODVV
VOLGHV�RQ�WKH�ÁRRU� 2QFH�WKH�DQWV�HVWDEOLVKHG�WUDLOV�RQ�WKH
JODVV�VOLGHV� KH�UHDUUDQJHG�WKH�VOLGHV�DQG�WKHUHIRUH�WKH�WUDLOV
RQ�WKHP� 7KH�DQWV�IROORZHG�WKH�UHSRVLWLRQHG�WUDLOV�DQG
)H\QPDQ�FRXOG�GLUHFW�WKH�DQWV�ZKHUH�KH�ZLVKHG�

6XSSRVH�)H\QPDQ�KDG�GHFLGHG�WR�FRQGXFW�DGGLWLRQDO
LQYHVWLJDWLRQV�XVLQJ�D�JOREH�EXLOW�RI�ZLUH�PHVK�RQ�ZKLFK
DQ�DQW�PXVW�IROORZ�LQGLYLGXDO�ZLUHV�DQG�FKRRVH�EHWZHHQ
JRLQJ�OHIW�DQG�ULJKW�DW�HDFK�LQWHUVHFWLRQ� ,I�VHYHUDO�DQWV�DQG
DQ�HTXDO�QXPEHU�RI�IRRG�VRXUFHV�DUH�SODFHG�RQ�WKH�JOREH�
KRZ�OLNHO\�LV�LW�WKDW�HDFK�DQW�ZRXOG�ÀQG�LWV�RZQ�IRRG�VRXUFH
UDWKHU�WKDQ�HQFRXQWHULQJ�DQRWKHU�DQW·V�WUDLO�DQG�IROORZLQJ
LW�WR�D�VKDUHG�UHVRXUFH"�

1 7KH�VROXWLRQ�WR�WKH�DQW�SDWK�SUREOHP��DQG�WZR�RWKHU�DSSOLFDWLRQV��FDQ
EH�IRXQG�LQ�D�-XQH������ 0DWKHPDWLFDO�0RQWKO\ DUWLFOH�E\�$UWKXU
%HQMDPLQ�DQG�1DRPL�&DPHURQ�

,Q�RUGHU�WR�UHFRUG�WKH�DFWXDO�URXWHV�RI�WKH�DQWV�DQG�WR
FRPPXQLFDWH�WKH�UHVXOWV�WR�RWKHUV� LW�LV�FRQYHQLHQW�WR�XVH
D�UHFWDQJXODU�PDS�RI�WKH�JOREH� 7KHUH�DUH�PDQ\�ZD\V�WR
FUHDWH�VXFK�PDSV� 2QH�VLPSOH�ZD\�LV�WR�XVH�WKH�ORQJLWXGH
DQG�ODWLWXGH�RQ�WKH�JOREH�DV x DQG y FRRUGLQDWHV�RQ�WKH�PDS�
$V�LV�WKH�FDVH�ZLWK�DOO�PDSV� WKH�UHVXOW�LV�QRW�D�IDLWKIXO
UHSUHVHQWDWLRQ�RI�WKH�JOREH� )HDWXUHV�QHDU�WKH�´HTXDWRUµ
ORRN�PXFK�WKH�VDPH�RQ�WKH�JOREH�DQG�WKH�PDS� EXW�UHJLRQV
QHDU�WKH�´SROHVµ�RI�WKH�JOREH�DUH�GLVWRUWHG� ,PDJHV�RI�SRODU
UHJLRQV�DUH�PXFK�ODUJHU�WKDQ�WKH�LPDJHV�RI�VLPLODU�VL]HG
UHJLRQV�QHDU�WKH�HTXDWRU� 7R�ÀW�LQ�ZLWK�LWV�VXUURXQGLQJV�RQ
WKH�PDS� WKH�LPDJH�RI�DQ�DQW�QHDU�RQH�RI�WKH�SROHV�VKRXOG
EH�ODUJHU�WKDQ�RQH�QHDU�WKH�HTXDWRU� +RZ�PXFK�ODUJHU"

6XUSULVLQJO\� ERWK�WKH�DQW�SDWK�DQG�WKH�DUHD�GLVWRUWLRQ
SUREOHPV�DUH�EHVW�DQVZHUHG�WKURXJK�WKH�XVH�RI�WKH�GHWHUPL�
QDQW� WKH�VXEMHFW�RI�WKLV�FKDSWHU� ,QGHHG� WKH�GHWHUPLQDQW
KDV�VR�PDQ\�XVHV�WKDW�D�VXPPDU\�RI�WKH�DSSOLFDWLRQV�NQRZQ
LQ�WKH�HDUO\�����·V�ÀOOHG�D�IRXU�YROXPH�WUHDWLVH�E\�7KRPDV
0XLU� :LWK�FKDQJHV�LQ�HPSKDVLV�DQG�WKH�JUHDWO\�LQFUHDVHG
VL]HV�RI�WKH�PDWULFHV�XVHG�LQ�PRGHUQ�DSSOLFDWLRQV� PDQ\
XVHV�WKDW�ZHUH�LPSRUWDQW�WKHQ�DUH�QR�ORQJHU�FULWLFDO�WRGD\�
1HYHUWKHOHVV� WKH�GHWHUPLQDQW�VWLOO�SOD\V�DQ�LPSRUWDQW�UROH�



'HWHUPLQDQWV

%H\RQG�LQWURGXFLQJ�WKH�GHWHUPLQDQW�LQ�6HFWLRQ ���� WKLV�FKDSWHU�SUHVHQWV�WZR�LPSRUWDQW
LGHDV� 6HFWLRQ ����GHULYHV�DQ�LQYHUWLELOLW\�FULWHULRQ�IRU�D�VTXDUH�PDWUL[�WKDW�SOD\V�D�SLYRWDO
UROH�LQ�&KDSWHU �� 6HFWLRQ ����VKRZV�KRZ�WKH�GHWHUPLQDQW�PHDVXUHV�WKH�DPRXQW�E\�ZKLFK
D�OLQHDU�WUDQVIRUPDWLRQ�FKDQJHV�WKH�DUHD�RI�D�ÀJXUH� :KHQ�DSSOLHG�ORFDOO\� WKLV�WHFKQLTXH
DQVZHUV�WKH�TXHVWLRQ�RI�D�PDS·V�H[SDQVLRQ�UDWH�QHDU�WKH�SROHV� 7KLV�LGHD�SOD\V�D�FULWLFDO
UROH�LQ�PXOWLYDULDEOH�FDOFXOXV�LQ�WKH�IRUP�RI�WKH�-DFRELDQ�

5HFDOO�IURP�6HFWLRQ ����WKDW�D 2 ! 2 PDWUL[�LV�LQYHUWLEOH�LI�DQG�RQO\�LI�LWV�GHWHUPLQDQW
LV�QRQ]HUR� 7R�H[WHQG�WKLV�XVHIXO�IDFW�WR�ODUJHU�PDWULFHV� ZH�QHHG�D�GHÀQLWLRQ�IRU�WKH
GHWHUPLQDQW�RI�DQ n ! n PDWUL[� :H�FDQ�GLVFRYHU�WKH�GHÀQLWLRQ�IRU�WKH 3 ! 3 FDVH�E\
ZDWFKLQJ�ZKDW�KDSSHQV�ZKHQ�DQ�LQYHUWLEOH 3 ! 3 PDWUL[ A LV�URZ�UHGXFHG�

&RQVLGHU A D Œaij ! ZLWK a11 ¤ 0� ,I�ZH�PXOWLSO\�WKH�VHFRQG�DQG�WKLUG�URZV�RI A E\
a11 DQG�WKHQ�VXEWUDFW�DSSURSULDWH�PXOWLSOHV�RI�WKH�ÀUVW�URZ�IURP�WKH�RWKHU�WZR�URZV� ZH
ÀQG�WKDW A LV�URZ�HTXLYDOHQW�WR�WKH�IROORZLQJ�WZR�PDWULFHV�

2
4

a11 a12 a13

a11a21 a11a22 a11a23

a11a31 a11a32 a11a33

3
5 "

2
4

a11 a12 a13

0 a11a22 # a12a21 a11a23 # a13a21

0 a11a32 # a12a31 a11a33 # a13a31

3
5 ���

6LQFH A LV�LQYHUWLEOH� HLWKHU�WKH .2; 2/�HQWU\�RU�WKH .3; 2/�HQWU\�RQ�WKH�ULJKW�LQ�����LV
QRQ]HUR� /HW�XV�VXSSRVH�WKDW�WKH .2; 2/�HQWU\�LV�QRQ]HUR� �2WKHUZLVH� ZH�FDQ�PDNH�D
URZ�LQWHUFKDQJH�EHIRUH�SURFHHGLQJ�� 0XOWLSO\�URZ���E\ a11a22 # a12a21� DQG�WKHQ�WR�WKH
QHZ�URZ���DGG #.a11a32 # a12a31/ WLPHV�URZ �� 7KLV�ZLOO�VKRZ�WKDW

A "

2
4

a11 a12 a13

0 a11a22 # a12a21 a11a23 # a13a21

0 0 a11"

3
5

ZKHUH

" D a11a22a33 C a12a23a31 C a13a21a32 # a11a23a32 # a12a21a33 # a13a22a31 ���

6LQFH A LV�LQYHUWLEOH� " PXVW�EH�QRQ]HUR� 7KH�FRQYHUVH�LV�WUXH� WRR� DV�ZH�ZLOO�VHH�LQ
6HFWLRQ ���� :H�FDOO " LQ�����WKH GHWHUPLQDQW RI�WKH 3 ! 3 PDWUL[ A�

5HFDOO�WKDW�WKH�GHWHUPLQDQW�RI�D 2 ! 2 PDWUL[� A D Œaij !� LV�WKH�QXPEHU

GHWA D a11a22 # a12a21

)RU�D 1 ! 1 PDWUL[³VD\� A D Œa11!³ZH�GHÀQH GHWA D a11� 7R�JHQHUDOL]H�WKH�GHÀQL�
WLRQ�RI�WKH�GHWHUPLQDQW�WR�ODUJHU�PDWULFHV� ZH·OO�XVH 2 ! 2 GHWHUPLQDQWV�WR�UHZULWH�WKH
3 ! 3 GHWHUPLQDQW " GHVFULEHG �DERYH� 6LQFH � WKH � WHUPV � LQ " FDQ �EH �JURXSHG �DV
.a11a22a33 # a11a23a32/ # .a12a21a33 # a12a23a31/ C .a13a21a32 # a13a22a31/�

" D a11 $ GHW
!

a22 a23

a32 a33

"
# a12 $ GHW

!
a21 a23

a31 a33

"
C a13 $ GHW

!
a21 a22

a31 a32

"

)RU�EUHYLW\� ZULWH

" D a11 $ GHWA11 # a12 $ GHWA12 C a13 $ GHWA13 ���

ZKHUH A11� A12� DQG A13 DUH�REWDLQHG�IURP A E\�GHOHWLQJ�WKH�ÀUVW�URZ�DQG�RQH�RI�WKH
WKUHH�FROXPQV� )RU�DQ\�VTXDUH�PDWUL[A� OHWAij GHQRWH�WKH�VXEPDWUL[�IRUPHG�E\�GHOHWLQJ



,QWURGXFWLRQ�WR�'HWHUPLQDQWV

WKH i WK�URZ�DQG j WK�FROXPQ�RI A� )RU�LQVWDQFH� LI

A D

2
664

1 #2 5 0
2 0 4 #1
3 1 0 7
0 4 #2 0

3
775

WKHQ A32 LV�REWDLQHG�E\�FURVVLQJ�RXW�URZ ��DQG�FROXPQ ��2
664

1 #2 5 0
2 0 4 #1
3 1 0 7
0 4 #2 0

3
775

VR�WKDW

A32 D

2
4

1 5 0
2 4 #1
0 #2 0

3
5

:H�FDQ�QRZ�JLYH�D UHFXUVLYH GHÀQLWLRQ�RI�D�GHWHUPLQDQW� :KHQ n D 3� GHWA LV�GHÀQHG
XVLQJ�GHWHUPLQDQWV�RI�WKH 2 ! 2 VXEPDWULFHV A1j � DV�LQ�����DERYH� :KHQ n D 4� GHWA
XVHV�GHWHUPLQDQWV�RI�WKH 3 ! 3 VXEPDWULFHV A1j � ,Q�JHQHUDO� DQ n ! n GHWHUPLQDQW�LV
GHÀQHG�E\�GHWHUPLQDQWV�RI .n # 1/ ! .n # 1/ VXEPDWULFHV�

)RU n % 2� WKH GHWHUPLQDQW RI�DQ n ! n PDWUL[ A D Œaij ! LV�WKH�VXP�RI n WHUPV
RI�WKH�IRUP ˙a1j GHWA1j � ZLWK�SOXV�DQG�PLQXV�VLJQV�DOWHUQDWLQJ� ZKHUH�WKH�HQWULHV
a11; a12; : : : ; a1n DUH�IURP�WKH�ÀUVW�URZ�RI A� ,Q�V\PEROV�

GHWA D a11 GHWA11 # a12 GHWA12 C $ $ $ C .#1/1Cna1n GHWA1n

D
nX

jD1

.#1/1Cj a1j GHWA1j

&RPSXWH�WKH�GHWHUPLQDQW�RI

A D

2
4

1 5 0
2 4 #1
0 #2 0

3
5

&RPSXWH GHWA D a11 GHWA11 # a12 GHWA12 C a13 GHWA13�

GHWA D 1 $ GHW
!

4 #1
#2 0

"
# 5 $ GHW

!
2 #1
0 0

"
C 0 $ GHW

!
2 4
0 #2

"

D 1.0 # 2/ # 5.0 # 0/ C 0.#4 # 0/ D #2

$QRWKHU�FRPPRQ�QRWDWLRQ�IRU�WKH�GHWHUPLQDQW�RI�D�PDWUL[�XVHV�D�SDLU�RI�YHUWLFDO
OLQHV�LQ�SODFH�RI�EUDFNHWV� 7KXV�WKH�FDOFXODWLRQ�LQ�([DPSOH���FDQ�EH�ZULWWHQ�DV

GHWA D 1

ˇ̌
ˇ̌ 4 #1
#2 0

ˇ̌
ˇ̌ # 5

ˇ̌
ˇ̌ 2 #1
0 0

ˇ̌
ˇ̌C 0

ˇ̌
ˇ̌ 2 4
0 #2

ˇ̌
ˇ̌ D $ $ $ D #2

7R�VWDWH�WKH�QH[W�WKHRUHP� LW�LV�FRQYHQLHQW�WR�ZULWH�WKH�GHÀQLWLRQ�RI GHWA LQ�D�VOLJKWO\
GLIIHUHQW�IRUP� *LYHQ A D Œaij !� WKH .i; j /�FRIDFWRU RI A LV�WKH�QXPEHU Cij JLYHQ�E\

Cij D .#1/iCj GHWAij ���

7KHQ
GHWA D a11C11 C a12C12 C $ $ $ C a1nC1n



'HWHUPLQDQWV

7KLV�IRUPXOD�LV�FDOOHG�D FRIDFWRU�H[SDQVLRQ�DFURVV�WKH�ÀUVW�URZ RI A� :H�RPLW�WKH
SURRI�RI�WKH�IROORZLQJ�IXQGDPHQWDO�WKHRUHP�WR�DYRLG�D�OHQJWK\�GLJUHVVLRQ�

7KH�GHWHUPLQDQW�RI�DQ n ! n PDWUL[ A FDQ�EH�FRPSXWHG�E\�D�FRIDFWRU�H[SDQVLRQ
DFURVV�DQ\�URZ�RU�GRZQ�DQ\�FROXPQ� 7KH�H[SDQVLRQ�DFURVV�WKH i WK�URZ�XVLQJ�WKH
FRIDFWRUV�LQ�����LV

GHWA D ai1Ci1 C ai2Ci2 C $ $ $ C ainCin

7KH�FRIDFWRU�H[SDQVLRQ�GRZQ�WKH j WK�FROXPQ�LV

GHWA D a1j C1j C a2j C2j C $ $ $ C anj Cnj

7KH�SOXV�RU�PLQXV�VLJQ�LQ�WKH .i; j /�FRIDFWRU�GHSHQGV�RQ�WKH�SRVLWLRQ�RI aij LQ�WKH
PDWUL[� UHJDUGOHVV�RI�WKH�VLJQ�RI aij LWVHOI� 7KH�IDFWRU .#1/iCj GHWHUPLQHV�WKH�IROORZLQJ
FKHFNHUERDUG�SDWWHUQ�RI�VLJQV� 2

6664

C # C $ $ $
# C #
C # C
:::

: : :

3
7775

8VH�D�FRIDFWRU�H[SDQVLRQ�DFURVV�WKH�WKLUG�URZ�WR�FRPSXWH GHWA� ZKHUH

A D

2
4

1 5 0
2 4 #1
0 #2 0

3
5

&RPSXWH
GHWA D a31C31 C a32C32 C a33C33

D .#1/3C1a31 GHWA31 C .#1/3C2a32 GHWA32 C .#1/3C3a33 GHWA33

D 0

ˇ̌
ˇ̌ 5 0
4 #1

ˇ̌
ˇ̌ # .#2/

ˇ̌
ˇ̌ 1 0
2 #1

ˇ̌
ˇ̌C 0

ˇ̌
ˇ̌ 1 5
2 4

ˇ̌
ˇ̌

D 0 C 2.#1/ C 0 D #2

7KHRUHP���LV�KHOSIXO�IRU�FRPSXWLQJ�WKH�GHWHUPLQDQW�RI�D�PDWUL[�WKDW�FRQWDLQV�PDQ\
]HURV� )RU�H[DPSOH� LI�D�URZ�LV�PRVWO\�]HURV� WKHQ�WKH�FRIDFWRU�H[SDQVLRQ�DFURVV�WKDW�URZ
KDV�PDQ\�WHUPV�WKDW�DUH�]HUR� DQG�WKH�FRIDFWRUV�LQ�WKRVH�WHUPV�QHHG�QRW�EH�FDOFXODWHG�
7KH�VDPH�DSSURDFK�ZRUNV�ZLWK�D�FROXPQ�WKDW�FRQWDLQV�PDQ\�]HURV�

&RPSXWH GHWA� ZKHUH

A D

2
66664

3 #7 8 9 #6
0 2 #5 7 3
0 0 1 5 0
0 0 2 4 #1
0 0 0 #2 0

3
77775

7KH�FRIDFWRU�H[SDQVLRQ�GRZQ�WKH�ÀUVW�FROXPQ�RI A KDV�DOO�WHUPV�HTXDO�WR
]HUR�H[FHSW�WKH�ÀUVW� 7KXV

GHWA D 3 $

ˇ̌
ˇ̌
ˇ̌
ˇ̌

2 #5 7 3
0 1 5 0
0 2 4 #1
0 0 #2 0

ˇ̌
ˇ̌
ˇ̌
ˇ̌ # 0 $ C21 C 0 $ C31 # 0 $ C41 C 0 $ C51



,QWURGXFWLRQ�WR�'HWHUPLQDQWV

+HQFHIRUWK�ZH�ZLOO�RPLW�WKH�]HUR�WHUPV�LQ�WKH�FRIDFWRU�H[SDQVLRQ� 1H[W� H[SDQG�WKLV
4 ! 4 GHWHUPLQDQW�GRZQ�WKH�ÀUVW�FROXPQ� LQ�RUGHU�WR�WDNH�DGYDQWDJH�RI�WKH�]HURV�WKHUH�
:H�KDYH

GHWA D 3 $ 2 $

ˇ̌
ˇ̌
ˇ̌
1 5 0
2 4 #1
0 #2 0

ˇ̌
ˇ̌
ˇ̌

7KLV 3 ! 3 GHWHUPLQDQW�ZDV�FRPSXWHG�LQ�([DPSOH���DQG�IRXQG�WR�HTXDO #2� +HQFH
GHWA D 3 $ 2 $ .#2/ D #12�

7KH�PDWUL[�LQ�([DPSOH���ZDV�QHDUO\�WULDQJXODU� 7KH�PHWKRG�LQ�WKDW�H[DPSOH�LV
HDVLO\�DGDSWHG�WR�SURYH�WKH�IROORZLQJ�WKHRUHP�

,I A LV�D�WULDQJXODU�PDWUL[� WKHQ GHWA LV�WKH�SURGXFW�RI�WKH�HQWULHV�RQ�WKH�PDLQ
GLDJRQDO�RI A�

7KH�VWUDWHJ\�LQ�([DPSOH���RI�ORRNLQJ�IRU�]HURV�ZRUNV�H[WUHPHO\�ZHOO�ZKHQ�DQ�HQWLUH
URZ�RU�FROXPQ�FRQVLVWV�RI�]HURV� ,Q�VXFK�D�FDVH� WKH�FRIDFWRU�H[SDQVLRQ�DORQJ�VXFK�D�URZ
RU�FROXPQ�LV�D�VXP�RI�]HURV� 6R�WKH�GHWHUPLQDQW�LV�]HUR� 8QIRUWXQDWHO\� PRVW�FRIDFWRU
H[SDQVLRQV�DUH�QRW�VR�TXLFNO\�HYDOXDWHG�

%\�WRGD\·V�VWDQGDUGV� D 25 ! 25 PDWUL[�LV�VPDOO� <HW�LW�ZRXOG�EH�LPSRVVLEOH�WR
FDOFXODWH�D 25 ! 25 GHWHUPLQDQW�E\�FRIDFWRU�H[SDQVLRQ� ,Q�JHQHUDO� D�FRIDFWRU
H[SDQVLRQ�UHTXLUHV�RYHU nŠ PXOWLSOLFDWLRQV� DQG 25Š LV�DSSUR[LPDWHO\ 1:5 ! 1025�

,I�D�FRPSXWHU�SHUIRUPV�RQH�WULOOLRQ�PXOWLSOLFDWLRQV�SHU�VHFRQG� LW�ZRXOG�KDYH
WR�UXQ�IRU�RYHU���������\HDUV�WR�FRPSXWH�D 25 ! 25 GHWHUPLQDQW�E\�WKLV�PHWKRG�
)RUWXQDWHO\� WKHUH�DUH�IDVWHU�PHWKRGV� DV�ZH·OO�VRRQ�GLVFRYHU�

([HUFLVHV���²���H[SORUH�LPSRUWDQW�SURSHUWLHV�RI�GHWHUPLQDQWV� PRVWO\�IRU�WKH 2 ! 2
FDVH� 7KH�UHVXOWV�IURP�([HUFLVHV���²���ZLOO�EH�XVHG�LQ�WKH�QH[W�VHFWLRQ�WR�GHULYH�WKH
DQDORJRXV�SURSHUWLHV�IRU n ! n PDWULFHV�

&RPSXWH

ˇ̌
ˇ̌
ˇ̌
ˇ̌

5 #7 2 2
0 3 0 #4

#5 #8 0 3
0 5 0 #6

ˇ̌
ˇ̌
ˇ̌
ˇ̌�

&RPSXWH � WKH �GHWHUPLQDQWV � LQ �([HUFLVHV � �²� �XVLQJ � D � FRIDFWRU
H[SDQVLRQ�DFURVV�WKH�ÀUVW�URZ� ,Q�([HUFLVHV��²�� DOVR�FRPSXWH�WKH
GHWHUPLQDQW�E\�D�FRIDFWRU�H[SDQVLRQ�GRZQ�WKH�VHFRQG�FROXPQ�

��

ˇ̌
ˇ̌
ˇ̌
3 0 4
2 3 2
0 5 #1

ˇ̌
ˇ̌
ˇ̌ ��

ˇ̌
ˇ̌
ˇ̌
0 5 1
4 #3 0
2 4 1

ˇ̌
ˇ̌
ˇ̌

��

ˇ̌
ˇ̌
ˇ̌
2 #4 3
3 1 2
1 4 #1

ˇ̌
ˇ̌
ˇ̌ ��

ˇ̌
ˇ̌
ˇ̌
1 3 5
2 1 1
3 4 2

ˇ̌
ˇ̌
ˇ̌

��

ˇ̌
ˇ̌
ˇ̌
2 3 #4
4 0 5
5 1 6

ˇ̌
ˇ̌
ˇ̌ ��

ˇ̌
ˇ̌
ˇ̌
5 #2 4
0 3 #5
2 #4 7

ˇ̌
ˇ̌
ˇ̌



'HWHUPLQDQWV

��

ˇ̌
ˇ̌
ˇ̌
4 3 0
6 5 2
9 7 3

ˇ̌
ˇ̌
ˇ̌ ��

ˇ̌
ˇ̌
ˇ̌
8 1 6
4 0 3
3 #2 5

ˇ̌
ˇ̌
ˇ̌

&RPSXWH�WKH�GHWHUPLQDQWV�LQ�([HUFLVHV��²���E\�FRIDFWRU�H[SDQ�
VLRQV� $W�HDFK�VWHS� FKRRVH�D�URZ�RU�FROXPQ�WKDW�LQYROYHV�WKH�OHDVW
DPRXQW�RI�FRPSXWDWLRQ�

��

ˇ̌
ˇ̌
ˇ̌
ˇ̌

6 0 0 5
1 7 2 #5
2 0 0 0
8 3 1 8

ˇ̌
ˇ̌
ˇ̌
ˇ̌ ���

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 #2 5 2
0 0 3 0
2 #6 #7 5
5 0 4 4

ˇ̌
ˇ̌
ˇ̌
ˇ̌

���

ˇ̌
ˇ̌
ˇ̌
ˇ̌

3 5 #8 4
0 #2 3 #7
0 0 1 5
0 0 0 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌ ���

ˇ̌
ˇ̌
ˇ̌
ˇ̌

4 0 0 0
7 #1 0 0
2 6 3 0
5 #8 4 #3

ˇ̌
ˇ̌
ˇ̌
ˇ̌

���

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

4 0 #7 3 #5
0 0 2 0 0
7 3 #6 4 #8
5 0 5 2 #3
0 0 9 #1 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

���

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

6 3 2 4 0
9 0 #4 1 0
8 #5 6 7 1
3 0 0 0 0
4 2 3 2 0

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

7KH�H[SDQVLRQ�RI�D 3 ! 3 GHWHUPLQDQW�FDQ�EH�UHPHPEHUHG�E\�WKH
IROORZLQJ�GHYLFH� :ULWH�D�VHFRQG�FRS\�RI�WKH�ÀUVW�WZR�FROXPQV�WR
WKH�ULJKW�RI�WKH�PDWUL[� DQG�FRPSXWH�WKH�GHWHUPLQDQW�E\�PXOWLSO\�
LQJ�HQWULHV�RQ�VL[�GLDJRQDOV�

a11 a12 a13 a11 a12

a21 a22 a23 a21 a22

a31 a32 a33 a31 a32

– – –

+ + +

$GG�WKH�GRZQZDUG�GLDJRQDO�SURGXFWV�DQG�VXEWUDFW�WKH�XSZDUG
SURGXFWV� 8VH�WKLV�PHWKRG�WR�FRPSXWH�WKH�GHWHUPLQDQWV�LQ�([�
HUFLVHV���²��� :DUQLQJ� 7KLV�WULFN�GRHV�QRW�JHQHUDOL]H�LQ�DQ\
UHDVRQDEOH�ZD\�WR 4 ! 4 RU�ODUJHU�PDWULFHV�

���

ˇ̌
ˇ̌
ˇ̌
3 0 4
2 3 2
0 5 #1

ˇ̌
ˇ̌
ˇ̌ ���

ˇ̌
ˇ̌
ˇ̌
0 5 1
4 #3 0
2 4 1

ˇ̌
ˇ̌
ˇ̌

���

ˇ̌
ˇ̌
ˇ̌
2 #4 3
3 1 2
1 4 #1

ˇ̌
ˇ̌
ˇ̌ ���

ˇ̌
ˇ̌
ˇ̌
1 3 5
2 1 1
3 4 2

ˇ̌
ˇ̌
ˇ̌

,Q �([HUFLVHV ���²��� H[SORUH � WKH �HIIHFW �RI � DQ �HOHPHQWDU\ � URZ
RSHUDWLRQ�RQ�WKH�GHWHUPLQDQW�RI�D�PDWUL[� ,Q�HDFK�FDVH� VWDWH�WKH
URZ�RSHUDWLRQ�DQG�GHVFULEH�KRZ�LW�DIIHFWV�WKH�GHWHUPLQDQW�

���
!

a b
c d

"
�
!

c d
a b

"
���

!
a b
c d

"
�
!

a b
kc kd

"

���
!

3 4
5 6

"
�
!

3 4
5 C 3k 6 C 4k

"

���
!

a b
c d

"
�
!

a C kc b C kd
c d

"

���

2
4

1 1 1
#3 8 #4

2 #3 2

3
5�
2
4

k k k
#3 8 #4

2 #3 2

3
5

���

2
4

a b c
3 2 2
6 5 6

3
5�
2
4

3 2 2
a b c
6 5 6

3
5

&RPSXWH�WKH�GHWHUPLQDQWV�RI�WKH�HOHPHQWDU\�PDWULFHV�JLYHQ�LQ
([HUFLVHV���²��� �6HH�6HFWLRQ������

���

2
4

1 0 0
0 1 0
0 k 1

3
5 ���

2
4

1 0 0
0 1 0
k 0 1

3
5

���

2
4

k 0 0
0 1 0
0 0 1

3
5 ���

2
4

1 0 0
0 k 0
0 0 1

3
5

���

2
4

0 1 0
1 0 0
0 0 1

3
5 ���

2
4

0 0 1
0 1 0
1 0 0

3
5

8VH�([HUFLVHV���²���WR�DQVZHU�WKH�TXHVWLRQV�LQ�([HUFLVHV����DQG
��� *LYH�UHDVRQV�IRU�\RXU�DQVZHUV�

��� :KDW�LV�WKH�GHWHUPLQDQW�RI�DQ�HOHPHQWDU\�URZ�UHSODFHPHQW
PDWUL["

��� :KDW�LV�WKH�GHWHUPLQDQW�RI�DQ�HOHPHQWDU\�VFDOLQJ�PDWUL[�ZLWK
k RQ�WKH�GLDJRQDO"

,Q�([HUFLVHV���²��� YHULI\�WKDW GHWEA D .GHWE/.GHWA/� ZKHUH

E LV�WKH�HOHPHQWDU\�PDWUL[�VKRZQ�DQG A D
!

a b
c d

"
�

���
!

0 1
1 0

"
���

!
1 0
0 k

"

���
!

1 k
0 1

"
���

!
1 0
k 1

"

��� /HW A D
!

3 1
4 2

"
� :ULWH 5A� ,V GHW 5A D 5 GHWA"

��� /HW A D
!

a b
c d

"
DQG�OHW k EH�D�VFDODU� )LQG�D�IRUPXOD�WKDW

UHODWHV GHW kA WR k DQG GHWA�

,Q�([HUFLVHV����DQG���� A LV�DQ n ! nPDWUL[� 0DUN�HDFK�VWDWHPHQW
7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�

��� D� $Q n ! n GHWHUPLQDQW � LV � GHÀQHG � E\ � GHWHUPLQDQWV � RI
.n # 1/ ! .n # 1/ VXEPDWULFHV�

E� 7KH .i; j /�FRIDFWRU�RI�D�PDWUL[ A LV�WKH�PDWUL[ Aij RE�
WDLQHG�E\�GHOHWLQJ�IURP A LWV i WK�URZ�DQG j WK�FROXPQ�

��� D� 7KH�FRIDFWRU�H[SDQVLRQ�RI GHWA GRZQ�D�FROXPQ�LV�WKH
QHJDWLYH�RI�WKH�FRIDFWRU�H[SDQVLRQ�DORQJ�D�URZ�



3URSHUWLHV�RI�'HWHUPLQDQWV

E� 7KH�GHWHUPLQDQW�RI�D�WULDQJXODU�PDWUL[�LV�WKH�VXP�RI�WKH
HQWULHV�RQ�WKH�PDLQ�GLDJRQDO�

��� /HW X D
!

3
0

"
DQG Y D

!
1
2

"
� &RPSXWH�WKH�DUHD�RI�WKH�SDU�

DOOHORJUDP�GHWHUPLQHG�E\ X� Y� X C Y� DQG �� DQG�FRPSXWH
WKH�GHWHUPLQDQW�RI Œ X Y !� +RZ�GR�WKH\�FRPSDUH" 5HSODFH
WKH�ÀUVW�HQWU\�RI Y E\�DQ�DUELWUDU\�QXPEHU x� DQG�UHSHDW�WKH
SUREOHP� 'UDZ�D�SLFWXUH�DQG�H[SODLQ�ZKDW�\RX�ÀQG�

��� /HW u D
!

a
b

"
DQG Y D

!
c
0

"
� ZKHUH a� b� c DUH�SRVLWLYH��IRU

VLPSOLFLW\�� &RPSXWH�WKH�DUHD�RI�WKH�SDUDOOHORJUDP�GHWHU�
PLQHG�E\ X� Y� X C Y� DQG �� DQG�FRPSXWH�WKH�GHWHUPLQDQWV�RI
WKH�PDWULFHV Œ X Y ! DQG Œ Y X !� 'UDZ�D�SLFWXUH�DQG�H[SODLQ
ZKDW�\RX�ÀQG�

��� >0@ ,V � LW � WUXH� WKDW GHW.A C B/ D GHWA C GHWB" 7R�ÀQG
RXW� JHQHUDWH�UDQGRP 5 ! 5 PDWULFHV A DQG B � DQG�FRPSXWH
GHW.A C B/ # GHWA # GHWB � �5HIHU�WR�([HUFLVH����LQ�6HF�

WLRQ������ 5HSHDW�WKH�FDOFXODWLRQV�IRU�WKUHH�RWKHU�SDLUV�RI
n ! n PDWULFHV� IRU�YDULRXV�YDOXHV�RI n� 5HSRUW�\RXU�UHVXOWV�

��� >0@ ,V � LW � WUXH � WKDW GHWAB D .GHWA/.GHWB/" ([SHULPHQW
ZLWK�IRXU�SDLUV�RI�UDQGRP�PDWULFHV�DV�LQ�([HUFLVH���� DQG
PDNH�D�FRQMHFWXUH�

��� >0@ &RQVWUXFW�D�UDQGRP 4 ! 4 PDWUL[ A ZLWK�LQWHJHU�HQWULHV
EHWZHHQ #9 DQG��� DQG�FRPSDUH GHWA ZLWK GHWAT � GHW.#A/�
GHW.2A/� DQG GHW.10A/� 5HSHDW�ZLWK�WZR�RWKHU�UDQGRP 4 ! 4
LQWHJHU�PDWULFHV� DQG�PDNH�FRQMHFWXUHV�DERXW�KRZ�WKHVH�GH�
WHUPLQDQWV�DUH�UHODWHG� �5HIHU�WR�([HUFLVH ���LQ�6HFWLRQ �����
7KHQ�FKHFN�\RXU�FRQMHFWXUHV�ZLWK�VHYHUDO�UDQGRP 5 ! 5 DQG
6 ! 6 LQWHJHU�PDWULFHV� 0RGLI\�\RXU�FRQMHFWXUHV� LI�QHFHV�
VDU\� DQG�UHSRUW�\RXU�UHVXOWV�

��� >0@ +RZ� LV GHWA!1 UHODWHG � WR GHWA" ([SHULPHQW �ZLWK
UDQGRP n ! n LQWHJHU�PDWULFHV�IRU n D 4� �� DQG��� DQG�PDNH
D�FRQMHFWXUH� 1RWH� ,Q�WKH�XQOLNHO\�HYHQW�WKDW�\RX�HQFRXQWHU
D�PDWUL[�ZLWK�D�]HUR�GHWHUPLQDQW� UHGXFH�LW�WR�HFKHORQ�IRUP
DQG�GLVFXVV�ZKDW�\RX�ÀQG�

7DNH�DGYDQWDJH�RI�WKH�]HURV� %HJLQ�ZLWK�D�FRIDFWRU�H[SDQVLRQ�GRZQ�WKH�WKLUG�FROXPQ�WR
REWDLQ�D 3 ! 3 PDWUL[� ZKLFK�PD\�EH�HYDOXDWHG�E\�DQ�H[SDQVLRQ�GRZQ�LWV�ÀUVW�FROXPQ�ˇ̌

ˇ̌
ˇ̌
ˇ̌

5 #7 2 2
0 3 0 #4

#5 #8 0 3
0 5 0 #6

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D .#1/1C32

ˇ̌
ˇ̌
ˇ̌

0 3 #4
#5 #8 3

0 5 #6

ˇ̌
ˇ̌
ˇ̌

D 2 $ .#1/2C1.#5/

ˇ̌
ˇ̌ 3 #4
5 #6

ˇ̌
ˇ̌ D 20

7KH .#1/2C1 LQ�WKH�QH[W�WR�ODVW�FDOFXODWLRQ�FDPH�IURP�WKH .2; 1/�SRVLWLRQ�RI�WKH #5 LQ
WKH 3 ! 3 GHWHUPLQDQW�

7KH�VHFUHW�RI�GHWHUPLQDQWV�OLHV�LQ�KRZ�WKH\�FKDQJH�ZKHQ�URZ�RSHUDWLRQV�DUH�SHUIRUPHG�
7KH�IROORZLQJ�WKHRUHP�JHQHUDOL]HV�WKH�UHVXOWV�RI�([HUFLVHV���²���LQ�6HFWLRQ ���� 7KH
SURRI�LV�DW�WKH�HQG�RI�WKLV�VHFWLRQ�

/HW A EH�D�VTXDUH�PDWUL[�

D� ,I�D�PXOWLSOH�RI�RQH�URZ�RI A LV�DGGHG�WR�DQRWKHU�URZ�WR�SURGXFH�D�PDWUL[ B �
WKHQ GHWB D GHWA�

E� ,I�WZR�URZV�RI A DUH�LQWHUFKDQJHG�WR�SURGXFH B � WKHQ GHWB D # GHWA�
F� ,I�RQH�URZ�RI A LV�PXOWLSOLHG�E\ k WR�SURGXFH B � WKHQ GHWB D k $ GHWA�

7KH � IROORZLQJ � H[DPSOHV � VKRZ � KRZ � WR � XVH �7KHRUHP � � � WR � ÀQG � GHWHUPLQDQWV
HIÀFLHQWO\�



'HWHUPLQDQWV

&RPSXWH GHWA� ZKHUH A D

2
4

1 #4 2
#2 8 #9
#1 7 0

3
5�

7KH�VWUDWHJ\�LV�WR�UHGXFH A WR�HFKHORQ�IRUP�DQG�WKHQ�WR�XVH�WKH�IDFW�WKDW
WKH�GHWHUPLQDQW�RI�D�WULDQJXODU�PDWUL[�LV�WKH�SURGXFW�RI�WKH�GLDJRQDO�HQWULHV� 7KH�ÀUVW
WZR�URZ�UHSODFHPHQWV�LQ�FROXPQ���GR�QRW�FKDQJH�WKH�GHWHUPLQDQW�

GHWA D

ˇ̌
ˇ̌
ˇ̌

1 #4 2
#2 8 #9
#1 7 0

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌

1 #4 2
0 0 #5

#1 7 0

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
1 #4 2
0 0 #5
0 3 2

ˇ̌
ˇ̌
ˇ̌

$Q�LQWHUFKDQJH�RI�URZV���DQG���UHYHUVHV�WKH�VLJQ�RI�WKH�GHWHUPLQDQW� VR

GHWA D #

ˇ̌
ˇ̌
ˇ̌
1 #4 2
0 3 2
0 0 #5

ˇ̌
ˇ̌
ˇ̌ D #.1/.3/.#5/ D 15

$ FRPPRQ�XVH�RI�7KHRUHP ��F��LQ�KDQG�FDOFXODWLRQV�LV�WR IDFWRU�RXW�D�FRPPRQ
PXOWLSOH�RI�RQH�URZ RI�D�PDWUL[� )RU�LQVWDQFH�

ˇ̌
ˇ̌
ˇ̌

& & &
5k #2k 3k
& & &

ˇ̌
ˇ̌
ˇ̌ D k

ˇ̌
ˇ̌
ˇ̌
& & &
5 #2 3
& & &

ˇ̌
ˇ̌
ˇ̌

ZKHUH�WKH�VWDUUHG�HQWULHV�DUH�XQFKDQJHG� :H�XVH�WKLV�VWHS�LQ�WKH�QH[W�H[DPSOH�

&RPSXWH GHWA� ZKHUH A D

2
664

2 #8 6 8
3 #9 5 10

#3 0 1 #2
1 #4 0 6

3
775�

7R�VLPSOLI\�WKH�DULWKPHWLF� ZH�ZDQW�D���LQ�WKH�XSSHU�OHIW�FRUQHU� :H�FRXOG
LQWHUFKDQJH�URZV���DQG��� ,QVWHDG� ZH�IDFWRU�RXW���IURP�WKH�WRS�URZ� DQG�WKHQ�SURFHHG
ZLWK�URZ�UHSODFHPHQWV�LQ�WKH�ÀUVW�FROXPQ�

GHWA D 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 #4 3 4
3 #9 5 10

#3 0 1 #2
1 #4 0 6

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 #4 3 4
0 3 #4 #2
0 #12 10 10
0 0 #3 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1H[W� ZH�FRXOG�IDFWRU�RXW�DQRWKHU���IURP�URZ ��RU�XVH�WKH���LQ�WKH�VHFRQG�FROXPQ�DV�D
SLYRW� :H�FKRRVH�WKH�ODWWHU�RSHUDWLRQ� DGGLQJ���WLPHV�URZ ��WR�URZ ��

GHWA D 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 #4 3 4
0 3 #4 #2
0 0 #6 2
0 0 #3 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

)LQDOO\� DGGLQJ #1=2 WLPHV�URZ ��WR�URZ �� DQG�FRPSXWLQJ�WKH�´WULDQJXODUµ�GHWHUPLQDQW�
ZH�ÀQG�WKDW

GHWA D 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 #4 3 4
0 3 #4 #2
0 0 #6 2
0 0 0 1

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D 2 $ .1/.3/.#6/.1/ D #36



3URSHUWLHV�RI�'HWHUPLQDQWV

6XSSRVH�D�VTXDUH�PDWUL[ A KDV�EHHQ�UHGXFHG�WR�DQ�HFKHORQ�IRUP U E\�URZ�UHSODFH�

U = 

det U ≠  0

0
0
0

*

0
0

*
*

0

*
*
*

U = 

det U =  0

0
0
0

*

0
0

*
*
0
0

*
*

0

7\SLFDO�HFKHORQ�IRUPV�RI�VTXDUH
PDWULFHV�

PHQWV�DQG�URZ�LQWHUFKDQJHV� �7KLV�LV�DOZD\V�SRVVLEOH� 6HH�WKH�URZ�UHGXFWLRQ�DOJRULWKP
LQ�6HFWLRQ������ ,I�WKHUH�DUH r LQWHUFKDQJHV� WKHQ�7KHRUHP���VKRZV�WKDW

GHWA D .#1/r GHWU
6LQFH U LV�LQ�HFKHORQ�IRUP� LW�LV�WULDQJXODU� DQG�VR GHWU LV�WKH�SURGXFW�RI�WKH

GLDJRQDO�HQWULHV u11; : : : ; unn� ,I A LV�LQYHUWLEOH� WKH�HQWULHV uii DUH�DOO�SLYRWV��EHFDXVH
A " In DQG�WKH uii KDYH�QRW�EHHQ�VFDOHG�WR��·V�� 2WKHUZLVH� DW�OHDVW unn LV�]HUR� DQG�WKH
SURGXFW u11 $ $ $ unn LV�]HUR� 6HH�)LJ� �� 7KXV

GHWA D

8̂
<
:̂

.#1/r $
 
SURGXFW�RI
SLYRWV�LQ U

!
ZKHQ A LV�LQYHUWLEOH

0 ZKHQ A LV�QRW�LQYHUWLEOH
���

,W�LV�LQWHUHVWLQJ�WR�QRWH�WKDW�DOWKRXJK�WKH�HFKHORQ�IRUP U GHVFULEHG�DERYH�LV�QRW�XQLTXH
�EHFDXVH�LW�LV�QRW�FRPSOHWHO\�URZ�UHGXFHG�� DQG�WKH�SLYRWV�DUH�QRW�XQLTXH� WKH SURGXFW
RI�WKH�SLYRWV LV XQLTXH� H[FHSW�IRU�D�SRVVLEOH�PLQXV�VLJQ�

)RUPXOD�����QRW�RQO\�JLYHV�D�FRQFUHWH�LQWHUSUHWDWLRQ�RI GHWA EXW�DOVR�SURYHV�WKH
PDLQ�WKHRUHP�RI�WKLV�VHFWLRQ�

$ VTXDUH�PDWUL[ A LV�LQYHUWLEOH�LI�DQG�RQO\�LI GHWA ¤ 0�

7KHRUHP���DGGV�WKH�VWDWHPHQW�´GHWA ¤ 0µ�WR�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� $
XVHIXO�FRUROODU\�LV�WKDW GHWA D 0 ZKHQ�WKH�FROXPQV�RI A DUH�OLQHDUO\�GHSHQGHQW� $OVR�
GHWA D 0 ZKHQ�WKH URZV RI A DUH�OLQHDUO\�GHSHQGHQW� �5RZV�RI A DUH�FROXPQV�RI AT �
DQG�OLQHDUO\�GHSHQGHQW�FROXPQV�RI AT PDNH AT VLQJXODU� :KHQ AT LV�VLQJXODU� VR�LV
A� E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�� ,Q�SUDFWLFH� OLQHDU�GHSHQGHQFH�LV�REYLRXV�ZKHQ
WZR�FROXPQV�RU�WZR�URZV�DUH�WKH�VDPH�RU�D�FROXPQ�RU�D�URZ�LV�]HUR�

&RPSXWH GHWA� ZKHUH A D

2
664

3 #1 2 #5
0 5 #3 #6

#6 7 #7 4
#5 #8 0 9

3
775�

$GG���WLPHV�URZ���WR�URZ���WR�REWDLQ

GHWA D GHW

2
664

3 #1 2 #5
0 5 #3 #6
0 5 #3 #6

#5 #8 0 9

3
775 D 0

EHFDXVH�WKH�VHFRQG�DQG�WKLUG�URZV�RI�WKH�VHFRQG�PDWUL[�DUH�HTXDO�

�� 0RVW�FRPSXWHU�SURJUDPV�WKDW�FRPSXWH GHWA IRU�D�JHQHUDO�PDWUL[ A XVH�WKH
PHWKRG�RI�IRUPXOD�����DERYH�

�� ,W�FDQ�EH�VKRZQ�WKDW�HYDOXDWLRQ�RI�DQ n ! n GHWHUPLQDQW�XVLQJ�URZ�RSHUDWLRQV
UHTXLUHV�DERXW 2n3=3 DULWKPHWLF�RSHUDWLRQV� $Q\�PRGHUQ�PLFURFRPSXWHU�FDQ
FDOFXODWH�D 25 ! 25 GHWHUPLQDQW�LQ�D�IUDFWLRQ�RI�D�VHFRQG� VLQFH�RQO\�DERXW
�������RSHUDWLRQV�DUH�UHTXLUHG�WEB



'HWHUPLQDQWV

&RPSXWHUV�FDQ�DOVR�KDQGOH�ODUJH�´VSDUVHµ�PDWULFHV� ZLWK�VSHFLDO�URXWLQHV�WKDW�WDNH
DGYDQWDJH�RI�WKH�SUHVHQFH�RI�PDQ\�]HURV� 2I�FRXUVH� ]HUR�HQWULHV�FDQ�VSHHG�KDQG�FRPSX�
WDWLRQV� WRR� 7KH�FDOFXODWLRQV�LQ�WKH�QH[W�H[DPSOH�FRPELQH�WKH�SRZHU�RI�URZ�RSHUDWLRQV
ZLWK�WKH�VWUDWHJ\�IURP�6HFWLRQ ����RI�XVLQJ�]HUR�HQWULHV�LQ�FRIDFWRU�H[SDQVLRQV�

&RPSXWH GHWA� ZKHUH A D

2
664

0 1 2 #1
2 5 #7 3
0 3 6 2

#2 #5 4 #2

3
775�

$ JRRG�ZD\�WR�EHJLQ�LV�WR�XVH�WKH���LQ�FROXPQ ��DV�D�SLYRW� HOLPLQDWLQJ
WKH #2 EHORZ�LW� 7KHQ�XVH�D�FRIDFWRU�H[SDQVLRQ�WR�UHGXFH�WKH�VL]H�RI�WKH�GHWHUPLQDQW�
IROORZHG�E\�DQRWKHU�URZ�UHSODFHPHQW�RSHUDWLRQ� 7KXV

GHWA D

ˇ̌
ˇ̌
ˇ̌
ˇ̌

0 1 2 #1
2 5 #7 3
0 3 6 2
0 0 #3 1

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D #2

ˇ̌
ˇ̌
ˇ̌
1 2 #1
3 6 2
0 #3 1

ˇ̌
ˇ̌
ˇ̌ D #2

ˇ̌
ˇ̌
ˇ̌
1 2 #1
0 0 5
0 #3 1

ˇ̌
ˇ̌
ˇ̌

$Q�LQWHUFKDQJH�RI�URZV���DQG���ZRXOG�SURGXFH�D�´WULDQJXODU�GHWHUPLQDQW�µ $QRWKHU
DSSURDFK�LV�WR�PDNH�D�FRIDFWRU�H[SDQVLRQ�GRZQ�WKH�ÀUVW�FROXPQ�

GHWA D .#2/.1/

ˇ̌
ˇ̌ 0 5
#3 1

ˇ̌
ˇ̌ D #2 $ .15/ D #30

&ROXPQ�2SHUDWLRQV
:H�FDQ�SHUIRUP�RSHUDWLRQV�RQ�WKH�FROXPQV�RI�D�PDWUL[�LQ�D�ZD\�WKDW�LV�DQDORJRXV�WR�WKH
URZ�RSHUDWLRQV�ZH�KDYH�FRQVLGHUHG� 7KH�QH[W�WKHRUHP�VKRZV�WKDW�FROXPQ�RSHUDWLRQV
KDYH�WKH�VDPH�HIIHFWV�RQ�GHWHUPLQDQWV�DV�URZ�RSHUDWLRQV�

,I A LV�DQ n ! n PDWUL[� WKHQ GHWAT D GHWA�

7KH�WKHRUHP�LV�REYLRXV�IRU n D 1� 6XSSRVH�WKH�WKHRUHP�LV�WUXH�IRU k ! k
GHWHUPLQDQWV�DQG�OHW n D k C 1� 7KHQ�WKH�FRIDFWRU�RI a1j LQ A HTXDOV�WKH�FRIDFWRU
RI aj1 LQ AT � EHFDXVH�WKH�FRIDFWRUV�LQYROYH k ! k GHWHUPLQDQWV� +HQFH�WKH�FRIDFWRU
H[SDQVLRQ�RI GHWA DORQJ�WKH�ÀUVW URZ HTXDOV�WKH�FRIDFWRU�H[SDQVLRQ�RI GHWAT GRZQ�WKH
ÀUVW FROXPQ� 7KDW�LV� A DQG AT KDYH�HTXDO�GHWHUPLQDQWV� 7KXV�WKH�WKHRUHP�LV�WUXH�IRU
n D 1� DQG�WKH�WUXWK�RI�WKH�WKHRUHP�IRU�RQH�YDOXH�RI n LPSOLHV�LWV�WUXWK�IRU�WKH�QH[W�YDOXH
RI n� %\�WKH�SULQFLSOH�RI�LQGXFWLRQ� WKH�WKHRUHP�LV�WUXH�IRU�DOO n % 1�

%HFDXVH�RI�7KHRUHP��� HDFK�VWDWHPHQW�LQ�7KHRUHP���LV�WUXH�ZKHQ�WKH�ZRUG URZ LV
UHSODFHG�HYHU\ZKHUH�E\ FROXPQ� 7R�YHULI\�WKLV�SURSHUW\� RQH�PHUHO\�DSSOLHV�WKH�RULJLQDO
7KHRUHP���WR AT � $ URZ�RSHUDWLRQ�RQ AT DPRXQWV�WR�D�FROXPQ�RSHUDWLRQ�RQ A�

&ROXPQ�RSHUDWLRQV�DUH�XVHIXO�IRU�ERWK�WKHRUHWLFDO�SXUSRVHV�DQG�KDQG�FRPSXWDWLRQV�
+RZHYHU� IRU�VLPSOLFLW\�ZH·OO�SHUIRUP�RQO\�URZ�RSHUDWLRQV�LQ�QXPHULFDO�FDOFXODWLRQV�

'HWHUPLQDQWV�DQG�0DWUL[�3URGXFWV
7KH�SURRI�RI�WKH�IROORZLQJ�XVHIXO�WKHRUHP�LV�DW�WKH�HQG�RI�WKH�VHFWLRQ� $SSOLFDWLRQV�DUH
LQ�WKH�H[HUFLVHV�



3URSHUWLHV�RI�'HWHUPLQDQWV

,I A DQG B DUH n ! n PDWULFHV� WKHQ GHWAB D .GHWA/.GHWB/�

9HULI\�7KHRUHP���IRU A D
!

6 1
3 2

"
DQG B D

!
4 3
1 2

"
�

AB D
!

6 1
3 2

"!
4 3
1 2

"
D
!

25 20
14 13

"

DQG
GHWAB D 25 $ 13 # 20 $ 14 D 325 # 280 D 45

6LQFH GHWA D 9 DQG GHWB D 5�

.GHWA/.GHWB/ D 9 $ 5 D 45 D GHWAB

:DUQLQJ� $ FRPPRQ�PLVFRQFHSWLRQ�LV�WKDW�7KHRUHP���KDV�DQ�DQDORJXH�IRU VXPV RI
PDWULFHV� +RZHYHU� GHW.A C B/ LV QRW HTXDO�WR GHWA C GHWB � LQ�JHQHUDO�

$ /LQHDULW\�3URSHUW\�RI�WKH�'HWHUPLQDQW�)XQFWLRQ
)RU�DQ n ! n PDWUL[ A� ZH�FDQ�FRQVLGHU GHWA DV�D�IXQFWLRQ�RI�WKH n FROXPQ�YHFWRUV�LQ
A� :H�ZLOO�VKRZ�WKDW�LI�DOO�FROXPQV�H[FHSW�RQH�DUH�KHOG�À[HG� WKHQ GHWA LV�D OLQHDU
IXQFWLRQ RI�WKDW�RQH��YHFWRU��YDULDEOH�

6XSSRVH�WKDW�WKH j WK�FROXPQ�RI A LV�DOORZHG�WR�YDU\� DQG�ZULWH

A D
#
D1 $ $ $ Dj!1 [ DjC1 $ $ $ Dn

$

'HÀQH�D�WUDQVIRUPDWLRQ T IURP Rn WR R E\

T .[/ D GHW
#
D1 $ $ $ Dj!1 [ DjC1 $ $ $ Dn

$

7KHQ�

T .c[/ D cT .[/ IRU�DOO�VFDODUV c DQG�DOO [ LQ Rn ���
T .X C Y/ D T .X/ C T .Y/ IRU�DOO X� Y LQ Rn ���

3URSHUW\�����LV�7KHRUHP���F��DSSOLHG�WR�WKH�FROXPQV�RI A� $ SURRI�RI�SURSHUW\����
IROORZV�IURP�D�FRIDFWRU�H[SDQVLRQ�RI GHWA GRZQ�WKH j WK�FROXPQ� �6HH�([HUFLVH ����
7KLV �PXOWL�� OLQHDULW\�SURSHUW\�RI�WKH�GHWHUPLQDQW�WXUQV�RXW�WR�KDYH�PDQ\�XVHIXO�FRQVH�
TXHQFHV�WKDW�DUH�VWXGLHG�LQ�PRUH�DGYDQFHG�FRXUVHV�

3URRIV�RI�7KHRUHPV � DQG��
,W�LV�FRQYHQLHQW�WR�SURYH�7KHRUHP���ZKHQ�LW�LV�VWDWHG�LQ�WHUPV�RI�WKH�HOHPHQWDU\�PDWULFHV
GLVFXVVHG�LQ�6HFWLRQ����� :H�FDOO�DQ�HOHPHQWDU\�PDWUL[ E D URZ�UHSODFHPHQW �PDWUL[��LI
E LV�REWDLQHG�IURP�WKH�LGHQWLW\ I E\�DGGLQJ�D�PXOWLSOH�RI�RQH�URZ�WR�DQRWKHU�URZ� E LV
DQ LQWHUFKDQJH LI E LV�REWDLQHG�E\�LQWHUFKDQJLQJ�WZR�URZV�RI I � DQG E LV D�VFDOH�E\ r LI
E LV�REWDLQHG�E\�PXOWLSO\LQJ�D�URZ�RI I E\�D�QRQ]HUR�VFDODU r � :LWK�WKLV�WHUPLQRORJ\�
7KHRUHP���FDQ�EH�UHIRUPXODWHG�DV�IROORZV�



'HWHUPLQDQWV

,I A LV�DQ n ! n PDWUL[�DQG E LV�DQ n ! n HOHPHQWDU\�PDWUL[� WKHQ

GHW ($ D .GHWE/.GHWA/

ZKHUH

GHWE D

8̂
<
:̂

1 LI E LV�D�URZ�UHSODFHPHQW
#1 LI E LV�DQ�LQWHUFKDQJH

r LI E LV�D�VFDOH�E\ r

7KH�SURRI�LV�E\�LQGXFWLRQ�RQ�WKH�VL]H�RI A� 7KH�FDVH�RI�D
2 ! 2 PDWUL[�ZDV�YHULÀHG�LQ�([HUFLVHV���²���RI�6HFWLRQ ���� 6XSSRVH�WKH�WKHRUHP�KDV
EHHQ�YHULÀHG�IRU�GHWHUPLQDQWV�RI k ! k PDWULFHV�ZLWK k % 2� OHW n D k C 1� DQG�OHW A
EH n ! n� 7KH�DFWLRQ�RI E RQ A LQYROYHV�HLWKHU�WZR�URZV�RU�RQO\�RQH�URZ� 6R�ZH
FDQ�H[SDQG GHWEA DFURVV�D�URZ�WKDW�LV�XQFKDQJHG�E\�WKH�DFWLRQ�RI E� VD\� URZ i � /HW
Aij �UHVSHFWLYHO\� Bij / EH�WKH�PDWUL[�REWDLQHG�E\�GHOHWLQJ�URZ i DQG�FROXPQ j IURP A
�UHVSHFWLYHO\� EA�� 7KHQ�WKH�URZV�RI Bij DUH�REWDLQHG�IURP�WKH�URZV�RI Aij E\�WKH�VDPH
W\SH�RI�HOHPHQWDU\�URZ�RSHUDWLRQ�WKDW E SHUIRUPV�RQ A� 6LQFH�WKHVH�VXEPDWULFHV�DUH
RQO\ k ! k� WKH�LQGXFWLRQ�DVVXPSWLRQ�LPSOLHV�WKDW

GHWBij D ˛ $ GHWAij

ZKHUH ˛ D 1� #1� RU r � GHSHQGLQJ�RQ�WKH�QDWXUH�RI E� 7KH�FRIDFWRU�H[SDQVLRQ�DFURVV
URZ i LV

GHW($ D ai1.#1/iC1 GHWBi1 C $ $ $ C ain.#1/iCn GHWBin

D ˛ai1.#1/iC1 GHWAi1 C $ $ $ C ˛ain.#1/iCn GHWAin

D ˛ $ GHWA
,Q�SDUWLFXODU� WDNLQJ A D In� ZH�VHH�WKDW GHWE D 1� #1� RU r � GHSHQGLQJ�RQ�WKH�QDWXUH
RI E� 7KXV�WKH�WKHRUHP�LV�WUXH�IRU n D 2� DQG�WKH�WUXWK�RI�WKH�WKHRUHP�IRU�RQH�YDOXH�RI
n LPSOLHV�LWV�WUXWK�IRU�WKH�QH[W�YDOXH�RI n� %\�WKH�SULQFLSOH�RI�LQGXFWLRQ� WKH�WKHRUHP
PXVW�EH�WUXH�IRU n % 2� 7KH�WKHRUHP�LV�WULYLDOO\�WUXH�IRU n D 1�

,I A LV�QRW�LQYHUWLEOH� WKHQ�QHLWKHU�LV $%� E\�([HUFLVH ��
LQ�6HFWLRQ ���� ,Q�WKLV�FDVH� GHW$% D .GHWA/.GHWB/� EHFDXVH�ERWK�VLGHV�DUH�]HUR� E\
7KHRUHP��� ,I A LV�LQYHUWLEOH� WKHQ A DQG�WKH�LGHQWLW\�PDWUL[ In DUH�URZ�HTXLYDOHQW�E\
WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� 6R�WKHUH�H[LVW�HOHPHQWDU\�PDWULFHVE1; : : : ; Ep VXFK�WKDW

A D EpEp!1 $ $ $ E1 $ In D EpEp!1 $ $ $ E1

)RU�EUHYLW\� ZULWH jAj IRU GHWA� 7KHQ�UHSHDWHG�DSSOLFDWLRQ�RI�7KHRUHP��� DV�UHSKUDVHG
DERYH� VKRZV�WKDW

j$%j D jEp $ $ $ E1Bj D jEpjjEp!1 $ $ $ E1Bj D $ $ $
D jEpj $ $ $ jE1jjBj D $ $ $ D jEp $ $ $ E1jjBj
D jAjjBj

�� &RPSXWH

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 #3 1 #2
2 #5 #1 #2
0 #4 5 1

#3 10 #6 8

ˇ̌
ˇ̌
ˇ̌
ˇ̌ LQ�DV�IHZ�VWHSV�DV�SRVVLEOH�



3URSHUWLHV�RI�'HWHUPLQDQWV

�� 8VH�D�GHWHUPLQDQW�WR�GHFLGH�LI Y1� Y2� Y3 DUH�OLQHDUO\�LQGHSHQGHQW� ZKHQ

Y1 D

2
4

5
#7

9

3
5; Y2 D

2
4

#3
3

#5

3
5; Y3 D

2
4

2
#7

5

3
5

(DFK�HTXDWLRQ�LQ�([HUFLVHV��²��LOOXVWUDWHV�D�SURSHUW\�RI�GHWHUPL�
QDQWV� 6WDWH�WKH�SURSHUW\�

��

ˇ̌
ˇ̌
ˇ̌
0 5 #2
1 #3 6
4 #1 8

ˇ̌
ˇ̌
ˇ̌ D #

ˇ̌
ˇ̌
ˇ̌
1 #3 6
0 5 #2
4 #1 8

ˇ̌
ˇ̌
ˇ̌

��

ˇ̌
ˇ̌
ˇ̌
2 #6 4
3 5 #2
1 6 3

ˇ̌
ˇ̌
ˇ̌ D 2

ˇ̌
ˇ̌
ˇ̌
1 #3 2
3 5 #2
1 6 3

ˇ̌
ˇ̌
ˇ̌

��

ˇ̌
ˇ̌
ˇ̌
1 3 #4
2 0 #3
5 #4 7

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
1 3 #4
0 #6 5
5 #4 7

ˇ̌
ˇ̌
ˇ̌

��

ˇ̌
ˇ̌
ˇ̌
1 2 3
0 5 #4
3 7 4

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
1 2 3
0 5 #4
0 1 #5

ˇ̌
ˇ̌
ˇ̌

)LQG� WKH �GHWHUPLQDQWV � LQ �([HUFLVHV ��²���E\�URZ�UHGXFWLRQ� WR
HFKHORQ�IRUP�

��

ˇ̌
ˇ̌
ˇ̌

1 5 #6
#1 #4 4
#2 #7 9

ˇ̌
ˇ̌
ˇ̌ ��

ˇ̌
ˇ̌
ˇ̌
1 5 #3
3 #3 3
2 13 #7

ˇ̌
ˇ̌
ˇ̌

��

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 3 0 2
#2 #5 7 4

3 5 2 1
1 #1 2 #3

ˇ̌
ˇ̌
ˇ̌
ˇ̌ ��

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 3 3 #4
0 1 2 #5
2 5 4 #3

#3 #7 #5 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

��

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 #1 #3 0
0 1 5 4

#1 2 8 5
3 #1 #2 3

ˇ̌
ˇ̌
ˇ̌
ˇ̌

���

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 3 #1 0 #2
0 2 #4 #1 #6

#2 #6 2 3 9
3 7 #3 8 #7
3 5 5 2 7

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

&RPELQH�WKH�PHWKRGV�RI�URZ�UHGXFWLRQ�DQG�FRIDFWRU�H[SDQVLRQ�WR
FRPSXWH�WKH�GHWHUPLQDQWV�LQ�([HUFLVHV���²���

���

ˇ̌
ˇ̌
ˇ̌
ˇ̌

2 5 #3 #1
3 0 1 #3

#6 0 #4 9
4 10 #4 #1

ˇ̌
ˇ̌
ˇ̌
ˇ̌ ���

ˇ̌
ˇ̌
ˇ̌
ˇ̌

#1 2 3 0
3 4 3 0
5 4 6 6
4 2 4 3

ˇ̌
ˇ̌
ˇ̌
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��� D� ,I�WZR�URZ�LQWHUFKDQJHV�DUH�PDGH�LQ�VXFFHVVLRQ� WKHQ�WKH
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VDPH� RU�D�URZ�RU�D�FROXPQ�LV�]HUR�
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&UDPHU¶V�5XOH
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7KHRUHP���LV�XVHIXO�PDLQO\�IRU�WKHRUHWLFDO�FDOFXODWLRQV� 7KH�IRUPXOD�IRU A!1

SHUPLWV�RQH�WR�GHGXFH�SURSHUWLHV�RI�WKH�LQYHUVH�ZLWKRXW�DFWXDOO\�FDOFXODWLQJ�LW�
([FHSW�IRU�VSHFLDO�FDVHV� WKH�DOJRULWKP�LQ�6HFWLRQ ����JLYHV�D�PXFK�EHWWHU�ZD\�WR
FRPSXWH A!1� LI�WKH�LQYHUVH�LV�UHDOO\�QHHGHG�

&UDPHU·V�UXOH�LV�DOVR�D�WKHRUHWLFDO�WRRO� ,W�FDQ�EH�XVHG�WR�VWXG\�KRZ�VHQVLWLYH
WKH�VROXWLRQ�RI A[ D E LV�WR�FKDQJHV�LQ�DQ�HQWU\�LQ E RU�LQ A �SHUKDSV�GXH
WR�H[SHULPHQWDO�HUURU�ZKHQ�DFTXLULQJ�WKH�HQWULHV�IRU E RU A�� :KHQ A LV�D
3 ! 3 PDWUL[�ZLWK FRPSOH[ HQWULHV� &UDPHU·V�UXOH�LV�VRPHWLPHV�VHOHFWHG�IRU�KDQG
FRPSXWDWLRQ�EHFDXVH�URZ�UHGXFWLRQ�RI Œ A E ! ZLWK�FRPSOH[�DULWKPHWLF�FDQ�EH
PHVV\� DQG�WKH�GHWHUPLQDQWV�DUH�IDLUO\�HDV\�WR�FRPSXWH� )RU�D�ODUJHU n ! n PDWUL[
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ZLOO�QRW�EH�JLYHQ�XQWLO�&KDSWHU �� ZH�DVVXPH�KHUH�WKDW�WKH�XVXDO�(XFOLGHDQ�FRQFHSWV�RI
OHQJWK� DUHD� DQG�YROXPH�DUH�DOUHDG\�XQGHUVWRRG�IRU R2 DQG R3�

,I A LV�D 2 ! 2 PDWUL[� WKH�DUHD�RI�WKH�SDUDOOHORJUDP�GHWHUPLQHG�E\�WKH�FROXPQV�RI
A LV jGHWAj� ,I A LV�D 3 ! 3 PDWUL[� WKH�YROXPH�RI�WKH�SDUDOOHOHSLSHG�GHWHUPLQHG
E\�WKH�FROXPQV�RI A LV jGHWAj�

7KH WKHRUHP�LV�REYLRXVO\�WUXH�IRU�DQ\ 2 ! 2 GLDJRQDO�PDWUL[�SG ˇ̌
ˇ̌ GHW

!
a 0
0 d

" ˇ̌
ˇ̌ D jad j D
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DUHD�RI
UHFWDQJOH

'

6HH�)LJ���� ,W�ZLOO�VXIÀFH�WR�VKRZ�WKDW�DQ\ 2 ! 2 PDWUL[ A D Œ D1 D2 ! FDQ�EH�WUDQV�
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$UHD D jad j�

IRUPHG�LQWR�D�GLDJRQDO�PDWUL[�LQ�D�ZD\�WKDW�FKDQJHV�QHLWKHU�WKH�DUHD�RI�WKH�DVVRFLDWHG
SDUDOOHORJUDP�QRU jGHWAj� )URP�6HFWLRQ ���� ZH�NQRZ�WKDW�WKH�DEVROXWH�YDOXH�RI�WKH
GHWHUPLQDQW�LV�XQFKDQJHG�ZKHQ�WZR�FROXPQV�DUH�LQWHUFKDQJHG�RU�D�PXOWLSOH�RI�RQH
FROXPQ�LV�DGGHG�WR�DQRWKHU� $QG�LW�LV�HDV\�WR�VHH�WKDW�VXFK�RSHUDWLRQV�VXIÀFH�WR�WUDQVIRUP
A LQWR�D�GLDJRQDO�PDWUL[� &ROXPQ�LQWHUFKDQJHV�GR�QRW�FKDQJH�WKH�SDUDOOHORJUDP�DW�DOO�
6R�LW�VXIÀFHV�WR�SURYH�WKH�IROORZLQJ�VLPSOH�JHRPHWULF�REVHUYDWLRQ�WKDW�DSSOLHV�WR�YHFWRUV
LQ R2 RU R3�

/HW D1 DQG D2 EH �QRQ]HUR �YHFWRUV� 7KHQ � IRU � DQ\ � VFDODU c� WKH �DUHD �RI � WKH
SDUDOOHORJUDP�GHWHUPLQHG�E\ D1 DQG D2 HTXDOV � WKH �DUHD �RI � WKH �SDUDOOHORJUDP
GHWHUPLQHG�E\ D1 DQG D2 C cD1�

7R�SURYH�WKLV�VWDWHPHQW� ZH�PD\�DVVXPH�WKDW D2 LV�QRW�D�PXOWLSOH�RI D1� IRU�RWKHU�
ZLVH WKH�WZR�SDUDOOHORJUDPV�ZRXOG�EH�GHJHQHUDWH�DQG�KDYH�]HUR�DUHD� ,I L LV�WKH�OLQH
WKURXJK � DQG D1� WKHQ D2 C L LV�WKH�OLQH�WKURXJK D2 SDUDOOHO�WR L� DQG D2 C cD1 LV�RQ
WKLV�OLQH� 6HH�)LJ� �� 7KH�SRLQWV D2 DQG D2 C cD1 KDYH�WKH�VDPH�SHUSHQGLFXODU�GLVWDQFH
WR L� +HQFH�WKH�WZR�SDUDOOHORJUDPV�LQ�)LJ� ��KDYH�WKH�VDPH�DUHD� VLQFH�WKH\�VKDUH�WKH
EDVH�IURP � WR D1� 7KLV�FRPSOHWHV�WKH�SURRI�IRU R2�



&UDPHU
V�5XOH� 9ROXPH� DQG�/LQHDU�7UDQVIRUPDWLRQV

a2 + c a1
a2 a2 + L

L

a10c a1

7ZR�SDUDOOHORJUDPV�RI�HTXDO�DUHD�

7KH�SURRI�IRU R3 LV�VLPLODU� 7KH�WKHRUHP�LV�REYLRXVO\�WUXH�IRU�D 3 ! 3 GLDJRQDO
PDWUL[� 6HH�)LJ� �� $QG�DQ\ 3 ! 3 PDWUL[ A FDQ�EH�WUDQVIRUPHG�LQWR�D�GLDJRQDO�PDWUL[
XVLQJ�FROXPQ�RSHUDWLRQV�WKDW�GR�QRW�FKDQJH jGHWAj� �7KLQN�DERXW�GRLQJ�URZ�RSHUDWLRQV
RQ AT �� 6R�LW�VXIÀFHV�WR�VKRZ�WKDW�WKHVH�RSHUDWLRQV�GR�QRW�DIIHFW�WKH�YROXPH�RI�WKH
SDUDOOHOHSLSHG�GHWHUPLQHG�E\�WKH�FROXPQV�RI A�
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9ROXPH D jabcj�

$ SDUDOOHOHSLSHG�LV�VKRZQ�LQ�)LJ� ��DV�D�VKDGHG�ER[�ZLWK�WZR�VORSLQJ�VLGHV� ,WV
YROXPH�LV�WKH�DUHD�RI�WKH�EDVH�LQ�WKH�SODQH 6SDQ fD1; D3g WLPHV�WKH�DOWLWXGH�RI D2 DERYH
6SDQ fD1; D3g� $Q\�YHFWRU D2 C cD1 KDV�WKH�VDPH�DOWLWXGH�EHFDXVH D2 C cD1 OLHV�LQ�WKH
SODQH D2 C 6SDQ fD1; D3g� ZKLFK�LV�SDUDOOHO�WR 6SDQ fD1; D3g� +HQFH�WKH�YROXPH�RI�WKH
SDUDOOHOHSLSHG�LV�XQFKDQJHG�ZKHQ Œ D1 D2 D3 ! LV�FKDQJHG�WR Œ D1 D2 C cD1 D3 !�
7KXV�D�FROXPQ�UHSODFHPHQW�RSHUDWLRQ�GRHV�QRW�DIIHFW�WKH�YROXPH�RI�WKH�SDUDOOHOHSLSHG�
6LQFH�FROXPQ�LQWHUFKDQJHV�KDYH�QR�HIIHFW�RQ�WKH�YROXPH� WKH�SURRI�LV�FRPSOHWH�

a2

0 a1

a 3

a2

0 a1

a3

a 2 + ca1a 2 +
 Span{a 1, 

a 3}

Span{a 1, 
a 3}

a 2 +
 Span{a 1, 

a 3}

Span{a 1, 
a 3}

7ZR�SDUDOOHOHSLSHGV�RI�HTXDO�YROXPH�

&DOFXODWH� WKH�DUHD�RI � WKH�SDUDOOHORJUDP�GHWHUPLQHG�E\�WKH�SRLQWV
.#2; #2/� .0; 3/� .4; #1/� DQG .6; 4/� 6HH�)LJ� ��D��

)LUVW�WUDQVODWH�WKH�SDUDOOHORJUDP�WR�RQH�KDYLQJ�WKH�RULJLQ�DV�D�YHUWH[� )RU
H[DPSOH� VXEWUDFW�WKH�YHUWH[ .#2; #2/ IURP�HDFK�RI�WKH�IRXU�YHUWLFHV� 7KH�QHZ�SDUDO�
OHORJUDP�KDV�WKH�VDPH�DUHD� DQG�LWV�YHUWLFHV�DUH .0; 0/� .2; 5/� .6; 1/� DQG .8; 6/� 6HH

x2

x1 x1

x2

(a) (b)

7UDQVODWLQJ�D�SDUDOOHORJUDP�GRHV�QRW�FKDQJH�LWV
DUHD�



'HWHUPLQDQWV

)LJ� ��E�� 7KLV�SDUDOOHORJUDP�LV�GHWHUPLQHG�E\�WKH�FROXPQV�RI

A D
!

2 6
5 1

"

6LQFH jGHWAj D j#28j� WKH�DUHD�RI�WKH�SDUDOOHORJUDP�LV����

/LQHDU�7UDQVIRUPDWLRQV
'HWHUPLQDQWV�FDQ�EH�XVHG�WR�GHVFULEH�DQ�LPSRUWDQW�JHRPHWULF�SURSHUW\�RI�OLQHDU�WUDQV�
IRUPDWLRQV�LQ�WKH�SODQH�DQG�LQ R3� ,I T LV�D�OLQHDU�WUDQVIRUPDWLRQ�DQG S LV�D�VHW�LQ�WKH
GRPDLQ�RI T � OHW T .S/ GHQRWH�WKH�VHW�RI�LPDJHV�RI�SRLQWV�LQ S � :H�DUH�LQWHUHVWHG�LQ�KRZ
WKH�DUHD��RU�YROXPH��RI T .S/ FRPSDUHV�ZLWK�WKH�DUHD��RU�YROXPH��RI�WKH�RULJLQDO�VHW S �
)RU�FRQYHQLHQFH� ZKHQ S LV�D�UHJLRQ�ERXQGHG�E\�D�SDUDOOHORJUDP� ZH�DOVR�UHIHU�WR S DV
D�SDUDOOHORJUDP�

/HW T W R2 ! R2 EH�WKH�OLQHDU�WUDQVIRUPDWLRQ�GHWHUPLQHG�E\�D 2 ! 2 PDWUL[ A� ,I
S LV�D�SDUDOOHORJUDP�LQ R2� WKHQ

fDUHD�RI T .S/g D jGHWAj $ fDUHD�RI Sg ���

,I T LV�GHWHUPLQHG�E\�D 3 ! 3 PDWUL[ A� DQG�LI S LV�D�SDUDOOHOHSLSHG�LQ R3� WKHQ

fYROXPH�RI T .S/g D jGHWAj $ fYROXPH�RI Sg ���

&RQVLGHU�WKH 2 ! 2 FDVH� ZLWK A D Œ D1 D2 !� $ SDUDOOHORJUDP�DW�WKH�RULJLQ�LQ
R2 GHWHUPLQHG�E\�YHFWRUV E1 DQG E2 KDV�WKH�IRUP

S D fs1E1 C s2E2 W 0 ' s1 ' 1; 0 ' s2 ' 1g

7KH�LPDJH�RI S XQGHU T FRQVLVWV�RI�SRLQWV�RI�WKH�IRUP

T .s1E1 C s2E2/ D s1T .E1/ C s2T .E2/

D s1AE1 C s2AE2

ZKHUH 0 ' s1 ' 1� 0 ' s2 ' 1� ,W�IROORZV�WKDW T .S/ LV�WKH�SDUDOOHORJUDP�GHWHUPLQHG
E\�WKH�FROXPQV�RI�WKH�PDWUL[ Œ AE1 AE2 !� 7KLV�PDWUL[�FDQ�EH�ZULWWHQ�DV AB � ZKHUH
B D Œ E1 E2 !� %\�7KHRUHP���DQG�WKH�SURGXFW�WKHRUHP�IRU�GHWHUPLQDQWV�

fDUHD�RI T .S/g D jGHWABj D jGHWAj $ jGHWBj
D jGHWAj $ fDUHD�RI Sg ���

$Q�DUELWUDU\�SDUDOOHORJUDP�KDV�WKH�IRUP S C S � ZKHUH S LV�D�YHFWRU�DQG S LV�D�SDUDOOHOR�
JUDP�DW�WKH�RULJLQ� DV�DERYH� ,W�LV�HDV\�WR�VHH�WKDW T WUDQVIRUPV S C S LQWR T .S/ C T .S/�
�6HH�([HUFLVH����� 6LQFH�WUDQVODWLRQ�GRHV�QRW�DIIHFW�WKH�DUHD�RI�D�VHW�

fDUHD�RI T .S C S/g D fDUHD�RI T .S/ C T .S/g
D fDUHD�RI T .S/g 7UDQVODWLRQ
D j GHWAj $ fDUHD�RI Sg %\�HTXDWLRQ����
D j GHWAj $ fDUHD�RI S C Sg 7UDQVODWLRQ

7KLV�VKRZV�WKDW�����KROGV�IRU�DOO�SDUDOOHORJUDPV�LQ R2� 7KH�SURRI�RI�����IRU�WKH 3 ! 3
FDVH�LV�DQDORJRXV�



&UDPHU
V�5XOH� 9ROXPH� DQG�/LQHDU�7UDQVIRUPDWLRQV

:KHQ�ZH�DWWHPSW�WR�JHQHUDOL]H�7KHRUHP����WR�D�UHJLRQ�LQ R2 RU R3 WKDW�LV�QRW
ERXQGHG�E\�VWUDLJKW�OLQHV�RU�SODQHV� ZH�PXVW�IDFH�WKH�SUREOHP�RI�KRZ�WR�GHÀQH�DQG
FRPSXWH�LWV�DUHD�RU�YROXPH� 7KLV�LV�D�TXHVWLRQ�VWXGLHG�LQ�FDOFXOXV� DQG�ZH�VKDOO�RQO\
RXWOLQH�WKH�EDVLF�LGHD�IRU R2� ,I R LV�D�SODQDU�UHJLRQ�WKDW�KDV�D�ÀQLWH�DUHD� WKHQ R FDQ
EH�DSSUR[LPDWHG�E\�D�JULG�RI�VPDOO�VTXDUHV�WKDW�OLH�LQVLGH R� %\�PDNLQJ�WKH�VTXDUHV
VXIÀFLHQWO\�VPDOO� WKH�DUHD�RI R PD\�EH�DSSUR[LPDWHG�DV�FORVHO\�DV�GHVLUHG�E\�WKH�VXP
RI�WKH�DUHDV�RI�WKH�VPDOO�VTXDUHV� 6HH�)LJ� ��

0 0

$SSUR[LPDWLQJ�D�SODQDU�UHJLRQ�E\�D�XQLRQ�RI�VTXDUHV�
7KH�DSSUR[LPDWLRQ�LPSURYHV�DV�WKH�JULG�EHFRPHV�ÀQHU�

,I T LV�D�OLQHDU�WUDQVIRUPDWLRQ�DVVRFLDWHG�ZLWK�D 2 ! 2 PDWUL[ A� WKHQ�WKH�LPDJH�RI
D�SODQDU�UHJLRQ R XQGHU T LV�DSSUR[LPDWHG�E\�WKH�LPDJHV�RI�WKH�VPDOO�VTXDUHV�LQVLGH R�
7KH�SURRI�RI�7KHRUHP ���VKRZV�WKDW�HDFK�VXFK�LPDJH�LV�D�SDUDOOHORJUDP�ZKRVH�DUHD�LV
jGHWAj WLPHV�WKH�DUHD�RI�WKH�VTXDUH� ,I R0 LV�WKH�XQLRQ�RI�WKH�VTXDUHV�LQVLGH R� WKHQ�WKH
DUHD�RI T .R0/ LV jGHWAj WLPHV�WKH�DUHD�RI R0� 6HH�)LJ� �� $OVR� WKH�DUHD�RI T .R0/ LV�FORVH
WR�WKH�DUHD�RI T .R/� $Q�DUJXPHQW�LQYROYLQJ�D�OLPLWLQJ�SURFHVV�PD\�EH�JLYHQ�WR�MXVWLI\
WKH�IROORZLQJ�JHQHUDOL]DWLRQ�RI�7KHRUHP ���

0 0
R'

T

T(R' )

$SSUR[LPDWLQJ T .R/ E\�D�XQLRQ�RI�SDUDOOHORJUDPV�

7KH�FRQFOXVLRQV�RI�7KHRUHP����KROG�ZKHQHYHU S LV�D�UHJLRQ�LQ R2 ZLWK�ÀQLWH�DUHD
RU�D�UHJLRQ�LQ R3 ZLWK�ÀQLWH�YROXPH�

/HW a DQG b EH�SRVLWLYH�QXPEHUV� )LQG�WKH�DUHD�RI�WKH�UHJLRQ E
ERXQGHG�E\�WKH�HOOLSVH�ZKRVH�HTXDWLRQ�LV

x2
1

a2
C x2

2

b2
D 1



'HWHUPLQDQWV

:H�FODLP�WKDW E LV�WKH�LPDJH�RI�WKH�XQLW�GLVN D XQGHU�WKH�OLQHDU�WUDQVIRU�

x2

x1

1

a

b

u1

u2

T

D

E

PDWLRQ T GHWHUPLQHG�E\�WKH�PDWUL[ A D
!

a 0
0 b

"
� EHFDXVH�LI X D

!
u1

u2

"
� [ D

!
x1

x2

"
�

DQG [ D AX� WKHQ
u1 D x1

a
DQG u2 D x2

b

,W�IROORZV�WKDW X LV�LQ�WKH�XQLW�GLVN� ZLWK u2
1 C u2

2 ' 1� LI�DQG�RQO\�LI [ LV�LQ E� ZLWK
.x1=a/2 C .x2=b/2 ' 1� %\�WKH�JHQHUDOL]DWLRQ�RI�7KHRUHP ���

fDUHD�RI�HOOLSVHg D fDUHD�RI T .D/g
D jGHWAj $ fDUHD�RI Dg
D ab $ $.1/2 D $ab

/HW S EH�WKH�SDUDOOHORJUDP�GHWHUPLQHG�E\�WKH�YHFWRUV E1 D
!

1
3

"
DQG E2 D

!
5
1

"
� DQG

OHW A D
!

1 #:1
0 2

"
� &RPSXWH�WKH�DUHD�RI�WKH�LPDJH�RI S XQGHU�WKH�PDSSLQJ [ 7!A[�

8VH�&UDPHU·V�UXOH�WR�FRPSXWH�WKH�VROXWLRQV�RI�WKH�V\VWHPV�LQ
([HUFLVHV��²��

�� 5x1 C 7x2 D 3

2x1 C 4x2 D 1

�� 4x1 C x2 D 6

5x1 C 2x2 D 7

�� 3x1 # 2x2 D 7

#5x1 C 6x2 D #5

�� #5x1 C 3x2 D 9

3x1 # x2 D #5

�� 2x1 C x2 D 7

#3x1 C x3 D #8

x2 C 2x3 D #3

�� 2x1 C x2 C x3 D 4

#x1 C 2x3 D 2

3x1 C x2 C 3x3 D #2

,Q�([HUFLVHV��²��� GHWHUPLQH�WKH�YDOXHV�RI�WKH�SDUDPHWHU s IRU
ZKLFK�WKH�V\VWHP�KDV�D�XQLTXH�VROXWLRQ� DQG�GHVFULEH�WKH�VROXWLRQ�

�� 6sx1 C 4x2 D 5

9x1 C 2sx2 D #2

�� 3sx1 # 5x2 D 3

9x1 C 5sx2 D 2

�� sx1 # 2sx2 D #1

3x1 C 6sx2 D 4

��� 2sx1 C x2 D 1

3sx1 C 6sx2 D 2

,Q�([HUFLVHV���²��� FRPSXWH�WKH�DGMXJDWH�RI�WKH�JLYHQ�PDWUL[� DQG
WKHQ�XVH�7KHRUHP���WR�JLYH�WKH�LQYHUVH�RI�WKH�PDWUL[�

���

2
4

0 #2 #1
3 0 0

#1 1 1

3
5 ���

2
4

1 1 3
2 #2 1
0 1 0

3
5

���

2
4

3 5 4
1 0 1
2 1 1

3
5 ���

2
4

3 6 7
0 2 1
2 3 4

3
5

���

2
4

3 0 0
#1 1 0
#2 3 2

3
5 ���

2
4

1 2 4
0 #3 1
0 0 3

3
5

��� 6KRZ�WKDW� LI A LV 2 ! 2� WKHQ�7KHRUHP ��JLYHV�WKH�VDPH
IRUPXOD�IRU A!1 DV�WKDW�JLYHQ�E\�7KHRUHP ��LQ�6HFWLRQ ����

��� 6XSSRVH�WKDW�DOO�WKH�HQWULHV�LQ A DUH�LQWHJHUV�DQG GHWA D 1�
([SODLQ�ZK\�DOO�WKH�HQWULHV�LQ A!1 DUH�LQWHJHUV�

,Q�([HUFLVHV���²��� ÀQG�WKH�DUHD�RI � WKH�SDUDOOHORJUDP�ZKRVH
YHUWLFHV�DUH�OLVWHG�

��� .0; 0/� .5; 2/� .6; 4/� .11; 6/

��� .0; 0/� .#1; 3/� .4; #5/� .3; #2/

��� .#1; 0/� .0; 5/� .1; #4/� .2; 1/

��� .0; #2/� .6; #1/� .#3; 1/� .3; 2/

��� )LQG�WKH�YROXPH�RI� WKH�SDUDOOHOHSLSHG�ZLWK�RQH�YHUWH[�DW
WKH�RULJLQ�DQG�DGMDFHQW�YHUWLFHV�DW .1; 0; #2/� .1; 2; 4/� DQG
.7; 1; 0/�

��� )LQG�WKH�YROXPH�RI� WKH�SDUDOOHOHSLSHG�ZLWK�RQH�YHUWH[�DW
WKH�RULJLQ�DQG�DGMDFHQW�YHUWLFHV�DW .1; 4; 0/� .#2; #5; 2/� DQG
.#1; 2; #1/�

��� 8VH�WKH�FRQFHSW�RI�YROXPH�WR�H[SODLQ�ZK\�WKH�GHWHUPLQDQW�RI
D 3 ! 3 PDWUL[ A LV�]HUR�LI�DQG�RQO\�LI A LV�QRW�LQYHUWLEOH� 'R
QRW�DSSHDO�WR�7KHRUHP ��LQ�6HFWLRQ ���� >+LQW� 7KLQN�DERXW
WKH�FROXPQV�RI A�@

��� /HW T W Rm ! Rn EH�D�OLQHDU�WUDQVIRUPDWLRQ� DQG�OHW S EH�D
YHFWRU�DQG S D�VHW�LQRm� 6KRZ�WKDW�WKH�LPDJH�RI S C S XQGHU
T LV�WKH�WUDQVODWHG�VHW T .S/ C T .S/ LQ Rn�



&KDSWHU���6XSSOHPHQWDU\�([HUFLVHV

��� /HW S EH � WKH � SDUDOOHORJUDP � GHWHUPLQHG � E\ � WKH � YHFWRUV

E1 D
!

#2
3

"
DQG E2 D

!
#2

5

"
� DQG�OHW A D

!
6 #2

#3 2

"
�

&RPSXWH WKH �DUHD �RI � WKH � LPDJH�RI S XQGHU � WKH �PDSSLQJ
[ 7! A[�

��� 5HSHDW � ([HUFLVH � �� � ZLWK E1 D
!

4
#7

"
� E2 D

!
0
1

"
� DQG

A D
!

7 2
1 1

"
�

��� )LQG�D�IRUPXOD�IRU�WKH�DUHD�RI�WKH�WULDQJOH�ZKRVH�YHUWLFHV�DUH
�� Y1� DQG Y2 LQ R2�

��� /HW R EH�WKH�WULDQJOH�ZLWK�YHUWLFHV�DW .x1; y1/� .x2; y2/� DQG
.x3; y3/� 6KRZ�WKDW

fDUHD�RI�WULDQJOHg D 1

2
GHW

2
4

x1 y1 1
x2 y2 1
x3 y3 1

3
5

>+LQW� 7UDQVODWH R WR�WKH�RULJLQ�E\�VXEWUDFWLQJ�RQH�RI�WKH
YHUWLFHV� DQG�XVH�([HUFLVH����@

��� /HW T W R3 ! R3 EH�WKH�OLQHDU�WUDQVIRUPDWLRQ�GHWHUPLQHG

E\�WKH�PDWUL[ A D

2
4

a 0 0
0 b 0
0 0 c

3
5� ZKHUH a� b� DQG c DUH

SRVLWLYH�QXPEHUV� /HW S EH�WKH�XQLW�EDOO� ZKRVH�ERXQGLQJ
VXUIDFH�KDV�WKH�HTXDWLRQ x2

1 C x2
2 C x2

3 D 1�
D� 6KRZ�WKDW T .S/ LV �ERXQGHG�E\� WKH�HOOLSVRLG�ZLWK� WKH

HTXDWLRQ
x2

1

a2
C x2

2

b2
C x2

3

c2
D 1�

E� 8VH�WKH�IDFW � WKDW � WKH�YROXPH�RI� WKH�XQLW �EDOO � LV 4$=3
WR�GHWHUPLQH�WKH�YROXPH�RI�WKH�UHJLRQ�ERXQGHG�E\�WKH
HOOLSVRLG�LQ�SDUW��D��

��� /HW S EH�WKH�WHWUDKHGURQ�LQ R3 ZLWK�YHUWLFHV�DW�WKH�YHFWRUV ��
H1� H2� DQG H3� DQG�OHW S 0 EH�WKH�WHWUDKHGURQ�ZLWK�YHUWLFHV�DW
YHFWRUV �� Y1� Y2� DQG Y3� 6HH�WKH�ÀJXUH�

x3 x3

e3
S

e2

x2
x2

0 0

e1
x1

x1

v3
S' v2

v1

D� 'HVFULEH�D�OLQHDU�WUDQVIRUPDWLRQ�WKDW�PDSV S RQWR S 0�
E� )LQG�D�IRUPXOD�IRU�WKH�YROXPH�RI�WKH�WHWUDKHGURQ S 0 XVLQJ

WKH�IDFW�WKDW
fYROXPH�RI Sg D .1=3/fDUHD�RI�EDVHg $ fKHLJKWg

��� >0@ 7HVW�WKH�LQYHUVH�IRUPXOD�RI�7KHRUHP ��IRU�D�UDQGRP
4 ! 4 PDWUL[ A� 8VH�\RXU�PDWUL[�SURJUDP�WR�FRPSXWH�WKH
FRIDFWRUV�RI�WKH 3 ! 3 VXEPDWULFHV� FRQVWUXFW�WKH�DGMXJDWH�
DQG�VHW B D .DGMA/=.GHWA/� 7KHQ�FRPSXWH B # LQY.A/�
ZKHUH LQY.A/ LV�WKH�LQYHUVH�RI A DV�FRPSXWHG�E\�WKH�PDWUL[
SURJUDP� 8VH�ÁRDWLQJ�SRLQW�DULWKPHWLF�ZLWK�WKH�PD[LPXP
SRVVLEOH�QXPEHU�RI�GHFLPDO�SODFHV� 5HSRUW�\RXU�UHVXOWV�

��� >0@ 7HVW�&UDPHU·V�UXOH�IRU�D�UDQGRP 4 ! 4 PDWUL[ A DQG�D
UDQGRP 4 ! 1 YHFWRU E� &RPSXWH�HDFK�HQWU\�LQ�WKH�VROXWLRQ�RI
A[ D E� DQG�FRPSDUH�WKHVH�HQWULHV�ZLWK�WKH�HQWULHV�LQ A!1E�
:ULWH�WKH�FRPPDQG��RU�NH\VWURNHV��IRU�\RXU�PDWUL[�SURJUDP
WKDW�XVHV�&UDPHU·V�UXOH�WR�SURGXFH�WKH�VHFRQG�HQWU\�RI [�

��� >0@ ,I�\RXU�YHUVLRQ�RI�0$7/$% KDV�WKH IORSV FRPPDQG�
XVH�LW�WR�FRXQW�WKH�QXPEHU�RI�ÁRDWLQJ�SRLQW�RSHUDWLRQV�WR�FRP�
SXWHA!1 IRU�D�UDQGRP 30 ! 30PDWUL[� &RPSDUH�WKLV�QXPEHU
ZLWK�WKH�QXPEHU�RI�ÁRSV�QHHGHG�WR�IRUP .DGMA/=.GHWA/�

7KH�DUHD�RI S LV
ˇ̌
ˇ̌ GHW

!
1 5
3 1

" ˇ̌
ˇ̌ D 14; DQG GHWA D 2� %\�7KHRUHP ��� WKH�DUHD�RI�WKH

LPDJH�RI S XQGHU�WKH�PDSSLQJ [ 7! A[ LV

jGHWAj $ fDUHD�RI Sg D 2 $ 14 D 28

�� 0DUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�
$VVXPH�WKDW�DOO�PDWULFHV�KHUH�DUH�VTXDUH�
D� ,I A LV�D 2 ! 2 PDWUL[�ZLWK�D�]HUR�GHWHUPLQDQW� WKHQ�RQH

FROXPQ�RI A LV�D�PXOWLSOH�RI�WKH�RWKHU�
E� ,I � WZR � URZV �RI � D 3 ! 3 PDWUL[ A DUH � WKH � VDPH� WKHQ

GHWA D 0�
F� ,I A LV�D 3 ! 3 PDWUL[� WKHQ GHW 5A D 5 GHWA�

G� ,I A DQG B DUH n ! n PDWULFHV� ZLWK GHWA D 2 DQG
GHWB D 3� WKHQ GHW.A C B/ D 5�

H� ,I A LV n ! n DQG GHWA D 2� WKHQ GHWA3 D 6�
I� ,I B LV�SURGXFHG�E\�LQWHUFKDQJLQJ�WZR�URZV�RI A� WKHQ

GHWB D GHWA�
J� ,I B LV�SURGXFHG�E\�PXOWLSO\LQJ�URZ���RI A E\��� WKHQ

GHWB D 5 $ GHWA�



'HWHUPLQDQWV

K� ,I B LV � IRUPHG �E\ � DGGLQJ � WR �RQH � URZ �RI A D � OLQHDU
FRPELQDWLRQ�RI�WKH�RWKHU�URZV� WKHQ GHWB D GHWA�

L� GHWAT D # GHWA�
M� GHW.#A/ D # GHWA�
N� GHWATA % 0�
O� $Q\�V\VWHP�RI n OLQHDU�HTXDWLRQV�LQ n YDULDEOHV�FDQ�EH

VROYHG�E\�&UDPHU·V�UXOH�
P� ,I X DQG Y DUH�LQ R2 DQG GHW Œ X Y ! D 10� WKHQ�WKH�DUHD

RI�WKH�WULDQJOH�LQ�WKH�SODQH�ZLWK�YHUWLFHV�DW �� X� DQG Y LV
���

Q� ,I A3 D 0� WKHQ GHWA D 0�
R� ,I A LV�LQYHUWLEOH� WKHQ GHWA!1 D GHWA�
S� ,I A LV�LQYHUWLEOH� WKHQ .GHWA/.GHWA!1/ D 1�

8VH�URZ�RSHUDWLRQV�WR�VKRZ�WKDW�WKH�GHWHUPLQDQWV�LQ�([HUFLVHV��²�
DUH�DOO�]HUR�

��

ˇ̌
ˇ̌
ˇ̌
12 13 14
15 16 17
18 19 20

ˇ̌
ˇ̌
ˇ̌ ��

ˇ̌
ˇ̌
ˇ̌
1 a b C c
1 b a C c
1 c a C b

ˇ̌
ˇ̌
ˇ̌

��

ˇ̌
ˇ̌
ˇ̌

a b c
a C x b C x c C x
a C y b C y c C y

ˇ̌
ˇ̌
ˇ̌

&RPSXWH�WKH�GHWHUPLQDQWV�LQ�([HUFLVHV���DQG���

��

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

9 1 9 9 9
9 0 9 9 2
4 0 0 5 0
9 0 3 9 0
6 0 0 7 0

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

��

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

4 8 8 8 5
0 1 0 0 0
6 8 8 8 7
0 8 8 3 0
0 8 2 0 0

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

�� 6KRZ�WKDW�WKH�HTXDWLRQ�RI�WKH�OLQH�LQ R2 WKURXJK�GLVWLQFW
SRLQWV .x1; y1/ DQG .x2; y2/ FDQ�EH�ZULWWHQ�DV

GHW

2
4

1 x y
1 x1 y1

1 x2 y2

3
5 D 0

�� )LQG�D 3 ! 3 GHWHUPLQDQW�HTXDWLRQ�VLPLODU�WR�WKDW�LQ�([HUFLVH �
WKDW�GHVFULEHV�WKH�HTXDWLRQ�RI�WKH�OLQH�WKURXJK .x1; y1/ ZLWK
VORSH m�

([HUFLVHV���DQG����FRQFHUQ�GHWHUPLQDQWV�RI�WKH�IROORZLQJ 9DQGHU�
PRQGH�PDWULFHV�

T D

2
64

1 a a2

1 b b2

1 c c2

3
75; V .t/ D

2
66664

1 t t2 t 3

1 x1 x2
1 x3

1

1 x2 x2
2 x3

2

1 x3 x2
3 x3

3

3
77775

�� 8VH�URZ�RSHUDWLRQV�WR�VKRZ�WKDW
GHWT D .b # a/.c # a/.c # b/

��� /HW f .t/ D GHWV � ZLWK x1� x2� x3 DOO�GLVWLQFW� ([SODLQ�ZK\
f .t/ LV�D�FXELF�SRO\QRPLDO� VKRZ�WKDW�WKH�FRHIÀFLHQW�RI t 3 LV
QRQ]HUR� DQG�ÀQG�WKUHH�SRLQWV�RQ�WKH�JUDSK�RI f �

��� 'HWHUPLQH�WKH�DUHD�RI�WKH�SDUDOOHORJUDP�GHWHUPLQHG�E\�WKH
SRLQWV .1; 4/� .#1; 5/� .3; 9/� DQG .5; 8/� +RZ�FDQ�\RX�WHOO
WKDW�WKH�TXDGULODWHUDO�GHWHUPLQHG�E\�WKH�SRLQWV�LV�DFWXDOO\�D
SDUDOOHORJUDP"

��� 8VH�WKH�FRQFHSW�RI�DUHD�RI�D�SDUDOOHORJUDP�WR�ZULWH�D�VWDWH�
PHQW�DERXW�D 2 ! 2 PDWUL[ A WKDW�LV�WUXH�LI�DQG�RQO\�LI A LV
LQYHUWLEOH�

��� 6KRZ�WKDW�LI A LV�LQYHUWLEOH� WKHQ DGMA LV�LQYHUWLEOH� DQG

.DGMA/!1 D 1

GHWA
A

>+LQW� *LYHQ�PDWULFHV B DQG C � ZKDW�FDOFXODWLRQ�V��ZRXOG
VKRZ�WKDW C LV�WKH�LQYHUVH�RI B‹!

��� /HW A� B � C � D� DQG I EH n ! n PDWULFHV� 8VH�WKH�GHÀQL�
WLRQ�RU�SURSHUWLHV�RI�D�GHWHUPLQDQW�WR�MXVWLI\�WKH�IROORZLQJ
IRUPXODV� 3DUW �F��LV�XVHIXO�LQ�DSSOLFDWLRQV�RI�HLJHQYDOXHV
�&KDSWHU ���

D� GHW
!

A 0
0 I

"
D GHWA E� GHW

!
I 0
C D

"
D GHWD

F� GHW
!

A 0
C D

"
D .GHWA/.GHWD/ D GHW

!
A B
0 D

"

��� /HW A� B � C � DQG D EH n ! n PDWULFHV�ZLWK A LQYHUWLEOH�
D� )LQG�PDWULFHV X DQG Y WR�SURGXFH�WKH�EORFN�/8 IDFWRU�

L]DWLRQ!
A B
C D

"
D
!

I 0
X I

"!
A B
0 Y

"

DQG�WKHQ�VKRZ�WKDW

GHW
!

A B
C D

"
D .GHWA/ $ GHW.D # &$!1B/

E� 6KRZ�WKDW�LI AC D &$� WKHQ

GHW
!

A B
C D

"
D GHW.AD # CB/

��� /HW J EH � WKH n ! n PDWUL[ � RI � DOO � �·V� DQG � FRQVLGHU
A D .a # b/I C bJ � WKDW�LV�

A D

2
666664

a b b $ $ $ b
b a b $ $ $ b
b b a $ $ $ b
:::

:::
:::

: : :
:::

b b b $ $ $ a

3
777775

&RQÀUP�WKDW GHWA D .a # b/n!1Œa C .n # 1/b! DV�IROORZV�
D� 6XEWUDFW�URZ���IURP�URZ��� URZ���IURP�URZ��� DQG�VR�RQ�

DQG�H[SODLQ�ZK\�WKLV�GRHV�QRW�FKDQJH�WKH�GHWHUPLQDQW�RI
WKH�PDWUL[�



&KDSWHU���6XSSOHPHQWDU\�([HUFLVHV

E� :LWK�WKH�UHVXOWLQJ�PDWUL[�IURP�SDUW��D�� DGG�FROXPQ���WR
FROXPQ��� WKHQ�DGG�WKLV�QHZ�FROXPQ���WR�FROXPQ��� DQG�VR
RQ� DQG�H[SODLQ�ZK\�WKLV�GRHV�QRW�FKDQJH�WKH�GHWHUPLQDQW�

F� )LQG�WKH�GHWHUPLQDQW�RI�WKH�UHVXOWLQJ�PDWUL[�IURP��E��
��� /HW A EH�WKH�RULJLQDO�PDWUL[�JLYHQ�LQ�([HUFLVH���� DQG�OHW

B D

2
666664

a # b b b $ $ $ b
0 a b $ $ $ b
0 b a $ $ $ b
:::

:::
:::

: : :
:::

0 b b $ $ $ a

3
777775
�

C D

2
666664

b b b $ $ $ b
b a b $ $ $ b
b b a $ $ $ b
:::

:::
:::

: : :
:::

b b b $ $ $ a

3
777775

1RWLFH�WKDW A� B � DQG C DUH�QHDUO\�WKH�VDPH�H[FHSW�WKDW�WKH
ÀUVW�FROXPQ�RI A HTXDOV�WKH�VXP�RI�WKH�ÀUVW�FROXPQV�RI B
DQG C � $ OLQHDULW\�SURSHUW\ RI�WKH�GHWHUPLQDQW�IXQFWLRQ�
GLVFXVVHG�LQ�6HFWLRQ����� VD\V�WKDW GHWA D GHWB C GHWC �
8VH�WKLV�IDFW�WR�SURYH�WKH�IRUPXOD�LQ�([HUFLVH����E\�LQGXFWLRQ
RQ�WKH�VL]H�RI�PDWUL[ A�

��� >0@ $SSO\�WKH�UHVXOW�RI�([HUFLVH����WR�ÀQG�WKH�GHWHUPLQDQWV
RI�WKH�IROORZLQJ�PDWULFHV� DQG�FRQÀUP�\RXU�DQVZHUV�XVLQJ�D
PDWUL[�SURJUDP�
2
664

3 8 8 8
8 3 8 8
8 8 3 8
8 8 8 3

3
775

2
66664

8 3 3 3 3
3 8 3 3 3
3 3 8 3 3
3 3 3 8 3
3 3 3 3 8

3
77775

��� >0@ 8VH�D�PDWUL[�SURJUDP�WR�FRPSXWH�WKH�GHWHUPLQDQWV�RI
WKH�IROORZLQJ�PDWULFHV�
2
4

1 1 1
1 2 2
1 2 3

3
5

2
664

1 1 1 1
1 2 2 2
1 2 3 3
1 2 3 4

3
775

2
66664

1 1 1 1 1
1 2 2 2 2
1 2 3 3 3
1 2 3 4 4
1 2 3 4 5

3
77775

8VH�WKH�UHVXOWV�WR�JXHVV�WKH�GHWHUPLQDQW�RI�WKH�PDWUL[�EHORZ�
DQG�FRQÀUP�\RXU�JXHVV�E\�XVLQJ�URZ�RSHUDWLRQV�WR�HYDOXDWH
WKDW�GHWHUPLQDQW�2
666664

1 1 1 $ $ $ 1
1 2 2 $ $ $ 2
1 2 3 $ $ $ 3
:::

:::
:::

: : :
:::

1 2 3 $ $ $ n

3
777775

��� >0@ 8VH�WKH�PHWKRG�RI�([HUFLVH����WR�JXHVV�WKH�GHWHUPLQDQW
RI2
666664

1 1 1 $ $ $ 1
1 3 3 $ $ $ 3
1 3 6 $ $ $ 6
:::

:::
:::

: : :
:::

1 3 6 $ $ $ 3.n # 1/

3
777775

-XVWLI\�\RXU�FRQMHFWXUH� >+LQW� 8VH�([HUFLVH����F��DQG�WKH
UHVXOW�RI�([HUFLVH����@
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9HFWRU�6SDFHV

6SDFH�)OLJKW�DQG�&RQWURO�6\VWHPV
7ZHOYH�VWRULHV�KLJK�DQG�ZHLJKLQJ����WRQV� &ROXPELD URVH
PDMHVWLFDOO\�RII�WKH�ODXQFKLQJ�SDG�RQ�D�FRRO�3DOP�6XQGD\
PRUQLQJ�LQ�$SULO������ $ SURGXFW�RI�WHQ�\HDUV·�LQWHQVLYH
UHVHDUFK�DQG�GHYHORSPHQW� WKH�ÀUVW�8�6��VSDFH�VKXWWOH�ZDV�D
WULXPSK�RI�FRQWURO�V\VWHPV�HQJLQHHULQJ�GHVLJQ� LQYROYLQJ
PDQ\�EUDQFKHV�RI�HQJLQHHULQJ³DHURQDXWLFDO� FKHPLFDO�
HOHFWULFDO� K\GUDXOLF� DQG�PHFKDQLFDO�

7KH�VSDFH�VKXWWOH·V�FRQWURO�V\VWHPV�DUH�DEVROXWHO\
FULWLFDO�IRU�ÁLJKW� %HFDXVH�WKH�VKXWWOH�LV�DQ�XQVWDEOH
DLUIUDPH� LW�UHTXLUHV�FRQVWDQW�FRPSXWHU�PRQLWRULQJ�GXULQJ
DWPRVSKHULF�ÁLJKW� 7KH�ÁLJKW�FRQWURO�V\VWHP�VHQGV�D
VWUHDP�RI�FRPPDQGV�WR�DHURG\QDPLF�FRQWURO�VXUIDFHV�DQG
���VPDOO�WKUXVWHU�MHWV� )LJXUH ��VKRZV�D�W\SLFDO�FORVHG�
ORRS�IHHGEDFN�V\VWHP�WKDW�FRQWUROV�WKH�SLWFK�RI�WKH�VKXWWOH

GXULQJ�ÁLJKW� �7KH�SLWFK�LV�WKH�HOHYDWLRQ DQJOH RI�WKH�QRVH
FRQH�� 7KH�MXQFWLRQ�V\PEROV��˝��VKRZ�ZKHUH�VLJQDOV
IURP�YDULRXV�VHQVRUV�DUH�DGGHG�WR�WKH�FRPSXWHU�VLJQDOV
ÁRZLQJ�DORQJ�WKH�WRS�RI�WKH�ÀJXUH�

0DWKHPDWLFDOO\� WKH�LQSXW�DQG�RXWSXW�VLJQDOV�WR�DQ
HQJLQHHULQJ�V\VWHP�DUH�IXQFWLRQV� ,W � LV�LPSRUWDQW�LQ
DSSOLFDWLRQV�WKDW�WKHVH�IXQFWLRQV�FDQ�EH�DGGHG� DV�LQ
)LJ� �� DQG�PXOWLSOLHG�E\�VFDODUV� 7KHVH�WZR�RSHUDWLRQV
RQ�IXQFWLRQV�KDYH�DOJHEUDLF�SURSHUWLHV�WKDW�DUH�FRPSOHWHO\
DQDORJRXV�WR�WKH�RSHUDWLRQV�RI�DGGLQJ�YHFWRUV�LQ Rn

DQG�PXOWLSO\LQJ�D�YHFWRU�E\�D�VFDODU� DV�ZH�VKDOO�VHH
LQ�6HFWLRQV ����DQG����� )RU�WKLV�UHDVRQ� WKH�VHW�RI�DOO
SRVVLEOH�LQSXWV��IXQFWLRQV��LV�FDOOHG�D YHFWRU�VSDFH� 7KH
PDWKHPDWLFDO�IRXQGDWLRQ�IRU�V\VWHPV�HQJLQHHULQJ�UHVWV

Commanded 
pitch

Controller

Pitch
rate

Pitch
rate
error

Pitch
acceleration

error
Accelerometer

Rate gyro

Pitch

Shuttle
dynamics

Commanded
pitch

acceleration

Commanded
pitch
rate

K1 K2 G1(s) G2(s)

s2

++ +++
– ––

s
Inertial measuring unit

1

3LWFK�FRQWURO�V\VWHP�IRU�WKH�VSDFH�VKXWWOH� �6RXUFH� $GDSWHG�IURP 6SDFH�6KXWWOH�*1	& 2SHUDWLRQV
0DQXDO� 5RFNZHOO�,QWHUQDWLRQDO� �������



9HFWRU�6SDFHV

RQ�YHFWRU�VSDFHV�RI�IXQFWLRQV� DQG�&KDSWHU���H[WHQGV�WKH
WKHRU\�RI�YHFWRUV�LQRn WR�LQFOXGH�VXFK�IXQFWLRQV� /DWHU�RQ�

\RX�ZLOO�VHH�KRZ�RWKHU�YHFWRU�VSDFHV�DULVH�LQ�HQJLQHHULQJ�
SK\VLFV� DQG�VWDWLVWLFV�

WEB

7KH�PDWKHPDWLFDO�VHHGV�SODQWHG�LQ�&KDSWHUV ��DQG���JHUPLQDWH�DQG�EHJLQ�WR�EORVVRP
LQ�WKLV�FKDSWHU� 7KH�EHDXW\�DQG�SRZHU�RI�OLQHDU�DOJHEUD�ZLOO�EH�VHHQ�PRUH�FOHDUO\�ZKHQ
\RX�YLHZ Rn DV�RQO\�RQH�RI�D�YDULHW\�RI�YHFWRU�VSDFHV�WKDW�DULVH�QDWXUDOO\�LQ�DSSOLHG
SUREOHPV� $FWXDOO\� D�VWXG\�RI�YHFWRU�VSDFHV�LV�QRW�PXFK�GLIIHUHQW�IURP�D�VWXG\�RI Rn

LWVHOI� EHFDXVH�\RX�FDQ�XVH�\RXU�JHRPHWULF�H[SHULHQFH�ZLWKR2 DQGR3 WR�YLVXDOL]H�PDQ\
JHQHUDO�FRQFHSWV�

%HJLQQLQJ�ZLWK�EDVLF�GHÀQLWLRQV�LQ�6HFWLRQ ���� WKH�JHQHUDO�YHFWRU�VSDFH�IUDPHZRUN
GHYHORSV�JUDGXDOO\�WKURXJKRXW�WKH�FKDSWHU� $ JRDO�RI�6HFWLRQV ���²����LV�WR�GHPRQVWUDWH
KRZ�FORVHO\�RWKHU�YHFWRU�VSDFHV�UHVHPEOH Rn� 6HFWLRQ�����RQ�UDQN�LV�RQH�RI�WKH�KLJK
SRLQWV�RI�WKH�FKDSWHU� XVLQJ�YHFWRU�VSDFH�WHUPLQRORJ\�WR�WLH�WRJHWKHU�LPSRUWDQW�IDFWV�DERXW
UHFWDQJXODU�PDWULFHV� 6HFWLRQ ����DSSOLHV�WKH�WKHRU\�RI�WKH�FKDSWHU�WR�GLVFUHWH�VLJQDOV�DQG
GLIIHUHQFH�HTXDWLRQV�XVHG�LQ�GLJLWDO�FRQWURO�V\VWHPV�VXFK�DV�LQ�WKH�VSDFH�VKXWWOH� 0DUNRY
FKDLQV� LQ�6HFWLRQ ���� SURYLGH�D�FKDQJH�RI�SDFH�IURP�WKH�PRUH�WKHRUHWLFDO�VHFWLRQV�RI
WKH�FKDSWHU�DQG�PDNH�JRRG�H[DPSOHV�IRU�FRQFHSWV�WR�EH�LQWURGXFHG�LQ�&KDSWHU ��

0XFK�RI�WKH�WKHRU\�LQ�&KDSWHUV ��DQG���UHVWHG�RQ�FHUWDLQ�VLPSOH�DQG�REYLRXV�DOJH�
EUDLF�SURSHUWLHV�RI Rn� OLVWHG�LQ�6HFWLRQ ���� ,Q�IDFW� PDQ\�RWKHU�PDWKHPDWLFDO�V\VWHPV
KDYH�WKH�VDPH�SURSHUWLHV� 7KH�VSHFLÀF�SURSHUWLHV�RI�LQWHUHVW�DUH�OLVWHG�LQ�WKH�IROORZLQJ
GHÀQLWLRQ�

$ YHFWRU�VSDFH LV�D�QRQHPSW\�VHW V RI�REMHFWV� FDOOHG YHFWRUV� RQ�ZKLFK�DUH�GH�
ÀQHG�WZR�RSHUDWLRQV� FDOOHG DGGLWLRQ DQGPXOWLSOLFDWLRQ�E\�VFDODUV �UHDO�QXPEHUV��
VXEMHFW�WR�WKH�WHQ�D[LRPV��RU�UXOHV��OLVWHG�EHORZ�� 7KH�D[LRPV�PXVW�KROG�IRU�DOO
YHFWRUV X� Y� DQG Z LQ V DQG�IRU�DOO�VFDODUV c DQG d �

�� 7KH�VXP�RI X DQG Y� GHQRWHG�E\ X C Y� LV�LQ V �
�� X C Y D Y C X�
�� .X C Y/ C Z D X C .Y C Z/�
�� 7KHUH�LV�D ]HUR YHFWRU � LQ V VXFK�WKDW X C � D X�
�� )RU�HDFK X LQ V � WKHUH�LV�D�YHFWRU !X LQ V VXFK�WKDW X C .!X/ D ��
�� 7KH�VFDODU�PXOWLSOH�RI X E\ c� GHQRWHG�E\ cX� LV�LQ V �
�� c.X C Y/ D cX C cY�
�� .c C d/X D cX C dX�
�� c.dX/ D .cd/X�

��� 1X D X�

ñ7HFKQLFDOO\� V LV�D UHDO�YHFWRU�VSDFH� $OO�RI�WKH�WKHRU\�LQ�WKLV�FKDSWHU�DOVR�KROGV�IRU�D FRPSOH[�YHFWRU�VSDFH
LQ�ZKLFK�WKH�VFDODUV�DUH�FRPSOH[�QXPEHUV� :H�ZLOO�ORRN�DW�WKLV�EULHÁ\�LQ�&KDSWHU �� 8QWLO�WKHQ� DOO�VFDODUV
DUH�DVVXPHG�WR�EH�UHDO�



9HFWRU�6SDFHV�DQG�6XEVSDFHV

8VLQJ�RQO\�WKHVH�D[LRPV� RQH�FDQ�VKRZ�WKDW�WKH�]HUR�YHFWRU�LQ�$[LRP ��LV�XQLTXH�
DQG�WKH�YHFWRU !X� FDOOHG�WKH QHJDWLYH RI X� LQ�$[LRP���LV�XQLTXH�IRU�HDFK X LQ V �
6HH�([HUFLVHV ���DQG���� 3URRIV�RI�WKH�IROORZLQJ�VLPSOH�IDFWV�DUH�DOVR�RXWOLQHG�LQ�WKH
H[HUFLVHV�

)RU�HDFK X LQ V DQG�VFDODU c�
0X D � ���
c� D � ���
!X D .!1/X ���

7KH�VSDFHV Rn� ZKHUH n " 1� DUH�WKH�SUHPLHU�H[DPSOHV�RI�YHFWRU
VSDFHV� 7KH�JHRPHWULF�LQWXLWLRQ�GHYHORSHG�IRUR3 ZLOO�KHOS�\RX�XQGHUVWDQG�DQG�YLVXDOL]H
PDQ\�FRQFHSWV�WKURXJKRXW�WKH�FKDSWHU�

/HW V EH�WKH�VHW�RI�DOO�DUURZV��GLUHFWHG�OLQH�VHJPHQWV��LQ�WKUHH�GLPHQ�
VLRQDO�VSDFH� ZLWK�WZR�DUURZV�UHJDUGHG�DV�HTXDO�LI�WKH\�KDYH�WKH�VDPH�OHQJWK�DQG�SRLQW
LQ�WKH�VDPH�GLUHFWLRQ� 'HÀQH�DGGLWLRQ�E\�WKH�SDUDOOHORJUDP�UXOH��IURP�6HFWLRQ �����
DQG�IRU�HDFK Y LQ V � GHÀQH cY WR�EH�WKH�DUURZ�ZKRVH�OHQJWK�LV jcj WLPHV�WKH�OHQJWK�RI
Y� SRLQWLQJ�LQ�WKH�VDPH�GLUHFWLRQ�DV Y LI c " 0 DQG�RWKHUZLVH�SRLQWLQJ�LQ�WKH�RSSRVLWH
GLUHFWLRQ� �6HH�)LJ� ��� 6KRZ�WKDW V LV�D�YHFWRU�VSDFH� 7KLV�VSDFH�LV�D�FRPPRQ�PRGHO
LQ�SK\VLFDO�SUREOHPV�IRU�YDULRXV�IRUFHV�

v 3v –v

7KH�GHÀQLWLRQ�RI V LV�JHRPHWULF� XVLQJ�FRQFHSWV�RI�OHQJWK�DQG�GLUHFWLRQ�
1R xy´�FRRUGLQDWH�V\VWHP�LV�LQYROYHG� $Q�DUURZ�RI�]HUR�OHQJWK�LV�D�VLQJOH�SRLQW�DQG
UHSUHVHQWV�WKH�]HUR�YHFWRU� 7KH�QHJDWLYH�RI Y LV .!1/Y� 6R�$[LRPV��� �� �� �� DQG����DUH
HYLGHQW� 7KH�UHVW�DUH�YHULÀHG�E\�JHRPHWU\� )RU�LQVWDQFH� VHH�)LJV� ��DQG ��

v u
u

v + u

u + v

X C Y D Y C X�

v

w

u v + w

u + v + w

u + v

.X C Y/ C Z D X C .Y C Z/�

/HWS EH�WKH�VSDFH�RI�DOO�GRXEO\�LQÀQLWH�VHTXHQFHV�RI�QXPEHUV��XVXDOO\
ZULWWHQ�LQ�D�URZ�UDWKHU�WKDQ�D�FROXPQ��

f ykg D .: : : ; y!2; y!1; y0; y1; y2; : : :/

,I f´kg LV�DQRWKHU�HOHPHQW�RI S� WKHQ�WKH�VXP f ykg C f´kg LV�WKH�VHTXHQFH f yk C ´kg
IRUPHG�E\�DGGLQJ�FRUUHVSRQGLQJ�WHUPV�RI f ykg DQG f´kg� 7KH�VFDODU�PXOWLSOH c f ykg LV
WKH�VHTXHQFH fcykg� 7KH�YHFWRU�VSDFH�D[LRPV�DUH�YHULÀHG�LQ�WKH�VDPH�ZD\�DV�IRU Rn�

(OHPHQWV�RI S DULVH�LQ�HQJLQHHULQJ� IRU�H[DPSOH� ZKHQHYHU�D�VLJQDO�LV�PHDVXUHG��RU
VDPSOHG��DW�GLVFUHWH�WLPHV� $ VLJQDO�PLJKW�EH�HOHFWULFDO� PHFKDQLFDO� RSWLFDO� DQG�VR�RQ�
7KH�PDMRU�FRQWURO�V\VWHPV�IRU�WKH�VSDFH�VKXWWOH� PHQWLRQHG�LQ�WKH�FKDSWHU�LQWURGXFWLRQ�
XVH�GLVFUHWH��RU�GLJLWDO��VLJQDOV� )RU�FRQYHQLHQFH� ZH�ZLOO�FDOO S WKH�VSDFH�RI��GLVFUHWH�
WLPH� VLJQDOV� $ VLJQDO�PD\�EH�YLVXDOL]HG�E\�D�JUDSK�DV�LQ�)LJ� ��
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–5 0 5 10

$ GLVFUHWH�WLPH�VLJQDO�

)RU n " 0� WKH�VHW Pn RI�SRO\QRPLDOV�RI�GHJUHH�DW�PRVW n FRQVLVWV�RI
DOO�SRO\QRPLDOV�RI�WKH�IRUP

S.t/ D a0 C a1t C a2t2 C # # # C antn ���

ZKHUH�WKH�FRHIÀFLHQWV a0; : : : ; an DQG�WKH�YDULDEOH t DUH�UHDO�QXPEHUV� 7KH GHJUHH RI
S LV�WKH�KLJKHVW�SRZHU�RI t LQ�����ZKRVH�FRHIÀFLHQW�LV�QRW�]HUR� ,I S.t/ D a0 ¤ 0� WKH
GHJUHH�RI S LV�]HUR� ,I�DOO�WKH�FRHIÀFLHQWV�DUH�]HUR� S LV�FDOOHG�WKH ]HUR�SRO\QRPLDO� 7KH
]HUR�SRO\QRPLDO�LV�LQFOXGHG�LQ Pn HYHQ�WKRXJK�LWV�GHJUHH� IRU�WHFKQLFDO�UHDVRQV� LV�QRW
GHÀQHG�

,I S LV�JLYHQ�E\�����DQG�LI T.t/ D b0 C b1t C # # # C bntn� WKHQ�WKH�VXP S C T LV
GHÀQHG�E\

.S C T/.t/ D S.t/ C T.t/

D .a0 C b0/ C .a1 C b1/t C # # # C .an C bn/tn

7KH�VFDODU�PXOWLSOH cS LV�WKH�SRO\QRPLDO�GHÀQHG�E\

.cS/.t/ D cS.t/ D ca0 C .ca1/t C # # # C .can/tn

7KHVH�GHÀQLWLRQV�VDWLVI\�$[LRPV ��DQG���EHFDXVH S C T DQG cS DUH�SRO\QRPLDOV
RI�GHJUHH�OHVV�WKDQ�RU�HTXDO�WR n� $[LRPV �� �� DQG��²���IROORZ�IURP�SURSHUWLHV�RI�WKH
UHDO�QXPEHUV� &OHDUO\� WKH�]HUR�SRO\QRPLDO�DFWV�DV�WKH�]HUR�YHFWRU�LQ�$[LRP �� )LQDOO\�
.!1/S DFWV�DV�WKH�QHJDWLYH�RI S� VR�$[LRP���LV�VDWLVÀHG� 7KXV Pn LV�D�YHFWRU�VSDFH�

7KH�YHFWRU�VSDFHV Pn IRU�YDULRXV n DUH�XVHG� IRU�LQVWDQFH� LQ�VWDWLVWLFDO�WUHQG�DQDO\VLV
RI�GDWD� GLVFXVVHG�LQ�6HFWLRQ�����

/HW V EH�WKH�VHW�RI�DOO�UHDO�YDOXHG�IXQFWLRQV�GHÀQHG�RQ�D�VHWD� �7\SL�
FDOO\� D LV�WKH�VHW�RI�UHDO�QXPEHUV�RU�VRPH�LQWHUYDO�RQ�WKH�UHDO�OLQH�� )XQFWLRQV�DUH�DGGHG
LQ�WKH�XVXDO�ZD\� I C J LV�WKH�IXQFWLRQ�ZKRVH�YDOXH�DW t LQ�WKH�GRPDLQ D LV I.t/ C J.t/�
/LNHZLVH� IRU�D�VFDODU c DQG�DQ I LQ V � WKH�VFDODU�PXOWLSOH cI LV�WKH�IXQFWLRQ�ZKRVH�YDOXH
DW t LV cI.t/� )RU�LQVWDQFH� LI D D R� I.t/ D 1 C VLQ 2t � DQG J.t/ D 2 C :5t � WKHQ

.I C J/.t/ D 3 C VLQ 2t C :5t DQG .2J/.t/ D 4 C t

7ZR�IXQFWLRQV�LQ V DUH�HTXDO�LI�DQG�RQO\�LI�WKHLU�YDOXHV�DUH�HTXDO�IRU�HYHU\ t LQ D�
+HQFH�WKH�]HUR�YHFWRU�LQ V LV�WKH�IXQFWLRQ�WKDW�LV�LGHQWLFDOO\�]HUR� I.t/ D 0 IRU�DOO t � DQG
WKH�QHJDWLYH�RI I LV .!1/I� $[LRPV ��DQG���DUH�REYLRXVO\�WUXH� DQG�WKH�RWKHU�D[LRPV
IROORZ�IURP�SURSHUWLHV�RI�WKH�UHDO�QXPEHUV� VR V LV�D�YHFWRU�VSDFH�

,W�LV�LPSRUWDQW�WR�WKLQN�RI�HDFK�IXQFWLRQ�LQ�WKH�YHFWRU�VSDFH V RI�([DPSOH ��DV�D
VLQJOH�REMHFW� DV�MXVW�RQH�´SRLQWµ�RU�YHFWRU�LQ�WKH�YHFWRU�VSDFH� 7KH�VXP�RI�WZR�YHFWRUV
I DQG J �IXQFWLRQV�LQ V � RU�HOHPHQWV�RI DQ\ YHFWRU�VSDFH��FDQ�EH�YLVXDOL]HG�DV�LQ�)LJ� ��
EHFDXVH�WKLV�FDQ�KHOS�\RX�FDUU\�RYHU�WR�D�JHQHUDO�YHFWRU�VSDFH�WKH�JHRPHWULF�LQWXLWLRQ
\RX�KDYH�GHYHORSHG�ZKLOH�ZRUNLQJ�ZLWK�WKH�YHFWRU�VSDFH Rn� 6HH�WKH 6WXG\�*XLGH IRU
KHOS�DV�\RX�OHDUQ�WR�DGRSW�WKLV�PRUH�JHQHUDO�SRLQW�RI�YLHZ�

f + g

g

f

0

7KH�VXP�RI�WZR�YHFWRUV
�IXQFWLRQV��
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6XEVSDFHV
,Q�PDQ\�SUREOHPV� D�YHFWRU�VSDFH�FRQVLVWV�RI�DQ�DSSURSULDWH�VXEVHW�RI�YHFWRUV�IURP�VRPH
ODUJHU�YHFWRU�VSDFH� ,Q�WKLV�FDVH� RQO\�WKUHH�RI�WKH�WHQ�YHFWRU�VSDFH�D[LRPV�QHHG�WR�EH
FKHFNHG� WKH�UHVW�DUH�DXWRPDWLFDOO\�VDWLVÀHG�

$ VXEVSDFH RI�D�YHFWRU�VSDFH V LV�D�VXEVHW H RI V WKDW�KDV�WKUHH�SURSHUWLHV�

D� 7KH�]HUR�YHFWRU�RI V LV�LQ H ��

E� H LV�FORVHG�XQGHU�YHFWRU�DGGLWLRQ� 7KDW�LV� IRU�HDFK X DQG Y LQ H � WKH�VXP
X C Y LV�LQ H �

F� H LV�FORVHG�XQGHU�PXOWLSOLFDWLRQ�E\�VFDODUV� 7KDW�LV� IRU�HDFK X LQ H DQG�HDFK
VFDODU c� WKH�YHFWRU cX LV�LQ H �

3URSHUWLHV��D�� �E�� DQG��F��JXDUDQWHH�WKDW�D�VXEVSDFH H RI V LV�LWVHOI�D YHFWRU
VSDFH� XQGHU�WKH�YHFWRU�VSDFH�RSHUDWLRQV�DOUHDG\�GHÀQHG�LQ V � 7R�YHULI\�WKLV� QRWH
WKDW�SURSHUWLHV��D�� �E�� DQG��F��DUH�$[LRPV��� �� DQG��� $[LRPV��� �� DQG��²���DUH
DXWRPDWLFDOO\�WUXH�LQ H EHFDXVH�WKH\�DSSO\�WR�DOO�HOHPHQWV�RI V � LQFOXGLQJ�WKRVH�LQ H �
$[LRP���LV�DOVR�WUXH�LQ H � EHFDXVH�LI X LV�LQ H � WKHQ .!1/X LV�LQ H E\�SURSHUW\��F�� DQG
ZH�NQRZ�IURP�HTXDWLRQ�����RQ�SDJH ����WKDW .!1/X LV�WKH�YHFWRU !X LQ�$[LRP ��

6R�HYHU\�VXEVSDFH�LV�D�YHFWRU�VSDFH� &RQYHUVHO\� HYHU\�YHFWRU�VSDFH�LV�D�VXEVSDFH
�RI�LWVHOI�DQG�SRVVLEO\�RI�RWKHU�ODUJHU�VSDFHV�� 7KH�WHUP VXEVSDFH LV�XVHG�ZKHQ�DW�OHDVW
WZR�YHFWRU�VSDFHV�DUH�LQ�PLQG� ZLWK�RQH�LQVLGH�WKH�RWKHU� DQG�WKH�SKUDVH VXEVSDFH�RI V
LGHQWLÀHV V DV�WKH�ODUJHU�VSDFH� �6HH�)LJ� ���

0

H

V

$ VXEVSDFH�RI V �

7KH�VHW�FRQVLVWLQJ�RI�RQO\�WKH�]HUR�YHFWRU�LQ�D�YHFWRU�VSDFH V LV�D
VXEVSDFH�RI V � FDOOHG�WKH ]HUR�VXEVSDFH DQG�ZULWWHQ�DV f�g�

/HW P EH�WKH�VHW�RI�DOO�SRO\QRPLDOV�ZLWK�UHDO�FRHIÀFLHQWV� ZLWK�RSHUD�
WLRQV�LQ P GHÀQHG�DV�IRU�IXQFWLRQV� 7KHQ P LV�D�VXEVSDFH�RI�WKH�VSDFH�RI�DOO�UHDO�YDOXHG
IXQFWLRQV�GHÀQHG�RQ R� $OVR� IRU�HDFK n " 0� Pn LV�D�VXEVSDFH�RI P � EHFDXVH Pn LV�D
VXEVHW�RI P WKDW�FRQWDLQV�WKH�]HUR�SRO\QRPLDO� WKH�VXP�RI�WZR�SRO\QRPLDOV�LQ Pn LV�DOVR
LQ Pn� DQG�D�VFDODU�PXOWLSOH�RI�D�SRO\QRPLDO�LQ Pn LV�DOVR�LQ Pn�

7KH�YHFWRU�VSDFH R2 LV QRW D�VXEVSDFH�RI R3 EHFDXVH R2 LV�QRW�HYHQ�D
VXEVHW�RI R3� �7KH�YHFWRUV�LQ R3 DOO�KDYH�WKUHH�HQWULHV� ZKHUHDV�WKH�YHFWRUV�LQ R2 KDYH
RQO\�WZR�� 7KH�VHW

H D

8<
:

2
4

s
t
0

3
5 W s DQG t DUH�UHDO

9=
;

LV�D�VXEVHW�RI R3 WKDW�´ORRNVµ�DQG�´DFWVµ�OLNH R2� DOWKRXJK�LW�LV�ORJLFDOO\�GLVWLQFW�IURP
R2� 6HH�)LJ� �� 6KRZ�WKDW H LV�D�VXEVSDFH�RI R3�

H

x2

x3

x1

7KH x1x2�SODQH�DV�D�VXEVSDFH�RI
R3�

7KH�]HUR�YHFWRU�LV�LQ H � DQG H LV�FORVHG�XQGHU�YHFWRU�DGGLWLRQ�DQG�VFDODU
PXOWLSOLFDWLRQ�EHFDXVH�WKHVH�RSHUDWLRQV�RQ�YHFWRUV�LQ H DOZD\V�SURGXFH�YHFWRUV�ZKRVH
WKLUG�HQWULHV�DUH�]HUR��DQG�VR�EHORQJ�WR H/� 7KXV H LV�D�VXEVSDFH�RI R3�

ò6RPH�WH[WV�UHSODFH�SURSHUW\��D��LQ�WKLV�GHÀQLWLRQ�E\�WKH�DVVXPSWLRQ�WKDW H LV�QRQHPSW\� 7KHQ��D��FRXOG�EH
GHGXFHG�IURP��F��DQG�WKH�IDFW�WKDW 0X D �� %XW�WKH�EHVW�ZD\�WR�WHVW�IRU�D�VXEVSDFH�LV�WR�ORRN�ÀUVW�IRU�WKH�]HUR
YHFWRU� ,I � LV�LQ H � WKHQ�SURSHUWLHV��E��DQG��F��PXVW�EH�FKHFNHG� ,I � LV QRW LQ H � WKHQ H FDQQRW�EH�D
VXEVSDFH�DQG�WKH�RWKHU�SURSHUWLHV�QHHG�QRW�EH�FKHFNHG�
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$ SODQH�LQ R3 QRW WKURXJK�WKH�RULJLQ�LV�QRW�D�VXEVSDFH�RI R3� EHFDXVH
WKH�SODQH�GRHV�QRW�FRQWDLQ�WKH�]HUR�YHFWRU�RI R3� 6LPLODUO\� D�OLQH�LQ R2 QRW WKURXJK�WKH

H

x2

x1

$ OLQH�WKDW�LV�QRW�D�YHFWRU�VSDFH�

RULJLQ� VXFK�DV�LQ�)LJ� �� LV QRW D�VXEVSDFH�RI R2�

$ 6XEVSDFH�6SDQQHG�E\�D�6HW
7KH�QH[W�H[DPSOH�LOOXVWUDWHV�RQH�RI�WKH�PRVW�FRPPRQ�ZD\V�RI�GHVFULELQJ�D�VXEVSDFH�
$V�LQ�&KDSWHU �� WKH�WHUP OLQHDU�FRPELQDWLRQ UHIHUV�WR�DQ\�VXP�RI�VFDODU�PXOWLSOHV�RI
YHFWRUV� DQG 6SDQ fY1; : : : ; Ypg GHQRWHV�WKH�VHW�RI�DOO�YHFWRUV�WKDW�FDQ�EH�ZULWWHQ�DV�OLQHDU
FRPELQDWLRQV�RI Y1; : : : ; Yp �

*LYHQ Y1 DQG Y2 LQ�D�YHFWRU�VSDFH V � OHW H D 6SDQ fY1; Y2g� 6KRZ
WKDW H LV�D�VXEVSDFH�RI V �

7KH�]HUR�YHFWRU�LV�LQ H � VLQFH � D 0Y1 C 0Y2� 7R�VKRZ�WKDW H LV�FORVHG
XQGHU�YHFWRU�DGGLWLRQ� WDNH�WZR�DUELWUDU\�YHFWRUV�LQ H � VD\�

X D s1Y1 C s2Y2 DQG Z D t1Y1 C t2Y2

%\�$[LRPV��� �� DQG���IRU�WKH�YHFWRU�VSDFH V �

X C Z D .s1Y1 C s2Y2/ C .t1Y1 C t2Y2/

D .s1 C t1/Y1 C .s2 C t2/Y2

6R X C Z LV�LQ H � )XUWKHUPRUH� LI c LV�DQ\�VFDODU� WKHQ�E\�$[LRPV ��DQG���

cX D c.s1Y1 C s2Y2/ D .cs1/Y1 C .cs2/Y2

ZKLFK�VKRZV�WKDW cX LV�LQ H DQG H LV�FORVHG�XQGHU�VFDODU�PXOWLSOLFDWLRQ� 7KXV H LV�D
VXEVSDFH�RI V �

,Q�6HFWLRQ ���� \RX�ZLOO�VHH�WKDW�HYHU\�QRQ]HUR�VXEVSDFH�RI R3� RWKHU�WKDQ R3 LWVHOI�
LV�HLWKHU 6SDQ fY1� Y2g IRU�VRPH�OLQHDUO\�LQGHSHQGHQW Y1 DQG Y2 RU 6SDQ fYg IRU Y ¤ �� ,Q
WKH�ÀUVW�FDVH� WKH�VXEVSDFH�LV�D�SODQH�WKURXJK�WKH�RULJLQ� LQ�WKH�VHFRQG�FDVH� LW�LV�D�OLQH
WKURXJK�WKH�RULJLQ� �6HH�)LJ� ��� ,W�LV�KHOSIXO�WR�NHHS�WKHVH�JHRPHWULF�SLFWXUHV�LQ�PLQG�
HYHQ�IRU�DQ�DEVWUDFW�YHFWRU�VSDFH�

0
x1

x3

x2

v1

v2

$Q�H[DPSOH�RI�D�VXEVSDFH�
7KH�DUJXPHQW�LQ�([DPSOH����FDQ�HDVLO\�EH�JHQHUDOL]HG�WR�SURYH�WKH�IROORZLQJ

WKHRUHP�

,I Y1; : : : ; Yp DUH�LQ�D�YHFWRU�VSDFH V � WKHQ 6SDQ fY1; : : : ; Ypg LV�D�VXEVSDFH�RI V �

:H�FDOO 6SDQ fY1; : : : ; Ypg WKH�VXEVSDFH�VSDQQHG �RU JHQHUDWHG��E\ fY1; : : : ; Ypg�
*LYHQ�DQ\�VXEVSDFH H RI V � D VSDQQLQJ �RU JHQHUDWLQJ� VHW IRU H LV�D�VHW fY1; : : : ; Ypg
LQ H VXFK�WKDW H D 6SDQ fY1; : : : ; Ypg�

7KH�QH[W�H[DPSOH�VKRZV�KRZ�WR�XVH�7KHRUHP ��

/HW H EH�WKH�VHW�RI�DOO�YHFWRUV�RI�WKH�IRUP .a ! 3b; b ! a; a; b/�
ZKHUH a DQG b DUH�DUELWUDU\�VFDODUV� 7KDW�LV� OHW H D f.a ! 3b; b ! a; a; b/ W a DQG b LQ
Rg� 6KRZ�WKDW H LV�D�VXEVSDFH�RI R4�
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:ULWH�WKH�YHFWRUV�LQ H DV�FROXPQ�YHFWRUV� 7KHQ�DQ�DUELWUDU\�YHFWRU�LQ H
KDV�WKH�IRUP 2

664
a ! 3b
b ! a

a
b

3
775 D a

2
664

1
!1

1
0

3
775

!
Y1

C b

2
664

!3
1
0
1

3
775

!
Y2

7KLV�FDOFXODWLRQ�VKRZV�WKDWH D 6SDQ fY1; Y2g� ZKHUH Y1 DQG Y2 DUH�WKH�YHFWRUV�LQGLFDWHG
DERYH� 7KXV H LV�D�VXEVSDFH�RI R4 E\�7KHRUHP ��

([DPSOH����LOOXVWUDWHV�D�XVHIXO�WHFKQLTXH�RI�H[SUHVVLQJ�D�VXEVSDFH H DV�WKH�VHW
RI�OLQHDU�FRPELQDWLRQV�RI�VRPH�VPDOO�FROOHFWLRQ�RI�YHFWRUV� ,I H D 6SDQ fY1; : : : ; Ypg�
ZH�FDQ�WKLQN�RI�WKH�YHFWRUV Y1; : : : ; Yp LQ�WKH�VSDQQLQJ�VHW�DV�´KDQGOHVµ�WKDW�DOORZ�XV�WR
KROG�RQ�WR�WKH�VXEVSDFH H � &DOFXODWLRQV�ZLWK�WKH�LQÀQLWHO\�PDQ\�YHFWRUV�LQ H DUH�RIWHQ
UHGXFHG�WR�RSHUDWLRQV�ZLWK�WKH�ÀQLWH�QXPEHU�RI�YHFWRUV�LQ�WKH�VSDQQLQJ�VHW�

)RU�ZKDW�YDOXH�V��RI h ZLOO \ EH�LQ�WKH�VXEVSDFH�RI R3 VSDQQHG�E\
Y1; Y2; Y3� LI

Y1 D

2
4

1
!1
!2

3
5; Y2 D

2
4

5
!4
!7

3
5; Y3 D

2
4

!3
1
0

3
5; DQG \ D

2
4

!4
3
h

3
5

7KLV�TXHVWLRQ�LV�3UDFWLFH�3UREOHP ��LQ�6HFWLRQ ���� ZULWWHQ�KHUH�ZLWK�WKH
WHUP VXEVSDFH UDWKHU� WKDQ 6SDQ fY1; Y2; Y3g� 7KH�VROXWLRQ�WKHUH�VKRZV�WKDW \ LV � LQ
6SDQ fY1; Y2; Y3g LI�DQG�RQO\�LI h D 5� 7KDW�VROXWLRQ�LV�ZRUWK�UHYLHZLQJ�QRZ� DORQJ
ZLWK�([HUFLVHV ��²���DQG���²���LQ�6HFWLRQ ����

$OWKRXJK�PDQ\�YHFWRU�VSDFHV�LQ�WKLV�FKDSWHU�ZLOO�EH�VXEVSDFHV�RIRn� LW�LV�LPSRUWDQW
WR�NHHS�LQ�PLQG�WKDW�WKH�DEVWUDFW�WKHRU\�DSSOLHV�WR�RWKHU�YHFWRU�VSDFHV�DV�ZHOO� 9HFWRU
VSDFHV�RI�IXQFWLRQV�DULVH�LQ�PDQ\�DSSOLFDWLRQV� DQG�WKH\�ZLOO�UHFHLYH�PRUH�DWWHQWLRQ�ODWHU�

�� 6KRZ�WKDW�WKH�VHW H RI�DOO�SRLQWV�LQ R2 RI�WKH�IRUP .3s; 2 C 5s/ LV�QRW�D�YHFWRU�VSDFH�
E\�VKRZLQJ�WKDW�LW�LV�QRW�FORVHG�XQGHU�VFDODU�PXOWLSOLFDWLRQ� �)LQG�D�VSHFLÀF�YHFWRU
X LQ H DQG�D�VFDODU c VXFK�WKDW cX LV�QRW�LQ H ��

�� /HW W D 6SDQ fY1; : : : ; Ypg� ZKHUH Y1; : : : ; Yp DUH�LQ�D�YHFWRU�VSDFH V � 6KRZ�WKDW Yk

LV�LQ W IRU 1 $ k $ p� >+LQW� )LUVW�ZULWH�DQ�HTXDWLRQ�WKDW�VKRZV�WKDW Y1 LV�LQ W �
7KHQ�DGMXVW�\RXU�QRWDWLRQ�IRU�WKH�JHQHUDO�FDVH�@

WEB

�� /HW V EH�WKH�ÀUVW�TXDGUDQW�LQ�WKH xy�SODQH� WKDW�LV� OHW

V D
!"

x
y

#
W x " 0; y " 0

$

D� ,I X DQG Y DUH�LQ V � LV X C Y LQ V " :K\"
E� )LQG�D�VSHFLÀF�YHFWRU X LQ V DQG�D�VSHFLÀF�VFDODU c VXFK

WKDW cX LV QRW LQ V � �7KLV�LV�HQRXJK�WR�VKRZ�WKDW V LV QRW
D�YHFWRU�VSDFH��

�� /HW W EH�WKH�XQLRQ�RI�WKH�ÀUVW�DQG�WKLUG�TXDGUDQWV�LQ�WKH xy�

SODQH� 7KDW�LV� OHW W D
!"

x
y

#
W xy " 0

$
�

D� ,I X LV�LQ W DQG c LV�DQ\�VFDODU� LV cX LQ W " :K\"
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E� )LQG�VSHFLÀF�YHFWRUV X DQG Y LQ W VXFK�WKDW X C Y LV
QRW�LQ W � 7KLV�LV�HQRXJK�WR�VKRZ�WKDW W LV QRW D�YHFWRU
VSDFH�

�� /HW H EH�WKH�VHW�RI�SRLQWV�LQVLGH�DQG�RQ�WKH�XQLW�FLUFOH�LQ

WKH [\�SODQH� 7KDW�LV� OHW H D
!"

x
y

#
W x2 C y2 $ 1

$
� )LQG

D�VSHFLÀF�H[DPSOH³WZR�YHFWRUV�RU�D�YHFWRU�DQG�D�VFDODU³WR
VKRZ�WKDW H LV�QRW�D�VXEVSDFH�RI R2�

�� &RQVWUXFW�D�JHRPHWULF�ÀJXUH�WKDW�LOOXVWUDWHV�ZK\�D�OLQH�LQ R2

QRW WKURXJK�WKH�RULJLQ�LV�QRW�FORVHG�XQGHU�YHFWRU�DGGLWLRQ�

,Q�([HUFLVHV��²�� GHWHUPLQH�LI�WKH�JLYHQ�VHW�LV�D�VXEVSDFH�RI Pn IRU
DQ�DSSURSULDWH�YDOXH�RI n� -XVWLI\�\RXU�DQVZHUV�

�� $OO�SRO\QRPLDOV�RI�WKH�IRUP S.t/ D at2� ZKHUH a LV�LQ R�

�� $OO�SRO\QRPLDOV�RI�WKH�IRUP S.t/ D a C t 2� ZKHUH a LV�LQ R�

�� $OO�SRO\QRPLDOV�RI�GHJUHH�DW�PRVW��� ZLWK�LQWHJHUV�DV�FRHIÀ�
FLHQWV�

�� $OO�SRO\QRPLDOV�LQ Pn VXFK�WKDW S.0/ D 0�

�� /HW H EH�WKH�VHW�RI�DOO�YHFWRUV�RI�WKH�IRUP

2
4

!2t
5t
3t

3
5� )LQG�D

YHFWRU Y LQ R3 VXFK�WKDW H D 6SDQ fYg� :K\�GRHV�WKLV�VKRZ
WKDW H LV�D�VXEVSDFH�RI R3"

��� /HW H EH�WKH�VHW�RI�DOO�YHFWRUV�RI�WKH�IRUP

2
4

3t
0

!7t

3
5� ZKHUH t

LV�DQ\�UHDO�QXPEHU� 6KRZ�WKDW H LV�D�VXEVSDFH�RI R3� �8VH
WKH�PHWKRG�RI�([HUFLVH ���

��� /HW W EH�WKH�VHW�RI�DOO�YHFWRUV�RI�WKH�IRUP

2
4

2b C 3c
!b
2c

3
5�

ZKHUH b DQG c DUH�DUELWUDU\� )LQG�YHFWRUV X DQG Y VXFK�WKDW
W D 6SDQ fX; Yg� :K\�GRHV�WKLV�VKRZ�WKDW W LV�D�VXEVSDFH
RI R3"

��� /HW W EH�WKH�VHW�RI�DOO�YHFWRUV�RI�WKH�IRUP

2
664

2s C 4t
2s

2s ! 3t
5t

3
775�

6KRZ�WKDW W LV �D �VXEVSDFH�RI R4� �8VH� WKH�PHWKRG�RI
([HUFLVH�����

��� /HW Y1 D

2
4

1
0

!1

3
5� Y2 D

2
4

2
1
3

3
5� Y3 D

2
4

4
2
6

3
5� DQG Z D

2
4

3
1
2

3
5�

D� ,VZ LQ fY1; Y2; Y3g" +RZ�PDQ\�YHFWRUV�DUH�LQ fY1; Y2; Y3g"
E� +RZ�PDQ\�YHFWRUV�DUH�LQ 6SDQ fY1; Y2; Y3g"
F� ,V Z LQ�WKH�VXEVSDFH�VSDQQHG�E\ fY1; Y2; Y3g" :K\"

��� /HW Y1; Y2; Y3 EH�DV�LQ�([HUFLVH ��� DQG�OHW Z D

2
4

1
3

14

3
5� ,V Z

LQ�WKH�VXEVSDFH�VSDQQHG�E\ fY1; Y2; Y3g" :K\"

,Q�([HUFLVHV���²��� OHW W EH�WKH�VHW�RI�DOO�YHFWRUV�RI�WKH�IRUP
VKRZQ� ZKHUH a� b� DQG c UHSUHVHQW�DUELWUDU\�UHDO�QXPEHUV� ,Q
HDFK�FDVH� HLWKHU�ÀQG�D�VHW S RI�YHFWRUV�WKDW�VSDQV W RU�JLYH�DQ
H[DPSOH�WR�VKRZ�WKDW W LV QRW D�YHFWRU�VSDFH�

���

2
4

2a C 3b
!1

2a ! 5b

3
5 ���

2
4

1
3a ! 5b
3b C 2a

3
5

���

2
664

2a ! b
3b ! c
3c ! a

3b

3
775 ���

2
664

4a C 3b
0

a C 3b C c
3b ! 2c

3
775

��� ,I�D�PDVV m LV�SODFHG�DW�WKH�HQG�RI�D�VSULQJ� DQG�LI�WKH�PDVV�LV
SXOOHG�GRZQZDUG�DQG�UHOHDVHG� WKH�PDVV²VSULQJ�V\VWHP�ZLOO
EHJLQ�WR�RVFLOODWH� 7KH�GLVSODFHPHQW y RI�WKH�PDVV�IURP�LWV
UHVWLQJ�SRVLWLRQ�LV�JLYHQ�E\�D�IXQFWLRQ�RI�WKH�IRUP

y.t/ D c1 FRV!t C c2 VLQ!t ���

ZKHUH! LV�D�FRQVWDQW�WKDW�GHSHQGV�RQ�WKH�VSULQJ�DQG�WKH�PDVV�
�6HH�WKH�ÀJXUH�EHORZ�� 6KRZ�WKDW�WKH�VHW�RI�DOO�IXQFWLRQV
GHVFULEHG�LQ������ZLWK ! À[HG�DQG c1� c2 DUELWUDU\��LV�D�YHFWRU
VSDFH�

y

��� 7KH�VHW�RI�DOO�FRQWLQXRXV�UHDO�YDOXHG�IXQFWLRQV�GHÀQHG�RQ�D
FORVHG�LQWHUYDO Œa; b! LQ R LV�GHQRWHG�E\ C Œa; b!� 7KLV�VHW�LV
D�VXEVSDFH�RI�WKH�YHFWRU�VSDFH�RI�DOO�UHDO�YDOXHG�IXQFWLRQV
GHÀQHG�RQ Œa; b!�
D� :KDW�IDFWV�DERXW�FRQWLQXRXV�IXQFWLRQV�VKRXOG�EH�SURYHG

LQ�RUGHU�WR�GHPRQVWUDWH�WKDW C Œa; b! LV�LQGHHG�D�VXEVSDFH
DV � FODLPHG" �7KHVH � IDFWV � DUH �XVXDOO\ �GLVFXVVHG � LQ � D
FDOFXOXV�FODVV��

E� 6KRZ�WKDW fI LQ C Œa; b! W I.a/ D I.b/g LV�D�VXEVSDFH�RI
C Œa; b!�

)RU�À[HG�SRVLWLYH�LQWHJHUV m DQG n� WKH�VHW Mm!n RI�DOO m % n
PDWULFHV�LV�D�YHFWRU�VSDFH� XQGHU�WKH�XVXDO�RSHUDWLRQV�RI�DGGLWLRQ
RI�PDWULFHV�DQG�PXOWLSOLFDWLRQ�E\�UHDO�VFDODUV�

��� 'HWHUPLQH�LI�WKH�VHW H RI�DOO�PDWULFHV�RI�WKH�IRUP
"

a b
0 d

#

LV�D�VXEVSDFH�RI M2!2�

��� /HW F EH�D�À[HG 3 % 2 PDWUL[� DQG�OHW H EH�WKH�VHW�RI�DOO
PDWULFHV A LQ M2!4 ZLWK�WKH�SURSHUW\�WKDW FA D 0 �WKH�]HUR
PDWUL[�LQ M3!4/� 'HWHUPLQH�LI H LV�D�VXEVSDFH�RI M2!4�
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,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

��� D� ,I I LV�D�IXQFWLRQ�LQ�WKH�YHFWRU�VSDFH V RI�DOO�UHDO�YDOXHG
IXQFWLRQV�RQ R DQG�LI I.t/ D 0 IRU�VRPH t � WKHQ I LV�WKH
]HUR�YHFWRU�LQ V �

E� $ YHFWRU�LV�DQ�DUURZ�LQ�WKUHH�GLPHQVLRQDO�VSDFH�
F� $ VXEVHW H RI�D�YHFWRU�VSDFH V LV�D�VXEVSDFH�RI V LI�WKH

]HUR�YHFWRU�LV�LQ H �
G� $ VXEVSDFH�LV�DOVR�D�YHFWRU�VSDFH�
H� $QDORJ�VLJQDOV�DUH�XVHG�LQ�WKH�PDMRU�FRQWURO�V\VWHPV�IRU

WKH�VSDFH�VKXWWOH� PHQWLRQHG�LQ�WKH�LQWURGXFWLRQ�WR�WKH
FKDSWHU�

��� D� $ YHFWRU�LV�DQ\�HOHPHQW�RI�D�YHFWRU�VSDFH�
E� ,I X LV�D�YHFWRU�LQ�D�YHFWRU�VSDFH V � WKHQ .!1/X LV�WKH�VDPH

DV�WKH�QHJDWLYH�RI X�
F� $ YHFWRU�VSDFH�LV�DOVR�D�VXEVSDFH�
G� R2 LV�D�VXEVSDFH�RI R3�
H� $ VXEVHW H RI�D�YHFWRU�VSDFH V LV�D�VXEVSDFH�RI V LI�WKH

IROORZLQJ�FRQGLWLRQV�DUH�VDWLVÀHG� �L��WKH�]HUR�YHFWRU�RI
V LV�LQ H � �LL� X� Y� DQG X C Y DUH�LQ H � DQG��LLL� c LV�D
VFDODU�DQG cX LV�LQ H �

([HUFLVHV���²���VKRZ�KRZ�WKH�D[LRPV�IRU�D�YHFWRU�VSDFH V FDQ
EH�XVHG�WR�SURYH�WKH�HOHPHQWDU\�SURSHUWLHV�GHVFULEHG�DIWHU�WKH
GHÀQLWLRQ�RI�D�YHFWRU�VSDFH� )LOO�LQ�WKH�EODQNV�ZLWK�WKH�DSSURSULDWH
D[LRP�QXPEHUV� %HFDXVH�RI�$[LRP��� $[LRPV���DQG���LPSO\�
UHVSHFWLYHO\� WKDW � C X D X DQG !X C X D � IRU�DOO X�

��� &RPSOHWH � WKH � IROORZLQJ � SURRI � WKDW � WKH � ]HUR � YHFWRU � LV
XQLTXH� 6XSSRVH � WKDW Z LQ V KDV � WKH � SURSHUW\ � WKDW
X C Z D Z C X D X IRU�DOO X LQ V � ,Q�SDUWLFXODU� � C Z D ��
%XW � C Z D Z� E\�$[LRP � +HQFH Z D � C Z D ��

��� &RPSOHWH�WKH�IROORZLQJ�SURRI�WKDW !X LV�WKH XQLTXH�YHFWRU
LQ V VXFK � WKDW X C .!X/ D �� 6XSSRVH � WKDW Z VDWLVÀHV
X C Z D �� $GGLQJ !X WR�ERWK�VLGHV� ZH�KDYH
.!X/ C ŒX C Z! D .!X/ C �
Œ.!X/ C X! C Z D .!X/ C � E\�$[LRP �D�

� C Z D .!X/ C � E\�$[LRP �E�
Z D !X E\�$[LRP �F�

��� )LOO�LQ�WKH�PLVVLQJ�D[LRP�QXPEHUV�LQ�WKH�IROORZLQJ�SURRI�WKDW
0X D � IRU�HYHU\ X LQ V �
0X D .0 C 0/X D 0X C 0X E\�$[LRP �D�
$GG�WKH�QHJDWLYH�RI 0X WR�ERWK�VLGHV�
0X C .!0X/ D Œ0X C 0X! C .!0X/

0X C .!0X/ D 0X C Œ0X C .!0X/! E\�$[LRP �E�
� D 0X C � E\�$[LRP �F�
� D 0X E\�$[LRP �G�

��� )LOO�LQ�WKH�PLVVLQJ�D[LRP�QXPEHUV�LQ�WKH�IROORZLQJ�SURRI�WKDW

c� D � IRU�HYHU\�VFDODU c�
c� D c.� C �/ E\�$[LRP �D�

D c� C c� E\�$[LRP �E�
$GG�WKH�QHJDWLYH�RI c� WR�ERWK�VLGHV�
c� C .!c�/DŒc� C c�! C .!c�/

c� C .!c�/Dc� C Œc� C .!c�/! E\�$[LRP �F�
�Dc� C � E\�$[LRP �G�
�Dc� E\�$[LRP �H�

��� 3URYH�WKDW .!1/X D !X� >+LQW� 6KRZ�WKDW X C .!1/X D ��
8VH�VRPH�D[LRPV�DQG�WKH�UHVXOWV�RI�([HUFLVHV ���DQG����@

��� 6XSSRVH cX D � IRU�VRPH�QRQ]HUR�VFDODU c� 6KRZ�WKDW X D ��
0HQWLRQ�WKH�D[LRPV�RU�SURSHUWLHV�\RX�XVH�

��� /HW X DQG Y EH�YHFWRUV�LQ�D�YHFWRU�VSDFH V � DQG�OHW H EH�DQ\
VXEVSDFH�RI V WKDW�FRQWDLQV�ERWK X DQG Y� ([SODLQ�ZK\ H
DOVR�FRQWDLQV 6SDQ fX; Yg� 7KLV�VKRZV�WKDW 6SDQ fX; Yg LV�WKH
VPDOOHVW�VXEVSDFH�RI V WKDW�FRQWDLQV�ERWK X DQG Y�

��� /HW H DQG K EH � VXEVSDFHV �RI � D �YHFWRU � VSDFH V � 7KH
LQWHUVHFWLRQ RI H DQG K� ZULWWHQ�DV H \ K� LV�WKH�VHW�RI
Y LQ V WKDW�EHORQJ�WR�ERWK H DQG K� 6KRZ�WKDW H \ K LV
D�VXEVSDFH�RI V � �6HH�WKH�ÀJXUH�� *LYH�DQ�H[DPSOH�LQ R2

WR�VKRZ�WKDW�WKH�XQLRQ�RI�WZR�VXEVSDFHV�LV�QRW� LQ�JHQHUDO� D
VXEVSDFH�

V

H

0

K

H ! K

��� *LYHQ�VXEVSDFHV H DQG K RI�D�YHFWRU�VSDFH V � WKH VXP RI
H DQG K� ZULWWHQ�DV H C K� LV�WKH�VHW�RI�DOO�YHFWRUV�LQ V
WKDW�FDQ�EH�ZULWWHQ�DV�WKH�VXP�RI�WZR�YHFWRUV� RQH�LQ H DQG
WKH�RWKHU�LQ K� WKDW�LV�

H C K D fZ � Z  X � Y IRU�VRPH X LQ H

DQG�VRPH Y LQ Kg
D� 6KRZ�WKDW H C K LV�D�VXEVSDFH�RI V �
E� 6KRZ�WKDWH LV�D�VXEVSDFH�RIH C K DQGK LV�D�VXEVSDFH

RI H C K�

��� 6XSSRVH X1; : : : ; Xp DQG Y1; : : : ; Yq DUH�YHFWRUV�LQ�D�YHFWRU
VSDFH V � DQG�OHW
H D 6SDQ fX1; : : : ; Xpg DQG K D 6SDQ fY1; : : : ; Yqg
6KRZ�WKDW H C K D 6SDQ fX1; : : : ; Xp; Y1; : : : ; Yqg�
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��� >0@ 6KRZ � WKDW Z LV � LQ � WKH � VXEVSDFH � RI R4 VSDQQHG � E\
Y1; Y2; Y3� ZKHUH

Z D

2
664

9
!4
!4

7

3
775; Y1 D

2
664

8
!4
!3

9

3
775; Y2 D

2
664

!4
3

!2
!8

3
775; Y3 D

2
664

!7
6

!5
!18

3
775

��� >0@ 'HWHUPLQH�LI \ LV�LQ�WKH�VXEVSDFH�RI R4 VSDQQHG�E\�WKH
FROXPQV�RI A� ZKHUH

\ D

2
664

!4
!8

6
!5

3
775; A D

2
664

3 !5 !9
8 7 !6

!5 !8 3
2 !2 !9

3
775

��� >0@ 7KH � YHFWRU � VSDFH H D 6SDQ f1; FRV2 t; FRV4 t; FRV6 tg
FRQWDLQV�DW�OHDVW�WZR�LQWHUHVWLQJ�IXQFWLRQV�WKDW�ZLOO�EH�XVHG

LQ�D�ODWHU�H[HUFLVH�

I.t/ D 1 ! 8 FRV2 t C 8 FRV4 t

J.t/ D !1 C 18 FRV2 t ! 48 FRV4 t C 32 FRV6 t

6WXG\�WKH�JUDSK�RI I IRU 0 $ t $ 2" � DQG�JXHVV�D�VLPSOH�IRU�
PXOD�IRU I.t/� 9HULI\�\RXU�FRQMHFWXUH�E\�JUDSKLQJ�WKH�GLIIHU�
HQFH�EHWZHHQ 1 C I.t/ DQG�\RXU�IRUPXOD�IRU I.t/� �+RSHIXOO\�
\RX�ZLOO�VHH�WKH�FRQVWDQW�IXQFWLRQ ��� 5HSHDW�IRU J�

��� >0@ 5HSHDW�([HUFLVH����IRU�WKH�IXQFWLRQV

I.t/ D 3 VLQ t ! 4 VLQ3 t

J.t/ D 1 ! 8 VLQ2 t C 8 VLQ4 t

K.t/ D 5 VLQ t ! 20 VLQ3 t C 16 VLQ5 t

LQ�WKH�YHFWRU�VSDFH 6SDQ f1; VLQ t; VLQ2 t; : : : ; VLQ5 tg�

�� 7DNH � DQ\ X LQ H³VD\� X D
"

3
7

#
³DQG � WDNH � DQ\ c ¤ 1³VD\� c D 2� 7KHQ

cX D
"

6
14

#
� ,I�WKLV�LV�LQ H � WKHQ�WKHUH�LV�VRPH s VXFK�WKDW

"
3s

2 C 5s

#
D
"

6
14

#

7KDW�LV� s D 2 DQG s D 12=5� ZKLFK�LV�LPSRVVLEOH� 6R 2X LV�QRW�LQ H DQG H LV�QRW�D
YHFWRU�VSDFH�

�� Y1 D 1Y1 C 0Y2 C # # # C 0Yp � 7KLV � H[SUHVVHV Y1 DV � D � OLQHDU � FRPELQDWLRQ � RI
Y1; : : : ; Yp � VR Y1 LV�LQ W � ,Q�JHQHUDO� Yk LV�LQ W EHFDXVH

Yk D 0Y1 C # # # C 0Yk!1 C 1Yk C 0YkC1 C # # # C 0Yp

,Q�DSSOLFDWLRQV�RI�OLQHDU�DOJHEUD� VXEVSDFHV�RIRn XVXDOO\�DULVH�LQ�RQH�RI�WZR�ZD\V� ��� DV
WKH�VHW�RI�DOO�VROXWLRQV�WR�D�V\VWHP�RI�KRPRJHQHRXV�OLQHDU�HTXDWLRQV�RU���� DV�WKH�VHW
RI�DOO�OLQHDU�FRPELQDWLRQV�RI�FHUWDLQ�VSHFLÀHG�YHFWRUV� ,Q�WKLV�VHFWLRQ� ZH�FRPSDUH�DQG
FRQWUDVW�WKHVH�WZR�GHVFULSWLRQV�RI�VXEVSDFHV� DOORZLQJ�XV�WR�SUDFWLFH�XVLQJ�WKH�FRQFHSW�RI
D�VXEVSDFH� $FWXDOO\� DV�\RX�ZLOO�VRRQ�GLVFRYHU� ZH�KDYH�EHHQ�ZRUNLQJ�ZLWK�VXEVSDFHV
HYHU�VLQFH�6HFWLRQ ���� 7KH�PDLQ�QHZ�IHDWXUH�KHUH�LV�WKH�WHUPLQRORJ\� 7KH�VHFWLRQ
FRQFOXGHV�ZLWK�D�GLVFXVVLRQ�RI�WKH�NHUQHO�DQG�UDQJH�RI�D�OLQHDU�WUDQVIRUPDWLRQ�

7KH�1XOO�6SDFH�RI�D�0DWUL[
&RQVLGHU�WKH�IROORZLQJ�V\VWHP�RI�KRPRJHQHRXV�HTXDWLRQV�

x1 ! 3x2 ! 2x3 D 0

!5x1 C 9x2 C x3 D 0
���



1XOO�6SDFHV� &ROXPQ�6SDFHV� DQG�/LQHDU�7UDQVIRUPDWLRQV

,Q�PDWUL[�IRUP� WKLV�V\VWHP�LV�ZULWWHQ�DV A[ D �� ZKHUH

A D
"

1 !3 !2
!5 9 1

#
���

5HFDOO�WKDW�WKH�VHW�RI�DOO [ WKDW�VDWLVI\�����LV�FDOOHG�WKH VROXWLRQ�VHW RI�WKH�V\VWHP ����
2IWHQ�LW�LV�FRQYHQLHQW�WR�UHODWH�WKLV�VHW�GLUHFWO\�WR�WKH�PDWUL[A DQG�WKH�HTXDWLRQ A[ D ��
:H�FDOO�WKH�VHW�RI [ WKDW�VDWLVI\ A[ D � WKH QXOO�VSDFH RI�WKH�PDWUL[ A�

7KH QXOO�VSDFH RI�DQ m % n PDWUL[ A� ZULWWHQ�DV 1XOA� LV�WKH�VHW�RI�DOO�VROXWLRQV
RI�WKH�KRPRJHQHRXV�HTXDWLRQ A[ D �� ,Q�VHW�QRWDWLRQ�

1XOA D f[ W [ LV�LQ Rn DQG A[ D �g

$ PRUH�G\QDPLF�GHVFULSWLRQ�RI 1XOA LV�WKH�VHW�RI�DOO [ LQ Rn WKDW�DUH�PDSSHG�LQWR
WKH�]HUR�YHFWRU�RI Rm YLD�WKH�OLQHDU�WUDQVIRUPDWLRQ [ 7! A[� 6HH�)LJ� ��

0
0

!
n

Nul A

!m

/HW A EH�WKH�PDWUL[�LQ�����DERYH� DQG�OHW X D

2
4

5
3

!2

3
5� 'HWHUPLQH�LI

X EHORQJV�WR�WKH�QXOO�VSDFH�RI A�

7R�WHVW�LI X VDWLVÀHV AX D �� VLPSO\�FRPSXWH

AX D
"

1 !3 !2
!5 9 1

#2
4

5
3

!2

3
5 D

"
5 ! 9 C 4

!25 C 27 ! 2

#
D
"

0
0

#

7KXV X LV�LQ 1XOA�

7KH�WHUP VSDFH LQ QXOO�VSDFH LV�DSSURSULDWH�EHFDXVH�WKH�QXOO�VSDFH�RI�D�PDWUL[�LV�D
YHFWRU�VSDFH� DV�VKRZQ�LQ�WKH�QH[W�WKHRUHP�

7KH�QXOO�VSDFH�RI�DQ m % n PDWUL[ A LV�D�VXEVSDFH�RI Rn� (TXLYDOHQWO\� WKH
VHW�RI�DOO�VROXWLRQV�WR�D�V\VWHP A[ D � RI m KRPRJHQHRXV�OLQHDU�HTXDWLRQV�LQ
n XQNQRZQV�LV�D�VXEVSDFH�RI Rn�
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&HUWDLQO\ 1XOA LV�D�VXEVHW�RI Rn EHFDXVH A KDV n FROXPQV� :H�PXVW�VKRZ
WKDW 1XOA VDWLVÀHV�WKH�WKUHH�SURSHUWLHV�RI�D�VXEVSDFH� 2I�FRXUVH� � LV�LQ 1XOA� 1H[W�
OHW X DQG Y UHSUHVHQW�DQ\�WZR�YHFWRUV�LQ 1XOA� 7KHQ

AX D � DQG AY D �

7R�VKRZ�WKDW X C Y LV�LQ 1XOA� ZH�PXVW�VKRZ�WKDW A.X C Y/ D �� 8VLQJ�D�SURSHUW\�RI
PDWUL[�PXOWLSOLFDWLRQ� FRPSXWH

A.X C Y/ D AX C AY D � C � D �

7KXV X C Y LV�LQ 1XOA� DQG 1XOA LV�FORVHG�XQGHU�YHFWRU�DGGLWLRQ� )LQDOO\� LI c LV�DQ\
VFDODU� WKHQ

A.cX/ D c.AX/ D c.�/ D �

ZKLFK�VKRZV�WKDW cX LV�LQ 1XOA� 7KXV 1XOA LV�D�VXEVSDFH�RI Rn�

/HW H EH�WKH�VHW�RI�DOO�YHFWRUV�LQ R4 ZKRVH�FRRUGLQDWHV a� b� c� d
VDWLVI\�WKH�HTXDWLRQV a ! 2b C 5c D d DQG c ! a D b� 6KRZ�WKDW H LV�D�VXEVSDFH�RI
R4�

5HDUUDQJH�WKH�HTXDWLRQV�WKDW�GHVFULEH�WKH�HOHPHQWV�RI H � DQG�QRWH�WKDW H
LV�WKH�VHW�RI�DOO�VROXWLRQV�RI�WKH�IROORZLQJ�V\VWHP�RI�KRPRJHQHRXV�OLQHDU�HTXDWLRQV�

a ! 2b C 5c ! d D 0

!a ! b C c D 0

%\�7KHRUHP��� H LV�D�VXEVSDFH�RI R4�

,W � LV � LPSRUWDQW � WKDW � WKH� OLQHDU �HTXDWLRQV�GHÀQLQJ� WKH�VHW H DUH�KRPRJHQHRXV�
2WKHUZLVH� WKH�VHW�RI�VROXWLRQV�ZLOO�GHÀQLWHO\ QRW EH�D�VXEVSDFH��EHFDXVH�WKH�]HUR�YHFWRU
LV�QRW�D�VROXWLRQ�RI�D�QRQKRPRJHQHRXV�V\VWHP�� $OVR� LQ�VRPH�FDVHV� WKH�VHW�RI�VROXWLRQV
FRXOG�EH�HPSW\�

$Q�([SOLFLW�'HVFULSWLRQ�RI 1XOA
7KHUH�LV�QR�REYLRXV�UHODWLRQ�EHWZHHQ�YHFWRUV�LQ 1XOA DQG�WKH�HQWULHV�LQ A� :H�VD\�WKDW
1XOA LV�GHÀQHG LPSOLFLWO\� EHFDXVH�LW�LV�GHÀQHG�E\�D�FRQGLWLRQ�WKDW�PXVW�EH�FKHFNHG�
1R�H[SOLFLW�OLVW�RU�GHVFULSWLRQ�RI�WKH�HOHPHQWV�LQ 1XOA LV�JLYHQ� +RZHYHU� VROYLQJ
WKH�HTXDWLRQ A[ D � DPRXQWV�WR�SURGXFLQJ�DQ H[SOLFLW GHVFULSWLRQ�RI 1XOA� 7KH�QH[W
H[DPSOH�UHYLHZV�WKH�SURFHGXUH�IURP�6HFWLRQ�����

)LQG�D�VSDQQLQJ�VHW�IRU�WKH�QXOO�VSDFH�RI�WKH�PDWUL[

A D

2
4

!3 6 !1 1 !7
1 !2 2 3 !1
2 !4 5 8 !4

3
5

7KH�ÀUVW�VWHS�LV�WR�ÀQG�WKH�JHQHUDO�VROXWLRQ�RI A[ D � LQ�WHUPV�RI�IUHH
YDULDEOHV� 5RZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[ Œ A � ! WR UHGXFHG HFKHORQ�IRUP�LQ�RUGHU
WR�ZULWH�WKH�EDVLF�YDULDEOHV�LQ�WHUPV�RI�WKH�IUHH�YDULDEOHV�

2
4

1 !2 0 !1 3 0
0 0 1 2 !2 0
0 0 0 0 0 0

3
5;

x1 ! 2x2 ! x4 C 3x5 D 0

x3 C 2x4 ! 2x5 D 0

0 D 0
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7KH�JHQHUDO�VROXWLRQ�LV x1 D 2x2 C x4 ! 3x5� x3 D !2x4 C 2x5� ZLWK x2� x4� DQG x5

IUHH� 1H[W� GHFRPSRVH�WKH�YHFWRU�JLYLQJ�WKH�JHQHUDO�VROXWLRQ�LQWR�D�OLQHDU�FRPELQDWLRQ
RI�YHFWRUV�ZKHUH WKH�ZHLJKWV�DUH�WKH�IUHH�YDULDEOHV� 7KDW�LV�

2
66664

x1

x2

x3

x4

x5

3
77775

D

2
66664

2x2 C x4 ! 3x5

x2

!2x4 C 2x5

x4

x5

3
77775

D x2

2
66664

2
1
0
0
0

3
77775

"
X

C x4

2
66664

1
0

!2
1
0

3
77775

"
Y

C x5

2
66664

!3
0
2
0
1

3
77775

"
Z

D x2X C x4Y C x5Z ���

(YHU\�OLQHDU�FRPELQDWLRQ�RI X� Y� DQG Z LV�DQ�HOHPHQW�RI 1XOA� 7KXV fX; Y;Zg LV�D
VSDQQLQJ�VHW�IRU 1XOA�

7ZR�SRLQWV�VKRXOG�EH�PDGH�DERXW�WKH�VROXWLRQ�RI�([DPSOH ��WKDW�DSSO\�WR�DOO
SUREOHPV�RI�WKLV�W\SH�ZKHUH 1XOA FRQWDLQV�QRQ]HUR�YHFWRUV� :H�ZLOO�XVH�WKHVH�IDFWV
ODWHU�

�� 7KH�VSDQQLQJ�VHW�SURGXFHG�E\�WKH�PHWKRG�LQ�([DPSOH ��LV�DXWRPDWLFDOO\�OLQHDUO\
LQGHSHQGHQW�EHFDXVH�WKH�IUHH�YDULDEOHV�DUH�WKH�ZHLJKWV�RQ�WKH�VSDQQLQJ�YHFWRUV� )RU
LQVWDQFH� ORRN�DW�WKH��QG� �WK� DQG��WK�HQWULHV�LQ�WKH�VROXWLRQ�YHFWRU�LQ�����DQG�QRWH
WKDW x2X C x4Y C x5Z FDQ�EH � RQO\�LI�WKH�ZHLJKWV x2; x4� DQG x5 DUH�DOO�]HUR�

�� :KHQ 1XOA FRQWDLQV�QRQ]HUR�YHFWRUV� WKH�QXPEHU�RI�YHFWRUV�LQ�WKH�VSDQQLQJ�VHW�IRU
1XOA HTXDOV�WKH�QXPEHU�RI�IUHH�YDULDEOHV�LQ�WKH�HTXDWLRQ A[ D ��

7KH�&ROXPQ�6SDFH�RI�D�0DWUL[
$QRWKHU�LPSRUWDQW�VXEVSDFH�DVVRFLDWHG�ZLWK�D�PDWUL[�LV�LWV�FROXPQ�VSDFH� 8QOLNH�WKH
QXOO�VSDFH� WKH�FROXPQ�VSDFH�LV�GHÀQHG�H[SOLFLWO\�YLD�OLQHDU�FRPELQDWLRQV�

7KH FROXPQ�VSDFH RI�DQ m % n PDWUL[ A� ZULWWHQ�DV &ROA� LV�WKH�VHW�RI�DOO�OLQHDU
FRPELQDWLRQV�RI�WKH�FROXPQV�RI A� ,I A D Œ D1 # # # Dn !� WKHQ

&ROA D 6SDQ fD1; : : : ; Dng

6LQFH 6SDQ fD1; : : : ; Dng LV�D�VXEVSDFH� E\�7KHRUHP �� WKH�QH[W�WKHRUHP�IROORZV�IURP
WKH�GHÀQLWLRQ�RI &ROA DQG�WKH�IDFW�WKDW�WKH�FROXPQV�RI A DUH�LQ Rm�

7KH�FROXPQ�VSDFH�RI�DQ m % n PDWUL[ A LV�D�VXEVSDFH�RI Rm�

1RWH�WKDW�D�W\SLFDO�YHFWRU�LQ &ROA FDQ�EH�ZULWWHQ�DV A[ IRU�VRPH [ EHFDXVH�WKH
QRWDWLRQ A[ VWDQGV�IRU�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A� 7KDW�LV�

&ROA D fE W E D A[ IRU�VRPH [ LQ Rng

7KH�QRWDWLRQ A[ IRU�YHFWRUV�LQ &ROA DOVR�VKRZV�WKDW &ROA LV�WKH UDQJH RI�WKH�OLQHDU
WUDQVIRUPDWLRQ [ 7! A[� :H�ZLOO�UHWXUQ�WR�WKLV�SRLQW�RI�YLHZ�DW�WKH�HQG�RI�WKH�VHFWLRQ�
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)LQG�D�PDWUL[ A VXFK�WKDW W D &ROA�

x3

x1

x2

W0

W D

8<
:

2
4

6a ! b
a C b
!7a

3
5 W a� b LQ R

9=
;

)LUVW� ZULWH W DV�D�VHW�RI�OLQHDU�FRPELQDWLRQV�

W D

8<
:a

2
4

6
1

!7

3
5C b

2
4

!1
1
0

3
5 W a� b LQ R

9=
; D 6SDQ

8<
:

2
4

6
1

!7

3
5;

2
4

!1
1
0

3
5
9=
;

6HFRQG� XVH�WKH�YHFWRUV�LQ�WKH�VSDQQLQJ�VHW�DV�WKH�FROXPQV�RI A� /HW A D

2
4

6 !1
1 1

!7 0

3
5�

7KHQ W D &ROA� DV�GHVLUHG�

5HFDOO�IURP�7KHRUHP ��LQ�6HFWLRQ�����WKDW�WKH�FROXPQV�RI A VSDQ Rm LI�DQG�RQO\�LI
WKH�HTXDWLRQ A[ D E KDV�D�VROXWLRQ�IRU�HDFK E� :H�FDQ�UHVWDWH�WKLV�IDFW�DV�IROORZV�

7KH�FROXPQ�VSDFH�RI�DQ m % n PDWUL[ A LV�DOO�RI Rm LI�DQG�RQO\�LI�WKH�HTXDWLRQ
A[ D E KDV�D�VROXWLRQ�IRU�HDFK E LQ Rm�

7KH�&RQWUDVW�%HWZHHQ 1XOA DQG &ROA
,W�LV�QDWXUDO�WR�ZRQGHU�KRZ�WKH�QXOO�VSDFH�DQG�FROXPQ�VSDFH�RI�D�PDWUL[�DUH�UHODWHG� ,Q
IDFW� WKH�WZR�VSDFHV�DUH�TXLWH�GLVVLPLODU� DV�([DPSOHV �²��ZLOO�VKRZ� 1HYHUWKHOHVV�
D � VXUSULVLQJ �FRQQHFWLRQ �EHWZHHQ� WKH �QXOO � VSDFH �DQG �FROXPQ�VSDFH �ZLOO � HPHUJH � LQ
6HFWLRQ ���� DIWHU�PRUH�WKHRU\�LV�DYDLODEOH�

/HW

A D

2
4

2 4 !2 1
!2 !5 7 3

3 7 !8 6

3
5

D� ,I�WKH�FROXPQ�VSDFH�RI A LV�D�VXEVSDFH�RI Rk � ZKDW�LV k"
E� ,I�WKH�QXOO�VSDFH�RI A LV�D�VXEVSDFH�RI Rk � ZKDW�LV k"

D� 7KH�FROXPQV�RI A HDFK�KDYH�WKUHH�HQWULHV� VR &ROA LV�D�VXEVSDFH�RI Rk � ZKHUH
k D 3�

E� $ YHFWRU [ VXFK�WKDW A[ LV�GHÀQHG�PXVW�KDYH�IRXU�HQWULHV� VR 1XOA LV�D�VXEVSDFH�RI
Rk � ZKHUH k D 4�

:KHQ�D�PDWUL[�LV�QRW�VTXDUH� DV�LQ�([DPSOH �� WKH�YHFWRUV�LQ 1XOA DQG &ROA OLYH
LQ�HQWLUHO\�GLIIHUHQW�´XQLYHUVHV�µ )RU�H[DPSOH� QR�OLQHDU�FRPELQDWLRQ�RI�YHFWRUV�LQ R3

FDQ�SURGXFH�D�YHFWRU�LQ R4� :KHQ A LV�VTXDUH� 1XOA DQG &ROA GR�KDYH�WKH�]HUR�YHFWRU
LQ�FRPPRQ� DQG�LQ�VSHFLDO�FDVHV�LW�LV�SRVVLEOH�WKDW�VRPH�QRQ]HUR�YHFWRUV�EHORQJ�WR�ERWK
1XOA DQG &ROA�
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:LWKA DV�LQ�([DPSOH �� ÀQG�D�QRQ]HUR�YHFWRU�LQ &ROA DQG�D�QRQ]HUR
YHFWRU�LQ 1XOA�

,W�LV�HDV\�WR�ÀQG�D�YHFWRU�LQ &ROA� $Q\�FROXPQ�RI A ZLOO�GR� VD\�

2
4

2
!2

3

3
5�

7R�ÀQG�D�QRQ]HUR�YHFWRU�LQ 1XOA� URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[ Œ A � ! DQG�REWDLQ

Œ A � ! &

2
4

1 0 9 0 0
0 1 !5 0 0
0 0 0 1 0

3
5

7KXV� LI [ VDWLVÀHV A[ D �� WKHQ x1 D !9x3� x2 D 5x3� x4 D 0� DQG x3 LV�IUHH� $V�
VLJQLQJ�D�QRQ]HUR�YDOXH�WR x3³VD\� x3 D 1³ZH�REWDLQ�D�YHFWRU�LQ 1XOA� QDPHO\�
[ D .!9; 5; 1; 0/�

:LWK A DV�LQ�([DPSOH �� OHW X D

2
664

3
!2
!1

0

3
775 DQG Y D

2
4

3
!1

3

3
5�

D� 'HWHUPLQH�LI X LV�LQ 1XOA� &RXOG X EH�LQ &ROA"
E� 'HWHUPLQH�LI Y LV�LQ &ROA� &RXOG Y EH�LQ 1XOA"

D� $Q�H[SOLFLW�GHVFULSWLRQ�RI 1XOA LV�QRW�QHHGHG�KHUH� 6LPSO\�FRPSXWH�WKH�SURGXFW
AX�

AX D

2
4

2 4 !2 1
!2 !5 7 3

3 7 !8 6

3
5
2
664

3
!2
!1

0

3
775 D

2
4

0
!3

3

3
5 ¤

2
4

0
0
0

3
5

2EYLRXVO\� X LV QRW D�VROXWLRQ�RIA[ D �� VR X LV�QRW�LQ 1XOA� $OVR� ZLWK�IRXU�HQWULHV�
X FRXOG�QRW�SRVVLEO\�EH�LQ &ROA� VLQFH &ROA LV�D�VXEVSDFH�RI R3�

E� 5HGXFH Œ A Y ! WR�DQ�HFKHORQ�IRUP�

Œ A Y ! D

2
4

2 4 !2 1 3
!2 !5 7 3 !1

3 7 !8 6 3

3
5 &

2
4

2 4 !2 1 3
0 1 !5 !4 !2
0 0 0 17 1

3
5

$W�WKLV�SRLQW� LW�LV�FOHDU�WKDW�WKH�HTXDWLRQ A[ D Y LV�FRQVLVWHQW� VR Y LV�LQ &ROA� :LWK
RQO\�WKUHH�HQWULHV� Y FRXOG�QRW�SRVVLEO\�EH�LQ 1XOA� VLQFH 1XOA LV�D�VXEVSDFH�RI
R4�

7KH�WDEOH�RQ�SDJH�����VXPPDUL]HV�ZKDW�ZH�KDYH�OHDUQHG�DERXW 1XOA DQG &ROA�
,WHP ��LV�D�UHVWDWHPHQW�RI�7KHRUHPV ���DQG����D��LQ�6HFWLRQ ����

.HUQHO�DQG�5DQJH�RI�D�/LQHDU�7UDQVIRUPDWLRQ
6XEVSDFHV�RI�YHFWRU�VSDFHV�RWKHU�WKDQ Rn DUH�RIWHQ�GHVFULEHG�LQ�WHUPV�RI�D�OLQHDU
WUDQVIRUPDWLRQ�LQVWHDG�RI�D�PDWUL[� 7R�PDNH�WKLV�SUHFLVH� ZH�JHQHUDOL]H�WKH�GHÀQLWLRQ
JLYHQ�LQ�6HFWLRQ ����
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1XOA &ROA

�� 1XOA LV�D�VXEVSDFH�RI Rn� �� &ROA LV�D�VXEVSDFH�RI Rm�
�� 1XOA LV�LPSOLFLWO\�GHÀQHG� WKDW�LV� \RX�DUH

JLYHQ�RQO\�D�FRQGLWLRQ .A[ D �/ WKDW�YHF�
WRUV�LQ 1XOA PXVW�VDWLVI\�

�� &ROA LV�H[SOLFLWO\�GHÀQHG� WKDW�LV� \RX�DUH
WROG�KRZ�WR�EXLOG�YHFWRUV�LQ &ROA�

�� ,W�WDNHV�WLPH�WR�ÀQG�YHFWRUV�LQ 1XOA� 5RZ
RSHUDWLRQV�RQ Œ A � ! DUH�UHTXLUHG�

�� ,W � LV �HDV\� WR �ÀQG�YHFWRUV � LQ &ROA� 7KH
FROXPQV � RI A DUH � GLVSOD\HG� RWKHUV � DUH
IRUPHG�IURP�WKHP�

�� 7KHUH�LV�QR�REYLRXV�UHODWLRQ�EHWZHHQ 1XOA
DQG�WKH�HQWULHV�LQ A�

�� 7KHUH�LV�DQ�REYLRXV�UHODWLRQ�EHWZHHQ &ROA
DQG�WKH�HQWULHV�LQ A� VLQFH�HDFK�FROXPQ�RI
A LV�LQ &ROA�

�� $ W\SLFDO�YHFWRU Y LQ 1XOA KDV�WKH�SURSHUW\
WKDW AY D ��

�� $ W\SLFDO�YHFWRU Y LQ &ROA KDV�WKH�SURSHUW\
WKDW�WKH�HTXDWLRQ A[ D Y LV�FRQVLVWHQW�

�� *LYHQ�D�VSHFLÀF�YHFWRU Y� LW�LV�HDV\�WR�WHOO�LI
Y LV�LQ 1XOA� -XVW�FRPSXWH AY�

�� *LYHQ�D�VSHFLÀF�YHFWRU Y� LW�PD\�WDNH�WLPH
WR�WHOO�LI Y LV�LQ &ROA� 5RZ�RSHUDWLRQV�RQ
Œ A Y ! DUH�UHTXLUHG�

�� 1XOA D f�g LI�DQG�RQO\�LI�WKH�HTXDWLRQ
A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ�

�� &ROA D Rm LI�DQG�RQO\�LI�WKH�HTXDWLRQ
A[ D E KDV�D�VROXWLRQ�IRU�HYHU\ E LQ Rm�

�� 1XOA D f�g LI�DQG�RQO\�LI�WKH�OLQHDU�WUDQV�
IRUPDWLRQ [ 7! A[ LV�RQH�WR�RQH�

�� &ROA D Rm LI�DQG�RQO\�LI�WKH�OLQHDU�WUDQV�
IRUPDWLRQ [ 7! A[ PDSV Rn RQWR Rm�

$ OLQHDU�WUDQVIRUPDWLRQ T IURP�D�YHFWRU�VSDFH V LQWR�D�YHFWRU�VSDFH W LV�D�UXOH
WKDW�DVVLJQV�WR�HDFK�YHFWRU [ LQ V D�XQLTXH�YHFWRU T .[/ LQ W � VXFK�WKDW

�L� T .X C Y/ D T .X/ C T .Y/ IRU�DOO X� Y LQ V � DQG
�LL� T .cX/ D cT .X/ IRU�DOO X LQ V DQG�DOO�VFDODUV c�

7KH NHUQHO �RU QXOO�VSDFH��RI�VXFK�D T LV�WKH�VHW�RI�DOO X LQ V VXFK�WKDW T .X/ D �
�WKH�]HUR�YHFWRU�LQ W /� 7KH UDQJH RI T LV�WKH�VHW�RI�DOO�YHFWRUV�LQ W RI�WKH�IRUP T .[/
IRU�VRPH [ LQ V � ,I T KDSSHQV�WR�DULVH�DV�D�PDWUL[�WUDQVIRUPDWLRQ³VD\� T .[/ D A[
IRU�VRPH�PDWUL[ A³WKHQ�WKH�NHUQHO�DQG�WKH�UDQJH�RI T DUH�MXVW�WKH�QXOO�VSDFH�DQG�WKH
FROXPQ�VSDFH�RI A� DV�GHÀQHG�HDUOLHU�

,W�LV�QRW�GLIÀFXOW�WR�VKRZ�WKDW�WKH�NHUQHO�RI T LV�D�VXEVSDFH�RI V � 7KH�SURRI�LV
HVVHQWLDOO\�WKH�VDPH�DV�WKH�RQH�IRU�7KHRUHP �� $OVR� WKH�UDQJH�RI T LV�D�VXEVSDFH�RI W �
6HH�)LJ� ��DQG�([HUFLVH ���

Kernel is a 
subspace of V

Range is a 
subspace of W

Domain
Range

0

T

0

V

Kern
el

W

6XEVSDFHV�DVVRFLDWHG�ZLWK
D�OLQHDU�WUDQVIRUPDWLRQ�

,Q�DSSOLFDWLRQV� D�VXEVSDFH�XVXDOO\�DULVHV�DV�HLWKHU�WKH�NHUQHO�RU�WKH�UDQJH�RI�DQ
DSSURSULDWH�OLQHDU�WUDQVIRUPDWLRQ� )RU�LQVWDQFH� WKH�VHW�RI�DOO�VROXWLRQV�RI�D�KRPRJH�
QHRXV�OLQHDU�GLIIHUHQWLDO�HTXDWLRQ�WXUQV�RXW�WR�EH�WKH�NHUQHO�RI�D�OLQHDU�WUDQVIRUPDWLRQ�
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7\SLFDOO\� VXFK�D�OLQHDU�WUDQVIRUPDWLRQ�LV�GHVFULEHG�LQ�WHUPV�RI�RQH�RU�PRUH�GHULYDWLYHV
RI�D�IXQFWLRQ� 7R�H[SODLQ�WKLV�LQ�DQ\�GHWDLO�ZRXOG�WDNH�XV�WRR�IDU�DÀHOG�DW�WKLV�SRLQW� 6R
ZH�FRQVLGHU�RQO\�WZR�H[DPSOHV� 7KH�ÀUVW�H[SODLQV�ZK\�WKH�RSHUDWLRQ�RI�GLIIHUHQWLDWLRQ
LV�D�OLQHDU�WUDQVIRUPDWLRQ�

/HW V EH�WKH�YHFWRU�VSDFH�RI�DOO�UHDO�YDOXHG�IXQF�
WLRQV f GHÀQHG�RQ�DQ�LQWHUYDO Œa; b! ZLWK�WKH�SURSHUW\�WKDW�WKH\�DUH�GLIIHUHQWLDEOH�DQG
WKHLU�GHULYDWLYHV�DUH�FRQWLQXRXV�IXQFWLRQV�RQ Œa; b!� /HW W EH�WKH�YHFWRU�VSDFH C Œa; b!
RI�DOO�FRQWLQXRXV�IXQFWLRQV�RQ Œa; b!� DQG�OHW D W V ! W EH�WKH�WUDQVIRUPDWLRQ�WKDW
FKDQJHV f LQ V LQWR�LWV�GHULYDWLYH f 0� ,Q�FDOFXOXV� WZR�VLPSOH�GLIIHUHQWLDWLRQ�UXOHV�DUH

D.f C g/ D D.f / C D.g/ DQG D.cf / D cD.f /

7KDW�LV� D LV�D�OLQHDU�WUDQVIRUPDWLRQ� ,W�FDQ�EH�VKRZQ�WKDW�WKH�NHUQHO�RI D LV�WKH�VHW�RI
FRQVWDQW�IXQFWLRQV�RQ Œa; b! DQG�WKH�UDQJH�RI D LV�WKH�VHW W RI�DOO�FRQWLQXRXV�IXQFWLRQV
RQ Œa; b!�

7KH�GLIIHUHQWLDO�HTXDWLRQ

y00 C !2y D 0 ���

ZKHUH ! LV�D�FRQVWDQW� LV�XVHG�WR�GHVFULEH�D�YDULHW\�RI�SK\VLFDO�V\VWHPV� VXFK�DV�WKH
YLEUDWLRQ�RI�D�ZHLJKWHG�VSULQJ� WKH�PRYHPHQW�RI�D�SHQGXOXP� DQG�WKH�YROWDJH�LQ�DQ
LQGXFWDQFH�FDSDFLWDQFH�HOHFWULFDO�FLUFXLW� 7KH�VHW�RI�VROXWLRQV�RI�����LV�SUHFLVHO\�WKH
NHUQHO�RI�WKH�OLQHDU�WUDQVIRUPDWLRQ�WKDW�PDSV�D�IXQFWLRQ y D f .t/ LQWR�WKH�IXQFWLRQ
f 00.t/ C !2f .t/� )LQGLQJ�DQ�H[SOLFLW�GHVFULSWLRQ�RI�WKLV�YHFWRU�VSDFH�LV�D�SUREOHP�LQ
GLIIHUHQWLDO�HTXDWLRQV� 7KH�VROXWLRQ�VHW�WXUQV�RXW�WR�EH�WKH�VSDFH�GHVFULEHG�LQ�([HUFLVH ��
LQ�6HFWLRQ ����

�� /HW W D

8<
:

2
4

a
b
c

3
5 W a ! 3b ! c D 0

9=
;� 6KRZ�LQ�WZR�GLIIHUHQW�ZD\V�WKDW W LV�D

VXEVSDFH�RI R3� �8VH�WZR�WKHRUHPV��

�� /HW A D

2
4

7 !3 5
!4 1 !5
!5 2 !4

3
5� Y D

2
4

2
1

!1

3
5� DQG Z D

2
4

7
6

!3

3
5� 6XSSRVH�\RX�NQRZ�WKDW

WKH�HTXDWLRQV A[ D Y DQG A[ D Z DUH�ERWK�FRQVLVWHQW� :KDW�FDQ�\RX�VD\�DERXW�WKH
HTXDWLRQ A[ D Y C Z"

�� 'HWHUPLQH�LI Z D

2
4

1
3

!4

3
5 LV�LQ 1XOA� ZKHUH

A D

2
4

3 !5 !3
6 !2 0

!8 4 1

3
5:

�� 'HWHUPLQH�LI Z D

2
4

1
!1

1

3
5 LV�LQ 1XOA� ZKHUH

A D

2
4

2 6 4
!3 2 5
!5 !4 1

3
5:



9HFWRU�6SDFHV

,Q�([HUFLVHV��²�� ÀQG�DQ�H[SOLFLW�GHVFULSWLRQ�RI 1XOA� E\�OLVWLQJ
YHFWRUV�WKDW�VSDQ�WKH�QXOO�VSDFH�

�� A D
"

1 2 4 0
0 1 3 !2

#

�� A D
"

1 !3 2 0
0 0 3 0

#

�� A D

2
4

1 !4 0 2 0
0 0 1 !5 0
0 0 0 0 2

3
5

�� A D

2
4

1 3 !4 !3 1
0 1 !3 1 0
0 0 0 0 0

3
5

,Q�([HUFLVHV��²��� HLWKHU�XVH�DQ�DSSURSULDWH�WKHRUHP�WR�VKRZ�WKDW
WKH�JLYHQ�VHW� W � LV�D�YHFWRU�VSDFH� RU�ÀQG�D�VSHFLÀF�H[DPSOH�WR
WKH�FRQWUDU\�

��

8<
:

2
4

a
b
c

3
5 W a C b C c D 2

9=
; ��

8<
:

2
4

r
s
t

3
5 W 3r ! 2 D 3s C t

9=
;

��

8̂
<̂
ˆ̂:

2
664

p
q
r
s

3
775 W p ! 3q D 4s

2p D s C 5r

9>>=
>>;

���

8̂
<̂
ˆ̂:

2
664

a
b
c
d

3
775 W 3a C b D c

a C b C 2c D 2d

9>>=
>>;

���

8̂
<̂
ˆ̂:

2
664

s ! 2t
3 C 3s
3s C t

2s

3
775 W s� t UHDO

9>>=
>>;

���

8̂
<̂
ˆ̂:

2
664

3p ! 5q
4q
p

q C 1

3
775 W p� q UHDO

9>>=
>>;

���

8<
:

2
4

c ! 6d
d
c

3
5 W c� d UHDO

9=
; ���

8<
:

2
4

!s C 3t
s ! 2t
5s ! t

3
5 W s� t UHDO

9=
;

,Q�([HUFLVHV����DQG���� ÀQG A VXFK�WKDW�WKH�JLYHQ�VHW�LV &ROA�

���

8̂
<̂
ˆ̂:

2
664

2s C t
r ! s C 2t

3r C s
2r ! s ! t

3
775 W r � s� t UHDO

9>>=
>>;

���

8̂
<̂
ˆ̂:

2
664

b ! c
2b C 3d

b C 3c ! 3d
c C d

3
775 W b� c� d UHDO

9>>=
>>;

)RU�WKH�PDWULFHV�LQ�([HUFLVHV���²��� �D��ÀQG k VXFK�WKDW 1XOA LV
D�VXEVSDFH�RI Rk � DQG��E��ÀQG k VXFK�WKDW &ROA LV�D�VXEVSDFH�RI
Rk �

��� A D

2
664

6 !4
!3 2
!9 6

9 !6

3
775 ��� A D

2
664

5 !2 3
!1 0 !1

0 !2 !2
!5 7 2

3
775

��� A D
"

4 5 !2 6 0
1 1 0 1 0

#

��� A D
%

1 !3 2 0 !5
&

��� :LWK A DV�LQ�([HUFLVH ��� ÀQG�D�QRQ]HUR�YHFWRU�LQ 1XOA DQG
D�QRQ]HUR�YHFWRU�LQ &ROA�

��� :LWK A DV�LQ�([HUFLVH���� ÀQG�D�QRQ]HUR�YHFWRU�LQ 1XOA DQG
D�QRQ]HUR�YHFWRU�LQ &ROA�

��� /HW A D
"

!2 4
!1 2

#
DQG Z D

"
2
1

#
� 'HWHUPLQH�LI Z LV�LQ

&ROA� ,V Z LQ 1XOA"

��� /HWA D

2
664

10 !8 !2 !2
0 2 2 !2
1 !1 6 0
1 1 0 !2

3
775 DQGZ D

2
664

2
2
0
2

3
775� 'HWHUPLQH

LI Z LV�LQ &ROA� ,V Z LQ 1XOA"

,Q�([HUFLVHV����DQG���� A GHQRWHV�DQ m % n PDWUL[� 0DUN�HDFK
VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�

��� D� 7KH�QXOO�VSDFH�RI A LV�WKH�VROXWLRQ�VHW�RI�WKH�HTXDWLRQ
A[ D ��

E� 7KH�QXOO�VSDFH�RI�DQ m % n PDWUL[�LV�LQ Rm�
F� 7KH �FROXPQ�VSDFH �RI A LV � WKH � UDQJH �RI � WKH �PDSSLQJ

[ 7!A[�
G� ,I�WKH�HTXDWLRQ A[ D E LV�FRQVLVWHQW� WKHQ &ROA LV Rm�
H� 7KH�NHUQHO�RI�D�OLQHDU�WUDQVIRUPDWLRQ�LV�D�YHFWRU�VSDFH�
I� &ROA LV�WKH�VHW�RI�DOO�YHFWRUV�WKDW�FDQ�EH�ZULWWHQ�DV A[ IRU

VRPH [�

��� D� $ QXOO�VSDFH�LV�D�YHFWRU�VSDFH�
E� 7KH�FROXPQ�VSDFH�RI�DQ m % n PDWUL[�LV�LQ Rm�
F� &ROA LV�WKH�VHW�RI�DOO�VROXWLRQV�RI A[ D E�
G� 1XOA LV�WKH�NHUQHO�RI�WKH�PDSSLQJ [ 7!A[�
H� 7KH�UDQJH�RI�D�OLQHDU�WUDQVIRUPDWLRQ�LV�D�YHFWRU�VSDFH�
I� 7KH�VHW�RI�DOO�VROXWLRQV�RI�D�KRPRJHQHRXV�OLQHDU�GLIIHUHQ�

WLDO�HTXDWLRQ�LV�WKH�NHUQHO�RI�D�OLQHDU�WUDQVIRUPDWLRQ�

��� ,W�FDQ�EH�VKRZQ�WKDW�D�VROXWLRQ�RI�WKH�V\VWHP�EHORZ�LV x1 D 3�
x2 D 2� DQG x3 D !1� 8VH�WKLV�IDFW�DQG�WKH�WKHRU\�IURP�WKLV
VHFWLRQ�WR�H[SODLQ�ZK\�DQRWKHU�VROXWLRQ�LV x1 D 30� x2 D 20�
DQG x3 D !10� �2EVHUYH�KRZ�WKH�VROXWLRQV�DUH�UHODWHG� EXW
PDNH�QR�RWKHU�FDOFXODWLRQV��

x1 ! 3x2 ! 3x3 D 0

!2x1 C 4x2 C 2x3 D 0

!x1 C 5x2 C 7x3 D 0

��� &RQVLGHU�WKH�IROORZLQJ�WZR�V\VWHPV�RI�HTXDWLRQV�

5x1 C x2 ! 3x3 D 0 5x1 C x2 ! 3x3 D 0

!9x1 C 2x2 C 5x3 D 1 !9x1 C 2x2 C 5x3 D 5

4x1 C x2 ! 6x3 D 9 4x1 C x2 ! 6x3 D 45

,W�FDQ�EH�VKRZQ�WKDW�WKH�ÀUVW�V\VWHP�KDV�D�VROXWLRQ� 8VH
WKLV�IDFW�DQG�WKH�WKHRU\�IURP�WKLV�VHFWLRQ�WR�H[SODLQ�ZK\�WKH
VHFRQG�V\VWHP�PXVW�DOVR�KDYH�D�VROXWLRQ� �0DNH�QR�URZ
RSHUDWLRQV��



1XOO�6SDFHV� &ROXPQ�6SDFHV� DQG�/LQHDU�7UDQVIRUPDWLRQV

��� 3URYH�7KHRUHP���DV�IROORZV� *LYHQ�DQ m % n PDWUL[ A� DQ
HOHPHQW�LQ &ROA KDV�WKH�IRUP A[ IRU�VRPH [ LQ Rn� /HW A[
DQG AZ UHSUHVHQW�DQ\�WZR�YHFWRUV�LQ &ROA�
D� ([SODLQ�ZK\�WKH�]HUR�YHFWRU�LV�LQ &ROA�
E� 6KRZ�WKDW�WKH�YHFWRU A[ C AZ LV�LQ &ROA�
F� *LYHQ�D�VFDODU c� VKRZ�WKDW c.A[/ LV�LQ &ROA�

��� /HW T W V ! W EH�D�OLQHDU�WUDQVIRUPDWLRQ�IURP�D�YHFWRU
VSDFH V LQWR�D�YHFWRU�VSDFH W � 3URYH�WKDW�WKH�UDQJH�RI T
LV�D�VXEVSDFH�RI W � >+LQW� 7\SLFDO�HOHPHQWV�RI�WKH�UDQJH
KDYH�WKH�IRUP T .[/ DQG T .Z/ IRU�VRPH [� Z LQ V �@

��� 'HÀQH T W P2 ! R2 E\ T .S/ D
"
S.0/
S.1/

#
� )RU�LQVWDQFH� LI

S.t/ D 3 C 5t C 7t2� WKHQ T .S/ D
"

3
15

#
�

D� 6KRZ� WKDW T LV � D � OLQHDU � WUDQVIRUPDWLRQ� >+LQW� )RU
DUELWUDU\�SRO\QRPLDOV S� T LQ P2� FRPSXWH T .S C T/ DQG
T .cS/�@

E� )LQG�D�SRO\QRPLDO S LQ P2 WKDW�VSDQV�WKH�NHUQHO�RI T � DQG
GHVFULEH�WKH�UDQJH�RI T �

��� 'HÀQH � D � OLQHDU � WUDQVIRUPDWLRQ T W P2 ! R2 E\

T .S/ D
"
S.0/
S.0/

#
� )LQG�SRO\QRPLDOV S1 DQG S2 LQ P2 WKDW

VSDQ�WKH�NHUQHO�RI T � DQG�GHVFULEH�WKH UDQJH�RI T �

��� /HW M2!2 EH � WKH � YHFWRU � VSDFH � RI � DOO 2 % 2 PDWULFHV�
DQG�GHÀQH T W M2!2 ! M2!2 E\ T .A/ D A C AT � ZKHUH

A D
"

a b
c d

#
�

D� 6KRZ�WKDW T LV�D�OLQHDU�WUDQVIRUPDWLRQ�
E� /HW B EH�DQ\�HOHPHQW�RI M2!2 VXFK�WKDW BT D B � )LQG

DQ A LQ M2!2 VXFK�WKDW T .A/ D B �
F� 6KRZ�WKDW�WKH�UDQJH�RI T LV�WKH�VHW�RI B LQ M2!2 ZLWK�WKH

SURSHUW\�WKDW BT D B �
G� 'HVFULEH�WKH�NHUQHO�RI T �

��� �&DOFXOXV�UHTXLUHG��'HÀQH T W C Œ0; 1! ! C Œ0; 1! DV�IROORZV�
)RU I LQ C Œ0; 1!� OHW T .I/ EH�WKH�DQWLGHULYDWLYH ) RI I VXFK
WKDW ).0/ D 0� 6KRZ�WKDW T LV�D�OLQHDU�WUDQVIRUPDWLRQ� DQG
GHVFULEH�WKH�NHUQHO�RI T � �6HH�WKH�QRWDWLRQ�LQ�([HUFLVH����RI
6HFWLRQ������

��� /HWV DQGW EH�YHFWRU�VSDFHV� DQG�OHWT W V ! W EH�D�OLQHDU
WUDQVIRUPDWLRQ� *LYHQ�D�VXEVSDFH U RI V � OHW T .U / GHQRWH
WKH�VHW�RI�DOO�LPDJHV�RI�WKH�IRUP T .[/� ZKHUH [ LV�LQ U � 6KRZ
WKDW T .U / LV�D�VXEVSDFH�RI W �

��� *LYHQ T W V ! W DV�LQ�([HUFLVH���� DQG�JLYHQ�D�VXEVSDFH
Z RI W � OHW U EH�WKH�VHW�RI�DOO [ LQ V VXFK�WKDW T .[/ LV�LQ Z�
6KRZ�WKDW U LV�D�VXEVSDFH�RI V �

��� >0@ 'HWHUPLQH�ZKHWKHU Z LV�LQ�WKH�FROXPQ�VSDFH�RI A� WKH
QXOO�VSDFH�RI A� RU�ERWK� ZKHUH

Z D

2
664

1
1

!1
!3

3
775; A D

2
664

7 6 !4 1
!5 !1 0 !2

9 !11 7 !3
19 !9 7 1

3
775

��� >0@ 'HWHUPLQH�ZKHWKHU Z LV�LQ�WKH�FROXPQ�VSDFH�RI A� WKH
QXOO�VSDFH�RI A� RU�ERWK� ZKHUH

Z D

2
664

1
2
1
0

3
775; A D

2
664

!8 5 !2 0
!5 2 1 !2
10 !8 6 !3
3 !2 1 0

3
775

��� >0@ /HW D1; : : : ; D5 GHQRWH � WKH � FROXPQV �RI � WKH �PDWUL[ A�
ZKHUH

A D

2
664

5 1 2 2 0
3 3 2 !1 !12
8 4 4 !5 12
2 1 1 0 !2

3
775; B D Œ D1 D2 D4 !

D� ([SODLQ�ZK\ D3 DQG D5 DUH�LQ�WKH�FROXPQ�VSDFH�RI B �
E� )LQG�D�VHW�RI�YHFWRUV�WKDW�VSDQV 1XOA�
F� /HW T W R5 ! R4 EH�GHÀQHG�E\ T .[/ D A[� ([SODLQ�ZK\

T LV�QHLWKHU�RQH�WR�RQH�QRU�RQWR�

��� >0@ /HW H D 6SDQ fY1; Y2g DQG K D 6SDQ fY3; Y4g� ZKHUH

Y1 D

2
4

5
3
8

3
5; Y2 D

2
4

1
3
4

3
5; Y3 D

2
4

2
!1

5

3
5; Y4 D

2
4

0
!12
!28

3
5:

7KHQ H DQG K DUH � VXEVSDFHV � RI R3� ,Q � IDFW� H DQG
K DUH�SODQHV�LQ R3 WKURXJK�WKH�RULJLQ� DQG�WKH\�LQWHUVHFW
LQ �D � OLQH � WKURXJK �� )LQG�D �QRQ]HUR �YHFWRU Z WKDW �JHQ�
HUDWHV� WKDW � OLQH� >+LQW� Z FDQ�EH�ZULWWHQ�DV c1Y1 C c2Y2

DQG�DOVR�DV c3Y3 C c4Y4� 7R�EXLOG Z� VROYH� WKH�HTXDWLRQ
c1Y1 C c2Y2 D c3Y3 C c4Y4 IRU�WKH�XQNQRZQ cj ·V�@

SG

�� )LUVW�PHWKRG� W LV�D�VXEVSDFH�RI R3 E\�7KHRUHP ��EHFDXVH W LV�WKH�VHW�RI�DOO�VROX�
WLRQV�WR�D�V\VWHP�RI�KRPRJHQHRXV�OLQHDU�HTXDWLRQV��ZKHUH�WKH�V\VWHP�KDV�RQO\�RQH
HTXDWLRQ�� (TXLYDOHQWO\� W LV�WKH�QXOO�VSDFH�RI�WKH 1 % 3PDWUL[ A D Œ 1 !3 !1 !�



9HFWRU�6SDFHV

6HFRQG�PHWKRG� 6ROYH�WKH�HTXDWLRQ a ! 3b ! c D 0 IRU�WKH�OHDGLQJ�YDULDEOH a LQ

WHUPV�RI�WKH�IUHH�YDULDEOHV b DQG c� $Q\�VROXWLRQ�KDV�WKH�IRUP

2
4

3b C c
b
c

3
5� ZKHUH b

DQG c DUH�DUELWUDU\� DQG 2
4

3b C c
b
c

3
5 D b

2
4

3
1
0

3
5

"
Y1

C c

2
4

1
0
1

3
5

"
Y2

7KLV�FDOFXODWLRQ�VKRZV�WKDW W D 6SDQ fY1; Y2g� 7KXV W LV�D�VXEVSDFH�RI R3 E\
7KHRUHP��� :H�FRXOG�DOVR�VROYH�WKH�HTXDWLRQ a ! 3b ! c D 0 IRU b RU c DQG�JHW
DOWHUQDWLYH�GHVFULSWLRQV�RI W DV�D�VHW�RI�OLQHDU�FRPELQDWLRQV�RI�WZR�YHFWRUV�

�� %RWK Y DQG Z DUH�LQ &ROA� 6LQFH &ROA LV�D�YHFWRU�VSDFH� Y C Z PXVW�EH�LQ &ROA�
7KDW�LV� WKH�HTXDWLRQ A[ D Y C Z LV�FRQVLVWHQW�

,Q�WKLV�VHFWLRQ�ZH�LGHQWLI\�DQG�VWXG\�WKH�VXEVHWV�WKDW�VSDQ�D�YHFWRU�VSDFH V RU�D�VXEVSDFH
H DV�´HIÀFLHQWO\µ�DV�SRVVLEOH� 7KH�NH\�LGHD�LV�WKDW�RI�OLQHDU�LQGHSHQGHQFH� GHÀQHG�DV
LQ Rn�

$Q�LQGH[HG�VHW�RI�YHFWRUV fY1; : : : ; Ypg LQ V LV�VDLG�WR�EH OLQHDUO\�LQGHSHQGHQW LI
WKH�YHFWRU�HTXDWLRQ

c1Y1 C c2Y2 C # # # C cpYp D � ���

KDV RQO\ WKH�WULYLDO�VROXWLRQ� c1 D 0; : : : ; cp D 0�ñ
7KH�VHW fY1; : : : ; Ypg LV�VDLG�WR�EH OLQHDUO\�GHSHQGHQW LI�����KDV�D�QRQWULYLDO�VROXWLRQ�

WKDW�LV� LI�WKHUH�DUH�VRPH�ZHLJKWV� c1; : : : ; cp � QRW�DOO�]HUR� VXFK�WKDW�����KROGV� ,Q�VXFK�D
FDVH� ����LV�FDOOHG�D OLQHDU�GHSHQGHQFH�UHODWLRQ DPRQJ Y1; : : : ; Yp �

-XVW�DV�LQ Rn� D�VHW�FRQWDLQLQJ�D�VLQJOH�YHFWRU Y LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI
Y ¤ �� $OVR� D�VHW�RI�WZR�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�RQH�RI�WKH�YHFWRUV
LV�D�PXOWLSOH�RI�WKH�RWKHU� $QG�DQ\�VHW�FRQWDLQLQJ�WKH�]HUR�YHFWRU�LV�OLQHDUO\�GHSHQGHQW�
7KH�IROORZLQJ�WKHRUHP�KDV�WKH�VDPH�SURRI�DV�7KHRUHP ��LQ�6HFWLRQ ����

$Q�LQGH[HG�VHW fY1; : : : ; Ypg RI�WZR�RU�PRUH�YHFWRUV� ZLWK Y1 ¤ �� LV�OLQHDUO\
GHSHQGHQW�LI�DQG�RQO\�LI�VRPH Yj �ZLWK j > 1/ LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH
SUHFHGLQJ�YHFWRUV� Y1; : : : ; Yj!1�

7KH�PDLQ�GLIIHUHQFH�EHWZHHQ�OLQHDU�GHSHQGHQFH�LQRn DQG�LQ�D�JHQHUDO�YHFWRU�VSDFH
LV�WKDW�ZKHQ�WKH�YHFWRUV�DUH�QRW n�WXSOHV� WKH�KRPRJHQHRXV�HTXDWLRQ�����XVXDOO\�FDQQRW
EH�ZULWWHQ�DV�D�V\VWHP�RI n OLQHDU�HTXDWLRQV� 7KDW�LV� WKH�YHFWRUV�FDQQRW�EH�PDGH�LQWR
WKH�FROXPQV�RI�D�PDWUL[ A LQ�RUGHU�WR�VWXG\�WKH�HTXDWLRQ A[ D �� :H�PXVW�UHO\�LQVWHDG
RQ�WKH�GHÀQLWLRQ�RI�OLQHDU�GHSHQGHQFH�DQG�RQ�7KHRUHP ��

/HW S1.t/ D 1� S2.t/ D t � DQG S3.t/ D 4 ! t � 7KHQ fS1; S2; S3g LV
OLQHDUO\�GHSHQGHQW�LQ P EHFDXVH S3 D 4S1 ! S2�

ñ ,W�LV�FRQYHQLHQW�WR�XVH c1; : : : ; cp LQ�����IRU�WKH�VFDODUV�LQVWHDG�RI x1; : : : ; xp � DV�ZH�GLG�LQ�&KDSWHU ��



/LQHDUO\�,QGHSHQGHQW�6HWV� %DVHV

7KH�VHW fVLQ t; FRV tg LV�OLQHDUO\�LQGHSHQGHQW�LQ C Œ0; 1!� WKH�VSDFH�RI
DOO�FRQWLQXRXV�IXQFWLRQV�RQ 0 $ t $ 1� EHFDXVH VLQ t DQG FRV t DUH�QRW�PXOWLSOHV�RI�RQH
DQRWKHU DV�YHFWRUV�LQ C Œ0; 1!� 7KDW�LV� WKHUH�LV�QR�VFDODU c VXFK�WKDW FRV t D c # VLQ t IRU
DOO t LQ Œ0; 1!� �/RRN�DW�WKH�JUDSKV�RI VLQ t DQG FRV t �� +RZHYHU� fVLQ t FRV t; VLQ 2tg LV
OLQHDUO\�GHSHQGHQW�EHFDXVH�RI�WKH�LGHQWLW\� VLQ 2t D 2 VLQ t FRV t � IRU�DOO t �

/HW H EH � D � VXEVSDFH � RI � D � YHFWRU � VSDFH V � $Q � LQGH[HG � VHW � RI � YHFWRUV
B D fE1; : : : ; Epg LQ V LV�D EDVLV IRU H LI

�L� B LV�D�OLQHDUO\�LQGHSHQGHQW�VHW� DQG
�LL� WKH�VXEVSDFH�VSDQQHG�E\ B FRLQFLGHV�ZLWK H � WKDW�LV�

H D 6SDQ fE1; : : : ; Epg

7KH�GHÀQLWLRQ�RI�D�EDVLV�DSSOLHV�WR�WKH�FDVH�ZKHQH D V � EHFDXVH�DQ\�YHFWRU�VSDFH
LV�D�VXEVSDFH�RI�LWVHOI� 7KXV�D�EDVLV�RI V LV�D�OLQHDUO\�LQGHSHQGHQW�VHW�WKDW�VSDQV V �
2EVHUYH�WKDW�ZKHQ H ¤ V � FRQGLWLRQ��LL��LQFOXGHV�WKH�UHTXLUHPHQW�WKDW�HDFK�RI�WKH
YHFWRUV E1; : : : ; Ep PXVW�EHORQJ�WR H � EHFDXVH 6SDQ fE1; : : : ;Epg FRQWDLQV E1; : : : ;Ep �
DV�VKRZQ�LQ�6HFWLRQ ����

/HW A EH�DQ�LQYHUWLEOH n % n PDWUL[³VD\� A D Œ D1 # # # Dn !� 7KHQ
WKH�FROXPQV�RI A IRUP�D�EDVLV�IRU Rn EHFDXVH�WKH\�DUH�OLQHDUO\�LQGHSHQGHQW�DQG�WKH\
VSDQ Rn� E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�

/HW H1; : : : ; Hn EH�WKH�FROXPQV�RI�WKH n % n LGHQWLW\�PDWUL[� In� 7KDW

x1

x2

x3

e3

e2

e1

7KH�VWDQGDUG�EDVLV�IRU R3�

LV�

H1 D

2
6664

1
0
:::
0

3
7775; H2 D

2
6664

0
1
:::
0

3
7775; : : : ; Hn D

2
6664

0
:::
0
1

3
7775

7KH�VHW fH1; : : : ; Hng LV�FDOOHG�WKH VWDQGDUG�EDVLV IRU Rn �)LJ� ���

/HW Y1 D

2
4

3
0

!6

3
5� Y2 D

2
4

!4
1
7

3
5� DQG Y3 D

2
4

!2
1
5

3
5� 'HWHUPLQH�LI

fY1; Y2; Y3g LV�D�EDVLV�IRU R3�

6LQFH�WKHUH�DUH�H[DFWO\�WKUHH�YHFWRUV�KHUH�LQ R3� ZH�FDQ�XVH�DQ\�RI�VHYHUDO
PHWKRGV�WR�GHWHUPLQH�LI�WKH�PDWUL[ A D Œ Y1 Y2 Y3 ! LV�LQYHUWLEOH� )RU�LQVWDQFH� WZR
URZ�UHSODFHPHQWV�UHYHDO�WKDW A KDV�WKUHH�SLYRW�SRVLWLRQV� 7KXV A LV�LQYHUWLEOH� $V�LQ
([DPSOH��� WKH�FROXPQV�RI A IRUP�D�EDVLV�IRU R3�

/HW S D f1; t; t 2; : : : ; tng� 9HULI\�WKDW S LV�D�EDVLV�IRU Pn� 7KLV�EDVLV
LV�FDOOHG�WKH VWDQGDUG�EDVLV IRU Pn�

&HUWDLQO\ S VSDQV Pn� 7R�VKRZ�WKDW S LV�OLQHDUO\�LQGHSHQGHQW� VXSSRVH�WKDW
c0; : : : ; cn VDWLVI\

c0 # 1 C c1t C c2t2 C # # # C cntn D �.t/ ���

7KLV�HTXDOLW\�PHDQV�WKDW�WKH�SRO\QRPLDO�RQ�WKH�OHIW�KDV�WKH�VDPH�YDOXHV�DV�WKH�]HUR�SRO\�
QRPLDO�RQ�WKH�ULJKW� $ IXQGDPHQWDO�WKHRUHP�LQ�DOJHEUD�VD\V�WKDW�WKH�RQO\�SRO\QRPLDO
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LQ Pn ZLWK�PRUH�WKDQ n ]HURV�LV�WKH�]HUR�SRO\QRPLDO� 7KDW�LV� HTXDWLRQ�����KROGV�IRU�DOO
t RQO\�LI c0 D # # # D cn D 0� 7KLV�SURYHV�WKDW S LV�OLQHDUO\�LQGHSHQGHQW�DQG�KHQFH�LV�D

y = 1

y = t

y = t2

tt

y

7KH�VWDQGDUG�EDVLV�IRU P2�

EDVLV�IRU Pn� 6HH�)LJ� ��

3UREOHPV�LQYROYLQJ�OLQHDU�LQGHSHQGHQFH�DQG�VSDQQLQJ�LQ Pn DUH�KDQGOHG�EHVW�E\�D
WHFKQLTXH�WR�EH�GLVFXVVHG�LQ�6HFWLRQ ����

7KH�6SDQQLQJ�6HW�7KHRUHP
$V�ZH�ZLOO�VHH� D�EDVLV�LV�DQ�´HIÀFLHQWµ�VSDQQLQJ�VHW�WKDW�FRQWDLQV�QR�XQQHFHVVDU\
YHFWRUV� ,Q�IDFW� D�EDVLV�FDQ�EH�FRQVWUXFWHG�IURP�D�VSDQQLQJ�VHW�E\�GLVFDUGLQJ�XQQHHGHG
YHFWRUV�

/HW

Y1 D

2
4

0
2

!1

3
5; Y2 D

2
4

2
2
0

3
5; Y3 D

2
4

6
16
!5

3
5; DQG H D 6SDQ fY1; Y2; Y3g:

1RWH�WKDW Y3 D 5Y1 C 3Y2� DQG�VKRZ�WKDW 6SDQ fY1; Y2; Y3g D 6SDQ fY1; Y2g� 7KHQ�ÀQG�D
EDVLV�IRU�WKH�VXEVSDFH H �

(YHU\�YHFWRU�LQ 6SDQ fY1; Y2g EHORQJV�WR H EHFDXVH

x3

x1

x2

v1 v2

v3H

c1Y1 C c2Y2 D c1Y1 C c2Y2 C 0Y3

1RZ�OHW [ EH�DQ\�YHFWRU�LQ H³VD\� [ D c1Y1 C c2Y2 C c3Y3� 6LQFH Y3 D 5Y1 C 3Y2�
ZH�PD\�VXEVWLWXWH

[ D c1Y1 C c2Y2 C c3.5Y1 C 3Y2/

D .c1 C 5c3/Y1 C .c2 C 3c3/Y2

7KXV [ LV�LQ 6SDQ fY1; Y2g� VR�HYHU\�YHFWRU�LQ H DOUHDG\�EHORQJV�WR 6SDQ fY1; Y2g� :H
FRQFOXGH�WKDW H DQG 6SDQ fY1; Y2g DUH�DFWXDOO\�WKH�VDPH�VHW�RI�YHFWRUV� ,W�IROORZV�WKDW
fY1; Y2g LV�D�EDVLV�RI H VLQFH fY1; Y2g LV�REYLRXVO\�OLQHDUO\�LQGHSHQGHQW�

7KH�QH[W�WKHRUHP�JHQHUDOL]HV�([DPSOH ��

/HW S D fY1; : : : ; Ypg EH�D�VHW�LQ V � DQG�OHW H D 6SDQ fY1; : : : ; Ypg�
D� ,I�RQH�RI�WKH�YHFWRUV�LQ S³VD\� Yk³LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�UHPDLQLQJ

YHFWRUV�LQ S � WKHQ�WKH�VHW�IRUPHG�IURP S E\�UHPRYLQJ Yk VWLOO�VSDQV H �
E� ,I H ¤ f�g� VRPH�VXEVHW�RI S LV�D�EDVLV�IRU H �

D� %\�UHDUUDQJLQJ�WKH�OLVW�RI�YHFWRUV�LQ S � LI�QHFHVVDU\� ZH�PD\�VXSSRVH�WKDW Yp LV�D
OLQHDU�FRPELQDWLRQ�RI Y1; : : : ; Yp!1³VD\�

Yp D a1Y1 C # # # C ap!1Yp!1 ���

*LYHQ�DQ\ [ LQ H � ZH�PD\�ZULWH
[ D c1Y1 C # # # C cp!1Yp!1 C cpYp ���

IRU�VXLWDEOH�VFDODUV c1; : : : ; cp � 6XEVWLWXWLQJ�WKH�H[SUHVVLRQ�IRU Yp IURP�����LQWR�����
LW�LV�HDV\�WR�VHH�WKDW [ LV�D�OLQHDU�FRPELQDWLRQ�RI Y1; : : : ; Yp!1� 7KXV fY1; : : : ; Yp!1g
VSDQV H � EHFDXVH [ ZDV�DQ�DUELWUDU\�HOHPHQW�RI H �
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E� ,I�WKH�RULJLQDO�VSDQQLQJ�VHW S LV�OLQHDUO\�LQGHSHQGHQW� WKHQ�LW�LV�DOUHDG\�D�EDVLV�IRU H �
2WKHUZLVH� RQH�RI�WKH�YHFWRUV�LQ S GHSHQGV�RQ�WKH�RWKHUV�DQG�FDQ�EH�GHOHWHG� E\�SDUW
�D�� 6R�ORQJ�DV�WKHUH�DUH�WZR�RU�PRUH�YHFWRUV�LQ�WKH�VSDQQLQJ�VHW� ZH�FDQ�UHSHDW�WKLV
SURFHVV�XQWLO�WKH�VSDQQLQJ�VHW�LV�OLQHDUO\�LQGHSHQGHQW�DQG�KHQFH�LV�D�EDVLV�IRU H � ,I
WKH�VSDQQLQJ�VHW�LV�HYHQWXDOO\�UHGXFHG�WR�RQH�YHFWRU� WKDW�YHFWRU�ZLOO�EH�QRQ]HUR��DQG
KHQFH�OLQHDUO\�LQGHSHQGHQW��EHFDXVH H ¤ f�g�

%DVHV�IRU 1XOA DQG &ROA
:H�DOUHDG\�NQRZ�KRZ�WR�ÀQG�YHFWRUV�WKDW�VSDQ�WKH�QXOO�VSDFH�RI�D�PDWUL[ A� 7KH
GLVFXVVLRQ� LQ �6HFWLRQ ��� �SRLQWHG�RXW � WKDW �RXU �PHWKRG�DOZD\V �SURGXFHV �D � OLQHDUO\
LQGHSHQGHQW�VHW�ZKHQ 1XOA FRQWDLQV�QRQ]HUR�YHFWRUV� 6R� LQ�WKLV�FDVH� WKDW�PHWKRG
SURGXFHV�D EDVLV IRU 1XOA�

7KH�QH[W�WZR�H[DPSOHV�GHVFULEH�D�VLPSOH�DOJRULWKP�IRU�ÀQGLQJ�D�EDVLV�IRU�WKH
FROXPQ�VSDFH�

)LQG�D�EDVLV�IRU &ROB � ZKHUH

B D
%
E1 E2 # # # E5

&
D

2
664

1 4 0 2 0
0 0 1 !1 0
0 0 0 0 1
0 0 0 0 0

3
775

(DFK�QRQSLYRW�FROXPQ�RI B LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�SLYRW�FROXPQV�
,Q�IDFW� E2 D 4E1 DQG E4 D 2E1 ! E3� %\�WKH�6SDQQLQJ�6HW�7KHRUHP� ZH�PD\�GLVFDUG
E2 DQG E4� DQG fE1;E3;E5g ZLOO�VWLOO�VSDQ &ROB � /HW

S D fE1;E3;E5g D

8̂
<̂
ˆ̂:

2
664

1
0
0
0

3
775;

2
664

0
1
0
0

3
775;

2
664

0
0
1
0

3
775

9>>=
>>;

6LQFH E1 ¤ 0 DQG�QR�YHFWRU�LQ S LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�YHFWRUV�WKDW�SUHFHGH�LW�
S LV�OLQHDUO\�LQGHSHQGHQW��7KHRUHP ��� 7KXV S LV�D�EDVLV�IRU &ROB �

:KDW�DERXW�D�PDWUL[ A WKDW�LV QRW LQ�UHGXFHG�HFKHORQ�IRUP" 5HFDOO � WKDW�DQ\
OLQHDU�GHSHQGHQFH�UHODWLRQVKLS�DPRQJ�WKH�FROXPQV�RI A FDQ�EH�H[SUHVVHG�LQ�WKH�IRUP
A[ D �� ZKHUH [ LV�D�FROXPQ�RI�ZHLJKWV� �,I�VRPH�FROXPQV�DUH�QRW�LQYROYHG�LQ�D
SDUWLFXODU�GHSHQGHQFH�UHODWLRQ� WKHQ�WKHLU�ZHLJKWV�DUH�]HUR�� :KHQ A LV�URZ�UHGXFHG
WR�D�PDWUL[ B � WKH�FROXPQV�RI B DUH�RIWHQ�WRWDOO\�GLIIHUHQW�IURP�WKH�FROXPQV�RI A�
+RZHYHU� WKH�HTXDWLRQV A[ D � DQG B[ D � KDYH�H[DFWO\�WKH�VDPH�VHW�RI�VROXWLRQV� ,I
A D Œ D1 # # # Dn ! DQG B D Œ E1 # # # En !� WKHQ�WKH�YHFWRU�HTXDWLRQV

x1D1 C # # # C xnDn D � DQG x1E1 C # # # C xnEn D �

DOVR�KDYH�WKH�VDPH�VHW�RI�VROXWLRQV� 7KDW�LV� WKH�FROXPQV�RI A KDYH H[DFWO\�WKH�VDPH
OLQHDU�GHSHQGHQFH�UHODWLRQVKLSV DV�WKH�FROXPQV�RI B �

,W�FDQ�EH�VKRZQ�WKDW�WKH�PDWUL[

A D
%
D1 D2 # # # D5

&
D

2
664

1 4 0 2 !1
3 12 1 5 5
2 8 1 3 2
5 20 2 8 8

3
775

LV�URZ�HTXLYDOHQW�WR�WKH�PDWUL[ B LQ�([DPSOH �� )LQG�D�EDVLV�IRU &ROA�
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,Q�([DPSOH���ZH�VDZ�WKDW

E2 D 4E1 DQG E4 D 2E1 ! E3

VR�ZH�FDQ�H[SHFW�WKDW
D2 D 4D1 DQG D4 D 2D1 ! D3

&KHFN�WKDW�WKLV�LV�LQGHHG�WKH�FDVH� 7KXV�ZH�PD\�GLVFDUG D2 DQG D4 ZKHQ�VHOHFWLQJ
D�PLQLPDO�VSDQQLQJ�VHW�IRU &ROA� ,Q�IDFW� fD1; D3; D5g PXVW�EH�OLQHDUO\�LQGHSHQGHQW
EHFDXVH�DQ\�OLQHDU�GHSHQGHQFH�UHODWLRQVKLS�DPRQJ D1� D3� D5 ZRXOG�LPSO\�D�OLQHDU
GHSHQGHQFH�UHODWLRQVKLS�DPRQJ E1� E3� E5� %XW�ZH�NQRZ�WKDW fE1;E3;E5g LV�D�OLQHDUO\
LQGHSHQGHQW�VHW� 7KXV fD1; D3; D5g LV�D�EDVLV�IRU &ROA� 7KH�FROXPQV�ZH�KDYH�XVHG�IRU
WKLV�EDVLV�DUH�WKH�SLYRW�FROXPQV�RI A�

([DPSOHV���DQG���LOOXVWUDWH�WKH�IROORZLQJ�XVHIXO�IDFW�

7KH�SLYRW�FROXPQV�RI�D�PDWUL[ A IRUP�D�EDVLV�IRU &ROA�

7KH�JHQHUDO�SURRI�XVHV�WKH�DUJXPHQWV�GLVFXVVHG�DERYH� /HW B EH�WKH�UHGXFHG
HFKHORQ�IRUP�RI A� 7KH�VHW�RI�SLYRW�FROXPQV�RI B LV�OLQHDUO\�LQGHSHQGHQW� IRU�QR
YHFWRU�LQ�WKH�VHW�LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�YHFWRUV�WKDW�SUHFHGH�LW� 6LQFH A LV�URZ
HTXLYDOHQW�WR B � WKH�SLYRW�FROXPQV�RI A DUH�OLQHDUO\�LQGHSHQGHQW�DV�ZHOO� EHFDXVH�DQ\
OLQHDU�GHSHQGHQFH�UHODWLRQ�DPRQJ�WKH�FROXPQV�RI A FRUUHVSRQGV�WR�D�OLQHDU�GHSHQGHQFH
UHODWLRQ�DPRQJ�WKH�FROXPQV�RI B � )RU�WKLV�VDPH�UHDVRQ� HYHU\�QRQSLYRW�FROXPQ�RI A LV
D�OLQHDU�FRPELQDWLRQ�RI�WKH�SLYRW�FROXPQV�RIA� 7KXV�WKH�QRQSLYRW�FROXPQV�RIAPD\�EH
GLVFDUGHG�IURP�WKH�VSDQQLQJ�VHW�IRU &ROA� E\�WKH�6SDQQLQJ�6HW�7KHRUHP� 7KLV�OHDYHV
WKH�SLYRW�FROXPQV�RI A DV�D�EDVLV�IRU &ROA�

:DUQLQJ� 7KH�SLYRW�FROXPQV�RI�D�PDWUL[A DUH�HYLGHQW�ZKHQA KDV�EHHQ�UHGXFHG�RQO\
WR HFKHORQ IRUP� %XW� EH�FDUHIXO�WR�XVH�WKH SLYRW�FROXPQV�RI A LWVHOI IRU�WKH�EDVLV�RI
&ROA� 5RZ�RSHUDWLRQV�FDQ�FKDQJH�WKH�FROXPQ�VSDFH�RI�D�PDWUL[� 7KH�FROXPQV�RI�DQ
HFKHORQ�IRUP B RI A DUH�RIWHQ�QRW�LQ�WKH�FROXPQ�VSDFH�RI A� )RU�LQVWDQFH� WKH�FROXPQV
RI�PDWUL[ B LQ�([DPSOH ��DOO�KDYH�]HURV�LQ�WKHLU�ODVW�HQWULHV� VR�WKH\�FDQQRW�VSDQ�WKH
FROXPQ�VSDFH�RI�PDWUL[ A LQ�([DPSOH ��

7ZR�9LHZV�RI�D�%DVLV
:KHQ�WKH�6SDQQLQJ�6HW�7KHRUHP�LV�XVHG� WKH�GHOHWLRQ�RI�YHFWRUV�IURP�D�VSDQQLQJ�VHW
PXVW�VWRS�ZKHQ�WKH�VHW�EHFRPHV�OLQHDUO\�LQGHSHQGHQW� ,I�DQ�DGGLWLRQDO�YHFWRU�LV�GHOHWHG�
LW�ZLOO�QRW�EH�D�OLQHDU�FRPELQDWLRQ�RI�WKH�UHPDLQLQJ�YHFWRUV� DQG�KHQFH�WKH�VPDOOHU�VHW
ZLOO�QR�ORQJHU�VSDQ V � 7KXV�D�EDVLV�LV�D�VSDQQLQJ�VHW�WKDW�LV�DV�VPDOO�DV�SRVVLEOH�

$ EDVLV�LV�DOVR�D�OLQHDUO\�LQGHSHQGHQW�VHW�WKDW�LV�DV�ODUJH�DV�SRVVLEOH� ,I S LV�D�EDVLV
IRU V � DQG�LI S LV�HQODUJHG�E\�RQH�YHFWRU³VD\� Z³IURP V � WKHQ�WKH�QHZ�VHW�FDQQRW�EH
OLQHDUO\�LQGHSHQGHQW� EHFDXVH S VSDQV V � DQG Z LV�WKHUHIRUH�D�OLQHDU�FRPELQDWLRQ�RI�WKH
HOHPHQWV�LQ S �

7KH�IROORZLQJ�WKUHH�VHWV�LQ R3 VKRZ�KRZ�D�OLQHDUO\�LQGHSHQGHQW�VHW
FDQ�EH�HQODUJHG�WR�D�EDVLV�DQG�KRZ�IXUWKHU�HQODUJHPHQW�GHVWUR\V�WKH�OLQHDU�LQGHSHQGHQFH
RI�WKH�VHW� $OVR� D�VSDQQLQJ�VHW�FDQ�EH�VKUXQN�WR�D�EDVLV� EXW�IXUWKHU�VKULQNLQJ�GHVWUR\V
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/LQHDUO\�LQGHSHQGHQW $ EDVLV 6SDQV R3 EXW�LV
EXW�GRHV�QRW�VSDQ R3 IRU R3 OLQHDUO\�GHSHQGHQW

�� /HW Y1 D

2
4

1
!2

3

3
5 DQG Y2 D

2
4

!2
7

!9

3
5� 'HWHUPLQH�LI fY1; Y2g LV�D�EDVLV�IRU R3� ,V
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,V fY1; Y2g D�EDVLV�IRU H"SG

'HWHUPLQH�ZKHWKHU�WKH�VHWV�LQ�([HUFLVHV��²��DUH�EDVHV�IRU R3�
2I�WKH�VHWV�WKDW�DUH QRW EDVHV� GHWHUPLQH�ZKLFK�RQHV�DUH�OLQHDUO\
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)LQG�EDVHV�IRU�WKH�QXOO�VSDFHV�RI�WKH�PDWULFHV�JLYHQ�LQ�([HUFLVHV �
DQG���� 5HIHU�WR�WKH�UHPDUNV�WKDW�IROORZ�([DPSOH ��LQ�6HFWLRQ ����

��

2
4

1 0 !2 !2
0 1 1 4
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��� )LQG � D � EDVLV � IRU � WKH � VHW � RI � YHFWRUV � LQ R3 LQ � WKH � SODQH
x ! 3y C 2´ D 0� >+LQW� 7KLQN�RI�WKH�HTXDWLRQ�DV�D�´V\V�
WHPµ�RI�KRPRJHQHRXV�HTXDWLRQV�@

��� )LQG�D�EDVLV�IRU�WKH�VHW�RI�YHFWRUV�LQ R2 RQ�WKH�OLQH y D !3x�

,Q�([HUFLVHV����DQG���� DVVXPH�WKDW A LV�URZ�HTXLYDOHQW�WR B �
)LQG�EDVHV�IRU 1XOA DQG &ROA�
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��� A D
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LQ�WKH�QXOO�VSDFH H RI�WKH�OLQHDU�WUDQVIRUPDWLRQ�WKDW�PDSV
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WLRQ�PDSV�D�VHW fY1; : : : ; Ypg RQWR�D�OLQHDUO\ LQGHSHQGHQW VHW
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A LV�QRW�QHHGHG�LQ�RUGHU�WR�ORFDWH�WKH�SLYRW�FROXPQV�
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1

#
� E2 D

"
!1

1

#
� [ D

"
4
5

#
� DQG B D fE1; E2g� )LQG�WKH

FRRUGLQDWH�YHFWRU Œ [ !B RI [ UHODWLYH�WR B�

7KH B�FRRUGLQDWHV c1� c2 RI [ VDWLVI\

c1

"
2
1

#

E1

C c2

"
!1

1

#

E2

D
"

4
5

#

[
RU "

2 !1
1 1

#

E1 E2

"
c1

c2

#
D
"

4
5

#

[

���

7KLV�HTXDWLRQ�FDQ�EH�VROYHG�E\�URZ�RSHUDWLRQV�RQ�DQ�DXJPHQWHG�PDWUL[�RU�E\�XVLQJ
WKH�LQYHUVH�RI�WKH�PDWUL[�RQ�WKH�OHIW� ,Q�DQ\�FDVH� WKH�VROXWLRQ�LV c1 D 3� c2 D 2� 7KXV
[ D 3E1 C 2E2� DQG

Œ [ !B D
"

c1

c2

#
D
"

3
2

#

6HH�)LJ� ��

b2 b1

x

7KH B�FRRUGLQDWH�YHFWRU�RI [ LV
.3; 2/�

7KH �PDWUL[ � LQ � ��� � FKDQJHV � WKH B�FRRUGLQDWHV �RI � D �YHFWRU [ LQWR � WKH � VWDQGDUG
FRRUGLQDWHV�IRU [� $Q�DQDORJRXV�FKDQJH�RI�FRRUGLQDWHV�FDQ�EH�FDUULHG�RXW�LQ Rn IRU
D�EDVLV B D fE1; : : : ; Eng� /HW

PB D Œ E1 E2 # # # En !
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7KHQ�WKH�YHFWRU�HTXDWLRQ

[ D c1E1 C c2E2 C # # # C cnEn

LV�HTXLYDOHQW�WR

[ D PBŒ [ !B ���

:H�FDOO PB WKH FKDQJH�RI�FRRUGLQDWHV�PDWUL[ IURP B WR�WKH�VWDQGDUG�EDVLV�LQ Rn�
/HIW�PXOWLSOLFDWLRQ�E\PB WUDQVIRUPV�WKH�FRRUGLQDWH�YHFWRU Œ [ !B LQWR [� 7KH�FKDQJH�RI�
FRRUGLQDWHV�HTXDWLRQ�����LV�LPSRUWDQW�DQG�ZLOO�EH�QHHGHG�DW�VHYHUDO�SRLQWV�LQ�&KDSWHUV �
DQG���

6LQFH�WKH�FROXPQV�RI PB IRUP�D�EDVLV�IRU Rn� PB LV�LQYHUWLEOH��E\�WKH�,QYHUWLEOH
0DWUL[�7KHRUHP�� /HIW�PXOWLSOLFDWLRQ�E\ P!1

B FRQYHUWV [ LQWR�LWV B�FRRUGLQDWH�YHFWRU�

P!1
B [ D Œ [ !B

7KH�FRUUHVSRQGHQFH [ 7! Œ [ !B� SURGXFHG�KHUH�E\ P!1
B � LV � WKH�FRRUGLQDWH �PDSSLQJ

PHQWLRQHG�HDUOLHU� 6LQFH P!1
B LV�DQ�LQYHUWLEOH�PDWUL[� WKH�FRRUGLQDWH�PDSSLQJ�LV�D�RQH�

WR�RQH�OLQHDU�WUDQVIRUPDWLRQ�IURP Rn RQWR Rn� E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� �6HH
DOVR�7KHRUHP ���LQ�6HFWLRQ ����� 7KLV�SURSHUW\�RI�WKH�FRRUGLQDWH�PDSSLQJ�LV�DOVR�WUXH
LQ�D�JHQHUDO�YHFWRU�VSDFH�WKDW�KDV�D�EDVLV� DV�ZH�VKDOO�VHH�

7KH�&RRUGLQDWH�0DSSLQJ
&KRRVLQJ�D�EDVLV B D fE1; : : : ;Eng IRU�D�YHFWRU�VSDFH V LQWURGXFHV�D�FRRUGLQDWH�V\VWHP
LQ V � 7KH�FRRUGLQDWH�PDSSLQJ [ 7! Œ [ !B FRQQHFWV�WKH�SRVVLEO\�XQIDPLOLDU�VSDFH V WR
WKH�IDPLOLDU�VSDFH Rn� 6HH�)LJ� �� 3RLQWV�LQ V FDQ�QRZ�EH�LGHQWLÀHG�E\�WKHLU�QHZ
´QDPHV�µ

!n
V

[ ]B

[x]Bx

7KH�FRRUGLQDWH�PDSSLQJ�IURP V RQWR Rn�

/HW B D fE1; : : : ; Eng EH�D�EDVLV �IRU �D�YHFWRU�VSDFH V � 7KHQ�WKH�FRRUGLQDWH
PDSSLQJ [ 7! Œ [ !B LV�D�RQH�WR�RQH�OLQHDU�WUDQVIRUPDWLRQ�IURP V RQWR Rn�

7DNH�WZR�W\SLFDO�YHFWRUV�LQ V � VD\�

X D c1E1 C # # # C cnEn

Z D d1E1 C # # # C dnEn

7KHQ� XVLQJ�YHFWRU�RSHUDWLRQV�

X C Z D .c1 C d1/E1 C # # # C .cn C dn/En
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,W�IROORZV�WKDW

Œ X C Z !B D

2
64

c1 C d1

:::
cn C dn

3
75 D

2
64

c1

:::
cn

3
75C

2
64

d1

:::
dn

3
75 D Œ X !B C Œ Z !B

6R�WKH�FRRUGLQDWH�PDSSLQJ�SUHVHUYHV�DGGLWLRQ� ,I r LV�DQ\�VFDODU� WKHQ

rX D r.c1E1 C # # # C cnEn/ D .rc1/E1 C # # # C .rcn/En

6R

Œ rX !B D

2
64

rc1

:::
rcn

3
75 D r

2
64

c1

:::
cn

3
75 D rŒ X !B

7KXV�WKH�FRRUGLQDWH�PDSSLQJ�DOVR�SUHVHUYHV�VFDODU�PXOWLSOLFDWLRQ�DQG�KHQFH�LV�D�OLQHDU
WUDQVIRUPDWLRQ� 6HH�([HUFLVHV ���DQG����IRU�YHULÀFDWLRQ�WKDW�WKH�FRRUGLQDWH�PDSSLQJ�LV
RQH�WR�RQH�DQG�PDSV V RQWR Rn�

7KH�OLQHDULW\�RI�WKH�FRRUGLQDWH�PDSSLQJ�H[WHQGV�WR�OLQHDU�FRPELQDWLRQV� MXVW�DV�LQ
6HFWLRQ����� ,I X1; : : : ;Xp DUH�LQ V DQG�LI c1; : : : ; cp DUH�VFDODUV� WKHQ

Œ c1X1 C # # # C cpXp !B D c1Œ X1 !B C # # # C cpŒ Xp !B ���

,Q�ZRUGV� ����VD\V�WKDW�WKH B�FRRUGLQDWH�YHFWRU�RI�D�OLQHDU�FRPELQDWLRQ�RI X1; : : : ; Xp LV
WKH VDPH OLQHDU�FRPELQDWLRQ�RI�WKHLU�FRRUGLQDWH�YHFWRUV�

7KH�FRRUGLQDWH�PDSSLQJ�LQ�7KHRUHP ��LV�DQ�LPSRUWDQW�H[DPSOH�RI�DQ LVRPRUSKLVP
IURP V RQWR Rn� ,Q�JHQHUDO� D�RQH�WR�RQH�OLQHDU�WUDQVIRUPDWLRQ�IURP�D�YHFWRU�VSDFH V
RQWR�D�YHFWRU�VSDFH W LV�FDOOHG�DQ LVRPRUSKLVP IURP V RQWR W �LVR IURP�WKH�*UHHN
IRU�´WKH�VDPH�µ DQG PRUSK IURP�WKH�*UHHN�IRU�´IRUPµ�RU�´VWUXFWXUHµ�� 7KH�QRWDWLRQ�DQG
WHUPLQRORJ\�IRU V DQG W PD\�GLIIHU� EXW�WKH�WZR�VSDFHV�DUH�LQGLVWLQJXLVKDEOH�DV�YHFWRU
VSDFHV� (YHU\�YHFWRU�VSDFH�FDOFXODWLRQ�LQ V LV�DFFXUDWHO\�UHSURGXFHG�LQ W� DQG�YLFH
YHUVD� ,Q�SDUWLFXODU� DQ\�UHDO�YHFWRU�VSDFH�ZLWK�D�EDVLV�RI n YHFWRUV�LV�LQGLVWLQJXLVKDEOH
IURP Rn� 6HH ([HUFLVHV ���DQG����SG

/HW B EH�WKH�VWDQGDUG�EDVLV�RI�WKH�VSDFH P3 RI�SRO\QRPLDOV� WKDW�LV� OHW
B D f1; t; t 2; t 3g� $ W\SLFDO�HOHPHQW S RI P3 KDV�WKH�IRUP

S.t/ D a0 C a1t C a2t2 C a3t
3

6LQFH S LV�DOUHDG\�GLVSOD\HG�DV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�VWDQGDUG�EDVLV�YHFWRUV� ZH
FRQFOXGH�WKDW

Œ S !B D

2
664

a0

a1

a2

a3

3
775

7KXV�WKH�FRRUGLQDWH�PDSSLQJ S 7! Œ S !B LV�DQ�LVRPRUSKLVP�IURP P3 RQWR R4� $OO�YHFWRU
VSDFH�RSHUDWLRQV�LQ P3 FRUUHVSRQG�WR�RSHUDWLRQV�LQ R4�

,I�ZH�WKLQN�RI P3 DQG R4 DV�GLVSOD\V�RQ�WZR�FRPSXWHU�VFUHHQV�WKDW�DUH�FRQQHFWHG
YLD�WKH�FRRUGLQDWH�PDSSLQJ� WKHQ�HYHU\�YHFWRU�VSDFH�RSHUDWLRQ�LQ P3 RQ�RQH�VFUHHQ�LV
H[DFWO\�GXSOLFDWHG�E\�D�FRUUHVSRQGLQJ�YHFWRU�RSHUDWLRQ�LQ R4 RQ�WKH�RWKHU�VFUHHQ� 7KH
YHFWRUV�RQ�WKH P3 VFUHHQ�ORRN�GLIIHUHQW�IURP�WKRVH�RQ�WKH R4 VFUHHQ� EXW�WKH\�´DFWµ�DV
YHFWRUV�LQ�H[DFWO\�WKH�VDPH�ZD\� 6HH�)LJ� ��
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7KH�VSDFH P3 LV�LVRPRUSKLF�WR R4�

8VH � FRRUGLQDWH � YHFWRUV � WR � YHULI\ � WKDW � WKH � SRO\QRPLDOV 1 C 2t2�
4 C t C 5t2� DQG 3 C 2t DUH�OLQHDUO\�GHSHQGHQW�LQ P2�

7KH�FRRUGLQDWH�PDSSLQJ�IURP�([DPSOH ��SURGXFHV�WKH�FRRUGLQDWH�YHFWRUV
.1; 0; 2/� .4; 1; 5/� DQG .3; 2; 0/� UHVSHFWLYHO\� :ULWLQJ�WKHVH�YHFWRUV�DV�WKH FROXPQV RI�D
PDWUL[ A� ZH�FDQ�GHWHUPLQH�WKHLU�LQGHSHQGHQFH�E\�URZ�UHGXFLQJ�WKH�DXJPHQWHG�PDWUL[
IRU A[ D �� 2

4
1 4 3 0
0 1 2 0
2 5 0 0

3
5 &

2
4

1 4 3 0
0 1 2 0
0 0 0 0

3
5

7KH�FROXPQV�RIA DUH�OLQHDUO\�GHSHQGHQW� VR�WKH�FRUUHVSRQGLQJ�SRO\QRPLDOV�DUH�OLQHDUO\
GHSHQGHQW� ,Q�IDFW� LW�LV�HDV\�WR�FKHFN�WKDW�FROXPQ ��RI A LV���WLPHV�FROXPQ ��PLQXV��
WLPHV�FROXPQ �� 7KH�FRUUHVSRQGLQJ�UHODWLRQ�IRU�WKH�SRO\QRPLDOV�LV

3 C 2t D 2.4 C t C 5t2/ ! 5.1 C 2t2/

7KH�ÀQDO�H[DPSOH�FRQFHUQV�D�SODQH�LQ R3 WKDW�LV�LVRPRUSKLF�WR R2�

/HW

Y1 D

2
4

3
6
2

3
5; Y2 D

2
4

!1
0
1

3
5; [ D

2
4

3
12
7

3
5;

DQG B D fY1; Y2g� 7KHQ B LV�D�EDVLV�IRU H D 6SDQ fY1; Y2g� 'HWHUPLQH�LI [ LV�LQ H � DQG
LI�LW�LV� ÀQG�WKH�FRRUGLQDWH�YHFWRU�RI [ UHODWLYH�WR B�

,I [ LV�LQ H � WKHQ�WKH�IROORZLQJ�YHFWRU�HTXDWLRQ�LV�FRQVLVWHQW�

c1

2
4

3
6
2

3
5C c2

2
4

!1
0
1

3
5 D

2
4

3
12
7

3
5

7KH�VFDODUV c1 DQG c2� LI�WKH\�H[LVW� DUH�WKH B�FRRUGLQDWHV�RI [� 8VLQJ�URZ�RSHUDWLRQV�
ZH�REWDLQ 2

4
3 !1 3
6 0 12
2 1 7

3
5 &

2
4

1 0 2
0 1 3
0 0 0

3
5
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7KXV c1 D 2� c2 D 3� DQG Œ [ !B D
"

2
3

#
� 7KH�FRRUGLQDWH�V\VWHP�RQ H GHWHUPLQHG�E\ B

LV�VKRZQ�LQ�)LJ� ��

3v2

2v2

v2

0 v1 2v1

x = 2v1 + 3v2

$ FRRUGLQDWH�V\VWHP�RQ�D�SODQH H LQ
R3�

,I�D�GLIIHUHQW�EDVLV�IRU H ZHUH�FKRVHQ� ZRXOG�WKH�DVVRFLDWHG�FRRUGLQDWH�V\VWHP�DOVR
PDNH H LVRPRUSKLF�WR R2" 6XUHO\� WKLV�PXVW�EH�WUXH� :H�VKDOO�SURYH�LW�LQ�WKH�QH[W
VHFWLRQ�

�� /HW E1 D

2
4

1
0
0

3
5� E2 D

2
4

!3
4
0

3
5� E3 D

2
4

3
!6

3

3
5� DQG [ D

2
4

!8
2
3

3
5�

D� 6KRZ�WKDW�WKH�VHW B D fE1; E2; E3g LV�D�EDVLV�RI R3�
E� )LQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP B WR�WKH�VWDQGDUG�EDVLV�
F� :ULWH�WKH�HTXDWLRQ�WKDW�UHODWHV [ LQ R3 WR Œ [ !B�
G� )LQG Œ [ !B� IRU�WKH [ JLYHQ�DERYH�

�� 7KH�VHW B D f1 C t; 1 C t 2; t C t 2g LV�D�EDVLV�IRU P2� )LQG�WKH�FRRUGLQDWH�YHFWRU�RI
S.t/ D 6 C 3t ! t 2 UHODWLYH�WR B�

,Q �([HUFLVHV ��²�� ÀQG � WKH �YHFWRU [ GHWHUPLQHG �E\ � WKH �JLYHQ
FRRUGLQDWH�YHFWRU Œ [ !B DQG�WKH�JLYHQ�EDVLV B�

�� B D
!"

3
!5

#
;

"
!4

6

#$
� Œ [ !B D

"
5
3

#

�� B D
!"

3
2

#
;

"
!4

1

#$
� Œ [ !B D

"
!2

5

#

�� B D

8<
:

2
4

1
!2

3

3
5;

2
4

5
0

!2

3
5;

2
4

4
!3

0

3
5
9=
;� Œ [ !B D

2
4

1
0

!2

3
5

�� B D

8<
:

2
4

!2
2
0

3
5;

2
4

3
0
2

3
5;

2
4

4
!1

3

3
5
9=
;� Œ [ !B D

2
4

!3
2

!1

3
5

,Q�([HUFLVHV��²�� ÀQG�WKH�FRRUGLQDWH�YHFWRU Œ [ !B RI [ UHODWLYH�WR
WKH�JLYHQ�EDVLV B D fE1; : : : ; Eng�

�� E1 D
"

1
!2

#
� E2 D

"
3

!5

#
� [ D

"
!1

1

#

�� E1 D
"

1
!4

#
� E2 D

"
2

!3

#
� [ D

"
!1
!6

#

�� E1 D

2
4

1
!1
!3

3
5� E2 D

2
4

!3
4
9

3
5� E3 D

2
4

2
!2

4

3
5� [ D

2
4

8
!9

6

3
5

�� E1 D

2
4

1
1
3

3
5� E2 D

2
4

2
0
8

3
5� E3 D

2
4

1
!1

3

3
5� [ D

2
4

0
0

!2

3
5
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,Q�([HUFLVHV���DQG���� ÀQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP
B WR�WKH�VWDQGDUG�EDVLV�LQ Rn�

�� B D
!"

1
!3

#
�
"

2
!5

#$

��� B D

8<
:

2
4

3
0
6

3
5 �
2
4

2
2

!4

3
5�
2
4

1
!2

3

3
5
9=
;

,Q�([HUFLVHV����DQG���� XVH�DQ�LQYHUVH�PDWUL[�WR�ÀQG Œ [ !B IRU�WKH
JLYHQ [ DQG B�

��� B D
!"

1
!2

#
;

"
!3

5

#$
; [ D

"
2

!5

#

��� B D
!"

1
!1

#
;

"
2

!1

#$
; [ D

"
2
3

#

��� 7KH�VHW B D f1 C t 2; t C t 2; 1 C 2t C t 2g LV�D�EDVLV�IRU P2�
)LQG�WKH�FRRUGLQDWH�YHFWRU�RI S.t/ D 1 C 4t C 7t2 UHODWLYH
WR B�

��� 7KH�VHW B D f1 ! t 2; t ! t 2; 2 ! t C t 2g LV �D �EDVLV � IRU P2�
)LQG�WKH�FRRUGLQDWH�YHFWRU�RI S.t/ D 1 C 3t ! 6t2 UHODWLYH
WR B�

,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU� 8QOHVV�VWDWHG�RWKHUZLVH� B LV�D�EDVLV�IRU�D�YHFWRU
VSDFH V �

��� D� ,I [ LV � LQ V DQG�LI B FRQWDLQV n YHFWRUV� WKHQ�WKH B�
FRRUGLQDWH�YHFWRU�RI [ LV�LQ Rn�

E� ,I PB LV�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[� WKHQ Œ[!B D
PB[� IRU [ LQ V �

F� 7KH�YHFWRU�VSDFHV P3 DQG R3 DUH�LVRPRUSKLF�

��� D� ,I B LV�WKH�VWDQGDUG�EDVLV�IRU Rn� WKHQ�WKH B�FRRUGLQDWH
YHFWRU�RI�DQ [ LQ Rn LV [ LWVHOI�

E� 7KH�FRUUHVSRQGHQFH Œ [ !B 7! [ LV�FDOOHG�WKH�FRRUGLQDWH
PDSSLQJ�

F� ,Q�VRPH�FDVHV� D�SODQH�LQ R3 FDQ�EH�LVRPRUSKLF�WR R2�

��� 7KH�YHFWRUV Y1 D
"

1
!3

#
� Y2 D

"
2

!8

#
� Y3 D

"
!3

7

#
VSDQR2

EXW�GR�QRW IRUP�D�EDVLV� )LQG�WZR�GLIIHUHQW�ZD\V�WR�H[SUHVV"
1
1

#
DV�D�OLQHDU�FRPELQDWLRQ�RI Y1� Y2� Y3�

��� /HWB D fE1; : : : ; Eng EH�D�EDVLV�IRU�D�YHFWRU�VSDFHV � ([SODLQ
ZK\�WKH B�FRRUGLQDWH�YHFWRUV�RI E1; : : : ; En DUH�WKH�FROXPQV
H1; : : : ; Hn RI�WKH n % n LGHQWLW\�PDWUL[�

��� /HW S EH�D�ÀQLWH�VHW�LQ�D�YHFWRU�VSDFH V ZLWK�WKH�SURSHUW\
WKDW�HYHU\ [ LQ V KDV�D�XQLTXH�UHSUHVHQWDWLRQ�DV�D�OLQHDU
FRPELQDWLRQ�RI�HOHPHQWV�RI S � 6KRZ�WKDW S LV�D�EDVLV�RI V �

��� 6XSSRVH fY1; : : : ; Y4g LV�D�OLQHDUO\�GHSHQGHQW�VSDQQLQJ�VHW
IRU � D �YHFWRU � VSDFH V � 6KRZ� WKDW � HDFK Z LQ V FDQ �EH
H[SUHVVHG�LQ�PRUH�WKDQ�RQH�ZD\�DV�D�OLQHDU�FRPELQDWLRQ�RI
Y1; : : : ; Y4� >+LQW� /HWZ D k1Y1 C # # # C k4Y4 EH�DQ�DUELWUDU\
YHFWRU�LQ V � 8VH�WKH�OLQHDU�GHSHQGHQFH�RI fY1; : : : ; Y4g WR

SURGXFH�DQRWKHU�UHSUHVHQWDWLRQ�RI Z DV�D�OLQHDU�FRPELQDWLRQ
RI Y1; : : : ; Y4�@

��� /HW B D
!"

1
!4

#
;

"
!2

9

#$
� 6LQFH�WKH�FRRUGLQDWH�PDSSLQJ

GHWHUPLQHG�E\ B LV�D�OLQHDU�WUDQVIRUPDWLRQ�IURP R2 LQWR R2�
WKLV�PDSSLQJ�PXVW�EH�LPSOHPHQWHG�E\�VRPH 2 % 2 PDWUL[ A�
)LQG�LW� >+LQW� 0XOWLSOLFDWLRQ�E\A VKRXOG�WUDQVIRUP�D�YHFWRU
[ LQWR�LWV�FRRUGLQDWH�YHFWRU Œ [ !B�@

��� /HW B D fE1; : : : ; Eng EH�D�EDVLV�IRU Rn� 3URGXFH�D�GHVFULS�
WLRQ�RI�DQ n % n PDWUL[ A WKDW�LPSOHPHQWV�WKH�FRRUGLQDWH
PDSSLQJ [ 7! Œ [ !B� �6HH�([HUFLVH ����

([HUFLVHV � ��²�� � FRQFHUQ � D � YHFWRU � VSDFH V � D � EDVLV B D
fE1; : : : ; Eng� DQG�WKH�FRRUGLQDWH�PDSSLQJ [ 7! Œ [ !B�

��� 6KRZ�WKDW � WKH �FRRUGLQDWH �PDSSLQJ� LV �RQH�WR�RQH� �+LQW�
6XSSRVH Œ X !B D Œ Z !B IRU�VRPH X DQG Z LQ V � DQG�VKRZ
WKDW X D Z��

��� 6KRZ�WKDW�WKH�FRRUGLQDWH�PDSSLQJ�LV RQWR Rn� 7KDW�LV� JLYHQ
DQ\ \ LQRn� ZLWK�HQWULHV y1; : : : ; yn� SURGXFH X LQ V VXFK�WKDW
Œ X !B D \�

��� 6KRZ � WKDW � D � VXEVHW fX1; : : : ; Xpg LQ V LV � OLQHDUO\ � LQ�
GHSHQGHQW � LI � DQG � RQO\ � LI � WKH � VHW � RI � FRRUGLQDWH � YHFWRUV
fŒ X1 !B; : : : ; Œ Xp !Bg LV�OLQHDUO\�LQGHSHQGHQW�LQ Rn� +LQW�
6LQFH�WKH�FRRUGLQDWH�PDSSLQJ�LV�RQH�WR�RQH� WKH�IROORZLQJ
HTXDWLRQV�KDYH�WKH�VDPH�VROXWLRQV� c1; : : : ; cp �

c1X1 C # # # C cpXp D � 7KH�]HUR�YHFWRU�LQ V
Œ c1X1 C # # # C cpXp !B D Œ � !B 7KH�]HUR�YHFWRU�LQ Rn

��� *LYHQ�YHFWRUV X1; : : : ; Xp � DQG Z LQ V � VKRZ�WKDW Z LV�D�OLQHDU
FRPELQDWLRQ�RI X1; : : : ; Xp LI�DQG�RQO\�LI Œ Z !B LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�FRRUGLQDWH�YHFWRUV Œ X1 !B; : : : ; Œ Xp !B�

,Q �([HUFLVHV ���²��� XVH � FRRUGLQDWH �YHFWRUV � WR � WHVW � WKH � OLQHDU
LQGHSHQGHQFH�RI�WKH�VHWV�RI�SRO\QRPLDOV� ([SODLQ�\RXU�ZRUN�

��� 1 C 2t3� 2 C t ! 3t2� !t C 2t2 ! t 3

��� 1 ! 2t2 ! t 3� t C 2t3� 1 C t ! 2t2

��� .1 ! t/2� t ! 2t2 C t 3� .1 ! t/3

��� .2 ! t/3� .3 ! t /2� 1 C 6t ! 5t2 C t 3

��� 8VH�FRRUGLQDWH�YHFWRUV�WR�WHVW�ZKHWKHU�WKH�IROORZLQJ�VHWV�RI
SRO\QRPLDOV�VSDQ P2� -XVWLI\�\RXU�FRQFOXVLRQV�
D� 1 ! 3t C 5t2� !3 C 5t ! 7t2� !4 C 5t ! 6t2� 1 ! t 2

E� 5t C t 2� 1 ! 8t ! 2t2� !3 C 4t C 2t2� 2 ! 3t

��� /HW S1.t/ D 1 C t 2� S2.t/ D t ! 3t2� S3.t/ D 1 C t ! 3t2�
D� 8VH�FRRUGLQDWH�YHFWRUV�WR�VKRZ�WKDW�WKHVH�SRO\QRPLDOV

IRUP�D�EDVLV�IRU P2�
E� &RQVLGHU�WKH�EDVLV B D fS1; S2;S3g IRU P2� )LQG T LQ P2�

JLYHQ�WKDW ŒT!B D

2
4

!1
1
2

3
5�
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,Q�([HUFLVHV����DQG���� GHWHUPLQH�ZKHWKHU�WKH�VHWV�RI�SRO\QRPLDOV
IRUP�D�EDVLV�IRU P3� -XVWLI\�\RXU�FRQFOXVLRQV�

��� >0@ 3 C 7t; 5 C t ! 2t3; t ! 2t2; 1 C 16t ! 6t2 C 2t3

��� >0@ 5 ! 3t C 4t2 C 2t3; 9 C t C 8t2 ! 6t3; 6 ! 2t C 5t2; t 3

��� >0@ /HWH D 6SDQ fY1; Y2g DQG B D fY1; Y2g� 6KRZ�WKDW [ LV
LQ H DQG�ÀQG�WKH B�FRRUGLQDWH�YHFWRU�RI [� IRU

Y1 D

2
664

11
!5
10
7

3
775; Y2 D

2
664

14
!8
13
10

3
775; [ D

2
664

19
!13

18
15

3
775

��� >0@ /HW H D 6SDQ fY1; Y2; Y3g DQG B D fY1; Y2; Y3g� 6KRZ
WKDWB LV�D�EDVLV�IRUH DQG [ LV�LQH � DQG�ÀQG�WKHB�FRRUGLQDWH
YHFWRU�RI [� IRU

Y1 D

2
664

!6
4

!9
4

3
775; Y2 D

2
664

8
!3

7
!3

3
775; Y3 D

2
664

!9
5

!8
3

3
775; [ D

2
664

4
7

!8
3

3
775

>0@ ([HUFLVHV����DQG����FRQFHUQ�WKH�FU\VWDO�ODWWLFH�IRU�WLWDQLXP�
ZKLFK�KDV�WKH�KH[DJRQDO�VWUXFWXUH�VKRZQ�RQ�WKH�OHIW�LQ�WKH�DF�

FRPSDQ\LQJ�ÀJXUH� 7KH�YHFWRUV

2
4

2:6
!1:5

0

3
5�
2
4

0
3
0

3
5�
2
4

0
0

4:8

3
5 LQ R3

IRUP�D�EDVLV�IRU�WKH�XQLW�FHOO�VKRZQ�RQ�WKH�ULJKW� 7KH�QXPEHUV
KHUH�DUH cQJVWURP XQLWV ���c D 10"8 FP�� ,Q�DOOR\V�RI�WLWDQLXP�

VRPH�DGGLWLRQDO�DWRPV�PD\�EH�LQ�WKH�XQLW�FHOO�DW�WKH RFWDKHGUDO
DQG WHWUDKHGUDO VLWHV��VR�QDPHG�EHFDXVH�RI�WKH�JHRPHWULF�REMHFWV
IRUPHG�E\�DWRPV�DW�WKHVH�ORFDWLRQV��

u

w

v0

7KH�KH[DJRQDO�FORVH�SDFNHG�ODWWLFH�DQG�LWV�XQLW�FHOO�

��� 2QH�RI�WKH�RFWDKHGUDO�VLWHV�LV

2
4

1=2
1=4
1=6

3
5� UHODWLYH�WR�WKH�ODWWLFH

EDVLV� 'HWHUPLQH�WKH�FRRUGLQDWHV�RI�WKLV�VLWH�UHODWLYH�WR�WKH
VWDQGDUG�EDVLV�RI R3�

��� 2QH�RI�WKH�WHWUDKHGUDO�VLWHV�LV

2
4

1=2
1=2
1=3

3
5� 'HWHUPLQH�WKH�FRRU�

GLQDWHV�RI�WKLV�VLWH�UHODWLYH�WR�WKH�VWDQGDUG�EDVLV�RI R3�

�� D� ,W�LV�HYLGHQW�WKDW�WKH�PDWUL[ PB D Œ E1 E2 E3 ! LV�URZ�HTXLYDOHQW�WR�WKH�LGHQWLW\
PDWUL[� %\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� PB LV�LQYHUWLEOH�DQG�LWV�FROXPQV�IRUP
D�EDVLV�IRU R3�

E� )URP�SDUW��D�� WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�LV PB D

2
4

1 !3 3
0 4 !6
0 0 3

3
5�

F� [ D PBŒ [ !B
G� 7R�VROYH�WKH�HTXDWLRQ�LQ��F�� LW�LV�SUREDEO\�HDVLHU�WR�URZ�UHGXFH�DQ�DXJPHQWHG

PDWUL[�WKDQ�WR�FRPSXWH P!1
B �

2
4

1 !3 3 !8
0 4 !6 2
0 0 3 3

3
5

PB [

&

2
4

1 0 0 !5
0 1 0 2
0 0 1 1

3
5

I Œ [ !B

+HQFH

Œ [B ! D

2
4

!5
2
1

3
5

�� 7KH�FRRUGLQDWHV�RI S.t/ D 6 C 3t ! t 2 ZLWK�UHVSHFW�WR B VDWLVI\

c1.1 C t / C c2.1 C t 2/ C c3.t C t 2/ D 6 C 3t ! t 2



7KH�'LPHQVLRQ�RI�D�9HFWRU�6SDFH

(TXDWLQJ�FRHIÀFLHQWV�RI�OLNH�SRZHUV�RI t � ZH�KDYH

c1 C c2 D 6

c1 C c3 D 3

c2 C c3 D !1

6ROYLQJ� ZH�ÀQG�WKDW c1 D 5� c2 D 1� c3 D !2� DQG Œ S !B D

2
4

5
1

!2

3
5�

7KHRUHP���LQ�6HFWLRQ�����LPSOLHV�WKDW�D�YHFWRU�VSDFH V ZLWK�D�EDVLV B FRQWDLQLQJ n
YHFWRUV�LV�LVRPRUSKLF�WR Rn� 7KLV�VHFWLRQ�VKRZV�WKDW�WKLV�QXPEHU n LV�DQ�LQWULQVLF
SURSHUW\��FDOOHG�WKH�GLPHQVLRQ��RI�WKH�VSDFH V WKDW�GRHV�QRW�GHSHQG�RQ�WKH�SDUWLFXODU
FKRLFH�RI�EDVLV� 7KH�GLVFXVVLRQ�RI�GLPHQVLRQ�ZLOO�JLYH�DGGLWLRQDO�LQVLJKW�LQWR�SURSHUWLHV
RI�EDVHV�

7KH�ÀUVW�WKHRUHP�JHQHUDOL]HV�D�ZHOO�NQRZQ�UHVXOW�DERXW�WKH�YHFWRU�VSDFH Rn�

,I�D�YHFWRU�VSDFH V KDV�D�EDVLV B D fE1; : : : ; Eng� WKHQ�DQ\�VHW�LQ V FRQWDLQLQJ
PRUH�WKDQ n YHFWRUV�PXVW�EH�OLQHDUO\�GHSHQGHQW�

/HW fX1; : : : ; Xpg EH�D�VHW�LQV ZLWK�PRUH�WKDQ n YHFWRUV� 7KH�FRRUGLQDWH�YHFWRUV
Œ X1 !B; : : : ; Œ Xp !B IRUP�D�OLQHDUO\�GHSHQGHQW�VHW�LQ Rn� EHFDXVH�WKHUH�DUH�PRUH�YHFWRUV
�p��WKDQ�HQWULHV��n��LQ�HDFK�YHFWRU� 6R�WKHUH�H[LVW�VFDODUV c1; : : : ; cp � QRW�DOO�]HUR� VXFK
WKDW

c1Œ X1 !B C # # # C cpŒ Xp !B D

2
64

0
:::
0

3
75 7KH�]HUR�YHFWRU�LQ Rn

6LQFH�WKH�FRRUGLQDWH�PDSSLQJ�LV�D�OLQHDU�WUDQVIRUPDWLRQ�

%
c1X1 C # # # C cpXp

&
B D

2
64

0
:::
0

3
75

7KH � ]HUR � YHFWRU � RQ � WKH � ULJKW � GLVSOD\V � WKH n ZHLJKWV � QHHGHG � WR � EXLOG � WKH � YHFWRU
c1X1 C # # # C cpXp IURP � WKH � EDVLV � YHFWRUV � LQ B� 7KDW � LV� c1X1 C # # # C cpXp D
0 # E1 C # # # C 0 # En D �� 6LQFH � WKH ci DUH � QRW � DOO � ]HUR� fX1; : : : ; Xpg LV � OLQHDUO\
GHSHQGHQW�ñ

7KHRUHP���LPSOLHV�WKDW�LI�D�YHFWRU�VSDFH V KDV�D�EDVLV B D fE1; : : : ; Eng� WKHQ�HDFK
OLQHDUO\�LQGHSHQGHQW�VHW�LQ V KDV�QR�PRUH�WKDQ n YHFWRUV�

ñ7KHRUHP���DOVR�DSSOLHV�WR�LQÀQLWH�VHWV�LQ V � $Q�LQÀQLWH�VHW�LV�VDLG�WR�EH�OLQHDUO\�GHSHQGHQW�LI�VRPH�ÀQLWH
VXEVHW�LV�OLQHDUO\�GHSHQGHQW� RWKHUZLVH� WKH�VHW�LV�OLQHDUO\�LQGHSHQGHQW� ,I S LV�DQ�LQÀQLWH�VHW�LQ V � WDNH�DQ\
VXEVHW fX1; : : : ;Xpg RI S � ZLWK p > n� 7KH�SURRI�DERYH�VKRZV�WKDW�WKLV�VXEVHW�LV�OLQHDUO\�GHSHQGHQW� DQG
KHQFH�VR�LV S �



9HFWRU�6SDFHV

,I�D�YHFWRU�VSDFH V KDV�D�EDVLV�RI n YHFWRUV� WKHQ�HYHU\�EDVLV�RI V PXVW�FRQVLVW�RI
H[DFWO\ n YHFWRUV�

/HW B1 EH�D�EDVLV�RI n YHFWRUV�DQG B2 EH�DQ\�RWKHU�EDVLV��RI V �� 6LQFH B1 LV
D�EDVLV�DQG B2 LV�OLQHDUO\�LQGHSHQGHQW� B2 KDV�QR�PRUH�WKDQ n YHFWRUV� E\�7KHRUHP���
$OVR� VLQFH B2 LV�D�EDVLV�DQG B1 LV�OLQHDUO\�LQGHSHQGHQW� B2 KDV�DW�OHDVW n YHFWRUV� 7KXV
B2 FRQVLVWV�RI�H[DFWO\ n YHFWRUV�

,I�D�QRQ]HUR�YHFWRU�VSDFH V LV�VSDQQHG�E\�D�ÀQLWH�VHW S � WKHQ�D�VXEVHW�RI S LV�D
EDVLV�IRU V � E\�WKH�6SDQQLQJ�6HW�7KHRUHP� ,Q�WKLV�FDVH� 7KHRUHP ���HQVXUHV�WKDW�WKH
IROORZLQJ�GHÀQLWLRQ�PDNHV�VHQVH�

,I V LV�VSDQQHG�E\�D�ÀQLWH�VHW� WKHQ V LV�VDLG�WR�EH ÀQLWH�GLPHQVLRQDO� DQG�WKH
GLPHQVLRQ RI V � ZULWWHQ�DV GLPV � LV�WKH�QXPEHU�RI�YHFWRUV�LQ�D�EDVLV�IRU V � 7KH
GLPHQVLRQ�RI�WKH�]HUR�YHFWRU�VSDFH f�g LV�GHÀQHG�WR�EH�]HUR� ,I V LV�QRW�VSDQQHG
E\�D�ÀQLWH�VHW� WKHQ V LV�VDLG�WR�EH LQÀQLWH�GLPHQVLRQDO�

7KH�VWDQGDUG�EDVLV�IRU Rn FRQWDLQV n YHFWRUV� VR GLPRn D n� 7KH
VWDQGDUG�SRO\QRPLDO�EDVLV f1; t; t 2g VKRZV�WKDW GLPP2 D 3� ,Q�JHQHUDO� GLPPn D n C 1�
7KH�VSDFH P RI�DOO�SRO\QRPLDOV�LV�LQÀQLWH�GLPHQVLRQDO��([HUFLVH ����

/HW H D 6SDQ fY1; Y2g� ZKHUH Y1 D

2
4

3
6
2

3
5 DQG Y2 D

2
4

!1
0
1

3
5� 7KHQ

0 v1 2v1

3v2

2v2

v2

H LV�WKH�SODQH�VWXGLHG�LQ�([DPSOH ��LQ�6HFWLRQ ���� $ EDVLV�IRU H LV fY1; Y2g� VLQFH Y1

DQG Y2 DUH�QRW�PXOWLSOHV�DQG�KHQFH�DUH�OLQHDUO\�LQGHSHQGHQW� 7KXV GLPH D 2�

)LQG�WKH�GLPHQVLRQ�RI�WKH�VXEVSDFH

H D

8̂
<̂
ˆ̂:

2
664

a ! 3b C 6c
5a C 4d

b ! 2c ! d
5d

3
775 W a� b� c� d LQ R

9>>=
>>;

,W�LV�HDV\�WR�VHH�WKDW H LV�WKH�VHW�RI�DOO�OLQHDU�FRPELQDWLRQV�RI�WKH�YHFWRUV

Y1 D

2
664

1
5
0
0

3
775; Y2 D

2
664

!3
0
1
0

3
775; Y3 D

2
664

6
0

!2
0

3
775; Y4 D

2
664

0
4

!1
5

3
775

&OHDUO\� Y1 ¤ �� Y2 LV�QRW�D�PXOWLSOH�RI Y1� EXW Y3 LV�D�PXOWLSOH�RI Y2� %\�WKH�6SDQQLQJ
6HW�7KHRUHP� ZH�PD\�GLVFDUG Y3 DQG�VWLOO�KDYH�D�VHW�WKDW�VSDQV H � )LQDOO\� Y4 LV�QRW�D
OLQHDU�FRPELQDWLRQ�RI Y1 DQG Y2� 6R fY1; Y2; Y4g LV�OLQHDUO\�LQGHSHQGHQW��E\�7KHRUHP �
LQ�6HFWLRQ �����DQG�KHQFH�LV�D�EDVLV�IRU H � 7KXV GLPH D 3�

7KH�VXEVSDFHV�RI R3 FDQ�EH�FODVVLÀHG�E\�GLPHQVLRQ� 6HH�)LJ� ��

��GLPHQVLRQDO�VXEVSDFHV� 2QO\�WKH�]HUR�VXEVSDFH�
��GLPHQVLRQDO�VXEVSDFHV� $Q\�VXEVSDFH�VSDQQHG�E\�D�VLQJOH�QRQ]HUR�YHFWRU� 6XFK
VXEVSDFHV�DUH�OLQHV�WKURXJK�WKH�RULJLQ�



7KH�'LPHQVLRQ�RI�D�9HFWRU�6SDFH

��GLPHQVLRQDO � VXEVSDFHV� $Q\ �VXEVSDFH � VSDQQHG �E\ � WZR� OLQHDUO\ � LQGHSHQGHQW
YHFWRUV� 6XFK�VXEVSDFHV�DUH�SODQHV�WKURXJK�WKH�RULJLQ�
��GLPHQVLRQDO�VXEVSDFHV� 2QO\ R3 LWVHOI� $Q\�WKUHH�OLQHDUO\�LQGHSHQGHQW�YHFWRUV
LQ R3 VSDQ�DOO�RI R3� E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�

x1

x2

x3

1-dim
0-dim

x1

x2

x3

2-dim

3-dim

(a) (b)

6DPSOH�VXEVSDFHV�RI R3�

6XEVSDFHV�RI�D�)LQLWH�'LPHQVLRQDO�6SDFH
7KH�QH[W�WKHRUHP�LV�D�QDWXUDO�FRXQWHUSDUW�WR�WKH�6SDQQLQJ�6HW�7KHRUHP�

/HW H EH�D �VXEVSDFH�RI �D �ÀQLWH�GLPHQVLRQDO �YHFWRU �VSDFH V � $Q\� OLQHDUO\
LQGHSHQGHQW�VHW�LQ H FDQ�EH�H[SDQGHG� LI�QHFHVVDU\� WR�D�EDVLV�IRU H � $OVR� H LV
ÀQLWH�GLPHQVLRQDO�DQG

GLPH $ GLPV

,I H D f�g� WKHQ�FHUWDLQO\ GLPH D 0 $ GLPV � 2WKHUZLVH� OHW S D fX1; : : : ;
Xkg EH�DQ\�OLQHDUO\�LQGHSHQGHQW�VHW�LQ H � ,I S VSDQV H � WKHQ S LV�D�EDVLV�IRU H �
2WKHUZLVH� WKHUH�LV�VRPH XkC1 LQ H WKDW�LV�QRW�LQ 6SDQS � %XW�WKHQ fX1; : : : ; Xk; XkC1g
ZLOO�EH�OLQHDUO\�LQGHSHQGHQW� EHFDXVH�QR�YHFWRU�LQ�WKH�VHW�FDQ�EH�D�OLQHDU�FRPELQDWLRQ�RI
YHFWRUV�WKDW�SUHFHGH�LW��E\�7KHRUHP ���

6R�ORQJ�DV�WKH�QHZ�VHW�GRHV�QRW�VSDQ H � ZH�FDQ�FRQWLQXH�WKLV�SURFHVV�RI�H[SDQGLQJ
S WR�D�ODUJHU�OLQHDUO\�LQGHSHQGHQW�VHW�LQ H � %XW�WKH�QXPEHU�RI�YHFWRUV�LQ�D�OLQHDUO\
LQGHSHQGHQW�H[SDQVLRQ�RI S FDQ�QHYHU�H[FHHG�WKH�GLPHQVLRQ�RI V � E\�7KHRUHP ��
6R�HYHQWXDOO\�WKH�H[SDQVLRQ�RI S ZLOO�VSDQ H DQG�KHQFH�ZLOO�EH�D�EDVLV�IRU H � DQG
GLPH $ GLPV �

:KHQ�WKH�GLPHQVLRQ�RI�D�YHFWRU�VSDFH�RU�VXEVSDFH�LV�NQRZQ� WKH�VHDUFK�IRU�D�EDVLV
LV�VLPSOLÀHG�E\�WKH�QH[W�WKHRUHP� ,W�VD\V�WKDW�LI�D�VHW�KDV�WKH�ULJKW�QXPEHU�RI�HOHPHQWV�
WKHQ�RQH�KDV�RQO\�WR�VKRZ�HLWKHU�WKDW�WKH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�RU�WKDW�LW�VSDQV�WKH
VSDFH� 7KH�WKHRUHP�LV�RI�FULWLFDO�LPSRUWDQFH�LQ�QXPHURXV�DSSOLHG�SUREOHPV��LQYROYLQJ
GLIIHUHQWLDO�HTXDWLRQV�RU�GLIIHUHQFH�HTXDWLRQV� IRU�H[DPSOH��ZKHUH�OLQHDU�LQGHSHQGHQFH
LV�PXFK�HDVLHU�WR�YHULI\�WKDQ�VSDQQLQJ�

/HW V EH�D p�GLPHQVLRQDO�YHFWRU�VSDFH� p " 1� $Q\�OLQHDUO\�LQGHSHQGHQW�VHW�RI
H[DFWO\ p HOHPHQWV�LQ V LV�DXWRPDWLFDOO\�D�EDVLV�IRU V � $Q\�VHW�RI�H[DFWO\ p
HOHPHQWV�WKDW�VSDQV V LV�DXWRPDWLFDOO\�D�EDVLV�IRU V �
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%\�7KHRUHP ��� D�OLQHDUO\�LQGHSHQGHQW�VHW S RI p HOHPHQWV�FDQ�EH�H[WHQGHG�WR
D�EDVLV�IRU V � %XW�WKDW�EDVLV�PXVW�FRQWDLQ�H[DFWO\ p HOHPHQWV� VLQFH GLPV D p� 6R S
PXVW�DOUHDG\�EH�D�EDVLV�IRU V � 1RZ�VXSSRVH�WKDW S KDV p HOHPHQWV�DQG�VSDQV V � 6LQFH
V LV�QRQ]HUR� WKH�6SDQQLQJ�6HW�7KHRUHP�LPSOLHV�WKDW�D�VXEVHW S 0 RI S LV�D�EDVLV�RI V �
6LQFH GLPV D p� S 0 PXVW�FRQWDLQ p YHFWRUV� +HQFH S D S 0�

7KH�'LPHQVLRQV�RI 1XOA DQG &ROA
6LQFH�WKH�SLYRW�FROXPQV�RI�D�PDWUL[ A IRUP�D�EDVLV�IRU &ROA� ZH�NQRZ�WKH�GLPHQVLRQ
RI &ROA DV�VRRQ�DV�ZH�NQRZ�WKH�SLYRW�FROXPQV� 7KH�GLPHQVLRQ�RI 1XOA PLJKW�VHHP�WR
UHTXLUH�PRUH�ZRUN� VLQFH�ÀQGLQJ�D�EDVLV�IRU 1XOA XVXDOO\�WDNHV�PRUH�WLPH�WKDQ�D�EDVLV
IRU &ROA� %XW�WKHUH�LV�D�VKRUWFXW�

/HW A EH�DQ m % n PDWUL[� DQG�VXSSRVH�WKH�HTXDWLRQ A[ D � KDV k IUHH�YDULDEOHV�
)URP�6HFWLRQ ���� ZH�NQRZ�WKDW�WKH�VWDQGDUG�PHWKRG�RI�ÀQGLQJ�D�VSDQQLQJ�VHW�IRU 1XOA
ZLOO�SURGXFH�H[DFWO\ k OLQHDUO\�LQGHSHQGHQW�YHFWRUV³VD\� X1; : : : ;Xk³RQH�IRU�HDFK
IUHH�YDULDEOH� 6R fX1; : : : ; Xkg LV�D�EDVLV�IRU 1XOA� DQG�WKH�QXPEHU�RI�IUHH�YDULDEOHV
GHWHUPLQHV�WKH�VL]H�RI�WKH�EDVLV� /HW�XV�VXPPDUL]H�WKHVH�IDFWV�IRU�IXWXUH�UHIHUHQFH�

7KH�GLPHQVLRQ�RI 1XOA LV�WKH�QXPEHU�RI�IUHH�YDULDEOHV�LQ�WKH�HTXDWLRQ A[ D ��
DQG�WKH�GLPHQVLRQ�RI &ROA LV�WKH�QXPEHU�RI�SLYRW�FROXPQV�LQ A�

)LQG�WKH�GLPHQVLRQV�RI�WKH�QXOO�VSDFH�DQG�WKH�FROXPQ�VSDFH�RI

A D

2
4

!3 6 !1 1 !7
1 !2 2 3 !1
2 !4 5 8 !4

3
5

5RZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[ Œ A � ! WR�HFKHORQ�IRUP�
2
4

1 !2 2 3 !1 0
0 0 1 2 !2 0
0 0 0 0 0 0

3
5

7KHUH�DUH�WKUHH�IUHH�YDULDEOHV³x2� x4� DQG x5� +HQFH�WKH�GLPHQVLRQ�RI 1XOA LV��� $OVR�
GLP&ROA D 2 EHFDXVH A KDV�WZR�SLYRW�FROXPQV�

'HFLGH�ZKHWKHU�HDFK�VWDWHPHQW�LV�7UXH�RU�)DOVH� DQG�JLYH�D�UHDVRQ�IRU�HDFK�DQVZHU� +HUH
V LV�D�QRQ]HUR�ÀQLWH�GLPHQVLRQDO�YHFWRU�VSDFH�

�� ,I GLPV D p DQG�LI S LV�D�OLQHDUO\�GHSHQGHQW�VXEVHW�RI V � WKHQ S FRQWDLQV�PRUH
WKDQ p YHFWRUV�

�� ,I S VSDQV V DQG�LI T LV�D�VXEVHW�RI V WKDW�FRQWDLQV�PRUH�YHFWRUV�WKDQ S � WKHQ T LV
OLQHDUO\�GHSHQGHQW�



7KH�'LPHQVLRQ�RI�D�9HFWRU�6SDFH

)RU �HDFK � VXEVSDFH � LQ �([HUFLVHV ��²�� �D� �ÀQG �D �EDVLV � IRU � WKH
VXEVSDFH� DQG��E��VWDWH�WKH�GLPHQVLRQ�

��

8<
:

2
4

s ! 2t
s C t

3t

3
5 W s� t LQ R

9=
; ��

8<
:

2
4

2a
!4b
!2a

3
5 W a� b LQ R

9=
;

��

8̂
<̂
ˆ̂:

2
664

2c
a ! b
b ! 3c
a C 2b

3
775 W a� b� c LQ R

9>>=
>>;

��

8̂
<̂
ˆ̂:

2
664

p C 2q
!p

3p ! q
p C q

3
775 W p� q LQ R

9>>=
>>;

��

8̂
<̂
ˆ̂:

2
664

p ! 2q
2p C 5r

!2q C 2r
!3p C 6r

3
775 W p� q� r LQ R

9>>=
>>;

��

8̂
<̂
ˆ̂:

2
664

3a ! c
!b ! 3c

!7a C 6b C 5c
!3a C c

3
775 W a� b� c LQ R

9>>=
>>;

�� f.a; b; c/ W a ! 3b C c D 0; b ! 2c D 0; 2b ! c D 0g

�� f.a; b; c; d/ W a ! 3b C c D 0g

�� )LQG�WKH�GLPHQVLRQ�RI�WKH�VXEVSDFH�RI�DOO�YHFWRUV�LQR3 ZKRVH
ÀUVW�DQG�WKLUG�HQWULHV�DUH�HTXDO�

��� )LQG�WKH�GLPHQVLRQ�RI�WKH�VXEVSDFH H RI R2 VSDQQHG�E\"
1

!5

#
�
"

!2
10

#
�
"

!3
15

#
�

,Q �([HUFLVHV � �� � DQG ���� ÀQG � WKH � GLPHQVLRQ �RI � WKH � VXEVSDFH
VSDQQHG�E\�WKH�JLYHQ�YHFWRUV�

���

2
4

1
0
2

3
5�
2
4

3
1
1

3
5�
2
4

!2
!1

1

3
5�
2
4

5
2
2

3
5

���

2
4

1
!2

0

3
5�
2
4

!3
!6

0

3
5�
2
4

!2
3
5

3
5�
2
4

!3
5
5

3
5

'HWHUPLQH�WKH�GLPHQVLRQV�RI 1XOA DQG &ROA IRU�WKH�PDWULFHV
VKRZQ�LQ�([HUFLVHV���²���

��� A D

2
664

1 !6 9 0 !2
0 1 2 !4 5
0 0 0 5 1
0 0 0 0 0

3
775

��� A D

2
664

1 2 !4 3 !2 6 0
0 0 0 1 0 !3 7
0 0 0 0 1 4 !2
0 0 0 0 0 0 1

3
775

��� A D

2
4

1 2 3 0 0
0 0 1 0 1
0 0 0 1 0

3
5 ��� A D

"
3 2

!6 5

#

��� A D

2
4

1 !1 0
0 1 3
0 0 1

3
5 ��� A D

2
4

1 1 !1
0 2 0
0 0 0

3
5

,Q�([HUFLVHV����DQG���� V LV�D�YHFWRU�VSDFH� 0DUN�HDFK�VWDWHPHQW
7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�

��� D� 7KH�QXPEHU �RI �SLYRW �FROXPQV�RI �D �PDWUL[ �HTXDOV � WKH
GLPHQVLRQ�RI�LWV�FROXPQ�VSDFH�

E� $ SODQH�LQ R3 LV�D�WZR�GLPHQVLRQDO�VXEVSDFH�RI R3�
F� 7KH�GLPHQVLRQ�RI�WKH�YHFWRU�VSDFH P4 LV���
G� ,I GLPV D n DQG S LV�D�OLQHDUO\�LQGHSHQGHQW�VHW�LQ V �

WKHQ S LV�D�EDVLV�IRU V �
H� ,I �D �VHW fY1; : : : ; Ypg VSDQV�D �ÀQLWH�GLPHQVLRQDO �YHFWRU

VSDFH V DQG�LI T LV�D�VHW�RI�PRUH�WKDQ p YHFWRUV�LQ V �
WKHQ T LV�OLQHDUO\�GHSHQGHQW�

��� D� R2 LV�D�WZR�GLPHQVLRQDO�VXEVSDFH�RI R3�
E� 7KH�QXPEHU�RI�YDULDEOHV�LQ�WKH�HTXDWLRQ A[ D � HTXDOV

WKH�GLPHQVLRQ�RI 1XOA�
F� $ YHFWRU�VSDFH�LV�LQÀQLWH�GLPHQVLRQDO�LI�LW�LV�VSDQQHG�E\

DQ�LQÀQLWH�VHW�
G� ,I GLPV D n DQG�LI S VSDQV V � WKHQ S LV�D�EDVLV�RI V �
H� 7KH�RQO\�WKUHH�GLPHQVLRQDO�VXEVSDFH�RI R3 LV R3 LWVHOI�

��� 7KH�ÀUVW�IRXU�+HUPLWH�SRO\QRPLDOV�DUH��� 2t � !2 C 4t2� DQG
!12t C 8t3� 7KHVH�SRO\QRPLDOV�DULVH�QDWXUDOO\�LQ�WKH�VWXG\
RI�FHUWDLQ�LPSRUWDQW�GLIIHUHQWLDO�HTXDWLRQV�LQ�PDWKHPDWLFDO
SK\VLFV�� 6KRZ�WKDW�WKH�ÀUVW�IRXU�+HUPLWH�SRO\QRPLDOV�IRUP
D�EDVLV�RI P3�

��� 7KH�ÀUVW�IRXU�/DJXHUUH�SRO\QRPLDOV�DUH��� 1 ! t � 2 ! 4t C t 2�
DQG 6 ! 18t C 9t2 ! t 3� 6KRZ�WKDW�WKHVH�SRO\QRPLDOV�IRUP�D
EDVLV�RI P3�

��� /HW B EH�WKH�EDVLV�RI P3 FRQVLVWLQJ�RI�WKH�+HUPLWH�SRO\QRPL�
DOV�LQ�([HUFLVH ��� DQG�OHW S.t/ D !1 C 8t2 C 8t3� )LQG�WKH
FRRUGLQDWH�YHFWRU�RI S UHODWLYH�WR B�

��� /HW B EH � WKH � EDVLV � RI P2 FRQVLVWLQJ � RI � WKH � ÀUVW � WKUHH
/DJXHUUH � SRO\QRPLDOV � OLVWHG � LQ � ([HUFLVH � ��� DQG � OHW
S.t/ D 5 C 5t ! 2t2� )LQG�WKH�FRRUGLQDWH�YHFWRU�RI S UHODWLYH
WR B�

��� /HW S EH�D�VXEVHW�RI�DQ n�GLPHQVLRQDO�YHFWRU�VSDFH V � DQG
VXSSRVH S FRQWDLQV�IHZHU�WKDQ n YHFWRUV� ([SODLQ�ZK\ S
FDQQRW�VSDQ V �

��� /HW H EH�DQ n�GLPHQVLRQDO�VXEVSDFH�RI�DQ n�GLPHQVLRQDO
YHFWRU�VSDFH V � 6KRZ�WKDW H D V �

��� ([SODLQ�ZK\�WKH�VSDFH P RI�DOO�SRO\QRPLDOV�LV�DQ�LQÀQLWH�
GLPHQVLRQDO�VSDFH�

2 6HH ,QWURGXFWLRQ�WR�)XQFWLRQDO�$QDO\VLV� �G�HG�� E\�$��(��7D\ORU�DQG
'DYLG�&��/D\��1HZ�<RUN� -RKQ�:LOH\�	�6RQV� ������ SS� ��²��� 2WKHU
VHWV�RI�SRO\QRPLDOV�DUH�GLVFXVVHG�WKHUH� WRR�



9HFWRU�6SDFHV

��� 6KRZ�WKDW�WKH�VSDFHC.R/ RI�DOO�FRQWLQXRXV�IXQFWLRQV�GHÀQHG
RQ�WKH�UHDO�OLQH�LV�DQ�LQÀQLWH�GLPHQVLRQDO�VSDFH�

,Q�([HUFLVHV����DQG���� V LV�D�QRQ]HUR�ÀQLWH�GLPHQVLRQDO�YHFWRU
VSDFH� DQG�WKH�YHFWRUV�OLVWHG�EHORQJ�WR V � 0DUN�HDFK�VWDWHPHQW
7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU� �7KHVH�TXHVWLRQV�DUH�PRUH
GLIÀFXOW�WKDQ�WKRVH�LQ�([HUFLVHV ���DQG�����

��� D� ,I � WKHUH � H[LVWV � D � VHW fY1; : : : ; Ypg WKDW � VSDQV V � WKHQ
GLPV $ p�

E� ,I�WKHUH�H[LVWV�D�OLQHDUO\�LQGHSHQGHQW�VHW fY1; : : : ; Ypg LQ
V � WKHQ GLPV " p�

F� ,I GLPV D p� WKHQ�WKHUH�H[LVWV�D�VSDQQLQJ�VHW�RI p C 1
YHFWRUV�LQ V �

��� D� ,I�WKHUH�H[LVWV�D�OLQHDUO\�GHSHQGHQW�VHW fY1; : : : ; Ypg LQ V �
WKHQ GLPV $ p�

E� ,I�HYHU\�VHW�RI p HOHPHQWV�LQ V IDLOV�WR�VSDQ V � WKHQ
GLPV > p�

F� ,I p " 2 DQG GLPV D p� WKHQ�HYHU\�VHW�RI p ! 1 QRQ]HUR
YHFWRUV�LV�OLQHDUO\�LQGHSHQGHQW�

([HUFLVHV����DQG����FRQFHUQ�ÀQLWH�GLPHQVLRQDO�YHFWRU�VSDFHV V
DQG W DQG�D�OLQHDU�WUDQVIRUPDWLRQ T W V ! W �

��� /HWH EH�D�QRQ]HUR�VXEVSDFH�RI V � DQG�OHW T .H/ EH�WKH�VHW�RI
LPDJHV�RI�YHFWRUV�LQ H � 7KHQ T .H/ LV�D�VXEVSDFH�RI W � E\
([HUFLVH ���LQ�6HFWLRQ ���� 3URYH�WKDW GLPT .H/ $ GLPH �

��� /HW H EH � D � QRQ]HUR � VXEVSDFH � RI V � DQG � VXSSRVH T LV
D �RQH�WR�RQH� �OLQHDU� �PDSSLQJ�RI V LQWR W � 3URYH� WKDW
GLPT .H/ D GLPH � ,I T KDSSHQV�WR�EH�D�RQH�WR�RQH�PDS�
SLQJ�RI V RQWR W � WKHQ GLPV D GLPW � ,VRPRUSKLF�ÀQLWH�
GLPHQVLRQDO�YHFWRU�VSDFHV�KDYH�WKH�VDPH�GLPHQVLRQ�

��� >0@ $FFRUGLQJ�WR�7KHRUHP ��� D�OLQHDUO\�LQGHSHQGHQW�VHW
fY1; : : : ; Ykg LQ Rn FDQ�EH�H[SDQGHG�WR�D�EDVLV�IRU Rn� 2QH
ZD\�WR�GR�WKLV�LV�WR�FUHDWHA D Œ Y1 # # # Yk H1 # # # Hn !�
ZLWK H1; : : : ; Hn WKH�FROXPQV�RI�WKH�LGHQWLW\�PDWUL[� WKH�SLYRW
FROXPQV�RI A IRUP�D�EDVLV�IRU Rn�
D� 8VH�WKH�PHWKRG�GHVFULEHG�WR�H[WHQG�WKH�IROORZLQJ�YHFWRUV

WR�D�EDVLV�IRU R5�

Y1 D

2
66664

!9
!7

8
!5

7

3
77775

; Y2 D

2
66664

9
4
1
6

!7

3
77775

; Y3 D

2
66664

6
7

!8
5

!7

3
77775

E� ([SODLQ�ZK\�WKH�PHWKRG�ZRUNV�LQ�JHQHUDO� :K\�DUH�WKH
RULJLQDO�YHFWRUV Y1; : : : ; Yk LQFOXGHG�LQ�WKH�EDVLV�IRXQG�IRU
&ROA" :K\�LV &ROA D Rn"

��� >0@ /HW B D f1; FRV t; FRV2 t; : : : ; FRV6 tg DQG C D f1; FRV t;
FRV 2t; : : : ; FRV 6tg� $VVXPH � WKH � IROORZLQJ � WULJRQRPHWULF
LGHQWLWLHV��VHH�([HUFLVH ���LQ�6HFWLRQ �����
FRV 2t D !1 C 2 FRV2 t

FRV 3t D !3 FRV t C 4 FRV3 t

FRV 4t D 1 ! 8 FRV2 t C 8 FRV4 t

FRV 5t D 5 FRV t ! 20 FRV3 t C 16 FRV5 t

FRV 6t D !1 C 18 FRV2 t ! 48 FRV4 t C 32 FRV6 t

/HW H EH�WKH�VXEVSDFH�RI�IXQFWLRQV�VSDQQHG�E\�WKH�IXQFWLRQV
LQ B� 7KHQ B LV�D�EDVLV�IRU H � E\�([HUFLVH ���LQ�6HFWLRQ ����

D� :ULWH�WKH B�FRRUGLQDWH�YHFWRUV�RI�WKH�YHFWRUV�LQ C� DQG
XVH�WKHP�WR�VKRZ�WKDW C LV�D�OLQHDUO\�LQGHSHQGHQW�VHW�LQ
H �

E� ([SODLQ�ZK\ C LV�D�EDVLV�IRU H �

�� )DOVH� &RQVLGHU�WKH�VHW f�g�
�� 7UXH� %\�WKH�6SDQQLQJ�6HW�7KHRUHP� S FRQWDLQV�D�EDVLV�IRU V � FDOO�WKDW�EDVLV S 0�

7KHQ T ZLOO�FRQWDLQ�PRUH�YHFWRUV�WKDQ S 0� %\�7KHRUHP��� T LV�OLQHDUO\�GHSHQGHQW�

:LWK�WKH�DLG�RI�YHFWRU�VSDFH�FRQFHSWV� WKLV�VHFWLRQ�WDNHV�D�ORRN LQVLGH D�PDWUL[�DQG
UHYHDOV�VHYHUDO�LQWHUHVWLQJ�DQG�XVHIXO�UHODWLRQVKLSV�KLGGHQ�LQ�LWV�URZV�DQG�FROXPQV�

)RU�LQVWDQFH� LPDJLQH�SODFLQJ������UDQGRP�QXPEHUV�LQWR�D 40 % 50 PDWUL[ A DQG
WKHQ�GHWHUPLQLQJ�ERWK�WKH�PD[LPXP�QXPEHU�RI�OLQHDUO\�LQGHSHQGHQW�FROXPQV�LQ A DQG
WKH�PD[LPXP�QXPEHU�RI�OLQHDUO\�LQGHSHQGHQW�FROXPQV�LQ AT �URZV�LQ A�� 5HPDUNDEO\�
WKH�WZR�QXPEHUV�DUH�WKH�VDPH� $V�ZH·OO�VRRQ�VHH� WKHLU�FRPPRQ�YDOXH�LV�WKH UDQN RI�WKH
PDWUL[� 7R�H[SODLQ�ZK\� ZH�QHHG�WR�H[DPLQH�WKH�VXEVSDFH�VSDQQHG�E\�WKH�URZV�RI A�



5DQN

7KH�5RZ�6SDFH
,I A LV�DQ m % n PDWUL[� HDFK�URZ�RI A KDV n HQWULHV�DQG�WKXV�FDQ�EH�LGHQWLÀHG�ZLWK�D
YHFWRU�LQ Rn� 7KH�VHW�RI�DOO�OLQHDU�FRPELQDWLRQV�RI�WKH�URZ�YHFWRUV�LV�FDOOHG�WKH URZ
VSDFH RI A DQG�LV�GHQRWHG�E\ 5RZA� (DFK�URZ�KDV n HQWULHV� VR 5RZA LV�D�VXEVSDFH
RI Rn� 6LQFH�WKH�URZV�RI A DUH�LGHQWLÀHG�ZLWK�WKH�FROXPQV�RI AT � ZH�FRXOG�DOVR�ZULWH
&ROAT LQ�SODFH�RI 5RZA�

/HW

A D

2
664

!2 !5 8 0 !17
1 3 !5 1 5
3 11 !19 7 1
1 7 !13 5 !3

3
775 DQG

U1 D .!2; !5; 8; 0; !17/

U2 D .1; 3; !5; 1; 5/

U3 D .3; 11; !19; 7; 1/

U4 D .1; 7; !13; 5; !3/

7KH�URZ�VSDFH�RI A LV�WKH�VXEVSDFH�RI R5 VSDQQHG�E\ fU1; U2; U3; U4g� 7KDW�LV� 5RZA D
6SDQ fU1; U2; U3; U4g� ,W�LV�QDWXUDO�WR�ZULWH�URZ�YHFWRUV�KRUL]RQWDOO\� KRZHYHU� WKH\�PD\
DOVR�EH�ZULWWHQ�DV�FROXPQ�YHFWRUV�LI�WKDW�LV�PRUH�FRQYHQLHQW�

,I �ZH�NQHZ�VRPH�OLQHDU�GHSHQGHQFH�UHODWLRQV�DPRQJ�WKH�URZV�RI�PDWUL[ A LQ
([DPSOH��� ZH�FRXOG�XVH�WKH�6SDQQLQJ�6HW�7KHRUHP�WR�VKULQN�WKH�VSDQQLQJ�VHW�WR�D
EDVLV� 8QIRUWXQDWHO\� URZ�RSHUDWLRQV�RQ A ZLOO�QRW�JLYH�XV�WKDW�LQIRUPDWLRQ� EHFDXVH
URZ�RSHUDWLRQV�FKDQJH�WKH�URZ�GHSHQGHQFH�UHODWLRQV� %XW�URZ�UHGXFLQJ A LV�FHUWDLQO\
ZRUWKZKLOH� DV�WKH�QH[W�WKHRUHP�VKRZV�

,I�WZR�PDWULFHV A DQG B DUH�URZ�HTXLYDOHQW� WKHQ�WKHLU�URZ�VSDFHV�DUH�WKH�VDPH�
,I B LV�LQ�HFKHORQ�IRUP� WKH�QRQ]HUR�URZV�RI B IRUP�D�EDVLV�IRU�WKH�URZ�VSDFH�RI
A DV�ZHOO�DV�IRU�WKDW�RI B �

,I B LV�REWDLQHG�IURP A E\�URZ�RSHUDWLRQV� WKH�URZV�RI B DUH�OLQHDU�FRP�
ELQDWLRQV�RI�WKH�URZV�RI A� ,W�IROORZV�WKDW�DQ\�OLQHDU�FRPELQDWLRQ�RI�WKH�URZV�RI B
LV�DXWRPDWLFDOO\�D�OLQHDU�FRPELQDWLRQ�RI�WKH�URZV�RI A� 7KXV�WKH�URZ�VSDFH�RI B LV
FRQWDLQHG�LQ�WKH�URZ�VSDFH�RIA� 6LQFH�URZ�RSHUDWLRQV�DUH�UHYHUVLEOH� WKH�VDPH�DUJXPHQW
VKRZV�WKDW�WKH�URZ�VSDFH�RI A LV�D�VXEVHW�RI�WKH�URZ�VSDFH�RI B � 6R�WKH�WZR�URZ�VSDFHV
DUH�WKH�VDPH� ,I B LV�LQ�HFKHORQ�IRUP� LWV�QRQ]HUR�URZV�DUH�OLQHDUO\�LQGHSHQGHQW�EHFDXVH
QR�QRQ]HUR�URZ�LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�QRQ]HUR�URZV�EHORZ�LW� �$SSO\�7KHRUHP
��WR�WKH�QRQ]HUR�URZV�RI B LQ�UHYHUVH�RUGHU� ZLWK�WKH�ÀUVW�URZ�ODVW�� 7KXV�WKH�QRQ]HUR
URZV�RI B IRUP�D�EDVLV�RI�WKH��FRPPRQ��URZ�VSDFH�RI B DQG A�

7KH�PDLQ�UHVXOW�RI�WKLV�VHFWLRQ�LQYROYHV�WKH�WKUHH�VSDFHV� 5RZA� &ROA� DQG 1XOA�
7KH�IROORZLQJ�H[DPSOH�SUHSDUHV�WKH�ZD\�IRU�WKLV�UHVXOW�DQG�VKRZV�KRZ RQH VHTXHQFH�RI
URZ�RSHUDWLRQV�RQ A OHDGV�WR�EDVHV�IRU�DOO�WKUHH�VSDFHV�

)LQG�EDVHV�IRU�WKH�URZ�VSDFH� WKH�FROXPQ�VSDFH� DQG�WKH�QXOO�VSDFH�RI
WKH�PDWUL[

A D

2
664

!2 !5 8 0 !17
1 3 !5 1 5
3 11 !19 7 1
1 7 !13 5 !3

3
775



9HFWRU�6SDFHV

7R�ÀQG�EDVHV�IRU�WKH�URZ�VSDFH�DQG�WKH�FROXPQ�VSDFH� URZ�UHGXFH A WR�DQ
HFKHORQ�IRUP�

A & B D

2
664

1 3 !5 1 5
0 1 !2 2 !7
0 0 0 !4 20
0 0 0 0 0

3
775

%\�7KHRUHP ��� WKH�ÀUVW�WKUHH�URZV�RI B IRUP�D�EDVLV�IRU�WKH�URZ�VSDFH�RI A �DV�ZHOO
DV�IRU�WKH�URZ�VSDFH�RI B�� 7KXV

%DVLV�IRU 5RZA� f.1; 3; !5; 1; 5/; .0; 1; !2; 2; !7/; .0; 0; 0; !4; 20/g

)RU�WKH�FROXPQ�VSDFH� REVHUYH�IURP B WKDW�WKH�SLYRWV�DUH�LQ�FROXPQV��� �� DQG��� +HQFH
FROXPQV��� �� DQG���RI A �QRW B��IRUP�D�EDVLV�IRU &ROA�

%DVLV�IRU &ROA�

8̂
<̂
ˆ̂:

2
664

!2
1
3
1

3
775;

2
664

!5
3

11
7

3
775;

2
664

0
1
7
5

3
775

9>>=
>>;

1RWLFH�WKDW�DQ\�HFKHORQ�IRUP�RI A SURYLGHV��LQ�LWV�QRQ]HUR�URZV��D�EDVLV�IRU 5RZA
DQG�DOVR�LGHQWLÀHV�WKH�SLYRW�FROXPQV�RI A IRU &ROA� +RZHYHU� IRU 1XOA� ZH�QHHG�WKH
UHGXFHG�HFKHORQ�IRUP� )XUWKHU�URZ�RSHUDWLRQV�RQ B \LHOG

A & B & C D

2
664

1 0 1 0 1
0 1 !2 0 3
0 0 0 1 !5
0 0 0 0 0

3
775

7KH�HTXDWLRQ A[ D � LV�HTXLYDOHQW�WR C[ D �� WKDW�LV�

x1 C x3 C x5 D 0

x2 ! 2x3 C 3x5 D 0

x4 ! 5x5 D 0

6R x1 D !x3 ! x5; x2 D 2x3 ! 3x5; x4 D 5x5� ZLWK x3 DQG x5 IUHH�YDULDEOHV� 7KH�XVXDO
FDOFXODWLRQV��GLVFXVVHG�LQ�6HFWLRQ �����VKRZ�WKDW

%DVLV�IRU 1XOA�

8̂
ˆ̂̂<
ˆ̂̂̂
:

2
66664

!1
2
1
0
0

3
77775

;

2
66664

!1
!3

0
5
1

3
77775

9>>>>=
>>>>;

2EVHUYH�WKDW� XQOLNH�WKH�EDVLV�IRU &ROA� WKH�EDVHV�IRU 5RZA DQG 1XOA KDYH�QR�VLPSOH
FRQQHFWLRQ�ZLWK�WKH�HQWULHV�LQ A LWVHOI�ñ

ñ ,W�LV�SRVVLEOH�WR�ÀQG�D�EDVLV�IRU�WKH�URZ�VSDFH 5RZA WKDW�XVHV�URZV�RI A� )LUVW�IRUP AT � DQG�WKHQ�URZ
UHGXFH�XQWLO�WKH�SLYRW�FROXPQV�RI AT DUH�IRXQG� 7KHVH�SLYRW�FROXPQV�RI AT DUH�URZV�RI A� DQG�WKH\�IRUP
D�EDVLV�IRU�WKH�URZ�VSDFH�RI A�



5DQN

:DUQLQJ� $OWKRXJK�WKH�ÀUVW�WKUHH�URZV�RI B LQ�([DPSOH ��DUH�OLQHDUO\�LQGHSHQGHQW�
LW�LV�ZURQJ�WR�FRQFOXGH�WKDW�WKH�ÀUVW�WKUHH�URZV�RI A DUH�OLQHDUO\�LQGHSHQGHQW� �,Q�IDFW�
WKH�WKLUG�URZ�RI A LV���WLPHV�WKH�ÀUVW�URZ�SOXV���WLPHV�WKH�VHFRQG�URZ�� 5RZ�RSHUDWLRQV
PD\�FKDQJH�WKH�OLQHDU�GHSHQGHQFH�UHODWLRQV�DPRQJ�WKH URZV RI�D�PDWUL[�

7KH�5DQN�7KHRUHP
7KH�QH[W�WKHRUHP�GHVFULEHV�IXQGDPHQWDO�UHODWLRQV�DPRQJ�WKH�GLPHQVLRQV�RI &ROA�WEB
5RZA� DQG 1XOA�

7KH UDQN RI A LV�WKH�GLPHQVLRQ�RI�WKH�FROXPQ�VSDFH�RI A�

6LQFH 5RZA LV�WKH�VDPH�DV &ROAT � WKH�GLPHQVLRQ�RI�WKH�URZ�VSDFH�RIA LV�WKH�UDQN
RI AT � 7KH�GLPHQVLRQ�RI�WKH�QXOO�VSDFH�LV�VRPHWLPHV�FDOOHG�WKH QXOOLW\ RI A� WKRXJK�ZH
ZLOO�QRW�XVH�WKLV�WHUP�

$Q�DOHUW�UHDGHU�PD\�KDYH�DOUHDG\�GLVFRYHUHG�SDUW�RU�DOO�RI�WKH�QH[W�WKHRUHP�ZKLOH
ZRUNLQJ�WKH�H[HUFLVHV�LQ�6HFWLRQ ����RU�UHDGLQJ�([DPSOH ��DERYH�

7KH�GLPHQVLRQV�RI�WKH�FROXPQ�VSDFH�DQG�WKH�URZ�VSDFH�RI�DQ m % n PDWUL[ A DUH
HTXDO� 7KLV�FRPPRQ�GLPHQVLRQ� WKH�UDQN�RI A� DOVR�HTXDOV�WKH�QXPEHU�RI�SLYRW
SRVLWLRQV�LQ A DQG�VDWLVÀHV�WKH�HTXDWLRQ

UDQNA C GLP1XOA D n

%\�7KHRUHP���LQ�6HFWLRQ ���� UDQNA LV�WKH�QXPEHU�RI�SLYRW�FROXPQV�LQ A�
(TXLYDOHQWO\� UDQNA LV�WKH�QXPEHU�RI�SLYRW�SRVLWLRQV�LQ�DQ�HFKHORQ�IRUP B RI A�
)XUWKHUPRUH� VLQFH B KDV�D�QRQ]HUR�URZ�IRU�HDFK�SLYRW� DQG�VLQFH�WKHVH�URZV�IRUP�D
EDVLV�IRU�WKH�URZ�VSDFH�RI A� WKH�UDQN�RI A LV�DOVR�WKH�GLPHQVLRQ�RI�WKH�URZ�VSDFH�

)URP�6HFWLRQ ���� WKH�GLPHQVLRQ�RI 1XOA HTXDOV�WKH�QXPEHU�RI�IUHH�YDULDEOHV�LQ
WKH�HTXDWLRQ A[ D �� ([SUHVVHG�DQRWKHU�ZD\� WKH�GLPHQVLRQ�RI 1XOA LV�WKH�QXPEHU�RI
FROXPQV�RI A WKDW�DUH QRW SLYRW�FROXPQV� �,W�LV�WKH�QXPEHU�RI�WKHVH�FROXPQV� QRW�WKH
FROXPQV�WKHPVHOYHV� WKDW�LV�UHODWHG�WR 1XOA�� 2EYLRXVO\�

!
QXPEHU�RI

SLYRW�FROXPQV

$
C
!

QXPEHU�RI
QRQSLYRW�FROXPQV

$
D
!
QXPEHU�RI
FROXPQV

$

7KLV�SURYHV�WKH�WKHRUHP�

7KH�LGHDV�EHKLQG�7KHRUHP ���DUH�YLVLEOH�LQ�WKH�FDOFXODWLRQV�LQ�([DPSOH �� 7KH
WKUHH�SLYRW�SRVLWLRQV�LQ�WKH�HFKHORQ�IRUP B GHWHUPLQH�WKH�EDVLF�YDULDEOHV�DQG�LGHQWLI\
WKH�EDVLV�YHFWRUV�IRU &ROA DQG�WKRVH�IRU 5RZA�

D� ,I A LV�D 7 % 9 PDWUL[�ZLWK�D�WZR�GLPHQVLRQDO�QXOO�VSDFH� ZKDW�LV�WKH�UDQN�RI A"
E� &RXOG�D 6 % 9 PDWUL[�KDYH�D�WZR�GLPHQVLRQDO�QXOO�VSDFH"
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D� 6LQFH A KDV���FROXPQV� .UDQNA/ C 2 D 9� DQG�KHQFH UDQNA D 7�
E� 1R� ,I�D 6 % 9 PDWUL[� FDOO�LW B � KDG�D�WZR�GLPHQVLRQDO�QXOO�VSDFH� LW�ZRXOG�KDYH�WR

KDYH�UDQN��� E\�WKH�5DQN�7KHRUHP� %XW�WKH�FROXPQV�RI B DUH�YHFWRUV�LQ R6� DQG�VR
WKH�GLPHQVLRQ�RI &ROB FDQQRW�H[FHHG��� WKDW�LV� UDQNB FDQQRW�H[FHHG���

7KH�QH[W�H[DPSOH�SURYLGHV�D�QLFH�ZD\�WR�YLVXDOL]H�WKH�VXEVSDFHV�ZH�KDYH�EHHQ
VWXG\LQJ� ,Q�&KDSWHU �� ZH�ZLOO�OHDUQ�WKDW 5RZA DQG 1XOA KDYH�RQO\�WKH�]HUR�YHFWRU
LQ�FRPPRQ�DQG�DUH�DFWXDOO\�´SHUSHQGLFXODUµ�WR�HDFK�RWKHU� 7KH�VDPH�IDFW�ZLOO�DSSO\
WR 5RZAT .D &ROA/ DQG 1XOAT � 6R�)LJ� �� ZKLFK�DFFRPSDQLHV�([DPSOH �� FUHDWHV
D�JRRG�PHQWDO�LPDJH�IRU�WKH�JHQHUDO�FDVH� �7KH�YDOXH�RI�VWXG\LQJ AT DORQJ�ZLWK A LV
GHPRQVWUDWHG�LQ�([HUFLVH ����

/HW A D

2
4

3 0 !1
3 0 !1
4 0 5

3
5� ,W�LV�UHDGLO\�FKHFNHG�WKDW 1XOA LV�WKH x2�

D[LV� 5RZA LV�WKH x1x3�SODQH� &ROA LV�WKH�SODQH�ZKRVH�HTXDWLRQ�LV x1 ! x2 D 0� DQG
1XOAT LV�WKH�VHW�RI�DOO�PXOWLSOHV�RI .1; !1; 0/� )LJXUH ��VKRZV 1XOA DQG 5RZA LQ
WKH�GRPDLQ�RI�WKH�OLQHDU�WUDQVIRUPDWLRQ [ 7! A[� WKH�UDQJH�RI�WKLV�PDSSLQJ� &ROA� LV
VKRZQ�LQ�D�VHSDUDWH�FRS\�RI R3� DORQJ�ZLWK 1XOAT �

A

00

x3

x1

x2

x1

x2

x3

!3 !3

Nul A Nul A
T

Row A Col A

6XEVSDFHV�GHWHUPLQHG�E\�D�PDWUL[ A�

$SSOLFDWLRQV�WR�6\VWHPV�RI�(TXDWLRQV
7KH�5DQN�7KHRUHP�LV�D�SRZHUIXO�WRRO�IRU�SURFHVVLQJ�LQIRUPDWLRQ�DERXW�V\VWHPV�RI
OLQHDU�HTXDWLRQV� 7KH�QH[W�H[DPSOH�VLPXODWHV�WKH�ZD\�D�UHDO�OLIH�SUREOHP�XVLQJ�OLQHDU
HTXDWLRQV�PLJKW�EH�VWDWHG� ZLWKRXW�H[SOLFLW�PHQWLRQ�RI�OLQHDU�DOJHEUD�WHUPV�VXFK�DV
PDWUL[� VXEVSDFH� DQG�GLPHQVLRQ�

$ VFLHQWLVW �KDV�IRXQG�WZR�VROXWLRQV�WR�D�KRPRJHQHRXV�V\VWHP�RI
�� HTXDWLRQV�LQ��� YDULDEOHV� 7KH�WZR�VROXWLRQV�DUH�QRW�PXOWLSOHV� DQG�DOO�RWKHU�VROXWLRQV
FDQ�EH�FRQVWUXFWHG�E\�DGGLQJ�WRJHWKHU�DSSURSULDWH�PXOWLSOHV�RI�WKHVH�WZR�VROXWLRQV�
&DQ�WKH�VFLHQWLVW�EH FHUWDLQ WKDW�DQ�DVVRFLDWHG�QRQKRPRJHQHRXV�V\VWHP��ZLWK�WKH�VDPH
FRHIÀFLHQWV��KDV�D�VROXWLRQ"

<HV� /HW A EH�WKH 40 % 42 FRHIÀFLHQW�PDWUL[�RI�WKH�V\VWHP� 7KH�JLYHQ
LQIRUPDWLRQ�LPSOLHV�WKDW�WKH�WZR�VROXWLRQV�DUH�OLQHDUO\�LQGHSHQGHQW�DQG�VSDQ 1XOA� 6R
GLP1XOA D 2� %\�WKH�5DQN�7KHRUHP� GLP&ROA D 42 ! 2 D 40� 6LQFH R40 LV�WKH
RQO\�VXEVSDFH�RI R40 ZKRVH�GLPHQVLRQ�LV���� &ROA PXVW�EH�DOO�RI R40� 7KLV�PHDQV�WKDW
HYHU\�QRQKRPRJHQHRXV�HTXDWLRQ A[ D E KDV�D�VROXWLRQ�



5DQN

5DQN�DQG�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP
7KH�YDULRXV �YHFWRU � VSDFH �FRQFHSWV �DVVRFLDWHG �ZLWK �D �PDWUL[ �SURYLGH �VHYHUDO �PRUH
VWDWHPHQWV�IRU�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� 7KH�QHZ�VWDWHPHQWV�OLVWHG�KHUH�IROORZ
WKRVH�LQ�WKH�RULJLQDO�,QYHUWLEOH�0DWUL[�7KHRUHP�LQ�6HFWLRQ ����

/HW A EH�DQ n % n PDWUL[� 7KHQ�WKH�IROORZLQJ�VWDWHPHQWV�DUH�HDFK�HTXLYDOHQW�WR
WKH�VWDWHPHQW�WKDW A LV�DQ�LQYHUWLEOH�PDWUL[�

P� 7KH�FROXPQV�RI A IRUP�D�EDVLV�RI Rn�
Q� &ROA D Rn

R� GLP&ROA D n

S� UDQNA D n

T� 1XOA D f�g
U� GLP1XOA D 0

6WDWHPHQW��P��LV�ORJLFDOO\�HTXLYDOHQW�WR�VWDWHPHQWV��H��DQG��K��UHJDUGLQJ�OLQHDU
LQGHSHQGHQFH�DQG�VSDQQLQJ� 7KH�RWKHU�ÀYH�VWDWHPHQWV�DUH�OLQNHG�WR�WKH�HDUOLHU�RQHV�RI
WKH�WKHRUHP�E\�WKH�IROORZLQJ�FKDLQ�RI�DOPRVW�WULYLDO�LPSOLFDWLRQV�

.J/ ) .Q/ ) .R/ ) .S/ ) .U/ ) .T/ ) .G/

6WDWHPHQW��J�� ZKLFK�VD\V�WKDW�WKH�HTXDWLRQA[ D E KDV�DW�OHDVW�RQH�VROXWLRQ�IRU�HDFK E LQ
Rn� LPSOLHV��Q�� EHFDXVH &ROA LV�SUHFLVHO\�WKH�VHW�RI�DOO E VXFK�WKDW�WKH�HTXDWLRQA[ D E
LV�FRQVLVWHQW� 7KH�LPSOLFDWLRQV��Q�) �R�) �S��IROORZ�IURP�WKH�GHÀQLWLRQV�RI�GLPHQVLRQ
DQG�UDQN� ,I�WKH�UDQN�RI A LV n� WKH�QXPEHU�RI�FROXPQV�RI A� WKHQ GLP1XOA D 0� E\�WKH
5DQN�7KHRUHP� DQG�VR 1XOA D f�g� 7KXV��S� ) �U� ) �T�� $OVR� �T��LPSOLHV�WKDW�WKH
HTXDWLRQ A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ� ZKLFK�LV�VWDWHPHQW��G�� 6LQFH�VWDWHPHQWV
�G��DQG��J��DUH�DOUHDG\�NQRZQ�WR�EH�HTXLYDOHQW�WR�WKH�VWDWHPHQW�WKDW A LV�LQYHUWLEOH� WKH
SURRI�LV�FRPSOHWH�SG

:H�KDYH�UHIUDLQHG�IURP�DGGLQJ�WR�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�REYLRXV�VWDWH�
PHQWV�DERXW�WKH�URZ�VSDFH�RI A� EHFDXVH�WKH�URZ�VSDFH�LV�WKH�FROXPQ�VSDFH�RI AT �
5HFDOO�IURP�VWDWHPHQW��O��RI�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�WKDW A LV�LQYHUWLEOH�LI�DQG
RQO\�LI AT LV�LQYHUWLEOH� +HQFH�HYHU\�VWDWHPHQW�LQ�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�FDQ
DOVR�EH�VWDWHG�IRU AT � 7R�GR�VR�ZRXOG�GRXEOH�WKH�OHQJWK�RI�WKH�WKHRUHP�DQG�SURGXFH�D
OLVW�RI�RYHU��� VWDWHPHQWV�
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0DQ\�DOJRULWKPV�GLVFXVVHG�LQ�WKLV�WH[W�DUH�XVHIXO�IRU�XQGHUVWDQGLQJ�FRQFHSWV
DQG�PDNLQJ�VLPSOH�FRPSXWDWLRQV�E\�KDQG� +RZHYHU� WKH�DOJRULWKPV�DUH�RIWHQ
XQVXLWDEOH�IRU�ODUJH�VFDOH�SUREOHPV�LQ�UHDO�OLIH�

5DQN�GHWHUPLQDWLRQ�LV�D�JRRG�H[DPSOH� ,W�ZRXOG�VHHP�HDV\�WR�UHGXFH�D�PDWUL[
WR�HFKHORQ�IRUP�DQG�FRXQW�WKH�SLYRWV� %XW�XQOHVV�H[DFW�DULWKPHWLF�LV�SHUIRUPHG
RQ�D�PDWUL[�ZKRVH�HQWULHV�DUH�VSHFLÀHG�H[DFWO\� URZ�RSHUDWLRQV�FDQ�FKDQJH�WKH

DSSDUHQW�UDQN�RI�D�PDWUL[� )RU�LQVWDQFH� LI�WKH�YDOXH�RI x LQ�WKH�PDWUL[
"

5 7
5 x

#

LV�QRW�VWRUHG�H[DFWO\�DV���LQ�D�FRPSXWHU� WKHQ�WKH�UDQN�PD\�EH���RU��� GHSHQGLQJ
RQ�ZKHWKHU�WKH�FRPSXWHU�WUHDWV x ! 7 DV�]HUR�

,Q�SUDFWLFDO�DSSOLFDWLRQV� WKH�HIIHFWLYH�UDQN�RI�D�PDWUL[ A LV�RIWHQ�GHWHUPLQHG
IURP�WKH�VLQJXODU�YDOXH�GHFRPSRVLWLRQ�RI A� WR�EH�GLVFXVVHG�LQ�6HFWLRQ ���� 7KLV
GHFRPSRVLWLRQ�LV�DOVR�D�UHOLDEOH�VRXUFH�RI�EDVHV�IRU &ROA� 5RZA� 1XOA� DQG
1XOAT �

WEB

7KH�PDWULFHV�EHORZ�DUH�URZ�HTXLYDOHQW�

A D

2
664

2 !1 1 !6 8
1 !2 !4 3 !2

!7 8 10 3 !10
4 !5 !7 0 4

3
775; B D

2
664

1 !2 !4 3 !2
0 3 9 !12 12
0 0 0 0 0
0 0 0 0 0

3
775

�� )LQG UDQNA DQG GLP1XOA�
�� )LQG�EDVHV�IRU &ROA DQG 5RZA�
�� :KDW�LV�WKH�QH[W�VWHS�WR�SHUIRUP�WR�ÀQG�D�EDVLV�IRU 1XOA"
�� +RZ�PDQ\�SLYRW�FROXPQV�DUH�LQ�D�URZ�HFKHORQ�IRUP�RI AT "

,Q�([HUFLVHV��²�� DVVXPH�WKDW�WKH�PDWUL[A LV�URZ�HTXLYDOHQW�WRB �
:LWKRXW�FDOFXODWLRQV� OLVW UDQNA DQG GLP1XOA� 7KHQ�ÀQG�EDVHV
IRU &ROA� 5RZA� DQG 1XOA�

�� A D

2
4

1 !4 9 !7
!1 2 !4 1

5 !6 10 7

3
5�

B D

2
4

1 0 !1 5
0 !2 5 !6
0 0 0 0

3
5

�� A D

2
664

1 3 4 !1 2
2 6 6 0 !3
3 9 3 6 !3
3 9 0 9 0

3
775�

B D

2
664

1 3 4 !1 2
0 0 1 !1 1
0 0 0 0 !5
0 0 0 0 0

3
775

�� A D

2
664

2 6 !6 6 3 6
!2 !3 6 !3 0 !6

4 9 !12 9 3 12
!2 3 6 3 3 !6

3
775�

B D

2
664

2 6 !6 6 3 6
0 3 0 3 3 0
0 0 0 0 3 0
0 0 0 0 0 0

3
775

�� A D

2
66664

1 1 !2 0 1 !2
1 2 !3 0 !2 !3
1 !1 0 0 1 6
1 !2 2 1 !3 0
1 !2 1 0 2 !1

3
77775
�

B D

2
66664

1 1 !2 0 1 !2
0 1 !1 0 !3 !1
0 0 1 1 !13 !1
0 0 0 0 1 !1
0 0 0 0 0 1

3
77775
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�� ,I�D 4 % 7 PDWUL[ A KDV�UDQN �� ÀQG GLP1XOA� GLP5RZA�
DQG UDQNAT �

�� ,I�D 7 % 5 PDWUL[ A KDV�UDQN �� ÀQG GLP1XOA� GLP5RZA�
DQG UDQNAT �

�� 6XSSRVH � D 4 % 7 PDWUL[ A KDV � IRXU � SLYRW � FROXPQV� ,V
&ROA D R4" ,V 1XOA D R3" ([SODLQ�\RXU�DQVZHUV�

�� 6XSSRVH�D 6 % 8 PDWUL[ A KDV�IRXU�SLYRW�FROXPQV� :KDW�LV
GLP1XOA" ,V &ROA D R4" :K\�RU�ZK\�QRW"

�� ,I�WKH�QXOO�VSDFH�RI�D 4 % 6 PDWUL[ A LV���GLPHQVLRQDO� ZKDW
LV�WKH�GLPHQVLRQ�RI�WKH�FROXPQ�VSDFH�RI A" ,V &ROA D R3"
:K\�RU�ZK\�QRW"

��� ,I�WKH�QXOO�VSDFH�RI�DQ 8 % 7 PDWUL[ A LV���GLPHQVLRQDO� ZKDW
LV�WKH�GLPHQVLRQ�RI�WKH�FROXPQ�VSDFH�RI A"

��� ,I�WKH�QXOO�VSDFH�RI�DQ 8 % 5 PDWUL[ A LV���GLPHQVLRQDO� ZKDW
LV�WKH�GLPHQVLRQ�RI�WKH�URZ�VSDFH�RI A"

��� ,I�WKH�QXOO�VSDFH�RI�D 5 % 4 PDWUL[ A LV���GLPHQVLRQDO� ZKDW
LV�WKH�GLPHQVLRQ�RI�WKH�URZ�VSDFH�RI A"

��� ,I A LV�D 7 % 5 PDWUL[� ZKDW�LV�WKH�ODUJHVW�SRVVLEOH�UDQN�RI A"
,I A LV�D 5 % 7 PDWUL[� ZKDW�LV�WKH�ODUJHVW�SRVVLEOH�UDQN�RI A"
([SODLQ�\RXU�DQVZHUV�

��� ,I A LV�D 5 % 4 PDWUL[� ZKDW�LV�WKH�ODUJHVW�SRVVLEOH�GLPHQVLRQ
RI�WKH�URZ�VSDFH�RI A" ,I A LV�D 4 % 5 PDWUL[� ZKDW�LV�WKH
ODUJHVW�SRVVLEOH�GLPHQVLRQ�RI�WKH�URZ�VSDFH�RI A" ([SODLQ�

��� ,IA LV�D 3 % 7PDWUL[� ZKDW�LV�WKH�VPDOOHVW�SRVVLEOH�GLPHQVLRQ
RI 1XOA"

��� ,IA LV�D 7 % 5PDWUL[� ZKDW�LV�WKH�VPDOOHVW�SRVVLEOH�GLPHQVLRQ
RI 1XOA"

,Q �([HUFLVHV ��� � DQG ���� A LV � DQ m % n PDWUL[� 0DUN �HDFK
VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�

��� D� 7KH�URZ�VSDFH�RI A LV�WKH�VDPH�DV�WKH�FROXPQ�VSDFH�RI
AT �

E� ,I B LV�DQ\�HFKHORQ�IRUP�RI A� DQG�LI B KDV�WKUHH�QRQ]HUR
URZV� WKHQ� WKH�ÀUVW � WKUHH�URZV�RI A IRUP�D�EDVLV � IRU
5RZA�

F� 7KH�GLPHQVLRQV�RI�WKH�URZ�VSDFH�DQG�WKH�FROXPQ�VSDFH
RI A DUH�WKH�VDPH� HYHQ�LI A LV�QRW�VTXDUH�

G� 7KH�VXP�RI�WKH�GLPHQVLRQV�RI�WKH�URZ�VSDFH�DQG�WKH�QXOO
VSDFH�RI A HTXDOV�WKH�QXPEHU�RI�URZV�LQ A�

H� 2Q�D�FRPSXWHU� URZ�RSHUDWLRQV�FDQ�FKDQJH�WKH�DSSDUHQW
UDQN�RI�D�PDWUL[�

��� D� ,I B LV�DQ\�HFKHORQ�IRUP�RI A� WKHQ�WKH�SLYRW�FROXPQV�RI
B IRUP�D�EDVLV�IRU�WKH�FROXPQ�VSDFH�RI A�

E� 5RZ�RSHUDWLRQV�SUHVHUYH�WKH�OLQHDU�GHSHQGHQFH�UHODWLRQV
DPRQJ�WKH�URZV�RI A�

F� 7KH�GLPHQVLRQ�RI�WKH�QXOO�VSDFH�RI A LV�WKH�QXPEHU�RI
FROXPQV�RI A WKDW�DUH QRW SLYRW�FROXPQV�

G� 7KH�URZ�VSDFH�RI AT LV�WKH�VDPH�DV�WKH�FROXPQ�VSDFH�RI
A�

H� ,I A DQG B DUH�URZ�HTXLYDOHQW� WKHQ�WKHLU�URZ�VSDFHV�DUH
WKH�VDPH�

��� 6XSSRVH�WKH�VROXWLRQV�RI�D�KRPRJHQHRXV�V\VWHP�RI�ÀYH�OLQHDU
HTXDWLRQV�LQ�VL[�XQNQRZQV�DUH�DOO�PXOWLSOHV�RI�RQH�QRQ]HUR
VROXWLRQ� :LOO�WKH�V\VWHP�QHFHVVDULO\�KDYH�D�VROXWLRQ�IRU
HYHU\�SRVVLEOH�FKRLFH�RI�FRQVWDQWV�RQ�WKH�ULJKW�VLGHV�RI�WKH
HTXDWLRQV" ([SODLQ�

��� 6XSSRVH�D�QRQKRPRJHQHRXV�V\VWHP�RI�VL[�OLQHDU�HTXDWLRQV
LQ�HLJKW�XQNQRZQV�KDV�D�VROXWLRQ� ZLWK�WZR�IUHH�YDULDEOHV� ,V
LW�SRVVLEOH�WR�FKDQJH�VRPH�FRQVWDQWV�RQ�WKH�HTXDWLRQV·�ULJKW
VLGHV�WR�PDNH�WKH�QHZ�V\VWHP�LQFRQVLVWHQW" ([SODLQ�

��� 6XSSRVH�D�QRQKRPRJHQHRXV�V\VWHP�RI�QLQH�OLQHDU�HTXDWLRQV
LQ�WHQ�XQNQRZQV�KDV�D�VROXWLRQ�IRU�DOO�SRVVLEOH�FRQVWDQWV�RQ
WKH�ULJKW�VLGHV�RI�WKH�HTXDWLRQV� ,V�LW�SRVVLEOH�WR�ÀQG�WZR
QRQ]HUR�VROXWLRQV�RI�WKH�DVVRFLDWHG�KRPRJHQHRXV�V\VWHP�WKDW
DUH QRW PXOWLSOHV�RI�HDFK�RWKHU" 'LVFXVV�

��� ,V�LV�SRVVLEOH�WKDW�DOO�VROXWLRQV�RI�D�KRPRJHQHRXV�V\VWHP�RI
WHQ�OLQHDU�HTXDWLRQV�LQ�WZHOYH�YDULDEOHV�DUH�PXOWLSOHV�RI�RQH
À[HG�QRQ]HUR�VROXWLRQ" 'LVFXVV�

��� $ KRPRJHQHRXV�V\VWHP�RI�WZHOYH�OLQHDU�HTXDWLRQV�LQ�HLJKW
XQNQRZQV�KDV�WZR�À[HG�VROXWLRQV�WKDW�DUH�QRW�PXOWLSOHV�RI
HDFK�RWKHU� DQG�DOO�RWKHU�VROXWLRQV�DUH�OLQHDU�FRPELQDWLRQV�RI
WKHVH�WZR�VROXWLRQV� &DQ�WKH�VHW�RI�DOO�VROXWLRQV�EH�GHVFULEHG
ZLWK�IHZHU�WKDQ�WZHOYH�KRPRJHQHRXV�OLQHDU�HTXDWLRQV" ,I�VR�
KRZ�PDQ\" 'LVFXVV�

��� ,V�LW�SRVVLEOH�IRU�D�QRQKRPRJHQHRXV�V\VWHP�RI�VHYHQ�HTXD�
WLRQV�LQ�VL[�XQNQRZQV�WR�KDYH�D�XQLTXH�VROXWLRQ�IRU�VRPH
ULJKW�KDQG�VLGH�RI�FRQVWDQWV" ,V�LW�SRVVLEOH�IRU�VXFK�D�V\VWHP
WR�KDYH�D�XQLTXH�VROXWLRQ�IRU�HYHU\�ULJKW�KDQG�VLGH" ([SODLQ�

��� $ VFLHQWLVW�VROYHV�D�QRQKRPRJHQHRXV�V\VWHP�RI�WHQ�OLQHDU
HTXDWLRQV�LQ�WZHOYH�XQNQRZQV�DQG�ÀQGV�WKDW�WKUHH�RI�WKH
XQNQRZQV�DUH�IUHH�YDULDEOHV� &DQ�WKH�VFLHQWLVW�EH�FHUWDLQ
WKDW� LI�WKH�ULJKW�VLGHV�RI�WKH�HTXDWLRQV�DUH�FKDQJHG� WKH�QHZ
QRQKRPRJHQHRXV�V\VWHP�ZLOO�KDYH�D�VROXWLRQ" 'LVFXVV�

��� ,Q�VWDWLVWLFDO�WKHRU\� D�FRPPRQ�UHTXLUHPHQW�LV�WKDW�D�PDWUL[
EH�RI IXOO �UDQN� 7KDW � LV� WKH �UDQN�VKRXOG�EH�DV � ODUJH�DV
SRVVLEOH� ([SODLQ�ZK\�DQ m % n PDWUL[�ZLWK�PRUH�URZV�WKDQ
FROXPQV�KDV�IXOO�UDQN�LI�DQG�RQO\�LI�LWV�FROXPQV�DUH�OLQHDUO\
LQGHSHQGHQW�

([HUFLVHV���²���FRQFHUQ�DQ m % n PDWUL[ A DQG�ZKDW�DUH�RIWHQ
FDOOHG�WKH IXQGDPHQWDO�VXEVSDFHV GHWHUPLQHG�E\ A�

��� :KLFK �RI � WKH � VXEVSDFHV 5RZA� &ROA� 1XOA� 5RZAT �
&ROAT � DQG 1XOAT DUH�LQ Rm DQG�ZKLFK�DUH�LQ Rn" +RZ
PDQ\�GLVWLQFW�VXEVSDFHV�DUH�LQ�WKLV�OLVW"

��� -XVWLI\�WKH�IROORZLQJ�HTXDOLWLHV�
D� GLP5RZA C GLP1XOA D n 1XPEHU�RI�FROXPQV�RI A

E� GLP&ROA C GLP1XOAT D m 1XPEHU�RI�URZV�RI A

��� 8VH�([HUFLVH����WR�H[SODLQ�ZK\�WKH�HTXDWLRQ A[ D E KDV�D
VROXWLRQ�IRU�DOO E LQ Rm LI�DQG�RQO\�LI�WKH�HTXDWLRQ AT [ D �
KDV�RQO\�WKH�WULYLDO�VROXWLRQ�
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��� 6XSSRVH A LV m % n DQG E LV�LQ Rm� :KDW�KDV�WR�EH�WUXH
DERXW�WKH�WZR�QXPEHUV UDQN Œ A E ! DQG UDQNA LQ�RUGHU�IRU
WKH�HTXDWLRQ A[ D E WR�EH�FRQVLVWHQW"

5DQN���PDWULFHV�DUH�LPSRUWDQW�LQ�VRPH�FRPSXWHU�DOJRULWKPV�DQG
VHYHUDO�WKHRUHWLFDO�FRQWH[WV� LQFOXGLQJ�WKH�VLQJXODU�YDOXH�GHFRP�
SRVLWLRQ�LQ�&KDSWHU �� ,W�FDQ�EH�VKRZQ�WKDW�DQ m % n PDWUL[ A
KDV�UDQN ��LI�DQG�RQO\�LI�LW�LV�DQ�RXWHU�SURGXFW� WKDW�LV� A D XYT

IRU�VRPH X LQ Rm DQG Y LQ Rn� ([HUFLVHV ��²���VXJJHVW�ZK\�WKLV
SURSHUW\�LV�WUXH�

��� 9HULI\�WKDW UDQN XYT $ 1 LI X D

2
4

2
!3

5

3
5 DQG Y D

2
4

a
b
c

3
5�

��� /HW X D
"

1
2

#
� )LQG Y LQR3 VXFK�WKDW

"
1 !3 4
2 !6 8

#
D XYT �

��� /HW A EH�DQ\ 2 % 3 PDWUL[�VXFK�WKDW UDQNA D 1� OHW X EH�WKH
ÀUVW�FROXPQ�RI A� DQG�VXSSRVH X ¤ �� ([SODLQ�ZK\�WKHUH
LV�D�YHFWRU Y LQ R3 VXFK�WKDW A D XYT � +RZ�FRXOG�WKLV
FRQVWUXFWLRQ�EH�PRGLÀHG�LI�WKH�ÀUVW�FROXPQ�RI A ZHUH�]HUR"

��� /HWA EH�DQm % nPDWUL[�RI UDQN r > 0 DQG�OHWU EH�DQ�HFKH�
ORQ�IRUP�RI A� ([SODLQ�ZK\�WKHUH�H[LVWV�DQ�LQYHUWLEOH�PDWUL[
E VXFK�WKDW A D EU � DQG�XVH�WKLV�IDFWRUL]DWLRQ�WR�ZULWH A
DV�WKH�VXP�RI r UDQN 1 PDWULFHV� >+LQW� 6HH�7KHRUHP ���LQ
6HFWLRQ ����@

��� >0@ /HW A D

2
66664

7 !9 !4 5 3 !3 !7
!4 6 7 !2 !6 !5 5

5 !7 !6 5 !6 2 8
!3 5 8 !1 !7 !4 8

6 !8 !5 4 4 9 3

3
77775
�

D� &RQVWUXFW�PDWULFHVC DQGN ZKRVH�FROXPQV�DUH�EDVHV�IRU
&ROA DQG 1XOA� UHVSHFWLYHO\� DQG�FRQVWUXFW�D�PDWUL[ R
ZKRVH URZV IRUP�D�EDVLV�IRU 5RZA�

E� &RQVWUXFW � D � PDWUL[ M ZKRVH � FROXPQV � IRUP � D � ED�
VLV�IRU 1XOAT � IRUP�WKH�PDWULFHV S D Œ RT N ! DQG
T D Œ C M !� DQG �H[SODLQ �ZK\ S DQG T VKRXOG �EH
VTXDUH� 9HULI\�WKDW�ERWK S DQG T DUH�LQYHUWLEOH�

��� >0@ 5HSHDW�([HUFLVH����IRU�D�UDQGRP�LQWHJHU�YDOXHG 6 % 7
PDWUL[ A ZKRVH�UDQN�LV�DW�PRVW��� 2QH�ZD\�WR�PDNH A
LV�WR�FUHDWH�D�UDQGRP�LQWHJHU�YDOXHG 6 % 4 PDWUL[ J DQG�D
UDQGRP�LQWHJHU�YDOXHG 4 % 7 PDWUL[ K� DQG�VHW A D JK�
�6HH�6XSSOHPHQWDU\�([HUFLVH ���DW�WKH�HQG�RI�WKH�FKDSWHU�
DQG�VHH�WKH 6WXG\�*XLGH IRU�PDWUL[�JHQHUDWLQJ�SURJUDPV��

��� >0@ /HW A EH�WKH�PDWUL[�LQ�([HUFLVH ��� &RQVWUXFW�D�PDWUL[
C ZKRVH�FROXPQV�DUH�WKH�SLYRW�FROXPQV�RI A� DQG�FRQVWUXFW
D�PDWUL[ R ZKRVH�URZV�DUH�WKH�QRQ]HUR�URZV�RI�WKH�UHGXFHG
HFKHORQ�IRUP�RI A� &RPSXWH CR� DQG�GLVFXVV�ZKDW�\RX�VHH�

��� >0@ 5HSHDW �([HUFLVH ��� � IRU � WKUHH � UDQGRP� LQWHJHU�YDOXHG
5 % 7 PDWULFHV A ZKRVH�UDQNV�DUH ��� �� DQG��� 0DNH�D
FRQMHFWXUH�DERXW�KRZ CR LV�UHODWHG�WR A IRU�DQ\�PDWUL[ A�
3URYH�\RXU�FRQMHFWXUH�

�� A KDV � WZR�SLYRW �FROXPQV� VR UDQNA D 2� 6LQFH A KDV �� FROXPQV�DOWRJHWKHU�
GLP1XOA D 5 ! 2 D 3�

�� 7KH�SLYRW�FROXPQV�RI A DUH�WKH�ÀUVW�WZR�FROXPQV� 6R�D�EDVLV�IRU &ROA LV

fD1; D2g D

8̂
<̂
ˆ̂:

2
664

2
1

!7
4

3
775;

2
664

!1
!2

8
!5

3
775

9>>=
>>;

7KH �QRQ]HUR � URZV �RI B IRUP�D �EDVLV � IRU 5RZA� QDPHO\� f.1; !2; !4; 3; !2/�
.0; 3; 9; !12; 12/g� ,Q�WKLV�SDUWLFXODU�H[DPSOH� LW�KDSSHQV�WKDW�DQ\�WZR�URZV�RI A
IRUP�D�EDVLV�IRU�WKH�URZ�VSDFH� EHFDXVH�WKH�URZ�VSDFH�LV�WZR�GLPHQVLRQDO�DQG�QRQH
RI�WKH�URZV�RI A LV�D�PXOWLSOH�RI�DQRWKHU�URZ� ,Q�JHQHUDO� WKH�QRQ]HUR�URZV�RI�DQ
HFKHORQ�IRUP�RI A VKRXOG�EH�XVHG�DV�D�EDVLV�IRU 5RZA� QRW�WKH�URZV�RI A LWVHOI�

�� )RU 1XOA� WKH�QH[W�VWHS�LV�WR�SHUIRUP�URZ�RSHUDWLRQV�RQ B WR�REWDLQ�WKH�UHGXFHG
HFKHORQ�IRUP�RI A�

�� 5DQN AT D UDQNA� E\�WKH�5DQN�7KHRUHP� EHFDXVH &ROAT D 5RZA� 6R AT KDV
WZR�SLYRW�SRVLWLRQV�SG
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:KHQ�D�EDVLVB LV�FKRVHQ�IRU�DQ n�GLPHQVLRQDO�YHFWRU�VSDFH V � WKH�DVVRFLDWHG�FRRUGLQDWH
PDSSLQJ�RQWRRn SURYLGHV�D�FRRUGLQDWH�V\VWHP�IRU V � (DFK [ LQ V LV�LGHQWLÀHG�XQLTXHO\
E\�LWV B�FRRUGLQDWH�YHFWRU Œ [ !B�ñ

,Q�VRPH�DSSOLFDWLRQV� D�SUREOHP�LV�GHVFULEHG�LQLWLDOO\�XVLQJ�D�EDVLV B� EXW�WKH
SUREOHP·V�VROXWLRQ�LV�DLGHG�E\�FKDQJLQJ B WR�D�QHZ�EDVLV C� �([DPSOHV�ZLOO�EH�JLYHQ�LQ
&KDSWHUV ��DQG ��� (DFK�YHFWRU�LV�DVVLJQHG�D�QHZ C�FRRUGLQDWH�YHFWRU� ,Q�WKLV�VHFWLRQ�
ZH�VWXG\�KRZ Œ [ !C DQG Œ [ !B DUH�UHODWHG�IRU�HDFK [ LQ V �

7R�YLVXDOL]H�WKH�SUREOHP� FRQVLGHU�WKH�WZR�FRRUGLQDWH�V\VWHPV�LQ�)LJ� �� ,Q�)LJ� ��D��
[ D 3E1 C E2� ZKLOH�LQ�)LJ� ��E�� WKH�VDPH [ LV�VKRZQ�DV [ D 6F1 C 4F2� 7KDW�LV�

Œ [ !B D
"

3
1

#
DQG Œ [ !C D

"
6
4

#

2XU�SUREOHP�LV�WR�ÀQG�WKH�FRQQHFWLRQ�EHWZHHQ�WKH�WZR�FRRUGLQDWH�YHFWRUV� ([DPSOH��
VKRZV�KRZ�WR�GR�WKLV� SURYLGHG�ZH�NQRZ�KRZ E1 DQG E2 DUH�IRUPHG�IURP F1 DQG F2�

b2

b1

3b1

x0

(a) (b)

c2

4c2

6c1

c1
x0

7ZR�FRRUGLQDWH�V\VWHPV�IRU�WKH�VDPH�YHFWRU�VSDFH�

&RQVLGHU�WZR�EDVHV B D fE1; E2g DQG C D fF1; F2g IRU�D�YHFWRU�VSDFH
V � VXFK�WKDW

E1 D 4F1 C F2 DQG E2 D !6F1 C F2 ���

6XSSRVH
[ D 3E1 C E2 ���

7KDW�LV� VXSSRVH Œ [ !B D
"

3
1

#
� )LQG Œ [ !C �

$SSO\�WKH�FRRUGLQDWH�PDSSLQJ�GHWHUPLQHG�E\ C WR [ LQ����� 6LQFH�WKH
FRRUGLQDWH�PDSSLQJ�LV�D�OLQHDU�WUDQVIRUPDWLRQ�

Œ [ !C D Œ 3E1 C E2 !C

D 3Œ E1 !C C Œ E2 !C

:H�FDQ�ZULWH�WKLV�YHFWRU�HTXDWLRQ�DV�D�PDWUL[�HTXDWLRQ� XVLQJ�WKH�YHFWRUV�LQ�WKH�OLQHDU
FRPELQDWLRQ�DV�WKH�FROXPQV�RI�D�PDWUL[�

Œ [ !C D
%

Œ E1 !C Œ E2 !C
&" 3

1

#
���

ñ7KLQN�RI Œ [ !B DV�D�´QDPHµ�IRU [ WKDW�OLVWV�WKH�ZHLJKWV�XVHG�WR�EXLOG [ DV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�EDVLV
YHFWRUV�LQ B�
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7KLV�IRUPXOD�JLYHV Œ [ !C � RQFH�ZH�NQRZ�WKH�FROXPQV�RI�WKH�PDWUL[� )URP�����

Œ E1 !C D
"

4
1

#
DQG Œ E2 !C D

"
!6

1

#

7KXV�����SURYLGHV�WKH�VROXWLRQ�

Œ [ !C D
"

4 !6
1 1

#"
3
1

#
D
"

6
4

#

7KH C�FRRUGLQDWHV�RI [ PDWFK�WKRVH�RI�WKH [ LQ�)LJ� ��

7KH�DUJXPHQW�XVHG�WR�GHULYH�IRUPXOD�����FDQ�EH�JHQHUDOL]HG�WR�\LHOG�WKH�IROORZLQJ
UHVXOW� �6HH�([HUFLVHV ���DQG�����

/HW B D fE1; : : : ; Eng DQG C D fF1; : : : ; Fng EH�EDVHV�RI�D�YHFWRU�VSDFH V � 7KHQ
WKHUH�LV�D�XQLTXH n % n PDWUL[ P

C B VXFK�WKDW

Œ [ !C D P
C B Œ [ !B ���

7KH�FROXPQV�RI P
C B DUH�WKH C�FRRUGLQDWH�YHFWRUV�RI�WKH�YHFWRUV�LQ�WKH�EDVLV B�

7KDW�LV�
P

C B D
%

ŒE1!C ŒE2!C # # # ŒEn!C
&

���

7KH�PDWUL[ P
C B LQ�7KHRUHP����LV�FDOOHG�WKH FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP

B WR C� 0XOWLSOLFDWLRQ�E\ P
C B FRQYHUWV B�FRRUGLQDWHV�LQWR C�FRRUGLQDWHV�ò )LJXUH �

LOOXVWUDWHV�WKH�FKDQJH�RI�FRRUGLQDWHV�HTXDWLRQ�����

!n !n

[  ]C

[x]C

x

[  ]B

C←B

multiplication

by     P [x]B

V

7ZR�FRRUGLQDWH�V\VWHPV�IRU V �

7KH�FROXPQV�RI P
C B DUH�OLQHDUO\�LQGHSHQGHQW�EHFDXVH�WKH\�DUH�WKH�FRRUGLQDWH

YHFWRUV�RI�WKH�OLQHDUO\�LQGHSHQGHQW�VHW B� �6HH�([HUFLVH ���LQ�6HFWLRQ ����� 6LQFH P
C B

LV�VTXDUH� LW�PXVW�EH�LQYHUWLEOH� E\�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� /HIW�PXOWLSO\LQJ�ERWK
VLGHV�RI�HTXDWLRQ�����E\ . P

C B /!1 \LHOGV

. P
C B /!1Œ [ !C D Œ [ !B

ò7R�UHPHPEHU�KRZ�WR�FRQVWUXFW�WKH�PDWUL[� WKLQN�RI P
C B Œ [ !B DV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI

P
C B � 7KH�PDWUL[�YHFWRU�SURGXFW�LV�D C�FRRUGLQDWH�YHFWRU� VR�WKH�FROXPQV�RI P

C B VKRXOG�EH C�FRRUGLQDWH
YHFWRUV� WRR�
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7KXV . P
C B /!1 LV�WKH�PDWUL[�WKDW�FRQYHUWV C�FRRUGLQDWHV�LQWR B�FRRUGLQDWHV� 7KDW�LV�

. P
C B /!1 D P

B C ���

&KDQJH�RI�%DVLV�LQ Rn

,I B D fE1; : : : ; Eng DQG E LV�WKH VWDQGDUG�EDVLV fH1; : : : ; Hng LQ Rn� WKHQ ŒE1!E D E1�
DQG�OLNHZLVH�IRU�WKH�RWKHU�YHFWRUV�LQ B� ,Q�WKLV�FDVH� P

E B LV�WKH�VDPH�DV�WKH�FKDQJH�RI�
FRRUGLQDWHV�PDWUL[ PB LQWURGXFHG�LQ�6HFWLRQ ���� QDPHO\�

PB D Œ E1 E2 # # # En !

7R�FKDQJH�FRRUGLQDWHV�EHWZHHQ�WZR�QRQVWDQGDUG�EDVHV�LQRn� ZH�QHHG�7KHRUHP ���
7KH�WKHRUHP�VKRZV�WKDW�WR�VROYH�WKH�FKDQJH�RI�EDVLV�SUREOHP� ZH�QHHG�WKH�FRRUGLQDWH
YHFWRUV�RI�WKH�ROG�EDVLV�UHODWLYH�WR�WKH�QHZ�EDVLV�

/HW E1 D
"

!9
1

#
� E2 D

"
!5
!1

#
� F1 D

"
1

!4

#
� F2 D

"
3

!5

#
� DQG�FRQ�

VLGHU�WKH�EDVHV�IRU R2 JLYHQ�E\ B D fE1;E2g DQG C D fF1; F2g� )LQG�WKH�FKDQJH�RI�
FRRUGLQDWHV�PDWUL[�IURP B WR C�

7KH�PDWUL[ P
C B LQYROYHV�WKH C�FRRUGLQDWH�YHFWRUV�RI E1 DQG E2� /HW

Œ E1 !C D
"

x1

x2

#
DQG Œ E2 !C D

"
y1

y2

#
� 7KHQ� E\�GHÀQLWLRQ�

%
F1 F2

&" x1

x2

#
D E1 DQG

%
F1 F2

&" y1

y2

#
D E2

7R�VROYH�ERWK�V\VWHPV�VLPXOWDQHRXVO\� DXJPHQW�WKH�FRHIÀFLHQW�PDWUL[�ZLWK E1 DQG E2�
DQG�URZ�UHGXFH�

%
F1 F2 E1 E2

&
D
"

1 3 !9 !5
!4 !5 1 !1

#
&
"

1 0 6 4
0 1 !5 !3

#
���

7KXV
Œ E1 !C D

"
6

!5

#
DQG Œ E2 !C D

"
4

!3

#

7KH�GHVLUHG�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�LV�WKHUHIRUH

P
C B D

%
Œ E1 !C Œ E2 !C

&
D
"

6 4
!5 !3

#

2EVHUYH�WKDW�WKH�PDWUL[ P
C B LQ�([DPSOH ��DOUHDG\�DSSHDUHG�LQ����� 7KLV�LV�QRW

VXUSULVLQJ�EHFDXVH�WKH�ÀUVW�FROXPQ�RI P
C B UHVXOWV�IURP�URZ�UHGXFLQJ Œ F1 F2 E1 ! WR

Œ I Œ E1 !C !� DQG�VLPLODUO\�IRU�WKH�VHFRQG�FROXPQ�RI P
C B � 7KXV

Œ F1 F2 E1 E2 ! & Œ I P
C B !

$Q�DQDORJRXV�SURFHGXUH�ZRUNV�IRU�ÀQGLQJ�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�EHWZHHQ
DQ\�WZR�EDVHV�LQ Rn�
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/HW E1 D
"

1
!3

#
� E2 D

"
!2

4

#
� F1 D

"
!7

9

#
� F2 D

"
!5

7

#
� DQG�FRQ�

VLGHU�WKH�EDVHV�IRU R2 JLYHQ�E\ B D fE1; E2g DQG C D fF1; F2g�
D� )LQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP C WR B�
E� )LQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP B WR C�

D� 1RWLFH�WKDW P
B C LV�QHHGHG�UDWKHU�WKDQ P

C B � DQG�FRPSXWH

%
E1 E2 F1 F2

&
D
"

1 !2 !7 !5
!3 4 9 7

#
&
"

1 0 5 3
0 1 6 4

#

6R
P

B C D
"

5 3
6 4

#

E� %\�SDUW��D��DQG�SURSHUW\�����DERYH��ZLWK B DQG C LQWHUFKDQJHG��

P
C B D . P

B C /!1 D 1

2

"
4 !3

!6 5

#
D
"

2 !3=2
!3 5=2

#

$QRWKHU�GHVFULSWLRQ�RI�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[ P
C B XVHV�WKH�FKDQJH�RI�

FRRUGLQDWH�PDWULFHV PB DQG PC WKDW�FRQYHUW B�FRRUGLQDWHV�DQG C�FRRUGLQDWHV� UHVSHF�
WLYHO\� LQWR�VWDQGDUG�FRRUGLQDWHV� 5HFDOO�WKDW�IRU�HDFK [ LQ Rn�

PBŒ[!B D [; PCŒ[!C D [; DQG Œ[!C D P!1
C [

7KXV
Œ[!C D P!1

C [ D P!1
C PBŒ[!B

,Q Rn� WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[ P
C B PD\�EH�FRPSXWHG�DV P!1

C PB� $FWXDOO\�
IRU�PDWULFHV�ODUJHU�WKDQ 2 % 2� DQ�DOJRULWKP�DQDORJRXV�WR�WKH�RQH�LQ�([DPSOH���LV�IDVWHU
WKDQ�FRPSXWLQJ P!1

C DQG�WKHQ P!1
C PB� 6HH�([HUFLVH����LQ�6HFWLRQ�����

�� /HW F D fI1; I2g DQG G D fJ1; J2g EH�EDVHV�IRU�D�YHFWRU�VSDFH V � DQG�OHW P EH�D
PDWUL[�ZKRVH�FROXPQV�DUH Œ I1 !G DQG Œ I2 !G � :KLFK�RI�WKH�IROORZLQJ�HTXDWLRQV�LV
VDWLVÀHG�E\ P IRU�DOO Y LQ V "
�L� Œ Y !F D P Œ Y !G �LL� Œ Y !G D PŒ Y !F

�� /HW B DQG C EH�DV�LQ�([DPSOH �� 8VH�WKH�UHVXOWV�RI�WKDW�H[DPSOH�WR�ÀQG�WKH�FKDQJH�
RI�FRRUGLQDWHV�PDWUL[�IURP C WR B�

�� /HWB D fE1;E2g DQG C D fF1; F2g EH�EDVHV�IRU�D�YHFWRU�VSDFH
V � DQG�VXSSRVH E1 D 6F1 ! 2F2 DQG E2 D 9F1 ! 4F2�
D� )LQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP B WR C�
E� )LQG Œ [ !C IRU [ D !3E1 C 2E2� 8VH�SDUW��D��

�� /HWB D fE1;E2g DQG C D fF1; F2g EH�EDVHV�IRU�D�YHFWRU�VSDFH
V � DQG�VXSSRVH E1 D !2F1 C 4F2 DQG E2 D 3F1 ! 6F2�
D� )LQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP B WR C�
E� )LQG Œ [ !C IRU [ D 2E1 C 3E2�
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�� /HW U D fX1;X2g DQGW D fZ1;Z2g EH�EDVHV�IRU V � DQG�OHW
P EH�D�PDWUL[�ZKRVH�FROXPQV�DUH Œ X1 !W DQG ŒX2!W � :KLFK
RI�WKH�IROORZLQJ�HTXDWLRQV�LV�VDWLVÀHG�E\ P IRU�DOO [ LQ V "
�L� Œ [ !U D P Œ [ !W �LL� Œ [ !W D P Œ [ !U

�� /HW A D fD1; D2; D3g DQG D D fG1;G2;G3g EH�EDVHV�IRU V �
DQG�OHW P D Œ ŒG1!A ŒG2!A ŒG3!A !� :KLFK�RI�WKH�IROORZ�
LQJ�HTXDWLRQV�LV�VDWLVÀHG�E\ P IRU�DOO [ LQ V "
�L� Œ [ !A D P Œ [ !D �LL� Œ [ !D D P Œ [ !A

�� /HW A D fD1; D2; D3g DQG B D fE1;E2;E3g EH � EDVHV
IRU � D � YHFWRU � VSDFH V � DQG � VXSSRVH D1 D 4E1 ! E2�
D2 D !E1 C E2 C E3� DQG D3 D E2 ! 2E3�
D� )LQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP A WR B�
E� )LQG Œ [ !B IRU [ D 3D1 C 4D2 C D3�

�� /HW D D fG1;G2;G3g DQG F D fI1; I2; I3g EH � EDVHV � IRU
D � YHFWRU � VSDFH V � DQG � VXSSRVH I1 D 2G1 ! G2 C G3�
I2 D 3G2 C G3� DQG I3 D !3G1 C 2G3�
D� )LQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP F WR D�
E� )LQG Œ [ !D IRU [ D I1 ! 2I2 C 2I3�

,Q�([HUFLVHV��²��� OHW B D fE1;E2g DQG C D fF1; F2g EH�EDVHV�IRU
R2� ,Q�HDFK�H[HUFLVH� ÀQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP
B WR C DQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP C WR B�

�� E1 D
"

7
5

#
� E2 D

"
!3
!1

#
� F1 D

"
1

!5

#
� F2 D

"
!2

2

#

�� E1 D
"

!1
8

#
� E2 D

"
1

!7

#
� F1 D

"
1
2

#
� F2 D

"
1
1

#

�� E1 D
"

4
4

#
� E2 D

"
8
4

#
� F1 D

"
2
2

#
� F2 D

"
!2

2

#

��� E1 D
"

6
!12

#
� E2 D

"
4
2

#
� F1 D

"
4
2

#
� F2 D

"
3
9

#

,Q�([HUFLVHV����DQG���� B DQG C DUH�EDVHV�IRU�D�YHFWRU�VSDFH V �
0DUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�

��� D� 7KH�FROXPQV�RI�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[ P
C B

DUH B�FRRUGLQDWH�YHFWRUV�RI�WKH�YHFWRUV�LQ C�
E� ,I V D Rn DQG C LV�WKH VWDQGDUG EDVLV�IRU V � WKHQ P

C B

LV�WKH�VDPH�DV�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[ PB LQWUR�
GXFHG�LQ�6HFWLRQ ����

��� D� 7KH�FROXPQV�RI P
C B DUH�OLQHDUO\�LQGHSHQGHQW�

E� ,I V D R2� B D fE1;E2g� DQG C D fF1; F2g� WKHQ � URZ
UHGXFWLRQ�RI Œ F1 F2 E1 E2 ! WR Œ I P ! SURGXFHV�D
PDWUL[ P WKDW�VDWLVÀHV Œ [ !B D P Œ [ !C IRU�DOO [ LQ V �

��� ,Q P2� ÀQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP�WKH�EDVLV
B D f1 ! 2t C t 2; 3 ! 5t C 4t2; 2t C 3t2g WR � WKH � VWDQGDUG
EDVLV C D f1; t; t 2g� 7KHQ�ÀQG�WKH B�FRRUGLQDWH�YHFWRU�IRU
!1 C 2t �

��� ,Q P2� ÀQG�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[�IURP�WKH�ED�
VLV B D f1 ! 3t2; 2 C t ! 5t2; 1 C 2tg WR�WKH�VWDQGDUG�EDVLV�
7KHQ�ZULWH t 2 DV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�SRO\QRPLDOV�LQ
B�

([HUFLVHV����DQG����SURYLGH�D�SURRI�RI�7KHRUHP���� )LOO�LQ�D
MXVWLÀFDWLRQ�IRU�HDFK�VWHS�

��� *LYHQ Y LQ V � WKHUH�H[LVW�VFDODUV x1; : : : ; xn� VXFK�WKDW

Y D x1E1 C x2E2 C # # # C xnEn

EHFDXVH��D� � $SSO\�WKH�FRRUGLQDWH�PDSSLQJ�GHWHU�
PLQHG�E\�WKH�EDVLV C� DQG�REWDLQ

ŒY!C D x1ŒE1!C C x2ŒE2!C C # # # C xnŒEn!C

EHFDXVH��E� � 7KLV�HTXDWLRQ�PD\�EH�ZULWWHQ�LQ�WKH�IRUP

Œ Y !C D
%
Œ E1 !C Œ E2 !C # # # Œ En !C

&
2
64

x1
:::

xn

3
75 .8/

E\�WKH�GHÀQLWLRQ�RI��F� � 7KLV�VKRZV�WKDW�WKH�PDWUL[
P

C B VKRZQ�LQ�����VDWLVÀHV ŒY!C D P
C B ŒY!B IRU�HDFK Y LQ V �

EHFDXVH�WKH�YHFWRU�RQ�WKH�ULJKW�VLGH�RI�����LV��G� �

��� 6XSSRVH Q LV�DQ\�PDWUL[�VXFK�WKDW

ŒY!C D QŒY!B IRU�HDFK Y LQ V .9/

6HW Y D E1 LQ����� 7KHQ�����VKRZV�WKDW ŒE1!C LV � WKH�ÀUVW
FROXPQ�RIQ EHFDXVH��D� � 6LPLODUO\� IRU k D 2; : : : ; n�
WKH kWK�FROXPQ�RI Q LV��E� EHFDXVH��F� � 7KLV
VKRZV�WKDW�WKH�PDWUL[ P

C B GHÀQHG�E\�����LQ�7KHRUHP����LV
WKH�RQO\�PDWUL[�WKDW�VDWLVÀHV�FRQGLWLRQ�����

��� >0@ /HW B D f[0; : : : ; [6g DQG C D f\0; : : : ; \6g� ZKHUH [k LV
WKH�IXQFWLRQ FRVk t DQG \k LV�WKH�IXQFWLRQ FRV kt � ([HUFLVH ��
LQ�6HFWLRQ ����VKRZHG�WKDW�ERWK B DQG C DUH�EDVHV�IRU�WKH
YHFWRU�VSDFH H D 6SDQ f[0; : : : ; [6g�
D� 6HW P D

%
Œ \0 !B # # # Œ \6 !B

&
� DQG�FDOFXODWH P"1�

E� ([SODLQ�ZK\�WKH�FROXPQV�RI P"1 DUH�WKH C�FRRUGLQDWH
YHFWRUV�RI [0; : : : ; [6� 7KHQ�XVH�WKHVH�FRRUGLQDWH�YHFWRUV
WR�ZULWH�WULJRQRPHWULF�LGHQWLWLHV�WKDW�H[SUHVV�SRZHUV�RI
FRV t LQ�WHUPV�RI�WKH�IXQFWLRQV�LQ C�

6HH�WKH 6WXG\�*XLGH�

��� >0@ �&DOFXOXV�UHTXLUHG�� 5HFDOO�IURP�FDOFXOXV�WKDW�LQWHJUDOV
VXFK�DV
Z

.5 FRV3 t ! 6 FRV4 t C 5 FRV5 t ! 12 FRV6 t/ dt .10/

DUH�WHGLRXV�WR�FRPSXWH� �7KH�XVXDO�PHWKRG�LV�WR�DSSO\�LQWH�
JUDWLRQ�E\�SDUWV�UHSHDWHGO\�DQG�XVH�WKH�KDOI�DQJOH�IRUPXOD��
8VH�WKH�PDWUL[P RUP"1 IURP�([HUFLVH ���WR�WUDQVIRUP������
WKHQ�FRPSXWH�WKH�LQWHJUDO�

3 7KH�LGHD�IRU�([HUFLVHV ���DQG����DQG�ÀYH�UHODWHG�H[HUFLVHV�LQ�HDUOLHU
VHFWLRQV�FDPH�IURP�D�SDSHU�E\�-DFN�:��5RJHUV� -U�� RI�$XEXUQ�8QLYHUVLW\�
SUHVHQWHG�DW�D�PHHWLQJ�RI�WKH�,QWHUQDWLRQDO�/LQHDU�$OJHEUD�6RFLHW\�
$XJXVW ����� 6HH�´$SSOLFDWLRQV�RI �/LQHDU �$OJHEUD� LQ�&DOFXOXV�µ
$PHULFDQ�0DWKHPDWLFDO�0RQWKO\ ��� ���� �����
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��� >0@ /HW

P D

2
4

1 2 !1
!3 !5 0

4 6 1

3
5�

Y1 D

2
4

!2
2
3

3
5� Y2 D

2
4

!8
5
2

3
5� Y3 D

2
4

!7
2
6

3
5

D� )LQG � D � EDVLV fX1;X2;X3g IRU R3 VXFK � WKDW P LV � WKH
FKDQJH�RI�FRRUGLQDWHV �PDWUL[ � IURP fX1;X2;X3g WR � WKH
EDVLV fY1; Y2; Y3g� >+LQW� :KDW�GR�WKH�FROXPQV�RI P

C B
UHSUHVHQW"@

E� )LQG�D�EDVLV fZ1;Z2;Z3g IRUR3 VXFK�WKDWP LV�WKH�FKDQJH�
RI�FRRUGLQDWHV�PDWUL[�IURP fY1; Y2; Y3g WR fZ1;Z2;Z3g�

��� /HW B D fE1;E2g� C D fF1; F2g� DQG D D fG1;G2g EH�EDVHV
IRU�D�WZR�GLPHQVLRQDO�YHFWRU�VSDFH�

D� :ULWH�DQ�HTXDWLRQ�WKDW�UHODWHV�WKH�PDWULFHV P
C B � P

D C �
DQG P

D B � -XVWLI\�\RXU�UHVXOW�
E� >0@ 8VH�D�PDWUL[�SURJUDP�HLWKHU�WR�KHOS�\RX�ÀQG�WKH

HTXDWLRQ�RU�WR�FKHFN�WKH�HTXDWLRQ�\RX�ZULWH� :RUN�ZLWK
WKUHH�EDVHV�IRU R2� �6HH�([HUFLVHV��²����

�� 6LQFH�WKH�FROXPQV�RI P DUH G�FRRUGLQDWH�YHFWRUV� D�YHFWRU�RI�WKH�IRUP P [ PXVW�EH
D G�FRRUGLQDWH�YHFWRU� 7KXV P VDWLVÀHV�HTXDWLRQ��LL��

�� 7KH�FRRUGLQDWH�YHFWRUV�IRXQG�LQ�([DPSOH ��VKRZ�WKDW

P
C B D

%
Œ E1 !C Œ E2 !C

&
D
"

4 !6
1 1

#

+HQFH
P

B C D . P
C B /!1 D 1

10

"
1 6

!1 4

#
D
"

:1 :6
!:1 :4

#

1RZ�WKDW �SRZHUIXO �FRPSXWHUV �DUH �ZLGHO\ �DYDLODEOH� PRUH �DQG�PRUH �VFLHQWLÀF �DQG
HQJLQHHULQJ�SUREOHPV�DUH�EHLQJ�WUHDWHG�LQ�D�ZD\�WKDW�XVHV�GLVFUHWH� RU�GLJLWDO� GDWD�UDWKHU
WKDQ�FRQWLQXRXV�GDWD� 'LIIHUHQFH�HTXDWLRQV�DUH�RIWHQ�WKH�DSSURSULDWH�WRRO�WR�DQDO\]H
VXFK�GDWD� (YHQ�ZKHQ�D�GLIIHUHQWLDO�HTXDWLRQ�LV�XVHG�WR�PRGHO�D�FRQWLQXRXV�SURFHVV� D
QXPHULFDO�VROXWLRQ�LV�RIWHQ�SURGXFHG�IURP�D�UHODWHG�GLIIHUHQFH�HTXDWLRQ�

7KLV�VHFWLRQ�KLJKOLJKWV�VRPH�IXQGDPHQWDO�SURSHUWLHV�RI�OLQHDU�GLIIHUHQFH�HTXDWLRQV
WKDW�DUH�EHVW�H[SODLQHG�XVLQJ�OLQHDU�DOJHEUD�

'LVFUHWH�7LPH�6LJQDOV
7KH�YHFWRU�VSDFH S RI�GLVFUHWH�WLPH�VLJQDOV�ZDV�LQWURGXFHG�LQ�6HFWLRQ����� $ VLJQDO LQ
S LV�D�IXQFWLRQ�GHÀQHG�RQO\�RQ�WKH�LQWHJHUV�DQG�LV�YLVXDOL]HG�DV�D�VHTXHQFH�RI�QXPEHUV�
VD\� fykg� )LJXUH ��VKRZV�WKUHH�W\SLFDO�VLJQDOV�ZKRVH�JHQHUDO�WHUPV�DUH .:7/k � 1k � DQG
.!1/k � UHVSHFWLYHO\�

yk = .7k

–2 –1 0 1 2 –2 –1 0 1 2 –2 0 2

yk = 1k yk = (–1)k

7KUHH�VLJQDOV�LQ S�



$SSOLFDWLRQV�WR�'LIIHUHQFH�(TXDWLRQV

'LJLWDO�VLJQDOV�REYLRXVO\�DULVH�LQ�HOHFWULFDO�DQG�FRQWURO�V\VWHPV�HQJLQHHULQJ� EXW
GLVFUHWH�GDWD�VHTXHQFHV�DUH�DOVR�JHQHUDWHG�LQ�ELRORJ\� SK\VLFV� HFRQRPLFV� GHPRJUDSK\�
DQG�PDQ\�RWKHU�DUHDV� ZKHUHYHU�D�SURFHVV�LV�PHDVXUHG� RU VDPSOHG� DW�GLVFUHWH�WLPH
LQWHUYDOV� :KHQ�D�SURFHVV�EHJLQV�DW�D�VSHFLÀF�WLPH� LW�LV�VRPHWLPHV�FRQYHQLHQW�WR�ZULWH
D�VLJQDO�DV�D�VHTXHQFH�RI�WKH�IRUP .y0; y1; y2; : : :/� 7KH�WHUPV yk IRU k < 0 HLWKHU�DUH
DVVXPHG�WR�EH�]HUR�RU�DUH�VLPSO\�RPLWWHG�

7KH�FU\VWDO�FOHDU�VRXQGV�IURP�D�FRPSDFW�GLVF�SOD\HU�DUH�SURGXFHG
IURP�PXVLF�WKDW�KDV�EHHQ�VDPSOHG�DW�WKH�UDWH�RI��������WLPHV�SHU�VHFRQG� 6HH�)LJ� �� $W
HDFK�PHDVXUHPHQW� WKH�DPSOLWXGH�RI�WKH�PXVLF�VLJQDO�LV�UHFRUGHG�DV�D�QXPEHU� VD\� yk �
7KH�RULJLQDO�PXVLF�LV�FRPSRVHG�RI�PDQ\�GLIIHUHQW�VRXQGV�RI�YDU\LQJ�IUHTXHQFLHV� \HW
WKH�VHTXHQFH fykg FRQWDLQV�HQRXJK�LQIRUPDWLRQ�WR�UHSURGXFH�DOO�WKH�IUHTXHQFLHV�LQ�WKH
VRXQG�XS�WR�DERXW��������F\FOHV�SHU�VHFRQG� KLJKHU�WKDQ�WKH�KXPDQ�HDU�FDQ�VHQVH�

t

y

6DPSOHG�GDWD�IURP�D�PXVLF�VLJQDO�

/LQHDU�,QGHSHQGHQFH�LQ�WKH�6SDFH S RI�6LJQDOV
7R�VLPSOLI\�QRWDWLRQ� ZH�FRQVLGHU�D�VHW�RI�RQO\�WKUHH�VLJQDOV�LQ S� VD\� fukg� fvkg� DQG
fwkg� 7KH\�DUH�OLQHDUO\�LQGHSHQGHQW�SUHFLVHO\�ZKHQ�WKH�HTXDWLRQ

c1uk C c2vk C c3wk D 0 IRU�DOO k ���

LPSOLHV�WKDW c1 D c2 D c3 D 0� 7KH�SKUDVH�´IRU�DOO kµ�PHDQV�IRU�DOO�LQWHJHUV³SRVLWLYH�
QHJDWLYH� DQG�]HUR� 2QH�FRXOG�DOVR�FRQVLGHU�VLJQDOV�WKDW�VWDUW�ZLWK k D 0� IRU�H[DPSOH�
LQ�ZKLFK�FDVH� ´IRU�DOO kµ�ZRXOG�PHDQ�IRU�DOO�LQWHJHUV k " 0�

6XSSRVH c1� c2� c3 VDWLVI\����� 7KHQ�HTXDWLRQ�����KROGV�IRU�DQ\�WKUHH�FRQVHFXWLYH
YDOXHV�RI k� VD\� k� k C 1� DQG k C 2� 7KXV�����LPSOLHV�WKDW

c1ukC1 C c2vkC1 C c3wkC1 D 0 IRU�DOO k

DQG
c1ukC2 C c2vkC2 C c3wkC2 D 0 IRU�DOO k

+HQFH c1� c2� c3 VDWLVI\2
4

uk vk wk

ukC1 vkC1 wkC1

ukC2 vkC2 wkC2

3
5
2
4

c1

c2

c3

3
5 D

2
4

0
0
0

3
5 IRU�DOO k ���

7KH FRHIÀFLHQW�PDWUL[�LQ�WKLV�V\VWHP�LV�FDOOHG�WKH &DVRUDWL�PDWUL[ RI�WKH�VLJQDOV� DQGSG
WKH�GHWHUPLQDQW�RI�WKH�PDWUL[�LV�FDOOHG�WKH &DVRUDWLDQ RI fukg� fvkg� DQG fwkg� ,I
WKH�&DVRUDWL�PDWUL[�LV�LQYHUWLEOH�IRU�DW�OHDVW�RQH�YDOXH�RI k� WKHQ�����ZLOO�LPSO\�WKDW
c1 D c2 D c3 D 0� ZKLFK�ZLOO�SURYH�WKDW�WKH�WKUHH�VLJQDOV�DUH�OLQHDUO\�LQGHSHQGHQW�
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9HULI\�WKDW 1k � .!2/k � DQG 3k DUH�OLQHDUO\�LQGHSHQGHQW�VLJQDOV�

7KH�&DVRUDWL�PDWUL[�LV

k

2

–2

–2– 4

7KH�VLJQDOV 1k � .!2/k � DQG 3k �

2
4

1k .!2/k 3k

1kC1 .!2/kC1 3kC1

1kC2 .!2/kC2 3kC2

3
5

5RZ�RSHUDWLRQV�FDQ�VKRZ�IDLUO\�HDVLO\�WKDW�WKLV�PDWUL[�LV�DOZD\V�LQYHUWLEOH� +RZHYHU� LW
LV�IDVWHU�WR�VXEVWLWXWH�D�YDOXH�IRU k³VD\� k D 0³DQG�URZ�UHGXFH�WKH�QXPHULFDO�PDWUL[�

2
4

1 1 1
1 !2 3
1 4 9

3
5 &

2
4

1 1 1
0 !3 2
0 3 8

3
5 &

2
4

1 1 1
0 !3 2
0 0 10

3
5

7KH �&DVRUDWL �PDWUL[ � LV � LQYHUWLEOH � IRU k D 0� 6R 1k � .!2/k � DQG 3k DUH � OLQHDUO\
LQGHSHQGHQW�

,I�D�&DVRUDWL�PDWUL[�LV�QRW�LQYHUWLEOH� WKH�DVVRFLDWHG�VLJQDOV�EHLQJ�WHVWHG�PD\�RU
PD\�QRW�EH�OLQHDUO\�GHSHQGHQW� �6HH�([HUFLVH ���� +RZHYHU� LW�FDQ�EH�VKRZQ�WKDW�LI
WKH�VLJQDOV�DUH�DOO�VROXWLRQV�RI�WKH VDPH KRPRJHQHRXV�GLIIHUHQFH�HTXDWLRQ��GHVFULEHG
EHORZ�� WKHQ�HLWKHU�WKH�&DVRUDWL�PDWUL[�LV�LQYHUWLEOH�IRU�DOO k DQG�WKH�VLJQDOV�DUH�OLQHDUO\
LQGHSHQGHQW� RU�HOVH�WKH�&DVRUDWL�PDWUL[�LV�QRW�LQYHUWLEOH�IRU�DOO k DQG�WKH�VLJQDOV�DUH
OLQHDUO\�GHSHQGHQW� $ QLFH�SURRI�XVLQJ�OLQHDU�WUDQVIRUPDWLRQV�LV�LQ�WKH 6WXG\�*XLGH�

/LQHDU�'LIIHUHQFH�(TXDWLRQV
*LYHQ�VFDODUV a0; : : : ; an� ZLWK a0 DQG an QRQ]HUR� DQG�JLYHQ�D�VLJQDO f´kg� WKH�HTXDWLRQ

a0ykCn C a1ykCn!1 C # # # C an!1ykC1 C anyk D ´k IRU�DOO k ���

LV�FDOOHG�D OLQHDU�GLIIHUHQFH�HTXDWLRQ �RU OLQHDU�UHFXUUHQFH�UHODWLRQ� RI�RUGHU n� )RU
VLPSOLFLW\� a0 LV�RIWHQ�WDNHQ�HTXDO�WR��� ,I f´kg LV�WKH�]HUR�VHTXHQFH� WKH�HTXDWLRQ�LV
KRPRJHQHRXV� RWKHUZLVH� WKH�HTXDWLRQ�LV QRQKRPRJHQHRXV�

,Q�GLJLWDO�VLJQDO�SURFHVVLQJ� D�GLIIHUHQFH�HTXDWLRQ�VXFK�DV�����GH�
VFULEHV�D OLQHDU�ÀOWHU� DQG a0; : : : ; an DUH�FDOOHG�WKH ÀOWHU�FRHIÀFLHQWV� ,I fykg LV�WUHDWHG
DV�WKH�LQSXW�DQG f´kg DV�WKH�RXWSXW� WKHQ�WKH�VROXWLRQV�RI�WKH�DVVRFLDWHG�KRPRJHQHRXV
HTXDWLRQ�DUH�WKH�VLJQDOV�WKDW�DUH�ÀOWHUHG RXW DQG�WUDQVIRUPHG�LQWR�WKH�]HUR�VLJQDO� /HW�XV
IHHG�WZR�GLIIHUHQW�VLJQDOV�LQWR�WKH�ÀOWHU

:35ykC2 C :5ykC1 C :35yk D ´k

+HUH�����LV�DQ�DEEUHYLDWLRQ�IRU
p

2=4� 7KH�ÀUVW�VLJQDO�LV�FUHDWHG�E\�VDPSOLQJ�WKH
FRQWLQXRXV�VLJQDO y D FRV." t=4/ DW�LQWHJHU�YDOXHV�RI t � DV�LQ�)LJ� ��D�� 7KH�GLVFUHWH
VLJQDO�LV

fykg D f: : : ; FRV.0/; FRV."=4/; FRV.2"=4/; FRV.3"=4/; : : :g
)RU�VLPSOLFLW\� ZULWH ˙:7 LQ�SODFH�RI ˙

p
2=2� VR�WKDW

fykg D f : : : ; 1; :7; 0; !:7; !1; !:7; 0; :7; 1; :7; 0; : : :g

"

k D 0

7DEOH���VKRZV�D�FDOFXODWLRQ�RI�WKH�RXWSXW�VHTXHQFH f´kg� ZKHUH :35.:7/ LV�DQ�DEEUHYLDWLRQ
IRU .

p
2=4/.

p
2=2/ D :25� 7KH�RXWSXW�LV fykg� VKLIWHG�E\�RQH�WHUP�
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y

1

–1

1
2

y

1

–1

1
2

t

y = cos 




πt––4 y = cos 




3πt–––4

t

(a) (b)

'LVFUHWH�VLJQDOV�ZLWK�GLIIHUHQW�IUHTXHQFLHV�

k yk ykC1 ykC2 :35yk C :5ykC1 C :35ykC2 D ´k

� � �� � ������ � ������ � ������  ��
� �� � !:7 ������� � ����� � :35.!:7/  �
� � !:7 !1 ������ � :5.!:7/ � :35.!1/  !:7

� !:7 !1 !:7 :35.!:7/ � :5.!1/ � :35.!:7/  !1

� !1 !:7 � :35.!1/ � :5.!:7/ � ������  !:7

� !:7 � �� :35.!:7/ � ����� � �������  �
:::

:::
:::

$ GLIIHUHQW � LQSXW � VLJQDO � LV � SURGXFHG � IURP � WKH � KLJKHU � IUHTXHQF\ � VLJQDO y D
FRV.3" t=4/� VKRZQ�LQ�)LJ� ��E�� 6DPSOLQJ�DW�WKH�VDPH�UDWH�DV�EHIRUH�SURGXFHV�D�QHZ
LQSXW�VHTXHQFH�

fwkg D f: : : ; 1; !:7; 0; :7; !1; :7; 0; !:7; 1; !:7; 0; : : :g

"

k D 0

:KHQ fwkg LV�IHG�LQWR�WKH�ÀOWHU� WKH�RXWSXW�LV�WKH�]HUR�VHTXHQFH� 7KH�ÀOWHU� FDOOHG�D
ORZ�SDVV�ÀOWHU� OHWV fykg SDVV�WKURXJK� EXW�VWRSV�WKH�KLJKHU�IUHTXHQF\ fwkg�

,Q�PDQ\�DSSOLFDWLRQV� D�VHTXHQFH f´kg LV�VSHFLÀHG�IRU�WKH�ULJKW�VLGH�RI�D�GLIIHUHQFH
HTXDWLRQ����� DQG�D fykg WKDW�VDWLVÀHV�����LV�FDOOHG�D VROXWLRQ RI�WKH�HTXDWLRQ� 7KH�QH[W
H[DPSOH�VKRZV�KRZ�WR�ÀQG�VROXWLRQV�IRU�D�KRPRJHQHRXV�HTXDWLRQ�

6ROXWLRQV�RI�D�KRPRJHQHRXV�GLIIHUHQFH�HTXDWLRQ�RIWHQ�KDYH�WKH�IRUP
yk D rk IRU�VRPH r � )LQG�VRPH�VROXWLRQV�RI�WKH�HTXDWLRQ

ykC3 ! 2ykC2 ! 5ykC1 C 6yk D 0 IRU�DOO k ���

6XEVWLWXWH rk IRU yk LQ�WKH�HTXDWLRQ�DQG�IDFWRU�WKH�OHIW�VLGH�

rkC3 ! 2rkC2 ! 5rkC1 C 6rk D 0 ���

rk.r3 ! 2r2 ! 5r C 6/ D 0

rk.r ! 1/.r C 2/.r ! 3/ D 0 ���

6LQFH�����LV�HTXLYDOHQW�WR����� rk VDWLVÀHV�WKH�GLIIHUHQFH�HTXDWLRQ�����LI�DQG�RQO\�LI r
VDWLVÀHV����� 7KXV 1k � .!2/k � DQG 3k DUH�DOO�VROXWLRQV�RI����� )RU�LQVWDQFH� WR�YHULI\�WKDW
3k LV�D�VROXWLRQ�RI����� FRPSXWH

3kC3 ! 2 # 3kC2 ! 5 # 3kC1 C 6 # 3k

D 3k.27 ! 18 ! 15 C 6/ D 0 IRU�DOO k



9HFWRU�6SDFHV

,Q�JHQHUDO� D�QRQ]HUR�VLJQDO rk VDWLVÀHV�WKH�KRPRJHQHRXV�GLIIHUHQFH�HTXDWLRQ

ykCn C a1ykCn!1 C # # # C an!1ykC1 C anyk D 0 IRU�DOO k

LI�DQG�RQO\�LI r LV�D�URRW�RI�WKH DX[LOLDU\�HTXDWLRQ

rn C a1rn!1 C # # # C an!1r C an D 0

:H�ZLOO�QRW�FRQVLGHU�WKH�FDVH�LQ�ZKLFK r LV�D�UHSHDWHG�URRW�RI�WKH�DX[LOLDU\�HTXDWLRQ�
:KHQ�WKH�DX[LOLDU\�HTXDWLRQ�KDV�D FRPSOH[�URRW� WKH�GLIIHUHQFH�HTXDWLRQ�KDV�VROXWLRQV
RI�WKH�IRUP sk FRV k! DQG sk VLQ k!� IRU�FRQVWDQWV s DQG!� 7KLV�KDSSHQHG�LQ�([DPSOH ��

6ROXWLRQ�6HWV�RI�/LQHDU�'LIIHUHQFH�(TXDWLRQV
*LYHQ a1; : : : ; an� FRQVLGHU�WKH�PDSSLQJ T W S ! S WKDW�WUDQVIRUPV�D�VLJQDO fykg LQWR�D
VLJQDO fwkg JLYHQ�E\

wk D ykCn C a1ykCn!1 C # # # C an!1ykC1 C anyk

,W�LV�UHDGLO\�FKHFNHG�WKDW T LV�D OLQHDU WUDQVIRUPDWLRQ� 7KLV�LPSOLHV�WKDW�WKH�VROXWLRQ�VHW
RI�WKH�KRPRJHQHRXV�HTXDWLRQ

ykCn C a1ykCn!1 C # # # C an!1ykC1 C anyk D 0 IRU�DOO k

LV�WKH�NHUQHO�RI T �WKH�VHW�RI�VLJQDOV�WKDW T PDSV�LQWR�WKH�]HUR�VLJQDO�� DQG�KHQFH�WKH
VROXWLRQ�VHW�LV�D VXEVSDFH RI S� $Q\�OLQHDU�FRPELQDWLRQ�RI�VROXWLRQV�LV�DJDLQ�D�VROXWLRQ�

7KH�QH[W�WKHRUHP� D�VLPSOH�EXW�EDVLF�UHVXOW� ZLOO�OHDG�WR�PRUH�LQIRUPDWLRQ�DERXW�WKH
VROXWLRQ�VHWV�RI�GLIIHUHQFH�HTXDWLRQV�

,I an ¤ 0 DQG�LI f´kg LV�JLYHQ� WKH�HTXDWLRQ
ykCn C a1ykCn!1 C # # # C an!1ykC1 C anyk D ´k IRU�DOO k ���

KDV�D�XQLTXH�VROXWLRQ�ZKHQHYHU y0; : : : ; yn!1 DUH�VSHFLÀHG�

,I y0; : : : ; yn!1 DUH�VSHFLÀHG� XVH�����WR GHÀQH

yn D ´0 ! Œ a1yn!1 C # # # C an!1y1 C any0 !

$QG�QRZ�WKDW y1; : : : ; yn DUH�VSHFLÀHG� XVH�����WR�GHÀQH ynC1� ,Q�JHQHUDO� XVH�WKH
UHFXUUHQFH�UHODWLRQ

ynCk D ´k ! Œ a1ykCn!1 C # # # C anyk ! ���

WR�GHÀQH ynCk IRU k " 0� 7R�GHÀQH yk IRU k < 0� XVH�WKH�UHFXUUHQFH�UHODWLRQ

yk D 1

an
´k ! 1

an
Œ ykCn C a1ykCn!1 C # # # C an!1ykC1 ! ���

7KLV�SURGXFHV�D�VLJQDO�WKDW�VDWLVÀHV����� &RQYHUVHO\� DQ\�VLJQDO�WKDW�VDWLVÀHV�����IRU�DOO
k FHUWDLQO\�VDWLVÀHV�����DQG����� VR�WKH�VROXWLRQ�RI�����LV�XQLTXH�

7KH�VHWH RI�DOO�VROXWLRQV�RI�WKH nWK�RUGHU�KRPRJHQHRXV�OLQHDU�GLIIHUHQFH�HTXDWLRQ

ykCn C a1ykCn!1 C # # # C an!1ykC1 C anyk D 0 IRU�DOO k ����

LV�DQ n�GLPHQVLRQDO�YHFWRU�VSDFH�



$SSOLFDWLRQV�WR�'LIIHUHQFH�(TXDWLRQV

$V�ZDV�SRLQWHG�RXW�HDUOLHU� H LV�D�VXEVSDFH�RI S EHFDXVH H LV�WKH�NHUQHO
RI�D�OLQHDU�WUDQVIRUPDWLRQ� )RU fykg LQ H � OHW F fykg EH�WKH�YHFWRU�LQ Rn JLYHQ�E\
.y0; y1; : : : ; yn!1/� ,W�LV�UHDGLO\�YHULÀHG�WKDW F W H ! Rn LV�D�OLQHDU�WUDQVIRUPDWLRQ�
*LYHQ�DQ\�YHFWRU .y0; y1; : : : ; yn!1/ LQ Rn� 7KHRUHP����VD\V�WKDW�WKHUH�LV�D�XQLTXH
VLJQDO fykg LQ H VXFK�WKDW F fykg D .y0; y1; : : : ; yn!1/� 7KLV�PHDQV�WKDW F LV�D�RQH�
WR�RQH� OLQHDU � WUDQVIRUPDWLRQ�RI H RQWR Rn� WKDW � LV� F LV �DQ � LVRPRUSKLVP� 7KXV
GLPH D GLPRn D n� �6HH�([HUFLVH ���LQ�6HFWLRQ �����

)LQG�D�EDVLV�IRU�WKH�VHW�RI�DOO�VROXWLRQV�WR�WKH�GLIIHUHQFH�HTXDWLRQ

ykC3 ! 2ykC2 ! 5ykC1 C 6yk D 0 IRU�DOO k

2XU�ZRUN�LQ�OLQHDU�DOJHEUD�UHDOO\�SD\V�RII�QRZ� :H�NQRZ�IURP�([DPSOHV �
DQG���WKDW 1k � .!2/k � DQG 3k DUH�OLQHDUO\�LQGHSHQGHQW�VROXWLRQV� ,Q�JHQHUDO� LW�FDQ�EH
GLIÀFXOW�WR�YHULI\�GLUHFWO\�WKDW�D�VHW�RI�VLJQDOV VSDQV WKH�VROXWLRQ�VSDFH� %XW�WKDW�LV�QR
SUREOHP�KHUH�EHFDXVH�RI�WZR�NH\�WKHRUHPV³7KHRUHP ��� ZKLFK�VKRZV�WKDW�WKH�VROXWLRQ
VSDFH�LV�H[DFWO\�WKUHH�GLPHQVLRQDO� DQG�WKH�%DVLV�7KHRUHP�LQ�6HFWLRQ ���� ZKLFK�VD\V
WKDW�D�OLQHDUO\�LQGHSHQGHQW�VHW�RI n YHFWRUV�LQ�DQ n�GLPHQVLRQDO�VSDFH�LV�DXWRPDWLFDOO\
D�EDVLV� 6R 1k � .!2/k � DQG 3k IRUP�D�EDVLV�IRU�WKH�VROXWLRQ�VSDFH�

7KH�VWDQGDUG�ZD\�WR�GHVFULEH�WKH�´JHQHUDO�VROXWLRQµ�RI�WKH�GLIIHUHQFH�HTXDWLRQ ����
LV�WR�H[KLELW�D�EDVLV�IRU�WKH�VXEVSDFH�RI�DOO�VROXWLRQV� 6XFK�D�EDVLV�LV�XVXDOO\�FDOOHG�D
IXQGDPHQWDO�VHW�RI�VROXWLRQV RI������ ,Q�SUDFWLFH� LI�\RX�FDQ�ÀQG n OLQHDUO\�LQGHSHQGHQW
VLJQDOV�WKDW�VDWLVI\������ WKH\�ZLOO�DXWRPDWLFDOO\�VSDQ�WKH n�GLPHQVLRQDO�VROXWLRQ�VSDFH�
DV�H[SODLQHG�LQ�([DPSOH���

1RQKRPRJHQHRXV�(TXDWLRQV
7KH�JHQHUDO�VROXWLRQ�RI�WKH�QRQKRPRJHQHRXV�GLIIHUHQFH�HTXDWLRQ

ykCn C a1ykCn!1 C # # # C an!1ykC1 C anyk D ´k IRU�DOO k ����

FDQ�EH�ZULWWHQ�DV�RQH�SDUWLFXODU�VROXWLRQ�RI������SOXV�DQ�DUELWUDU\�OLQHDU�FRPELQDWLRQ�RI
D�IXQGDPHQWDO�VHW�RI�VROXWLRQV�RI�WKH�FRUUHVSRQGLQJ�KRPRJHQHRXV�HTXDWLRQ������ 7KLV
IDFW�LV�DQDORJRXV�WR�WKH�UHVXOW�LQ�6HFWLRQ ����VKRZLQJ�WKDW�WKH�VROXWLRQ�VHWV�RI A[ D E
DQGA[ D � DUH�SDUDOOHO� %RWK�UHVXOWV�KDYH�WKH�VDPH�H[SODQDWLRQ� 7KH�PDSSLQJ [ 7! A[
LV�OLQHDU� DQG�WKH�PDSSLQJ�WKDW�WUDQVIRUPV�WKH�VLJQDO fykg LQWR�WKH�VLJQDO f´kg LQ������LV
OLQHDU� 6HH�([HUFLVH ���

9HULI\�WKDW�WKH�VLJQDO yk D k2 VDWLVÀHV�WKH�GLIIHUHQFH�HTXDWLRQ

ykC2 ! 4ykC1 C 3yk D !4k IRU�DOO k ����

7KHQ�ÀQG�D�GHVFULSWLRQ�RI�DOO�VROXWLRQV�RI�WKLV�HTXDWLRQ�

6XEVWLWXWH k2 IRU yk RQ�WKH�OHIW�VLGH�RI������

.k C 2/2!4.k C 1/2 C 3k2

D .k2 C 4k C 4/ ! 4.k2 C 2k C 1/ C 3k2

D !4k

6R k2 LV�LQGHHG�D�VROXWLRQ�RI������ 7KH�QH[W�VWHS�LV�WR�VROYH�WKH�KRPRJHQHRXV�HTXDWLRQ

ykC2 ! 4ykC1 C 3yk D 0 ����

7KH�DX[LOLDU\�HTXDWLRQ�LV

r2 ! 4r C 3 D .r ! 1/.r ! 3/ D 0



9HFWRU�6SDFHV

7KH�URRWV�DUH r D 1; 3� 6R�WZR�VROXWLRQV�RI�WKH�KRPRJHQHRXV�GLIIHUHQFH�HTXDWLRQ�DUH 1k

DQG 3k � 7KH\�DUH�REYLRXVO\�QRW�PXOWLSOHV�RI�HDFK�RWKHU� VR�WKH\�DUH�OLQHDUO\�LQGHSHQGHQW
VLJQDOV� %\�7KHRUHP ��� WKH�VROXWLRQ�VSDFH�LV�WZR�GLPHQVLRQDO� VR 3k DQG 1k IRUP�D�EDVLV
IRU�WKH�VHW�RI�VROXWLRQV�RI�HTXDWLRQ ����� 7UDQVODWLQJ�WKDW�VHW�E\�D�SDUWLFXODU�VROXWLRQ�RI
WKH�QRQKRPRJHQHRXV�HTXDWLRQ������ ZH�REWDLQ�WKH�JHQHUDO�VROXWLRQ�RI������

k2 C c11k C c23k; RU k2 C c1 C c23
k

)LJXUH ��JLYHV�D�JHRPHWULF�YLVXDOL]DWLRQ�RI�WKH�WZR�VROXWLRQ�VHWV� (DFK�SRLQW�LQ�WKH�ÀJXUH
FRUUHVSRQGV�WR�RQH�VLJQDO�LQ S�

k2

Span{1k, 3k}

1k

3k

k2 + Span{1k, 3k}

6ROXWLRQ�VHWV�RI�GLIIHUHQFH
HTXDWLRQV������DQG������

5HGXFWLRQ�WR�6\VWHPV�RI�)LUVW�2UGHU�(TXDWLRQV
$PRGHUQ�ZD\�WR�VWXG\�D�KRPRJHQHRXV nWK�RUGHU�OLQHDU�GLIIHUHQFH�HTXDWLRQ�LV�WR�UHSODFH
LW�E\�DQ�HTXLYDOHQW�V\VWHP�RI�ÀUVW�RUGHU�GLIIHUHQFH�HTXDWLRQV� ZULWWHQ�LQ�WKH�IRUP

[kC1 D A[k IRU�DOO k

ZKHUH�WKH�YHFWRUV [k DUH�LQ Rn DQG A LV�DQ n % n PDWUL[�
$ VLPSOH�H[DPSOH�RI�VXFK�D��YHFWRU�YDOXHG��GLIIHUHQFH�HTXDWLRQ�ZDV�DOUHDG\�VWXGLHG

LQ�6HFWLRQ ����� )XUWKHU�H[DPSOHV�ZLOO�EH�FRYHUHG�LQ�6HFWLRQV ����DQG�����

:ULWH�WKH�IROORZLQJ�GLIIHUHQFH�HTXDWLRQ�DV�D�ÀUVW�RUGHU�V\VWHP�

ykC3 ! 2ykC2 ! 5ykC1 C 6yk D 0 IRU�DOO k

)RU�HDFK k� VHW

[k D

2
4

yk

ykC1

ykC2

3
5

7KH�GLIIHUHQFH�HTXDWLRQ�VD\V�WKDW ykC3 D !6yk C 5ykC1 C 2ykC2� VR

[kC1 D

2
4

ykC1

ykC2

ykC3

3
5 D

2
64

0 C ykC1 C 0

0 C 0 C ykC2

!6yk C 5ykC1 C 2ykC2

3
75 D

2
4

0 1 0
0 0 1

!6 5 2

3
5
2
4

yk

ykC1

ykC2

3
5

7KDW�LV�

[kC1 D A[k IRU�DOO k; ZKHUH A D

2
4

0 1 0
0 0 1

!6 5 2

3
5

,Q�JHQHUDO� WKH�HTXDWLRQ

ykCn C a1ykCn!1 C # # # C an!1ykC1 C anyk D 0 IRU�DOO k

FDQ�EH�UHZULWWHQ�DV [kC1 D A[k IRU�DOO k� ZKHUH

[k D

2
6664

yk

ykC1

:::
ykCn!1

3
7775 ; A D

2
666664

0 1 0 : : : 0
0 0 1 0
:::

: : :
:::

0 0 0 1
!an !an!1 !an!2 # # # !a1

3
777775



$SSOLFDWLRQV�WR�'LIIHUHQFH�(TXDWLRQV

)XUWKHU�5HDGLQJ
+DPPLQJ� 5��:�� 'LJLWDO�)LOWHUV� �UG�HG���(QJOHZRRG�&OLIIV� 1-��3UHQWLFH�+DOO� ������
SS� �²���

.HOO\� :��*�� DQG�$��&��3HWHUVRQ� 'LIIHUHQFH�(TXDWLRQV� �QG�HG���6DQ�'LHJR� +DUFRXUW�
$FDGHPLF�3UHVV� ������

0LFNHQV� 5��(�� 'LIIHUHQFH�(TXDWLRQV� �QG�HG���1HZ�<RUN� 9DQ�1RVWUDQG�5HLQKROG�
������ SS� ��²����

2SSHQKHLP� $��9�� DQG�$��6��:LOOVN\� 6LJQDOV�DQG�6\VWHPV� �QG�HG���8SSHU�6DGGOH�5LYHU�
1-��3UHQWLFH�+DOO� ������ SS� �²��� ��²��� ��²���

,W�FDQ�EH�VKRZQ�WKDW�WKH�VLJQDOV 2k � 3k VLQ k"
2
� DQG 3k FRV k"

2
DUH�VROXWLRQV�RI

ykC3 ! 2ykC2 C 9ykC1 ! 18yk D 0

6KRZ�WKDW�WKHVH�VLJQDOV�IRUP�D�EDVLV�IRU�WKH�VHW�RI�DOO�VROXWLRQV�RI�WKH�GLIIHUHQFH�HTXDWLRQ�

9HULI\�WKDW�WKH�VLJQDOV�LQ�([HUFLVHV���DQG���DUH�VROXWLRQV�RI�WKH
DFFRPSDQ\LQJ�GLIIHUHQFH�HTXDWLRQ�

�� 2k; .!4/k I ykC2 C 2ykC1 ! 8yk D 0

�� 5k; .!5/k I ykC2 ! 25yk D 0

6KRZ�WKDW�WKH�VLJQDOV�LQ�([HUFLVHV��²��IRUP�D�EDVLV�IRU�WKH�VROXWLRQ
VHW�RI�WKH�DFFRPSDQ\LQJ�GLIIHUHQFH�HTXDWLRQ�

�� 7KH�VLJQDOV�DQG�HTXDWLRQ�LQ�([HUFLVH��

�� 7KH�VLJQDOV�DQG�HTXDWLRQ�LQ�([HUFLVH��

�� .!2/k � k.!2/k � ykC2 C 4ykC1 C 4yk D 0

�� 4k FRV
'

k"
2

(
� 4k VLQ

'
k"
2

(
� ykC2 C 16yk D 0

,Q �([HUFLVHV ��²��� DVVXPH� WKH � VLJQDOV � OLVWHG �DUH � VROXWLRQV �RI
WKH�JLYHQ�GLIIHUHQFH�HTXDWLRQ� 'R�WKH�VLJQDOV�IRUP�D�EDVLV�IRU
WKH�VROXWLRQ�VSDFH�RI�WKH�HTXDWLRQ" -XVWLI\�\RXU�DQVZHUV�XVLQJ
DSSURSULDWH�WKHRUHPV�

�� 1k � 2k � .!2/k � ykC3 ! ykC2 ! 4ykC1 C 4yk D 0

�� .!1/k � 2k � 3k � ykC3 ! 4ykC2 C 1ykC1 C 6yk D 0

�� 2k � 5k FRV
'

k"
2

(
� 5k VLQ

'
k"
2

(
�

ykC3 ! 2ykC2 C 25ykC1 ! 50yk D 0

��� .!2/k � k.!2/k � 3k � ykC3 C ykC2 ! 8ykC1 ! 12yk D 0

��� .!1/k � 2k � ykC3 ! 3ykC2 C 4yk D 0

��� 3k � .!2/k � ykC4 ! 13ykC2 C 36yk D 0

,Q�([HUFLVHV���²��� ÀQG�D�EDVLV�IRU�WKH�VROXWLRQ�VSDFH�RI� WKH
GLIIHUHQFH�HTXDWLRQ� 3URYH�WKDW�WKH�VROXWLRQV�\RX�ÀQG�VSDQ�WKH
VROXWLRQ�VHW�

��� ykC2 ! ykC1 C 2
9
yk D 0 ��� ykC2 ! 5ykC1 C 6yk D 0

��� 6ykC2 C ykC1 ! 2yk D 0 ��� ykC2 ! 25yk D 0

([HUFLVHV ��� �DQG ��� �FRQFHUQ �D � VLPSOH �PRGHO �RI � WKH �QDWLRQDO
HFRQRP\�GHVFULEHG�E\�WKH�GLIIHUHQFH�HTXDWLRQ

YkC2 ! a.1 C b/YkC1 C abYk D 1 ����

+HUH Yk LV�WKH�WRWDO�QDWLRQDO�LQFRPH�GXULQJ�\HDU k� a LV�D�FRQVWDQW
OHVV�WKDQ��� FDOOHG�WKH PDUJLQDO�SURSHQVLW\�WR�FRQVXPH� DQG b LV
D�SRVLWLYH FRQVWDQW�RI�DGMXVWPHQW WKDW�GHVFULEHV�KRZ�FKDQJHV�LQ
FRQVXPHU�VSHQGLQJ�DIIHFW�WKH�DQQXDO�UDWH�RI�SULYDWH�LQYHVWPHQW��

��� )LQG�WKH�JHQHUDO�VROXWLRQ�RI�HTXDWLRQ������ZKHQ a D :9 DQG
b D 4

9
� :KDW�KDSSHQV�WR Yk DV k LQFUHDVHV" >+LQW� )LUVW�ÀQG�D

SDUWLFXODU�VROXWLRQ�RI�WKH�IRUP Yk D T � ZKHUH T LV�D�FRQVWDQW�
FDOOHG�WKH�HTXLOLEULXP�OHYHO�RI�QDWLRQDO�LQFRPH�@

��� )LQG�WKH�JHQHUDO�VROXWLRQ�RI�HTXDWLRQ������ZKHQ a D :9 DQG
b D :5�

1 )RU�H[DPSOH� VHH 'LVFUHWH�'\QDPLFDO�6\VWHPV� E\�-DPHV�7��6DQGHIXU
�2[IRUG� &ODUHQGRQ�3UHVV� ������ SS� ���²���� 7KH�RULJLQDO
DFFHOHUDWRU�PXOWLSOLHU�PRGHO LV�DWWULEXWHG�WR�WKH�HFRQRPLVW�3��$�
6DPXHOVRQ�



9HFWRU�6SDFHV

$ OLJKWZHLJKW�FDQWLOHYHUHG�EHDP�LV�VXSSRUWHG�DW N SRLQWV�VSDFHG
�� IW�DSDUW� DQG�D�ZHLJKW�RI�����OE�LV�SODFHG�DW�WKH�HQG�RI�WKH
EHDP� �� IW�IURP�WKH�ÀUVW�VXSSRUW� DV�LQ�WKH�ÀJXUH� /HW yk EH
WKH�EHQGLQJ�PRPHQW�DW�WKH kWK�VXSSRUW� 7KHQ y1 D 5000 IW�OE�
6XSSRVH�WKH�EHDP�LV�ULJLGO\�DWWDFKHG�DW�WKH N WK�VXSSRUW�DQG�WKH
EHQGLQJ�PRPHQW�WKHUH�LV�]HUR� ,Q�EHWZHHQ� WKH�PRPHQWV�VDWLVI\
WKH WKUHH�PRPHQW�HTXDWLRQ

ykC2 C 4ykC1 C yk D 0 IRU k D 1; 2; : : : ; N ! 2 .15/

1 2 3

y1 y2 y3 yN

N500
lb

10' 10' 10'

%HQGLQJ�PRPHQWV�RQ�D�FDQWLOHYHUHG�EHDP�

��� )LQG�WKH�JHQHUDO�VROXWLRQ�RI�GLIIHUHQFH�HTXDWLRQ������ -XVWLI\
\RXU�DQVZHU�

��� )LQG�WKH�SDUWLFXODU�VROXWLRQ�RI������WKDW�VDWLVÀHV�WKH ERXQGDU\
FRQGLWLRQV y1 D 5000 DQG yN D 0� �7KH�DQVZHU�LQYROYHV
N ��

��� :KHQ�D�VLJQDO�LV�SURGXFHG�IURP�D�VHTXHQFH�RI�PHDVXUHPHQWV
PDGH �RQ �D �SURFHVV � �D � FKHPLFDO � UHDFWLRQ� D �ÁRZ�RI �KHDW
WKURXJK�D�WXEH� D�PRYLQJ�URERW�DUP� HWF��� WKH�VLJQDO�XVXDOO\
FRQWDLQV�UDQGRP QRLVH SURGXFHG�E\�PHDVXUHPHQW�HUURUV� $
VWDQGDUG�PHWKRG�RI�SUHSURFHVVLQJ�WKH�GDWD�WR�UHGXFH�WKH�QRLVH
LV�WR�VPRRWK�RU�ÀOWHU�WKH�GDWD� 2QH�VLPSOH�ÀOWHU�LV�D PRYLQJ
DYHUDJH WKDW�UHSODFHV�HDFK yk E\�LWV�DYHUDJH�ZLWK�WKH�WZR
DGMDFHQW�YDOXHV�

1
3
ykC1 C 1

3
yk C 1

3
yk"1 D ´k IRU k D 1; 2; : : :

6XSSRVH�D�VLJQDO yk � IRU k D 0; : : : ; 14� LV

9; 5; 7; 3; 2; 4; 6; 5; 7; 6; 8; 10; 9; 5; 7

8VH�WKH�ÀOWHU�WR�FRPSXWH ´1; : : : ; ´13� 0DNH�D�EURNHQ�OLQH
JUDSK�WKDW�VXSHULPSRVHV�WKH�RULJLQDO�VLJQDO�DQG�WKH�VPRRWKHG
VLJQDO�

��� /HW fykg EH�WKH�VHTXHQFH�SURGXFHG�E\�VDPSOLQJ�WKH�FRQWLQX�
RXV�VLJQDO 2 FRV " t

4
C FRV 3" t

4
DW t D 0; 1; 2; : : : ; DV�VKRZQ�LQ

WKH�ÀJXUH� 7KH�YDOXHV�RI yk � EHJLQQLQJ�ZLWK k D 0� DUH

3; :7; 0; !:7; !3; !:7; 0; :7; 3; :7; 0; : : :

ZKHUH����LV�DQ�DEEUHYLDWLRQ�IRU
p

2=2�
D� &RPSXWH�WKH�RXWSXW�VLJQDO f´kg ZKHQ fykg LV�IHG�LQWR�WKH

ÀOWHU�LQ�([DPSOH ��
E� ([SODLQ�KRZ�DQG�ZK\�WKH�RXWSXW�LQ�SDUW��D��LV�UHODWHG�WR

WKH�FDOFXODWLRQV�LQ�([DPSOH ��

y

1

–1
1 2

t






3πt–––4






πt––4y = 2 cos        + cos          

6DPSOHG�GDWD�IURP 2 FRV " t
4

C FRV 3" t
4
�

([HUFLVHV����DQG����UHIHU�WR�D�GLIIHUHQFH�HTXDWLRQ�RI�WKH�IRUP
ykC1 ! ayk D b� IRU�VXLWDEOH�FRQVWDQWV a DQG b�

��� $ ORDQ�RI���������KDV�DQ�LQWHUHVW�UDWH�RI����SHU�PRQWK�DQG�D
PRQWKO\�SD\PHQW�RI������ 7KH�ORDQ�LV�PDGH�DW�PRQWK k D 0�
DQG�WKH�ÀUVW�SD\PHQW�LV�PDGH�RQH�PRQWK�ODWHU� DW k D 1� )RU
k D 0; 1; 2; : : : ; OHW yk EH�WKH�XQSDLG�EDODQFH�RI�WKH�ORDQ�MXVW
DIWHU�WKH kWK�PRQWKO\�SD\PHQW� 7KXV

y1 D 10;000 C .:01/10;000 ! 450
1HZ %DODQFH ,QWHUHVW 3D\PHQW

EDODQFH GXH DGGHG

D� :ULWH�D�GLIIHUHQFH�HTXDWLRQ�VDWLVÀHG�E\ fykg�
E� >0@ &UHDWH�D�WDEOH�VKRZLQJ k DQG�WKH�EDODQFH yk DW�PRQWK

k� /LVW�WKH�SURJUDP�RU�WKH�NH\VWURNHV�\RX�XVHG�WR�FUHDWH
WKH�WDEOH�

F� >0@ :KDW�ZLOO k EH�ZKHQ�WKH�ODVW�SD\PHQW�LV�PDGH" +RZ
PXFK�ZLOO�WKH�ODVW�SD\PHQW�EH" +RZ�PXFK�PRQH\�GLG�WKH
ERUURZHU�SD\�LQ�WRWDO"

��� $W�WLPH k D 0� DQ�LQLWLDO�LQYHVWPHQW�RI�������LV�PDGH�LQWR�D
VDYLQJV�DFFRXQW�WKDW�SD\V����LQWHUHVW�SHU�\HDU�FRPSRXQGHG
PRQWKO\� �7KH�LQWHUHVW�UDWH�SHU�PRQWK�LV������� (DFK�PRQWK
DIWHU�WKH�LQLWLDO�LQYHVWPHQW� DQ�DGGLWLRQDO������LV�DGGHG�WR
WKH�DFFRXQW� )RU k D 0; 1; 2; : : : ; OHW yk EH�WKH�DPRXQW�LQ�WKH
DFFRXQW�DW�WLPH k� MXVW�DIWHU�D�GHSRVLW�KDV�EHHQ�PDGH�
D� :ULWH�D�GLIIHUHQFH�HTXDWLRQ�VDWLVÀHG�E\ fykg�
E� >0@ &UHDWH�D�WDEOH�VKRZLQJ k DQG�WKH�WRWDO�DPRXQW�LQ�WKH

VDYLQJV�DFFRXQW�DW�PRQWK k� IRU k D 0 WKURXJK���� /LVW
\RXU�SURJUDP�RU�WKH�NH\VWURNHV�\RX�XVHG�WR�FUHDWH�WKH
WDEOH�

F� >0@ +RZ�PXFK�ZLOO�EH�LQ�WKH�DFFRXQW�DIWHU�WZR�\HDUV��WKDW
LV� ���PRQWKV�� IRXU�\HDUV� DQG�ÀYH�\HDUV" +RZ�PXFK�RI
WKH�ÀYH�\HDU�WRWDO�LV�LQWHUHVW"

,Q�([HUFLVHV���²��� VKRZ�WKDW�WKH�JLYHQ�VLJQDO�LV�D�VROXWLRQ�RI
WKH�GLIIHUHQFH�HTXDWLRQ� 7KHQ�ÀQG�WKH�JHQHUDO�VROXWLRQ�RI�WKDW
GLIIHUHQFH�HTXDWLRQ�

��� yk D k2I ykC2 C 3ykC1 ! 4yk D 7 C 10k

��� yk D 1 C kI ykC2 ! 6ykC1 C 5yk D !4

��� yk D k ! 2I ykC2 ! 4yk D 8 ! 3k

��� yk D 1 C 2kI ykC2 ! 25yk D !48k ! 20



$SSOLFDWLRQV�WR�0DUNRY�&KDLQV

:ULWH�WKH�GLIIHUHQFH�HTXDWLRQV�LQ�([HUFLVHV ���DQG����DV�ÀUVW�RUGHU
V\VWHPV� [kC1 D A[k � IRU�DOO k�

��� ykC4 C 3ykC3 ! 8ykC2 C 6ykC1 ! 2yk D 0

��� ykC3 ! 5ykC2 C 8yk D 0

��� ,V�WKH�IROORZLQJ�GLIIHUHQFH�HTXDWLRQ�RI�RUGHU��" ([SODLQ�
ykC3 C 5ykC2 C 6ykC1 D 0

��� :KDW�LV�WKH�RUGHU�RI�WKH�IROORZLQJ�GLIIHUHQFH�HTXDWLRQ" ([�
SODLQ�\RXU�DQVZHU�
ykC3 C a1ykC2 C a2ykC1 C a3yk D 0

��� /HW yk D k2 DQG ´k D 2kjkj� $UH � WKH � VLJQDOV fykg DQG
f´kg OLQHDUO\�LQGHSHQGHQW" (YDOXDWH�WKH�DVVRFLDWHG�&DVRUDWL
PDWUL[ C.k/ IRU k D 0� k D !1� DQG k D !2� DQG�GLVFXVV
\RXU�UHVXOWV�

��� /HW f � g� DQG h EH�OLQHDUO\�LQGHSHQGHQW�IXQFWLRQV�GHÀQHG�IRU
DOO�UHDO�QXPEHUV� DQG�FRQVWUXFW�WKUHH�VLJQDOV�E\�VDPSOLQJ�WKH
YDOXHV�RI�WKH�IXQFWLRQV�DW�WKH�LQWHJHUV�
uk D f .k/; vk D g.k/; wk D h.k/

0XVW�WKH�VLJQDOV�EH�OLQHDUO\�LQGHSHQGHQW�LQ S" 'LVFXVV�

��� /HW a DQG b EH�QRQ]HUR�QXPEHUV� 6KRZ�WKDW�WKH�PDSSLQJ T
GHÀQHG�E\ T fykg D fwkg� ZKHUH
wk D ykC2 C aykC1 C byk

LV�D�OLQHDU�WUDQVIRUPDWLRQ�IURP S LQWR S�

��� /HW V EH�D�YHFWRU�VSDFH� DQG�OHW T W V ! V EH�D�OLQHDU
WUDQVIRUPDWLRQ� *LYHQ ] LQ V � VXSSRVH [p LQ V VDWLVÀHV
T .[p/ D ]� DQG � OHW X EH �DQ\ �YHFWRU � LQ � WKH �NHUQHO �RI T �
6KRZ�WKDW X C [p VDWLVÀHV� WKH�QRQKRPRJHQHRXV�HTXDWLRQ
T .[/ D ]�

��� /HW S0 EH� WKH �YHFWRU �VSDFH �RI �DOO � VHTXHQFHV �RI � WKH � IRUP
.y0; y1; y2; : : :/� DQG�GHÀQH�OLQHDU�WUDQVIRUPDWLRQV T DQG D
IURP S0 LQWR S0 E\
T .y0; y1; y2; : : :/ D .y1; y2; y3; : : :/

D.y0; y1; y2; : : :/ D .0; y0; y1; y2; : : :/

6KRZ�WKDW TD D I �WKH�LGHQWLW\�WUDQVIRUPDWLRQ�RQ S0��DQG
\HW DT ¤ I �

([DPLQH�WKH�&DVRUDWL�PDWUL[�

C.k/ D

2
6664

2k 3k VLQ k"
2

3k FRV k"
2

2kC1 3kC1 VLQ .kC1/"
2

3kC1 FRV .kC1/"
2

2kC2 3kC2 VLQ .kC2/"
2

3kC2 FRV .kC2/"
2

3
7775

6HW k D 0 DQG�URZ�UHGXFH�WKH�PDWUL[�WR�YHULI\�WKDW�LW�KDV�WKUHH�SLYRW�SRVLWLRQV�DQG�KHQFH
LV�LQYHUWLEOH�

C.0/ D

2
4

1 0 1
2 3 0
4 0 !9

3
5 &

2
4

1 0 1
0 3 !2
0 0 !13

3
5

7KH�&DVRUDWL�PDWUL[�LV�LQYHUWLEOH�DW k D 0� VR�WKH�VLJQDOV�DUH�OLQHDUO\�LQGHSHQGHQW�
6LQFH�WKHUH�DUH�WKUHH�VLJQDOV� DQG�WKH�VROXWLRQ�VSDFH H RI�WKH�GLIIHUHQFH�HTXDWLRQ�KDV
GLPHQVLRQ ���7KHRUHP ���� WKH�VLJQDOV�IRUP�D�EDVLV�IRU H � E\�WKH�%DVLV�7KHRUHP�

7KH�0DUNRY�FKDLQV�GHVFULEHG�LQ�WKLV�VHFWLRQ�DUH�XVHG�DV�PDWKHPDWLFDO�PRGHOV�RI�D
ZLGH�YDULHW\�RI�VLWXDWLRQV�LQ�ELRORJ\� EXVLQHVV� FKHPLVWU\� HQJLQHHULQJ� SK\VLFV� DQG
HOVHZKHUH� ,Q�HDFK�FDVH� WKH�PRGHO�LV�XVHG�WR�GHVFULEH�DQ�H[SHULPHQW�RU�PHDVXUHPHQW
WKDW�LV�SHUIRUPHG�PDQ\�WLPHV�LQ�WKH�VDPH�ZD\� ZKHUH�WKH�RXWFRPH�RI�HDFK�WULDO�RI�WKH
H[SHULPHQW�ZLOO�EH�RQH�RI�VHYHUDO�VSHFLÀHG�SRVVLEOH�RXWFRPHV� DQG�ZKHUH�WKH�RXWFRPH
RI�RQH�WULDO�GHSHQGV�RQO\�RQ�WKH�LPPHGLDWHO\�SUHFHGLQJ�WULDO�

)RU�H[DPSOH� LI�WKH�SRSXODWLRQ�RI�D�FLW\�DQG�LWV�VXEXUEV�ZHUH�PHDVXUHG�HDFK�\HDU�
WKHQ�D�YHFWRU�VXFK�DV

[0 D
"

:60
:40

#
���



9HFWRU�6SDFHV

FRXOG�LQGLFDWH�WKDW�����RI�WKH�SRSXODWLRQ�OLYHV�LQ�WKH�FLW\�DQG�����LQ�WKH�VXEXUEV� 7KH
GHFLPDOV�LQ [0 DGG�XS�WR���EHFDXVH�WKH\�DFFRXQW�IRU�WKH�HQWLUH�SRSXODWLRQ�RI�WKH�UHJLRQ�
3HUFHQWDJHV�DUH�PRUH�FRQYHQLHQW�IRU�RXU�SXUSRVHV�KHUH�WKDQ�SRSXODWLRQ�WRWDOV�

$ YHFWRU�ZLWK�QRQQHJDWLYH�HQWULHV�WKDW�DGG�XS�WR���LV�FDOOHG�D SUREDELOLW\�YHFWRU� $
VWRFKDVWLF�PDWUL[ LV�D�VTXDUH�PDWUL[�ZKRVH�FROXPQV�DUH�SUREDELOLW\�YHFWRUV� $0DUNRY
FKDLQ LV�D�VHTXHQFH�RI�SUREDELOLW\�YHFWRUV [0; [1; [2; : : :� WRJHWKHU�ZLWK�D�VWRFKDVWLF
PDWUL[ P � VXFK�WKDW

[1 D P [0; [2 D P [1; [3 D P [2; : : :

7KXV�WKH�0DUNRY�FKDLQ�LV�GHVFULEHG�E\�WKH�ÀUVW�RUGHU�GLIIHUHQFH�HTXDWLRQ

[kC1 D P [k IRU k D 0; 1; 2; : : :

:KHQ�D �0DUNRY�FKDLQ �RI �YHFWRUV � LQ Rn GHVFULEHV �D �V\VWHP�RU �D �VHTXHQFH�RI
H[SHULPHQWV� WKH�HQWULHV�LQ [k OLVW� UHVSHFWLYHO\� WKH�SUREDELOLWLHV�WKDW�WKH�V\VWHP�LV�LQ
HDFK�RI n SRVVLEOH�VWDWHV� RU�WKH�SUREDELOLWLHV�WKDW�WKH�RXWFRPH�RI�WKH�H[SHULPHQW�LV�RQH
RI n SRVVLEOH�RXWFRPHV� )RU�WKLV�UHDVRQ� [k LV�RIWHQ�FDOOHG�D VWDWH�YHFWRU�

6HFWLRQ������H[DPLQHG�D�PRGHO�IRU�SRSXODWLRQ�PRYHPHQW�EHWZHHQ�D
FLW\�DQG�LWV�VXEXUEV� 6HH�)LJ� �� 7KH�DQQXDO�PLJUDWLRQ�EHWZHHQ�WKHVH�WZR�SDUWV�RI�WKH
PHWURSROLWDQ�UHJLRQ�ZDV�JRYHUQHG�E\�WKH PLJUDWLRQ�PDWUL[ M �

)URP�
&LW\ 6XEXUEV 7R�

M D
"
:95
:05

:03
:97

#
&LW\
6XEXUEV

7KDW�LV� HDFK�\HDU����RI�WKH�FLW\�SRSXODWLRQ�PRYHV�WR�WKH�VXEXUEV� DQG����RI�WKH
VXEXUEDQ�SRSXODWLRQ�PRYHV�WR�WKH�FLW\� 7KH�FROXPQV�RI M DUH�SUREDELOLW\�YHFWRUV�
VR M LV�D�VWRFKDVWLF�PDWUL[� 6XSSRVH�WKH������SRSXODWLRQ�RI�WKH�UHJLRQ�LV���������LQ
WKH�FLW\�DQG���������LQ�WKH�VXEXUEV� 7KHQ�WKH�LQLWLDO�GLVWULEXWLRQ�RI�WKH�SRSXODWLRQ�LQ�WKH
UHJLRQ�LV�JLYHQ�E\ [0 LQ�����DERYH� :KDW�LV�WKH�GLVWULEXWLRQ�RI�WKH�SRSXODWLRQ�LQ�����"
,Q�����"

.03

.05
.95 .97

City Suburbs

$QQXDO�SHUFHQWDJH�PLJUDWLRQ�EHWZHHQ�FLW\�DQG�VXEXUEV�

,Q�([DPSOH���RI�6HFWLRQ������ ZH�VDZ�WKDW�DIWHU�RQH�\HDU� WKH�SRSXODWLRQ

YHFWRU
"

600;000
400;000

#
FKDQJHG�WR

"
:95 :03
:05 :97

#"
600;000
400;000

#
D
"

582;000
418;000

#



$SSOLFDWLRQV�WR�0DUNRY�&KDLQV

,I�ZH�GLYLGH�ERWK�VLGHV�RI�WKLV�HTXDWLRQ�E\�WKH�WRWDO�SRSXODWLRQ�RI�� PLOOLRQ� DQG�XVH�WKH
IDFW�WKDW kM[ D M.k[/� ZH�ÀQG�WKDW

"
:95 :03
:05 :97

#"
:600
:400

#
D
"

:582
:418

#

7KH�YHFWRU [1 D
"

:582
:418

#
JLYHV�WKH�SRSXODWLRQ�GLVWULEXWLRQ�LQ������ 7KDW�LV� ������RI

WKH�UHJLRQ�OLYHG�LQ�WKH�FLW\�DQG�������OLYHG�LQ�WKH�VXEXUEV� 6LPLODUO\� WKH�SRSXODWLRQ
GLVWULEXWLRQ�LQ������LV�GHVFULEHG�E\�D�YHFWRU [2� ZKHUH

[2 D M[1 D
"

:95 :03
:05 :97

#"
:582
:418

#
D
"

:565
:435

#

6XSSRVH�WKH�YRWLQJ�UHVXOWV�RI�D�FRQJUHVVLRQDO�HOHFWLRQ�DW�D�FHUWDLQ
YRWLQJ�SUHFLQFW�DUH�UHSUHVHQWHG�E\�D�YHFWRU [ LQ R3�

[ D

2
4
��YRWLQJ�'HPRFUDWLF��'�
��YRWLQJ�5HSXEOLFDQ��5�
��YRWLQJ�/LEHUWDULDQ��/�

3
5

6XSSRVH�ZH�UHFRUG�WKH�RXWFRPH�RI�WKH�FRQJUHVVLRQDO�HOHFWLRQ�HYHU\�WZR�\HDUV�E\�D�YHFWRU
RI�WKLV�W\SH�DQG�WKH�RXWFRPH�RI�RQH�HOHFWLRQ�GHSHQGV�RQO\�RQ�WKH�UHVXOWV�RI�WKH�SUHFHGLQJ
HOHFWLRQ� 7KHQ�WKH�VHTXHQFH�RI�YHFWRUV�WKDW�GHVFULEH�WKH�YRWHV�HYHU\�WZR�\HDUV�PD\�EH
D�0DUNRY�FKDLQ� $V�DQ�H[DPSOH�RI�D�VWRFKDVWLF�PDWUL[ P IRU�WKLV�FKDLQ� ZH�WDNH

)URP�
' 5 / 7R�

P D

2
4

:70
:20
:10

:10
:80
:10

:30
:30
:40

3
5

'
5
/

7KH�HQWULHV�LQ�WKH�ÀUVW�FROXPQ� ODEHOHG�'��GHVFULEH�ZKDW�WKH�SHUVRQV�YRWLQJ�'HPRFUDWLF
LQ�RQH�HOHFWLRQ�ZLOO�GR�LQ�WKH�QH[W�HOHFWLRQ� +HUH�ZH�KDYH�VXSSRVHG�WKDW�����ZLOO�YRWH�'
DJDLQ�LQ�WKH�QH[W�HOHFWLRQ� ����ZLOO�YRWH�5��DQG�����ZLOO�YRWH�/��6LPLODU�LQWHUSUHWDWLRQV
KROG�IRU�WKH�RWKHU�FROXPQV�RI P � $ GLDJUDP�IRU�WKLV�PDWUL[�LV�VKRZQ�LQ�)LJ� ��

Democratic
vote

Republican
vote

Libertarian
vote

.30 .30

.20

.80.70

.40

.10.10

.10

9RWLQJ�FKDQJHV�IURP�RQH�HOHFWLRQ�WR�WKH
QH[W�



9HFWRU�6SDFHV

,I�WKH�´WUDQVLWLRQµ�SHUFHQWDJHV�UHPDLQ�FRQVWDQW�RYHU�PDQ\�\HDUV�IURP�RQH�HOHFWLRQ
WR�WKH�QH[W� WKHQ�WKH�VHTXHQFH�RI�YHFWRUV�WKDW�JLYH�WKH�YRWLQJ�RXWFRPHV�IRUPV�D�0DUNRY
FKDLQ� 6XSSRVH�WKH�RXWFRPH�RI�RQH�HOHFWLRQ�LV�JLYHQ�E\

[0 D

2
4

:55
:40
:05

3
5

'HWHUPLQH�WKH�OLNHO\�RXWFRPH�RI�WKH�QH[W�HOHFWLRQ�DQG�WKH�OLNHO\�RXWFRPH�RI�WKH�HOHFWLRQ
DIWHU�WKDW�

7KH�RXWFRPH�RI�WKH�QH[W�HOHFWLRQ�LV�GHVFULEHG�E\�WKH�VWDWH�YHFWRU [1 DQG
WKDW�RI�WKH�HOHFWLRQ�DIWHU�WKDW�E\ [2� ZKHUH

[1 D P [0 D

2
4

:70 :10 :30
:20 :80 :30
:10 :10 :40

3
5
2
4

:55
:40
:05

3
5 D

2
4

:440
:445
:115

3
5

����ZLOO�YRWH�'�
������ZLOO�YRWH�5�
������ZLOO�YRWH�/�

[2 D P [1 D

2
4

:70 :10 :30
:20 :80 :30
:10 :10 :40

3
5
2
4

:440
:445
:115

3
5 D

2
4

:3870
:4785
:1345

3
5

������ZLOO�YRWH�'�
������ZLOO�YRWH�5�
������ZLOO�YRWH�/�

7R�XQGHUVWDQG�ZK\ [1 GRHV�LQGHHG�JLYH�WKH�RXWFRPH�RI�WKH�QH[W�HOHFWLRQ� VXSSRVH�����
SHUVRQV�YRWHG�LQ�WKH�´ÀUVWµ�HOHFWLRQ� ZLWK�����YRWLQJ�'������YRWLQJ�5��DQG����YRWLQJ�/�
�6HH�WKH�SHUFHQWDJHV�LQ [0�� ,Q�WKH�QH[W�HOHFWLRQ� ����RI�WKH�����ZLOO�YRWH�' DJDLQ� 10�
RI�WKH�����ZLOO�VZLWFK�IURP�5 WR�'��DQG�����RI�WKH����ZLOO�VZLWFK�IURP�/ WR�'��7KXV
WKH�WRWDO�' YRWH�ZLOO�EH

:70.550/ C :10.400/ C :30.50/ D 385 C 40 C 15 D 440 ���

7KXV�����RI�WKH�YRWH�QH[W�WLPH�ZLOO�EH�IRU�WKH�' FDQGLGDWH� 7KH�FDOFXODWLRQ�LQ�����LV
HVVHQWLDOO\�WKH�VDPH�DV�WKDW�XVHG�WR�FRPSXWH�WKH�ÀUVW�HQWU\�LQ [1� $QDORJRXV�FDOFXODWLRQV
FRXOG�EH�PDGH�IRU�WKH�RWKHU�HQWULHV�LQ [1� IRU�WKH�HQWULHV�LQ [2� DQG�VR�RQ�

3UHGLFWLQJ�WKH�'LVWDQW�)XWXUH

7KH�PRVW � LQWHUHVWLQJ�DVSHFW �RI �0DUNRY�FKDLQV� LV � WKH�VWXG\�RI �D �FKDLQ·V � ORQJ�WHUP
EHKDYLRU� )RU�LQVWDQFH� ZKDW�FDQ�EH�VDLG�LQ�([DPSOH ��DERXW�WKH�YRWLQJ�DIWHU�PDQ\
HOHFWLRQV�KDYH�SDVVHG��DVVXPLQJ�WKDW�WKH�JLYHQ�VWRFKDVWLF�PDWUL[�FRQWLQXHV�WR�GHVFULEH
WKH�WUDQVLWLRQ�SHUFHQWDJHV�IURP�RQH�HOHFWLRQ�WR�WKH�QH[W�" 2U� ZKDW�KDSSHQV�WR�WKH
SRSXODWLRQ �GLVWULEXWLRQ � LQ �([DPSOH � �´LQ � WKH � ORQJ � UXQµ" %HIRUH �DQVZHULQJ � WKHVH
TXHVWLRQV� ZH�WXUQ�WR�D�QXPHULFDO�H[DPSOH�

/HW P D

2
4

:5 :2 :3
:3 :8 :3
:2 0 :4

3
5 DQG [0 D

2
4

1
0
0

3
5� &RQVLGHU�D�V\VWHP�ZKRVH

VWDWH�LV�GHVFULEHG�E\�WKH�0DUNRY�FKDLQ [kC1 D P [k � IRU k D 0; 1; : : : :KDW�KDSSHQV�WR
WKH�V\VWHP�DV�WLPH�SDVVHV" &RPSXWH�WKH�VWDWH�YHFWRUV [1; : : : ; [15 WR�ÀQG�RXW�



$SSOLFDWLRQV�WR�0DUNRY�&KDLQV

[1 D P [0 D

2
4

:5 :2 :3
:3 :8 :3
:2 0 :4

3
5
2
4

1
0
0

3
5 D

2
4

:5
:3
:2

3
5

[2 D P [1 D

2
4

:5 :2 :3
:3 :8 :3
:2 0 :4

3
5
2
4

:5
:3
:2

3
5 D

2
4

:37
:45
:18

3
5

[3 D P [2 D

2
4

:5 :2 :3
:3 :8 :3
:2 0 :4

3
5
2
4

:37
:45
:18

3
5 D

2
4

:329
:525
:146

3
5

7KH�UHVXOWV�RI�IXUWKHU�FDOFXODWLRQV�DUH�VKRZQ�EHORZ� ZLWK�HQWULHV�URXQGHG�WR�IRXU�RU�ÀYH
VLJQLÀFDQW�ÀJXUHV�

[4 D

2
4

:3133
:5625
:1242

3
5; [5 D

2
4

:3064
:5813
:1123

3
5; [6 D

2
4

:3032
:5906
:1062

3
5; [7 D

2
4

:3016
:5953
:1031

3
5

[8 D

2
4

:3008
:5977
:1016

3
5; [9 D

2
4

:3004
:5988
:1008

3
5; [10 D

2
4

:3002
:5994
:1004

3
5; [11 D

2
4

:3001
:5997
:1002

3
5

[12 D

2
4

:30005
:59985
:10010

3
5; [13 D

2
4

:30002
:59993
:10005

3
5; [14 D

2
4

:30001
:59996
:10002

3
5; [15 D

2
4

:30001
:59998
:10001

3
5

7KHVH �YHFWRUV � VHHP� WR �EH � DSSURDFKLQJ T D

2
4

:3
:6
:1

3
5� 7KH �SUREDELOLWLHV � DUH � KDUGO\

FKDQJLQJ�IURP�RQH�YDOXH�RI k WR�WKH�QH[W� 2EVHUYH�WKDW�WKH�IROORZLQJ�FDOFXODWLRQ�LV
H[DFW��ZLWK�QR�URXQGLQJ�HUURU��

PT D

2
4

:5 :2 :3
:3 :8 :3
:2 0 :4

3
5
2
4

:3
:6
:1

3
5 D

2
64

:15 C :12 C :03

:09 C :48 C :03

:06 C 0 C :04

3
75 D

2
4

:30
:60
:10

3
5 D T

:KHQ�WKH�V\VWHP�LV�LQ�VWDWH T� WKHUH�LV�QR�FKDQJH�LQ�WKH�V\VWHP�IURP�RQH�PHDVXUHPHQW
WR�WKH�QH[W�

6WHDG\�6WDWH�9HFWRUV
,I P LV�D�VWRFKDVWLF�PDWUL[� WKHQ�D VWHDG\�VWDWH�YHFWRU �RU HTXLOLEULXP�YHFWRU��IRU P LV
D�SUREDELOLW\�YHFWRU T VXFK�WKDW

PT D T

,W�FDQ�EH�VKRZQ�WKDW�HYHU\�VWRFKDVWLF�PDWUL[�KDV�D�VWHDG\�VWDWH�YHFWRU� ,Q�([DPSOH��� T
LV�D�VWHDG\�VWDWH�YHFWRU�IRU P �

7KH�SUREDELOLW\�YHFWRU T D
"

:375
:625

#
LV�D�VWHDG\�VWDWH�YHFWRU�IRU�WKH

SRSXODWLRQ�PLJUDWLRQ�PDWUL[ M LQ�([DPSOH �� EHFDXVH

MT D
"

:95 :03
:05 :97

#"
:375
:625

#
D
"

:35625 C :01875
:01875 C :60625

#
D
"

:375
:625

#
D T



9HFWRU�6SDFHV

,I�WKH�WRWDO�SRSXODWLRQ�RI�WKH�PHWURSROLWDQ�UHJLRQ�LQ�([DPSOH���LV���PLOOLRQ� WKHQ
T IURP�([DPSOH���ZRXOG�FRUUHVSRQG�WR�KDYLQJ���������SHUVRQV�LQ�WKH�FLW\�DQG��������
LQ � WKH �VXEXUEV� $W � WKH �HQG �RI �RQH �\HDU� WKH �PLJUDWLRQ RXW �RI WKH �FLW\ �ZRXOG �EH
.:05/.375;000/ D 18;750 SHUVRQV� DQG�WKH�PLJUDWLRQ LQWR WKH�FLW\�IURP�WKH�VXEXUEV
ZRXOG�EH .:03/.625;000/ D 18;750 SHUVRQV� $V�D�UHVXOW� WKH�SRSXODWLRQ�LQ�WKH�FLW\�ZRXOG
UHPDLQ�WKH�VDPH� 6LPLODUO\� WKH�VXEXUEDQ�SRSXODWLRQ�ZRXOG�EH�VWDEOH�

7KH�QH[W�H[DPSOH�VKRZV�KRZ�WR ÀQG D�VWHDG\�VWDWH�YHFWRU�

/HW P D
"

:6 :3
:4 :7

#
� )LQG�D�VWHDG\�VWDWH�YHFWRU�IRU P �

)LUVW� VROYH�WKH�HTXDWLRQ P [ D [�

P [ ! [ D �
P [ ! I[ D � 5HFDOO�IURP�6HFWLRQ�����WKDW I[ D [�
.P ! I /[ D �

)RU P DV�DERYH�

P ! I D
"

:6 :3
:4 :7

#
!
"

1 0
0 1

#
D
"

!:4 :3
:4 !:3

#

7R�ÀQG�DOO�VROXWLRQV�RI .P ! I /[ D �� URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�
"

!:4 :3 0
:4 !:3 0

#
&
"

!:4 :3 0
0 0 0

#
&
"

1 !3=4 0
0 0 0

#

7KHQ x1 D 3
4
x2 DQG x2 LV�IUHH� 7KH�JHQHUDO�VROXWLRQ�LV x2

"
3=4
1

#
�

1H[W� FKRRVH�D�VLPSOH�EDVLV�IRU�WKH�VROXWLRQ�VSDFH� 2QH�REYLRXV�FKRLFH�LV
"

3=4
1

#

EXW�D�EHWWHU�FKRLFH�ZLWK�QR�IUDFWLRQV�LV Z D
"

3
4

#
�FRUUHVSRQGLQJ�WR x2 D 4/�

)LQDOO\� ÀQG�D�SUREDELOLW\�YHFWRU�LQ�WKH�VHW�RI�DOO�VROXWLRQV�RI P [ D [� 7KLV�SURFHVV
LV�HDV\� VLQFH�HYHU\�VROXWLRQ�LV�D�PXOWLSOH�RI�WKH�VROXWLRQ Z DERYH� 'LYLGH Z E\�WKH�VXP
RI�LWV�HQWULHV�DQG�REWDLQ

T D
"

3=7
4=7

#

$V�D�FKHFN� FRPSXWH

PT D
"

6=10 3=10
4=10 7=10

#"
3=7
4=7

#
D
"

18=70 C 12=70
12=70 C 28=70

#
D
"

30=70
40=70

#
D T

7KH�QH[W�WKHRUHP�VKRZV�WKDW�ZKDW�KDSSHQHG�LQ�([DPSOH ��LV�W\SLFDO�RI�PDQ\
VWRFKDVWLF�PDWULFHV� :H�VD\�WKDW�D�VWRFKDVWLF�PDWUL[�LV UHJXODU LI�VRPH�PDWUL[�SRZHU
P k FRQWDLQV�RQO\�VWULFWO\�SRVLWLYH�HQWULHV� )RU P LQ�([DPSOH ��

P 2 D

2
4

:37 :26 :33
:45 :70 :45
:18 :04 :22

3
5

6LQFH�HYHU\�HQWU\�LQ P 2 LV�VWULFWO\�SRVLWLYH� P LV�D�UHJXODU�VWRFKDVWLF�PDWUL[�
$OVR� ZH�VD\�WKDW�D�VHTXHQFH�RI�YHFWRUV f[k W k D 1; 2; : : :g FRQYHUJHV WR�D�YHFWRU

T DV k ! 1 LI�WKH�HQWULHV�LQ [k FDQ�EH�PDGH�DV�FORVH�DV�GHVLUHG�WR�WKH�FRUUHVSRQGLQJ
HQWULHV�LQ T E\�WDNLQJ k VXIÀFLHQWO\�ODUJH�



$SSOLFDWLRQV�WR�0DUNRY�&KDLQV

,I P LV�DQ n % n UHJXODU�VWRFKDVWLF�PDWUL[� WKHQ P KDV�D�XQLTXH�VWHDG\�VWDWH�YHFWRU
T� )XUWKHU� LI [0 LV�DQ\�LQLWLDO�VWDWH�DQG [kC1 D P [k IRU k D 0; 1; 2; : : : ; WKHQ�WKH
0DUNRY�FKDLQ f[kg FRQYHUJHV�WR T DV k ! 1�

7KLV�WKHRUHP�LV�SURYHG�LQ�VWDQGDUG�WH[WV�RQ�0DUNRY�FKDLQV� 7KH�DPD]LQJ�SDUW�RI
WKH�WKHRUHP�LV�WKDW�WKH�LQLWLDO�VWDWH�KDV�QR�HIIHFW�RQ�WKH�ORQJ�WHUP�EHKDYLRU�RI�WKH�0DUNRY
FKDLQ� <RX�ZLOO�VHH�ODWHU��LQ�6HFWLRQ������ZK\�WKLV�LV�WUXH�IRU�VHYHUDO�VWRFKDVWLF�PDWULFHV
VWXGLHG�KHUH�

,Q�([DPSOH��� ZKDW�SHUFHQWDJH�RI�WKH�YRWHUV�DUH�OLNHO\�WR�YRWH�IRU�WKH
5HSXEOLFDQ�FDQGLGDWH�LQ�VRPH�HOHFWLRQ�PDQ\�\HDUV�IURP�QRZ� DVVXPLQJ�WKDW�WKH�HOHFWLRQ
RXWFRPHV�IRUP�D�0DUNRY�FKDLQ"

)RU�FRPSXWDWLRQV�E\�KDQG� WKH ZURQJ DSSURDFK�LV�WR�SLFN�VRPH�LQLWLDO
YHFWRU [0 DQG�FRPSXWH [1; : : : ; [k IRU�VRPH�ODUJH�YDOXH�RI k� <RX�KDYH�QR�ZD\�RI
NQRZLQJ�KRZ�PDQ\�YHFWRUV�WR�FRPSXWH� DQG�\RX�FDQQRW�EH�VXUH�RI�WKH�OLPLWLQJ�YDOXHV
RI�WKH�HQWULHV�LQ [k �

7KH�FRUUHFW�DSSURDFK�LV�WR�FRPSXWH�WKH�VWHDG\�VWDWH�YHFWRU�DQG�WKHQ�DSSHDO�WR
7KHRUHP ��� *LYHQP DV�LQ�([DPSOH �� IRUPP ! I E\�VXEWUDFWLQJ���IURP�HDFK�GLDJRQDO
HQWU\�LQ P � 7KHQ�URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�

Œ .P ! I / � ! D

2
4

!:3 :1 :3 0
:2 !:2 :3 0
:1 :1 !:6 0

3
5

5HFDOO�IURP�HDUOLHU�ZRUN�ZLWK�GHFLPDOV�WKDW�WKH�DULWKPHWLF�LV�VLPSOLÀHG�E\�PXOWLSO\LQJ
HDFK�URZ�E\����ñ

2
4

!3 1 3 0
2 !2 3 0
1 1 !6 0

3
5 &

2
4

1 0 !9=4 0
0 1 !15=4 0
0 0 0 0

3
5

7KH�JHQHUDO�VROXWLRQ�RI .P ! I /[ D � LV x1 D 9
4
x3; x2 D 15

4
x3� DQG x3 LV�IUHH� &KRRVLQJ

x3 D 4� ZH�REWDLQ�D�EDVLV�IRU�WKH�VROXWLRQ�VSDFH�ZKRVH�HQWULHV�DUH�LQWHJHUV� DQG�IURP
WKLV�ZH�HDVLO\�ÀQG�WKH�VWHDG\�VWDWH�YHFWRU�ZKRVH�HQWULHV�VXP�WR���

Z D

2
4

9
15
4

3
5; DQG T D

2
4

9=28
15=28
4=28

3
5 '

2
4

:32
:54
:14

3
5

7KH�HQWULHV�LQ T GHVFULEH�WKH�GLVWULEXWLRQ�RI�YRWHV�DW�DQ�HOHFWLRQ�WR�EH�KHOG�PDQ\�\HDUV
IURP�QRZ��DVVXPLQJ�WKH�VWRFKDVWLF�PDWUL[�FRQWLQXHV�WR�GHVFULEH�WKH�FKDQJHV�IURP�RQH
HOHFWLRQ�WR�WKH�QH[W�� 7KXV� HYHQWXDOO\� DERXW 54� RI�WKH�YRWH�ZLOO�EH�IRU�WKH�5HSXEOLFDQ
FDQGLGDWH�

ñ:DUQLQJ� 'RQ·W�PXOWLSO\�RQO\ P E\���� ,QVWHDG� PXOWLSO\�WKH�DXJPHQWHG�PDWUL[�IRU�HTXDWLRQ
.P ! I /[ D � E\����



9HFWRU�6SDFHV

<RX�PD\�KDYH�QRWLFHG�WKDW�LI [kC1 D P [k IRU k D 0; 1; : : : ; WKHQ

[2 D P [1 D P.P [0/ D P 2[0;

DQG� LQ�JHQHUDO� [k D P k[0 IRU k D 0; 1; : : :

7R�FRPSXWH�D�VSHFLÀF�YHFWRU�VXFK�DV [3� IHZHU�DULWKPHWLF�RSHUDWLRQV�DUH�QHHGHG
WR�FRPSXWH [1� [2� DQG [3� UDWKHU�WKDQ P 3 DQG P 3[0� +RZHYHU� LI P LV�VPDOO³VD\�
30 % 30³WKH�PDFKLQH�FRPSXWDWLRQ�WLPH�LV�LQVLJQLÀFDQW�IRU�ERWK�PHWKRGV� DQG�D
FRPPDQG�WR�FRPSXWH P 3[0 PLJKW�EH�SUHIHUUHG�EHFDXVH�LW�UHTXLUHV�IHZHU�KXPDQ
NH\VWURNHV�

�� 6XSSRVH�WKH�UHVLGHQWV�RI�D�PHWURSROLWDQ�UHJLRQ�PRYH�DFFRUGLQJ�WR�WKH�SUREDELOLWLHV
LQ�WKH�PLJUDWLRQ�PDWUL[ M LQ�([DPSOH���DQG�D�UHVLGHQW�LV�FKRVHQ�´DW�UDQGRP�µ 7KHQ
D�VWDWH�YHFWRU�IRU�D�FHUWDLQ�\HDU�PD\�EH�LQWHUSUHWHG�DV�JLYLQJ�WKH�SUREDELOLWLHV�WKDW�WKH
SHUVRQ�LV�D�FLW\�UHVLGHQW�RU�D�VXEXUEDQ�UHVLGHQW�DW�WKDW�WLPH�

D� 6XSSRVH�WKH�SHUVRQ�FKRVHQ�LV�D�FLW\�UHVLGHQW�QRZ� VR�WKDW [0 D
"

1
0

#
� :KDW�LV�WKH

OLNHOLKRRG�WKDW�WKH�SHUVRQ�ZLOO�OLYH�LQ�WKH�VXEXUEV�QH[W�\HDU"
E� :KDW�LV�WKH�OLNHOLKRRG�WKDW�WKH�SHUVRQ�ZLOO�EH�OLYLQJ�LQ�WKH�VXEXUEV�LQ�WZR�\HDUV"

�� /HW P D
"

:6 :2
:4 :8

#
DQG T D

"
:3
:7

#
� ,V T D�VWHDG\�VWDWH�YHFWRU�IRU P "

�� :KDW�SHUFHQWDJH�RI�WKH�SRSXODWLRQ�LQ�([DPSOH ��ZLOO�OLYH�LQ�WKH�VXEXUEV�DIWHU�PDQ\
\HDUV"

�� $ VPDOO�UHPRWH�YLOODJH�UHFHLYHV�UDGLR�EURDGFDVWV�IURP�WZR
UDGLR�VWDWLRQV� D�QHZV�VWDWLRQ�DQG�D�PXVLF�VWDWLRQ� 2I�WKH
OLVWHQHUV�ZKR�DUH�WXQHG�WR�WKH�QHZV�VWDWLRQ� ����ZLOO�UHPDLQ
OLVWHQLQJ�WR�WKH�QHZV�DIWHU�WKH�VWDWLRQ�EUHDN�WKDW�RFFXUV�HDFK
KDOI�KRXU� ZKLOH�����ZLOO�VZLWFK�WR�WKH�PXVLF�VWDWLRQ�DW�WKH
VWDWLRQ�EUHDN� 2I�WKH�OLVWHQHUV�ZKR�DUH�WXQHG�WR�WKH�PXVLF
VWDWLRQ� ����ZLOO�VZLWFK�WR�WKH�QHZV�VWDWLRQ�DW�WKH�VWDWLRQ
EUHDN� ZKLOH�����ZLOO�UHPDLQ�OLVWHQLQJ�WR�WKH�PXVLF� 6XSSRVH
HYHU\RQH�LV�OLVWHQLQJ�WR�WKH�QHZV�DW����� $�0�
D� *LYH�WKH�VWRFKDVWLF�PDWUL[�WKDW�GHVFULEHV�KRZ�WKH�UDGLR

OLVWHQHUV�WHQG�WR�FKDQJH�VWDWLRQV�DW�HDFK�VWDWLRQ�EUHDN�
/DEHO�WKH�URZV�DQG�FROXPQV�

E� *LYH�WKH�LQLWLDO�VWDWH�YHFWRU�
F� :KDW�SHUFHQWDJH�RI�WKH�OLVWHQHUV�ZLOO�EH�OLVWHQLQJ�WR�WKH

PXVLF�VWDWLRQ�DW����� $�0� �DIWHU�WKH�VWDWLRQ�EUHDNV�DW�����
DQG����� $�0��"

�� $ ODERUDWRU\�DQLPDO�PD\�HDW�DQ\�RQH�RI�WKUHH�IRRGV�HDFK�GD\�
/DERUDWRU\�UHFRUGV�VKRZ�WKDW�LI�WKH�DQLPDO�FKRRVHV�RQH�IRRG
RQ�RQH�WULDO� LW�ZLOO�FKRRVH�WKH�VDPH�IRRG�RQ�WKH�QH[W�WULDO

ZLWK�D�SUREDELOLW\�RI����� DQG�LW�ZLOO�FKRRVH�WKH�RWKHU�IRRGV
RQ�WKH�QH[W�WULDO�ZLWK�HTXDO�SUREDELOLWLHV�RI�����
D� :KDW�LV�WKH�VWRFKDVWLF�PDWUL[�IRU�WKLV�VLWXDWLRQ"
E� ,I�WKH�DQLPDO�FKRRVHV�IRRG����RQ�DQ�LQLWLDO�WULDO� ZKDW�LV

WKH�SUREDELOLW\�WKDW�LW�ZLOO�FKRRVH�IRRG����RQ�WKH�VHFRQG
WULDO�DIWHU�WKH�LQLWLDO�WULDO"

�� 2Q�DQ\�JLYHQ�GD\� D �VWXGHQW � LV �HLWKHU �KHDOWK\�RU � LOO� 2I
WKH�VWXGHQWV �ZKR�DUH �KHDOWK\� WRGD\� ����ZLOO �EH�KHDOWK\



$SSOLFDWLRQV�WR�0DUNRY�&KDLQV

WRPRUURZ� 2I�WKH�VWXGHQWV�ZKR�DUH�LOO�WRGD\� ����ZLOO�VWLOO
EH�LOO�WRPRUURZ�
D� :KDW�LV�WKH�VWRFKDVWLF�PDWUL[�IRU�WKLV�VLWXDWLRQ"
E� 6XSSRVH�����RI�WKH�VWXGHQWV�DUH�LOO�RQ�0RQGD\� :KDW

IUDFWLRQ�RU�SHUFHQWDJH�RI�WKH�VWXGHQWV�DUH�OLNHO\�WR�EH�LOO
RQ�7XHVGD\" 2Q�:HGQHVGD\"

F� ,I�D�VWXGHQW�LV�KHDOWK\�WRGD\� ZKDW�LV�WKH�SUREDELOLW\�WKDW
KH�RU�VKH�ZLOO�EH�KHDOWK\�WZR�GD\V�IURP�QRZ"

�� 7KH�ZHDWKHU�LQ�&ROXPEXV�LV�HLWKHU�JRRG� LQGLIIHUHQW� RU�EDG
RQ�DQ\�JLYHQ�GD\� ,I�WKH�ZHDWKHU�LV�JRRG�WRGD\� WKHUH�LV�D
����FKDQFH�LW�ZLOO�EH�JRRG�WRPRUURZ� D�����FKDQFH�LW�ZLOO
EH�LQGLIIHUHQW� DQG�D�����FKDQFH�LW�ZLOO�EH�EDG� ,I�WKH�ZHDWKHU
LV�LQGLIIHUHQW�WRGD\� WKHUH�LV�D�����FKDQFH�LW�ZLOO�EH�JRRG
WRPRUURZ� DQG�D�����FKDQFH�LW�ZLOO�EH�LQGLIIHUHQW� )LQDOO\�
LI�WKH�ZHDWKHU�LV�EDG�WRGD\� WKHUH�LV�D�����FKDQFH�LW�ZLOO�EH
JRRG�WRPRUURZ�DQG�D�����FKDQFH�LW�ZLOO�EH�LQGLIIHUHQW�
D� :KDW�LV�WKH�VWRFKDVWLF�PDWUL[�IRU�WKLV�VLWXDWLRQ"
E� 6XSSRVH�WKHUH�LV�D�����FKDQFH�RI�JRRG�ZHDWKHU�WRGD\

DQG�D�����FKDQFH�RI�LQGLIIHUHQW�ZHDWKHU� :KDW�DUH�WKH
FKDQFHV�RI�EDG�ZHDWKHU�WRPRUURZ"

F� 6XSSRVH�WKH�SUHGLFWHG�ZHDWKHU�IRU�0RQGD\�LV�����LQ�
GLIIHUHQW�ZHDWKHU�DQG�����EDG�ZHDWKHU� :KDW�DUH�WKH
FKDQFHV�IRU�JRRG�ZHDWKHU�RQ�:HGQHVGD\"

,Q�([HUFLVHV��²�� ÀQG�WKH�VWHDG\�VWDWH�YHFWRU�

��
"

:1 :5
:9 :5

#
��

"
:4 :8
:6 :2

#

��

2
4

:7 :1 :1
:2 :8 :2
:1 :1 :7

3
5 ��

2
4

:4 :5 :8
0 :5 :1
:6 0 :1

3
5

�� 'HWHUPLQH�LI P D
"
:2 1
:8 0

#
LV�D�UHJXODU�VWRFKDVWLF�PDWUL[�

��� 'HWHUPLQH�LI P D
"

1 :3
0 :7

#
LV�D�UHJXODU�VWRFKDVWLF�PDWUL[�

��� D� )LQG � WKH � VWHDG\�VWDWH �YHFWRU � IRU � WKH �0DUNRY �FKDLQ � LQ
([HUFLVH ��

E� $W�VRPH�WLPH�ODWH�LQ�WKH�GD\� ZKDW�IUDFWLRQ�RI�WKH�OLVWHQHUV
ZLOO�EH�OLVWHQLQJ�WR�WKH�QHZV"

��� 5HIHU�WR�([HUFLVH��� :KLFK�IRRG�ZLOO�WKH�DQLPDO�SUHIHU�DIWHU
PDQ\�WULDOV"

��� D� )LQG � WKH � VWHDG\�VWDWH �YHFWRU � IRU � WKH �0DUNRY �FKDLQ � LQ
([HUFLVH ��

E� :KDW�LV�WKH�SUREDELOLW\�WKDW�DIWHU�PDQ\�GD\V�D�VSHFLÀF
VWXGHQW�LV�LOO" 'RHV�LW�PDWWHU�LI�WKDW�SHUVRQ�LV�LOO�WRGD\"

��� 5HIHU�WR�([HUFLVH��� ,Q�WKH�ORQJ�UXQ� KRZ�OLNHO\�LV�LW�IRU�WKH
ZHDWKHU�LQ�&ROXPEXV�WR�EH�JRRG�RQ�D�JLYHQ�GD\"

��� >0@ 7KH�'HPRJUDSKLF�5HVHDUFK�8QLW�RI�WKH�&DOLIRUQLD�6WDWH
'HSDUWPHQW�RI�)LQDQFH�VXSSOLHG�GDWD�IRU�WKH�IROORZLQJ�PL�
JUDWLRQ�PDWUL[� ZKLFK�GHVFULEHV�WKH�PRYHPHQW�RI�WKH�8QLWHG
6WDWHV�SRSXODWLRQ�GXULQJ������ ,Q������ DERXW�������RI�WKH

WRWDO�SRSXODWLRQ�OLYHG�LQ�&DOLIRUQLD� :KDW�SHUFHQWDJH�RI�WKH
WRWDO�SRSXODWLRQ�ZRXOG�HYHQWXDOO\�OLYH�LQ�&DOLIRUQLD�LI�WKH
OLVWHG�PLJUDWLRQ�SUREDELOLWLHV�ZHUH�WR�UHPDLQ�FRQVWDQW�RYHU
PDQ\�\HDUV"

)URP�
&$ 5HVW�RI�8�6� 7R�"
:9821
:0179

:0029
:9971

#
&DOLIRUQLD
5HVW�RI�8�6�

��� >0@ ,Q�'HWURLW� +HUW]�5HQW�$ &DU�KDV�D�ÁHHW�RI�DERXW�����
FDUV� 7KH�SDWWHUQ�RI�UHQWDO�DQG�UHWXUQ�ORFDWLRQV�LV�JLYHQ�E\
WKH�IUDFWLRQV�LQ�WKH�WDEOH�EHORZ� 2Q�D�W\SLFDO�GD\� DERXW�KRZ
PDQ\�FDUV�ZLOO�EH�UHQWHG�RU�UHDG\�WR�UHQW�IURP�WKH�GRZQWRZQ
ORFDWLRQ"

&DUV�5HQWHG�IURP�
&LW\ 'RZQ� 0HWUR

$LUSRUW WRZQ $LUSRUW 5HWXUQHG�WR�2
4

:90
:01
:09

:01
:90
:09

:09
:01
:90

3
5

&LW\�$LUSRUW
'RZQWRZQ
0HWUR�$LUSRUW

��� /HWP EH�DQ n % n VWRFKDVWLF�PDWUL[� 7KH�IROORZLQJ�DUJXPHQW
VKRZV�WKDW�WKH�HTXDWLRQP [ D [ KDV�D�QRQWULYLDO�VROXWLRQ� �,Q
IDFW� D�VWHDG\�VWDWH�VROXWLRQ�H[LVWV�ZLWK�QRQQHJDWLYH�HQWULHV�
$ SURRI � LV �JLYHQ � LQ � VRPH�DGYDQFHG � WH[WV�� -XVWLI\ �HDFK
DVVHUWLRQ�EHORZ� �0HQWLRQ�D�WKHRUHP�ZKHQ�DSSURSULDWH��
D� ,I�DOO�WKH�RWKHU�URZV�RI P ! I DUH�DGGHG�WR�WKH�ERWWRP

URZ� WKH�UHVXOW�LV�D�URZ�RI�]HURV�
E� 7KH�URZV�RI P ! I DUH�OLQHDUO\�GHSHQGHQW�
F� 7KH�GLPHQVLRQ�RI�WKH�URZ�VSDFH�RI P ! I LV�OHVV�WKDQ n�
G� P ! I KDV�D�QRQWULYLDO�QXOO�VSDFH�

��� 6KRZ�WKDW �HYHU\ 2 % 2 VWRFKDVWLF �PDWUL[ �KDV �DW � OHDVW �RQH
VWHDG\�VWDWH�YHFWRU� $Q\�VXFK�PDWUL[�FDQ�EH�ZULWWHQ�LQ�WKH

IRUP P D
"

1 ! ˛ ˇ
˛ 1 ! ˇ

#
� ZKHUH ˛ DQG ˇ DUH�FRQVWDQWV

EHWZHHQ���DQG��� �7KHUH�DUH�WZR�OLQHDUO\�LQGHSHQGHQW�VWHDG\�
VWDWH�YHFWRUV�LI ˛ D ˇ D 0� 2WKHUZLVH� WKHUH�LV�RQO\�RQH��

��� /HW S EH�WKH 1 % n URZ�PDWUL[�ZLWK�D���LQ�HDFK�FROXPQ�
S D Œ 1 1 # # # 1 !

D� ([SODLQ�ZK\�D�YHFWRU [ LQRn LV�D�SUREDELOLW\�YHFWRU�LI�DQG
RQO\�LI�LWV�HQWULHV�DUH�QRQQHJDWLYH�DQG S[ D 1� �$ 1 % 1
PDWUL[�VXFK�DV�WKH�SURGXFW S[ LV�XVXDOO\�ZULWWHQ�ZLWKRXW
WKH�PDWUL[�EUDFNHW�V\PEROV��

E� /HW P EH � DQ n % n VWRFKDVWLF �PDWUL[� ([SODLQ �ZK\
SP D S �

F� /HW P EH �DQ n % n VWRFKDVWLF �PDWUL[� DQG � OHW [ EH �D
SUREDELOLW\�YHFWRU� 6KRZ�WKDW P [ LV�DOVR�D�SUREDELOLW\
YHFWRU�

��� 8VH�([HUFLVH����WR�VKRZ�WKDW�LI P LV�DQ n % n VWRFKDVWLF
PDWUL[� WKHQ�VR�LV P 2�



9HFWRU�6SDFHV

��� >0@ ([DPLQH�SRZHUV�RI�D�UHJXODU�VWRFKDVWLF�PDWUL[�
D� &RPSXWH P k IRU k D 2; 3; 4; 5� ZKHQ

P D

2
664

:3355 :3682 :3067 :0389
:2663 :2723 :3277 :5451
:1935 :1502 :1589 :2395
:2047 :2093 :2067 :1765

3
775

'LVSOD\�FDOFXODWLRQV�WR�IRXU�GHFLPDO�SODFHV� :KDW�KDS�
SHQV�WR�WKH�FROXPQV�RI P k DV k LQFUHDVHV" &RPSXWH�WKH
VWHDG\�VWDWH�YHFWRU�IRU P �

E� &RPSXWH Qk IRU k D 10; 20; : : : ; 80� ZKHQ

Q D

2
4

:97 :05 :10
0 :90 :05

:03 :05 :85

3
5

�6WDELOLW\ � IRU Qk WR � IRXU �GHFLPDO �SODFHV �PD\ � UHTXLUH
k D 116 RU�PRUH�� &RPSXWH�WKH�VWHDG\�VWDWH�YHFWRU�IRU

Q� &RQMHFWXUH�ZKDW�PLJKW�EH�WUXH�IRU�DQ\�UHJXODU�VWRFKDV�
WLF�PDWUL[�

F� 8VH�7KHRUHP����WR�H[SODLQ�ZKDW�\RX�IRXQG�LQ�SDUWV��D�
DQG��E��

��� >0@ &RPSDUH�WZR�PHWKRGV�IRU�ÀQGLQJ�WKH�VWHDG\�VWDWH�YHFWRU
T RI�D�UHJXODU�VWRFKDVWLF�PDWUL[ P � ����FRPSXWLQJ T DV�LQ
([DPSOH��� RU�����FRPSXWLQJ P k IRU�VRPH�ODUJH�YDOXH�RI k
DQG�XVLQJ�RQH�RI�WKH�FROXPQV�RI P k DV�DQ�DSSUR[LPDWLRQ�IRU
T� >7KH 6WXG\�*XLGH GHVFULEHV�D�SURJUDP QXOEDVLV WKDW�DOPRVW
DXWRPDWHV�PHWKRG�����@

([SHULPHQW�ZLWK�WKH�ODUJHVW�UDQGRP�VWRFKDVWLF�PDWULFHV
\RXU�PDWUL[�SURJUDP�ZLOO�DOORZ� DQG�XVH k D 100 RU�VRPH
RWKHU�ODUJH�YDOXH� )RU�HDFK�PHWKRG� GHVFULEH�WKH�WLPH \RX
QHHG�WR�HQWHU�WKH�NH\VWURNHV�DQG�UXQ�\RXU�SURJUDP� �6RPH
YHUVLRQV �RI �0$7/$% KDYH �FRPPDQGV IORSV DQG WLF
: : :WRF WKDW�UHFRUG�WKH�QXPEHU�RI�ÁRDWLQJ�SRLQW�RSHUDWLRQV
DQG�WKH�WRWDO �HODSVHG�WLPH�0$7/$% XVHV�� &RQWUDVW � WKH
DGYDQWDJHV�RI�HDFK�PHWKRG� DQG�VWDWH�ZKLFK�\RX�SUHIHU�

�� D� 6LQFH����RI�WKH�FLW\�UHVLGHQWV�ZLOO�PRYH�WR�WKH�VXEXUEV�ZLWKLQ�RQH�\HDU� WKHUH�LV
D����FKDQFH�RI�FKRRVLQJ�VXFK�D�SHUVRQ� :LWKRXW�IXUWKHU�NQRZOHGJH�DERXW�WKH
SHUVRQ� ZH�VD\�WKDW�WKHUH�LV�D����FKDQFH�WKH�SHUVRQ�ZLOO�PRYH�WR�WKH�VXEXUEV�
7KLV�IDFW�LV�FRQWDLQHG�LQ�WKH�VHFRQG�HQWU\�RI�WKH�VWDWH�YHFWRU [1� ZKHUH

[1 D M[0 D
"

:95 :03
:05 :97

#"
1
0

#
D
"

:95
:05

#

E� 7KH�OLNHOLKRRG�WKDW�WKH�SHUVRQ�ZLOO�EH�OLYLQJ�LQ�WKH�VXEXUEV�DIWHU�WZR�\HDUV�LV
����� EHFDXVH

[2 D M[1 D
"

:95 :03
:05 :97

#"
:95
:05

#
D
"

:904
:096

#

�� 7KH�VWHDG\�VWDWH�YHFWRU�VDWLVÀHV P [ D [� 6LQFH

PT D
"

:6 :2
:4 :8

#"
:3
:7

#
D
"

:32
:68

#
¤ T

ZH�FRQFOXGH�WKDW T LV QRW WKH�VWHDG\�VWDWH�YHFWRU�IRU P �
�� M LQ�([DPSOH���LV�D�UHJXODU�VWRFKDVWLF�PDWUL[�EHFDXVH�LWV�HQWULHV�DUH�DOO�VWULFWO\

SRVLWLYH� 6R�ZH�PD\�XVH�7KHRUHP ��� :H�DOUHDG\�NQRZ�WKH�VWHDG\�VWDWH�YHFWRU
IURP�([DPSOH �� 7KXV�WKH�SRSXODWLRQ�GLVWULEXWLRQ�YHFWRUV [k FRQYHUJH�WR

T D
"

:375
:625

#

(YHQWXDOO\�������RI�WKH�SRSXODWLRQ�ZLOO�OLYH�LQ�WKH�VXEXUEV�WEB

�� 0DUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�
�,I�WUXH� FLWH�DSSURSULDWH�IDFWV�RU�WKHRUHPV� ,I�IDOVH� H[SODLQ
ZK\�RU�JLYH�D�FRXQWHUH[DPSOH�WKDW�VKRZV�ZK\�WKH�VWDWHPHQW
LV�QRW�WUXH�LQ�HYHU\�FDVH�� ,Q�SDUWV��D�²�I�� Y1; : : : ; Yp DUH

YHFWRUV�LQ�D�QRQ]HUR�ÀQLWH�GLPHQVLRQDO�YHFWRU�VSDFH V � DQG
S D fY1; : : : ; Ypg�
D� 7KH�VHW�RI�DOO�OLQHDU�FRPELQDWLRQV�RI Y1; : : : ; Yp LV�D�YHFWRU

VSDFH�



&KDSWHU���6XSSOHPHQWDU\�([HUFLVHV

E� ,I fY1; : : : ; Yp"1g VSDQV V � WKHQ S VSDQV V �
F� ,I fY1; : : : ; Yp"1g LV�OLQHDUO\�LQGHSHQGHQW� WKHQ�VR�LV S �
G� ,I S LV�OLQHDUO\�LQGHSHQGHQW� WKHQ S LV�D�EDVLV�IRU V �
H� ,I 6SDQS D V � WKHQ�VRPH�VXEVHW�RI S LV�D�EDVLV�IRU V �
I� ,I GLPV D p DQG 6SDQS D V � WKHQS FDQQRW�EH�OLQHDUO\

GHSHQGHQW�
J� $ SODQH�LQ R3 LV�D�WZR�GLPHQVLRQDO�VXEVSDFH�
K� 7KH�QRQSLYRW�FROXPQV�RI�D�PDWUL[�DUH�DOZD\V�OLQHDUO\

GHSHQGHQW�
L� 5RZ�RSHUDWLRQV�RQ�D�PDWUL[ A FDQ�FKDQJH�WKH�OLQHDU

GHSHQGHQFH�UHODWLRQV�DPRQJ�WKH�URZV�RI A�
M� 5RZ�RSHUDWLRQV�RQ�D�PDWUL[�FDQ�FKDQJH�WKH�QXOO�VSDFH�
N� 7KH�UDQN�RI�D�PDWUL[�HTXDOV�WKH�QXPEHU�RI�QRQ]HUR�URZV�
O� ,I�DQm % nPDWUL[A LV�URZ�HTXLYDOHQW�WR�DQ�HFKHORQ�PD�

WUL[ U DQG�LI U KDV k QRQ]HUR�URZV� WKHQ�WKH�GLPHQVLRQ
RI�WKH�VROXWLRQ�VSDFH�RI A[ D � LV m ! k�

P� ,I B LV�REWDLQHG�IURP�D�PDWUL[ A E\�VHYHUDO�HOHPHQWDU\
URZ�RSHUDWLRQV� WKHQ UDQNB D UDQNA�

Q� 7KH�QRQ]HUR�URZV�RI�D�PDWUL[ A IRUP�D�EDVLV�IRU 5RZA�
R� ,I�PDWULFHVA DQGB KDYH�WKH�VDPH�UHGXFHG�HFKHORQ�IRUP�

WKHQ 5RZA D 5RZB �
S� ,I H LV�D�VXEVSDFH�RI R3� WKHQ�WKHUH�LV�D 3 % 3 PDWUL[ A

VXFK�WKDW H D &ROA�
T� ,I A LV m % n DQG UDQNA D m� WKHQ�WKH�OLQHDU�WUDQVIRU�

PDWLRQ [ 7! A[ LV�RQH�WR�RQH�
U� ,I A LV m % n DQG�WKH�OLQHDU�WUDQVIRUPDWLRQ [ 7! A[ LV

RQWR� WKHQ UDQNA D m�
V� $ FKDQJH�RI�FRRUGLQDWHV�PDWUL[�LV�DOZD\V�LQYHUWLEOH�
W� ,I B D fE1; : : : ; Eng DQG C D fF1; : : : ; Fng DUH�EDVHV�IRU�D

YHFWRU�VSDFH V � WKHQ�WKH j WK�FROXPQ�RI�WKH�FKDQJH�RI�
FRRUGLQDWHV�PDWUL[ P

C B LV�WKH�FRRUGLQDWH�YHFWRU ŒFj !B�

�� )LQG�D�EDVLV�IRU�WKH�VHW�RI�DOO�YHFWRUV�RI�WKH�IRUP2
664

a ! 2b C 5c
2a C 5b ! 8c
!a ! 4b C 7c

3a C b C c
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�� /HW X1 D

2
4

!2
4

!6

3
5� X2 D

2
4

1
2

!5

3
5� E D

2
4

b1

b2

b3

3
5� DQG

W D 6SDQ fX1;X2g� )LQG�DQ LPSOLFLW GHVFULSWLRQ�RI W � WKDW
LV� ÀQG�D�VHW�RI�RQH�RU�PRUH�KRPRJHQHRXV�HTXDWLRQV�WKDW
FKDUDFWHUL]H�WKH�SRLQWV�RI W � >+LQW� :KHQ�LV E LQ W ‹!

�� ([SODLQ�ZKDW�LV�ZURQJ�ZLWK�WKH�IROORZLQJ�GLVFXVVLRQ� /HW
I.t/ D 3 C t DQG J.t/ D 3t C t 2� DQG�QRWH�WKDW J.t/ D t I.t/�
7KHQ fI; Jg LV�OLQHDUO\�GHSHQGHQW�EHFDXVH J LV�D�PXOWLSOH�RI I�

�� &RQVLGHU � WKH � SRO\QRPLDOV S1.t/ D 1 C t � S2.t/ D 1 ! t �
S3.t/ D 4� S4.t/ D t C t 2� DQG S5.t/ D 1 C 2t C t 2� DQG
OHW H EH � WKH � VXEVSDFH � RI P5 VSDQQHG � E\ � WKH � VHW
S D fS1;S2;S3;S4;S5g� 8VH�WKH�PHWKRG�GHVFULEHG�LQ�WKH

SURRI�RI�WKH�6SDQQLQJ�6HW�7KHRUHP��6HFWLRQ������WR�SURGXFH
D�EDVLV�IRU H � �([SODLQ�KRZ�WR�VHOHFW�DSSURSULDWH�PHPEHUV
RI S ��

�� 6XSSRVH S1� S2� S3� S4 DUH�VSHFLÀF�SRO\QRPLDOV�WKDW�VSDQ�D
WZR�GLPHQVLRQDO�VXEVSDFH H RI P5� 'HVFULEH�KRZ�RQH�FDQ
ÀQG�D�EDVLV�IRU H E\�H[DPLQLQJ�WKH�IRXU�SRO\QRPLDOV�DQG
PDNLQJ�DOPRVW�QR�FRPSXWDWLRQV�

�� :KDW�ZRXOG�\RX�KDYH�WR�NQRZ�DERXW�WKH�VROXWLRQ�VHW�RI�D
KRPRJHQHRXV�V\VWHP�RI����OLQHDU�HTXDWLRQV�LQ����YDULDEOHV
LQ �RUGHU � WR �NQRZ� WKDW � HYHU\ �DVVRFLDWHG �QRQKRPRJHQHRXV
HTXDWLRQ�KDV�D�VROXWLRQ" 'LVFXVV�

�� /HW H EH�DQ n�GLPHQVLRQDO�VXEVSDFH�RI�DQ n�GLPHQVLRQDO
YHFWRU�VSDFH V � ([SODLQ�ZK\ H D V �

�� /HW T W Rn ! Rm EH�D�OLQHDU�WUDQVIRUPDWLRQ�
D� :KDW�LV�WKH�GLPHQVLRQ�RI�WKH�UDQJH�RI T LI T LV�D�RQH�WR�

RQH�PDSSLQJ" ([SODLQ�
E� :KDW�LV�WKH�GLPHQVLRQ�RI�WKH�NHUQHO�RI T �VHH�6HFWLRQ�����

LI T PDSV Rn RQWR Rm" ([SODLQ�

��� /HW S EH�D�PD[LPDO�OLQHDUO\�LQGHSHQGHQW�VXEVHW�RI�D�YHFWRU
VSDFH V � 7KDW�LV� S KDV�WKH�SURSHUW\�WKDW�LI�D�YHFWRU�QRW�LQ S
LV�DGMRLQHG�WR S � WKHQ�WKH�QHZ�VHW�ZLOO�QR�ORQJHU�EH�OLQHDUO\
LQGHSHQGHQW� 3URYH�WKDWS PXVW�EH�D�EDVLV�IRUV � >+LQW� :KDW
LI S ZHUH�OLQHDUO\�LQGHSHQGHQW�EXW�QRW�D�EDVLV�RI V ‹!

��� /HW S EH�D�ÀQLWH�PLQLPDO�VSDQQLQJ�VHW�RI�D�YHFWRU�VSDFH V �
7KDW�LV� S KDV�WKH�SURSHUW\�WKDW�LI�D�YHFWRU�LV�UHPRYHG�IURP
S � WKHQ�WKH�QHZ�VHW�ZLOO�QR�ORQJHU�VSDQ V � 3URYH�WKDW S PXVW
EH�D�EDVLV�IRU V �

([HUFLVHV���²���GHYHORS�SURSHUWLHV�RI�UDQN�WKDW�DUH�VRPHWLPHV
QHHGHG�LQ�DSSOLFDWLRQV� $VVXPH�WKH�PDWUL[ A LV m % n�

��� 6KRZ�IURP�SDUWV��D��DQG��E��WKDW UDQN$% FDQQRW�H[FHHG�WKH
UDQN�RI A RU � WKH � UDQN�RI B � �,Q �JHQHUDO� WKH � UDQN�RI �D
SURGXFW�RI�PDWULFHV�FDQQRW�H[FHHG�WKH�UDQN�RI�DQ\�IDFWRU�LQ
WKH�SURGXFW��
D� 6KRZ�WKDW�LI B LV n % p� WKHQ UDQN$% $ UDQNA� >+LQW�

([SODLQ�ZK\�HYHU\�YHFWRU�LQ�WKH�FROXPQ�VSDFH�RI $% LV�LQ
WKH�FROXPQ�VSDFH�RI A�@

E� 6KRZ�WKDW�LI B LV n % p� WKHQ UDQN$% $ UDQNB � >+LQW�
8VH�SDUW��D��WR�VWXG\ UDQN.$%/T �@

��� 6KRZ � WKDW � LI P LV � DQ � LQYHUWLEOH m % m PDWUL[� WKHQ
UDQNPA D UDQNA� >+LQW� $SSO\�([HUFLVH����WR PA DQG
P"1.PA/�@

��� 6KRZ�WKDW�LI Q LV�LQYHUWLEOH� WKHQ UDQNAQ D UDQNA� >+LQW�
8VH�([HUFLVH����WR�VWXG\ UDQN.AQ/T �@

��� /HW A EH�DQ m % n PDWUL[� DQG�OHW B EH�DQ n % p PDWUL[
VXFK�WKDW $% D 0� 6KRZ�WKDW UDQNA C UDQNB $ n� >+LQW�
2QH�RI�WKH�IRXU�VXEVSDFHV 1XOA� &ROA� 1XOB � DQG &ROB LV
FRQWDLQHG�LQ�RQH�RI�WKH�RWKHU�WKUHH�VXEVSDFHV�@

��� ,I A LV�DQ m % n PDWUL[�RI UDQN r � WKHQ�D UDQN�IDFWRUL]DWLRQ
RI A LV�DQ�HTXDWLRQ�RI�WKH�IRUP A D CR� ZKHUH C LV�DQ
m % r PDWUL[�RI�UDQN r DQG R LV�DQ r % n PDWUL[�RI�UDQN r �
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6XFK�D�IDFWRUL]DWLRQ�DOZD\V�H[LVWV��([HUFLVH����LQ�6HFWLRQ
����� *LYHQ�DQ\�WZR m % n PDWULFHV A DQG B � XVH�UDQN
IDFWRUL]DWLRQV�RI A DQG B WR�SURYH�WKDW
UDQN.A C B/ $ UDQNA C UDQNB

>+LQW� :ULWH A C B DV�WKH�SURGXFW�RI�WZR�SDUWLWLRQHG�PDWUL�
FHV�@

��� $ VXEPDWUL[ RI�D�PDWUL[ A LV�DQ\�PDWUL[�WKDW�UHVXOWV�IURP
GHOHWLQJ�VRPH��RU�QR��URZV�DQG�RU�FROXPQV�RI A� ,W�FDQ�EH
VKRZQ�WKDWA KDV UDQN r LI�DQG�RQO\�LIA FRQWDLQV�DQ�LQYHUWLEOH
r % r VXEPDWUL[�DQG�QR�ODUJHU�VTXDUH�VXEPDWUL[�LV�LQYHUWLEOH�
'HPRQVWUDWH�SDUW�RI�WKLV�VWDWHPHQW�E\�H[SODLQLQJ��D��ZK\
DQ m % n PDWUL[ A RI UDQN r KDV�DQ m % r VXEPDWUL[ A1 RI
UDQN r � DQG��E��ZK\ A1 KDV�DQ�LQYHUWLEOH r % r VXEPDWUL[ A2�

7KH�FRQFHSW�RI �UDQN�SOD\V�DQ� LPSRUWDQW �UROH� LQ� WKH�GHVLJQ�RI
HQJLQHHULQJ�FRQWURO �V\VWHPV� VXFK�DV� WKH�VSDFH�VKXWWOH�V\VWHP
PHQWLRQHG�LQ�WKLV�FKDSWHU·V�LQWURGXFWRU\�H[DPSOH� $ VWDWH�VSDFH
PRGHO RI�D�FRQWURO�V\VWHP�LQFOXGHV�D�GLIIHUHQFH�HTXDWLRQ�RI�WKH
IRUP

[kC1 D A[k C BXk IRU k D 0; 1; : : : ���

ZKHUHA LV n % n�B LV n % m� f[kg LV�D�VHTXHQFH�RI�´VWDWH�YHFWRUVµ
LQ Rn WKDW�GHVFULEH�WKH�VWDWH�RI�WKH�V\VWHP�DW�GLVFUHWH�WLPHV� DQG
fXkg LV�D FRQWURO� RU LQSXW� VHTXHQFH� 7KH�SDLU .A; B/ LV�VDLG�WR�EH
FRQWUROODEOH LI

UDQN Œ B $% A2B # # # An"1B ! D n ���

7KH�PDWUL[�WKDW�DSSHDUV�LQ�����LV�FDOOHG�WKH FRQWUROODELOLW\�PDWUL[
IRU�WKH�V\VWHP� ,I .A; B/ LV�FRQWUROODEOH� WKHQ�WKH�V\VWHP�FDQ�EH
FRQWUROOHG� RU�GULYHQ�IURP�WKH�VWDWH � WR�DQ\�VSHFLÀHG�VWDWH Y �LQ
Rn��LQ�DW�PRVW n VWHSV� VLPSO\�E\�FKRRVLQJ�DQ�DSSURSULDWH�FRQWURO
VHTXHQFH�LQ Rm� 7KLV�IDFW�LV�LOOXVWUDWHG�LQ�([HUFLVH����IRU n D 4

DQG m D 2� )RU�D�IXUWKHU�GLVFXVVLRQ�RI�FRQWUROODELOLW\� VHH�WKLV
WH[W·V�ZHE�VLWH��&DVH�6WXG\�IRU�&KDSWHU����

WEB

��� 6XSSRVH A LV�D 4 % 4 PDWUL[�DQG B LV�D 4 % 2 PDWUL[� DQG�OHW
X0; : : : ; X3 UHSUHVHQW�D�VHTXHQFH�RI�LQSXW�YHFWRUV�LQ R2�
D� 6HW [0 D �� FRPSXWH [1; : : : ; [4 IURP�HTXDWLRQ����� DQG

ZULWH�D�IRUPXOD�IRU [4 LQYROYLQJ�WKH�FRQWUROODELOLW\�PDWUL[
M DSSHDULQJ�LQ�HTXDWLRQ����� �1RWH� 7KH�PDWUL[ M LV
FRQVWUXFWHG�DV�D�SDUWLWLRQHG�PDWUL[� ,WV�RYHUDOO�VL]H�KHUH
LV 4 % 8��

E� 6XSSRVH .A; B/ LV�FRQWUROODEOH�DQG Y LV�DQ\�YHFWRU�LQ R4�
([SODLQ�ZK\�WKHUH�H[LVWV�D�FRQWURO�VHTXHQFH X0; : : : ; X3 LQ
R2 VXFK�WKDW [4 D Y�

'HWHUPLQH�LI�WKH�PDWUL[�SDLUV�LQ�([HUFLVHV���²���DUH�FRQWUROODEOH�

��� A D
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4

:9 1 0
0 !:9 0
0 0 :5
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4
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'\QDPLFDO�6\VWHPV�DQG�6SRWWHG�2ZOV
,Q������ WKH�QRUWKHUQ�VSRWWHG�RZO�EHFDPH�WKH�FHQWHU�RI
D�QDWLRQZLGH�FRQWURYHUV\�RYHU�WKH�XVH�DQG�PLVXVH�RI�WKH
PDMHVWLF�IRUHVWV�LQ�WKH�3DFLÀF�1RUWKZHVW� (QYLURQPHQ�
WDOLVWV�FRQYLQFHG�WKH�IHGHUDO�JRYHUQPHQW�WKDW�WKH�RZO�ZDV
WKUHDWHQHG�ZLWK�H[WLQFWLRQ�LI�ORJJLQJ�FRQWLQXHG�LQ�WKH�ROG�
JURZWK�IRUHVWV��ZLWK�WUHHV�RYHU�����\HDUV�ROG�� ZKHUH�WKH
RZOV�SUHIHU�WR�OLYH� 7KH�WLPEHU�LQGXVWU\� DQWLFLSDWLQJ
WKH�ORVV�RI��������WR���������MREV�DV�D�UHVXOW�RI�QHZ
JRYHUQPHQW�UHVWULFWLRQV�RQ�ORJJLQJ� DUJXHG�WKDW�WKH�RZO
VKRXOG�QRW�EH�FODVVLÀHG�DV�D�´WKUHDWHQHG�VSHFLHVµ�DQG�FLWHG
D�QXPEHU�RI�SXEOLVKHG�VFLHQWLÀF�UHSRUWV�WR�VXSSRUW�LWV�FDVH��

&DXJKW�LQ�WKH�FURVVÀUH�RI�WKH�WZR�OREE\LQJ�JURXSV�
PDWKHPDWLFDO�HFRORJLVWV�LQWHQVLÀHG�WKHLU�GULYH�WR�XQGHU�
VWDQG�WKH�SRSXODWLRQ�G\QDPLFV�RI�WKH�VSRWWHG�RZO� 7KH
OLIH�F\FOH�RI�D�VSRWWHG�RZO�GLYLGHV�QDWXUDOO\�LQWR�WKUHH
VWDJHV� MXYHQLOH��XS�WR�� \HDU�ROG�� VXEDGXOW����WR�� \HDUV��
DQG�DGXOW��RYHU�� \HDUV�� 7KH�RZOV�PDWH�IRU�OLIH�GXULQJ
WKH�VXEDGXOW�DQG�DGXOW�VWDJHV� EHJLQ�WR�EUHHG�DV�DGXOWV�
DQG�OLYH�IRU�XS�WR��� \HDUV� (DFK�RZO�SDLU�UHTXLUHV�DERXW
���� KHFWDUHV��� VTXDUH�PLOHV��IRU�LWV�RZQ�KRPH�WHUULWRU\�
$ FULWLFDO�WLPH�LQ�WKH�OLIH�F\FOH�LV�ZKHQ�WKH�MXYHQLOHV�OHDYH
WKH�QHVW� 7R�VXUYLYH�DQG�EHFRPH�D�VXEDGXOW� D�MXYHQLOH
PXVW�VXFFHVVIXOO\�ÀQG�D�QHZ�KRPH�UDQJH��DQG�XVXDOO\�D
PDWH��

1 ´7KH�*UHDW�6SRWWHG�2ZO�:DU�µ 5HDGHU·V�'LJHVW� 1RYHPEHU������
SS� ��²���

$ ÀUVW�VWHS�LQ�VWXG\LQJ�WKH�SRSXODWLRQ�G\QDPLFV�LV�WR
PRGHO�WKH�SRSXODWLRQ�DW�\HDUO\�LQWHUYDOV� DW�WLPHV�GHQRWHG
E\ k D 0; 1; 2; : : : : 8VXDOO\� RQH�DVVXPHV�WKDW�WKHUH�LV�D����
UDWLR�RI�PDOHV�WR�IHPDOHV�LQ�HDFK�OLIH�VWDJH�DQG�FRXQWV�RQO\
WKH�IHPDOHV� 7KH�SRSXODWLRQ�DW�\HDU k FDQ�EH�GHVFULEHG
E\�D�YHFWRU [k D .jk; sk; ak/� ZKHUH jk � sk � DQG ak DUH�WKH
QXPEHUV�RI�IHPDOHV�LQ�WKH�MXYHQLOH� VXEDGXOW� DQG�DGXOW
VWDJHV� UHVSHFWLYHO\�

8VLQJ�DFWXDO�ÀHOG�GDWD�IURP�GHPRJUDSKLF�VWXGLHV�
5��/DPEHUVRQ�DQG�FR�ZRUNHUV�FRQVLGHUHG�WKH�IROORZLQJ
VWDJH�PDWUL[�PRGHO��
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+HUH�WKH�QXPEHU�RI�QHZ�MXYHQLOH�IHPDOHV�LQ�\HDU k C 1

LV���� WLPHV�WKH�QXPEHU�RI�DGXOW�IHPDOHV�LQ�\HDU k �EDVHG
RQ�WKH�DYHUDJH�ELUWK�UDWH�SHU�RZO�SDLU�� $OVR� ����RI�WKH
MXYHQLOHV�VXUYLYH�WR�EHFRPH�VXEDGXOWV� DQG�����RI�WKH
VXEDGXOWV�DQG�����RI�WKH�DGXOWV�VXUYLYH�WR�EH�FRXQWHG�DV
DGXOWV�

7KH�VWDJH�PDWUL[�PRGHO�LV�D�GLIIHUHQFH�HTXDWLRQ�RI�WKH
IRUP [kC1 D A[k � 6XFK�DQ�HTXDWLRQ�LV�RIWHQ�FDOOHG�D

2 5� +� /DPEHUVRQ� 5� 0F.HOYH\� %� 5� 1RRQ� DQG�&� 9RVV� ´$ '\QDPLF
$QDO\VLV�RI�WKH�9LDELOLW\�RI�WKH�1RUWKHUQ�6SRWWHG�2ZO�LQ�D�)UDJPHQWHG
)RUHVW�(QYLURQPHQW�µ &RQVHUYDWLRQ�%LRORJ\ � ������� ���²���� $OVR� D
SULYDWH�FRPPXQLFDWLRQ�IURP�3URIHVVRU�/DPEHUVRQ� �����
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G\QDPLFDO �V\VWHP �RU �D GLVFUHWH� OLQHDU�G\QDPLFDO
V\VWHP��EHFDXVH�LW�GHVFULEHV�WKH�FKDQJHV�LQ�D�V\VWHP�DV
WLPH�SDVVHV�

7KH�����MXYHQLOH�VXUYLYDO�UDWH�LQ�WKH�/DPEHUVRQ�VWDJH
PDWUL[�LV�WKH�HQWU\�DIIHFWHG�PRVW�E\�WKH�DPRXQW�RI�ROG�
JURZWK�IRUHVW�DYDLODEOH� $FWXDOO\� ����RI�WKH�MXYHQLOHV
QRUPDOO\�VXUYLYH�WR�OHDYH�WKH�QHVW� EXW�LQ�WKH�:LOORZ
&UHHN�UHJLRQ�RI�&DOLIRUQLD�VWXGLHG�E\�/DPEHUVRQ�DQG�KLV
FROOHDJXHV� RQO\�����RI�WKH�MXYHQLOHV�WKDW�OHIW�WKH�QHVW�ZHUH
DEOH�WR�ÀQG�QHZ�KRPH�UDQJHV� 7KH�UHVW�SHULVKHG�GXULQJ�WKH
VHDUFK�SURFHVV�

$ VLJQLÀFDQW�UHDVRQ�IRU�WKH�IDLOXUH�RI�RZOV�WR�ÀQG�QHZ
KRPH�UDQJHV�LV�WKH�LQFUHDVLQJ�IUDJPHQWDWLRQ�RI�ROG�JURZWK
WLPEHU�VWDQGV�GXH�WR�FOHDU�FXWWLQJ�RI�VFDWWHUHG�DUHDV�RQ
WKH�ROG�JURZWK�ODQG� :KHQ�DQ�RZO�OHDYHV�WKH�SURWHFWLYH
FDQRS\�RI�WKH�IRUHVW�DQG�FURVVHV�D�FOHDU�FXW�DUHD� WKH�ULVN�RI
DWWDFN�E\�SUHGDWRUV�LQFUHDVHV�GUDPDWLFDOO\� 6HFWLRQ ����ZLOO
VKRZ�WKDW�WKH�PRGHO�GHVFULEHG�DERYH�SUHGLFWV�WKH�HYHQWXDO
GHPLVH�RI�WKH�VSRWWHG�RZO� EXW�WKDW�LI�����RI�WKH�MXYHQLOHV
ZKR�VXUYLYH�WR�OHDYH�WKH�QHVW�DOVR�ÀQG�QHZ�KRPH�UDQJHV�
WKHQ�WKH�RZO�SRSXODWLRQ�ZLOO�WKULYH�

WEB

7KH�JRDO�RI�WKLV�FKDSWHU�LV�WR�GLVVHFW�WKH�DFWLRQ�RI�D�OLQHDU�WUDQVIRUPDWLRQ [ 7!A[ LQWR
HOHPHQWV�WKDW�DUH�HDVLO\�YLVXDOL]HG� ([FHSW�IRU�D�EULHI�GLJUHVVLRQ�LQ�6HFWLRQ ���� DOO
PDWULFHV�LQ�WKH�FKDSWHU�DUH�VTXDUH� 7KH�PDLQ�DSSOLFDWLRQV�GHVFULEHG�KHUH�DUH�WR�GLVFUHWH
G\QDPLFDO�V\VWHPV� LQFOXGLQJ�WKH�VSRWWHG�RZOV�GLVFXVVHG�DERYH� +RZHYHU� WKH�EDVLF
FRQFHSWV³HLJHQYHFWRUV�DQG�HLJHQYDOXHV³DUH�XVHIXO�WKURXJKRXW�SXUH�DQG�DSSOLHG�PDWK�
HPDWLFV� DQG�WKH\�DSSHDU�LQ�VHWWLQJV�IDU�PRUH�JHQHUDO�WKDQ�ZH�FRQVLGHU�KHUH� (LJHQYDOXHV
DUH�DOVR�XVHG�WR�VWXG\�GLIIHUHQWLDO�HTXDWLRQV�DQG FRQWLQXRXV G\QDPLFDO�V\VWHPV� WKH\
SURYLGH�FULWLFDO�LQIRUPDWLRQ�LQ�HQJLQHHULQJ�GHVLJQ� DQG�WKH\�DULVH�QDWXUDOO\�LQ�ÀHOGV�VXFK
DV�SK\VLFV�DQG�FKHPLVWU\�

$OWKRXJK�D�WUDQVIRUPDWLRQ [ 7!A[PD\�PRYH�YHFWRUV�LQ�D�YDULHW\�RI�GLUHFWLRQV� LW�RIWHQ
KDSSHQV�WKDW�WKHUH�DUH�VSHFLDO�YHFWRUV�RQ�ZKLFK�WKH�DFWLRQ�RI A LV�TXLWH�VLPSOH�
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$V�DQRWKHU�H[DPSOH� UHDGHUV�RI�6HFWLRQ ����ZLOO�UHFDOO�WKDW�LIA LV�D�VWRFKDVWLF�PDWUL[�
WKHQ�WKH�VWHDG\�VWDWH�YHFWRU T IRU A VDWLVÀHV�WKH�HTXDWLRQ A[ D [� 7KDW�LV� AT D 1 " T�
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7KLV�VHFWLRQ�VWXGLHV�HTXDWLRQV�VXFK�DV

A[ D 2[ RU A[ D !4[

ZKHUH�VSHFLDO�YHFWRUV�DUH�WUDQVIRUPHG�E\ A LQWR�VFDODU�PXOWLSOHV�RI�WKHPVHOYHV�

$Q HLJHQYHFWRU RI�DQ n # n PDWUL[ A LV�D�QRQ]HUR�YHFWRU [ VXFK�WKDW A[ D ![
IRU�VRPH�VFDODU !� $ VFDODU ! LV�FDOOHG�DQ HLJHQYDOXH RI A LI�WKHUH�LV�D�QRQWULYLDO
VROXWLRQ [ RI A[ D ![� VXFK�DQ [ LV�FDOOHG�DQ HLJHQYHFWRU�FRUUHVSRQGLQJ�WR !��

,W�LV�HDV\�WR�GHWHUPLQH�LI�D�JLYHQ�YHFWRU�LV�DQ�HLJHQYHFWRU�RI�D�PDWUL[� ,W�LV�DOVR�HDV\
WR�GHFLGH�LI�D�VSHFLÀHG�VFDODU�LV�DQ�HLJHQYDOXH�
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6KRZ�WKDW���LV�DQ�HLJHQYDOXH�RI�PDWUL[ A LQ�([DPSOH �� DQG�ÀQG�WKH
FRUUHVSRQGLQJ�HLJHQYHFWRUV�

7KH�VFDODU���LV�DQ�HLJHQYDOXH�RI A LI�DQG�RQO\�LI�WKH�HTXDWLRQ
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WKH�QXPEHU���LV�DQ�HLJHQYDOXH�LV�GLVFXVVHG�DIWHU�([DPSOH���
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:DUQLQJ� $OWKRXJK�URZ�UHGXFWLRQ�ZDV�XVHG�LQ�([DPSOH���WR�ÀQG�HLJHQYHFWRUV� LW
FDQQRW�EH�XVHG�WR�ÀQG�HLJHQYDOXHV� $Q�HFKHORQ�IRUP�RI�D�PDWUL[ A XVXDOO\�GRHV QRW
GLVSOD\�WKH�HLJHQYDOXHV�RI A�

7KH�HTXLYDOHQFH�RI�HTXDWLRQV�����DQG�����REYLRXVO\�KROGV�IRU�DQ\ ! LQ�SODFH�RI
! D 7� 7KXV ! LV�DQ�HLJHQYDOXH�RI�DQ n # n PDWUL[ A LI�DQG�RQO\�LI�WKH�HTXDWLRQ

.A ! !I /[ D � ���

KDV�D�QRQWULYLDO�VROXWLRQ� 7KH�VHW�RI DOO VROXWLRQV�RI�����LV�MXVW�WKH�QXOO�VSDFH�RI�WKH�PDWUL[
A ! !I � 6R�WKLV�VHW�LV�D VXEVSDFH RI Rn DQG�LV�FDOOHG�WKH HLJHQVSDFH RI A FRUUHVSRQGLQJ
WR !� 7KH�HLJHQVSDFH�FRQVLVWV�RI�WKH�]HUR�YHFWRU�DQG�DOO�WKH�HLJHQYHFWRUV�FRUUHVSRQGLQJ
WR !�

([DPSOH���VKRZV�WKDW�IRU�PDWUL[ A LQ�([DPSOH��� WKH�HLJHQVSDFH�FRUUHVSRQGLQJ�WR
! D 7 FRQVLVWV�RI DOO PXOWLSOHV�RI .1; 1/� ZKLFK�LV�WKH�OLQH�WKURXJK .1; 1/ DQG�WKH�RULJLQ�
)URP�([DPSOH �� \RX�FDQ�FKHFN�WKDW�WKH�HLJHQVSDFH�FRUUHVSRQGLQJ�WR ! D !4 LV�WKH
OLQH�WKURXJK .6; !5/� 7KHVH�HLJHQVSDFHV�DUH�VKRZQ�LQ�)LJ���� DORQJ�ZLWK�HLJHQYHFWRUV
.1; 1/ DQG .3=2; !5=4/ DQG�WKH�JHRPHWULF�DFWLRQ�RI�WKH�WUDQVIRUPDWLRQ [ 7!A[ RQ�HDFK
HLJHQVSDFH�
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$W�WKLV�SRLQW� LW � LV�FOHDU�WKDW���LV�LQGHHG�DQ�HLJHQYDOXH�RI A EHFDXVH�WKH�HTXDWLRQ
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A DFWV�DV�D�GLODWLRQ�RQ�WKH�HLJHQVSDFH�

([DPSOH���VKRZV�D�JRRG�PHWKRG�IRU�PDQXDO�FRPSXWDWLRQ�RI�HLJHQYHFWRUV�LQ
VLPSOH�FDVHV�ZKHQ�DQ�HLJHQYDOXH�LV�NQRZQ� 8VLQJ�D�PDWUL[�SURJUDP�DQG�URZ
UHGXFWLRQ�WR�ÀQG�DQ�HLJHQVSDFH��IRU�D�VSHFLÀHG�HLJHQYDOXH��XVXDOO\�ZRUNV� WRR�
EXW�WKLV�LV�QRW�HQWLUHO\�UHOLDEOH� 5RXQGRII�HUURU�FDQ�OHDG�RFFDVLRQDOO\�WR�D�UHGXFHG
HFKHORQ�IRUP�ZLWK�WKH�ZURQJ�QXPEHU�RI�SLYRWV� 7KH�EHVW�FRPSXWHU�SURJUDPV
FRPSXWH�DSSUR[LPDWLRQV�IRU�HLJHQYDOXHV�DQG�HLJHQYHFWRUV�VLPXOWDQHRXVO\� WR
DQ\�GHVLUHG�GHJUHH�RI�DFFXUDF\� IRU�PDWULFHV�WKDW�DUH�QRW�WRR�ODUJH� 7KH�VL]H
RI�PDWULFHV�WKDW�FDQ�EH�DQDO\]HG�LQFUHDVHV�HDFK�\HDU�DV�FRPSXWLQJ�SRZHU�DQG
VRIWZDUH�LPSURYH�

7KH�IROORZLQJ�WKHRUHP�GHVFULEHV�RQH�RI�WKH�IHZ�VSHFLDO�FDVHV�LQ�ZKLFK�HLJHQYDOXHV
FDQ�EH�IRXQG�SUHFLVHO\� &DOFXODWLRQ�RI�HLJHQYDOXHV�ZLOO�DOVR�EH�GLVFXVVHG�LQ�6HFWLRQ�����

7KH�HLJHQYDOXHV�RI�D�WULDQJXODU�PDWUL[�DUH�WKH�HQWULHV�RQ�LWV�PDLQ�GLDJRQDO�

)RU�VLPSOLFLW\� FRQVLGHU�WKH 3 # 3 FDVH� ,I A LV�XSSHU�WULDQJXODU� WKHQ A ! !I
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7KH�VFDODU ! LV�DQ�HLJHQYDOXH�RI A LI�DQG�RQO\�LI�WKH�HTXDWLRQ .A ! !I /[ D � KDV�D
QRQWULYLDO�VROXWLRQ� WKDW�LV� LI�DQG�RQO\�LI�WKH�HTXDWLRQ�KDV�D�IUHH�YDULDEOH� %HFDXVH�RI�WKH
]HUR�HQWULHV�LQ A ! !I � LW�LV�HDV\�WR�VHH�WKDW .A ! !I /[ D � KDV�D�IUHH�YDULDEOH�LI�DQG
RQO\�LI�DW�OHDVW�RQH�RI�WKH�HQWULHV�RQ�WKH�GLDJRQDO�RI A ! !I LV�]HUR� 7KLV�KDSSHQV�LI�DQG
RQO\�LI ! HTXDOV�RQH�RI�WKH�HQWULHV a11� a22� a33 LQ A� )RU�WKH�FDVH�LQ�ZKLFK A LV�ORZHU
WULDQJXODU� VHH�([HUFLVH����
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7KLV�KDSSHQV�LI�DQG�RQO\�LI�WKH�HTXDWLRQ
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7KH�IROORZLQJ�LPSRUWDQW�WKHRUHP�ZLOO�EH�QHHGHG�ODWHU� ,WV�SURRI�LOOXVWUDWHV�D�W\SLFDO
FDOFXODWLRQ�ZLWK�HLJHQYHFWRUV�

,I Y1; : : : ; Yr DUH�HLJHQYHFWRUV�WKDW�FRUUHVSRQG�WR�GLVWLQFW�HLJHQYDOXHV !1; : : : ; !r

RI�DQ n # n PDWUL[ A� WKHQ�WKH�VHW fY1; : : : ; Yrg LV�OLQHDUO\�LQGHSHQGHQW�

6XSSRVH fY1; : : : ; Yrg LV�OLQHDUO\�GHSHQGHQW� 6LQFH Y1 LV�QRQ]HUR� 7KHRUHP���LQ
6HFWLRQ�����VD\V�WKDW�RQH�RI�WKH�YHFWRUV�LQ�WKH�VHW�LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ
YHFWRUV� /HW p EH�WKH�OHDVW�LQGH[�VXFK�WKDW YpC1 LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ
�OLQHDUO\�LQGHSHQGHQW��YHFWRUV� 7KHQ�WKHUH�H[LVW�VFDODUV c1; : : : ; cp VXFK�WKDW

c1Y1 C " " " C cpYp D YpC1 ���

0XOWLSO\LQJ�ERWK�VLGHV�RI�����E\ A DQG�XVLQJ�WKH�IDFW�WKDW AYk D !kYk IRU�HDFK k� ZH
REWDLQ

c1AY1 C " " " C cpAYp D AYpC1

c1!1Y1 C " " " C cp!pYp D !pC1YpC1 ���

0XOWLSO\LQJ�ERWK�VLGHV�RI�����E\ !pC1 DQG�VXEWUDFWLQJ�WKH�UHVXOW�IURP����� ZH�KDYH

c1.!1 ! !pC1/Y1 C " " " C cp.!p ! !pC1/Yp D � ���

6LQFH fY1; : : : ; Ypg LV�OLQHDUO\�LQGHSHQGHQW� WKH�ZHLJKWV�LQ�����DUH�DOO�]HUR� %XW�QRQH�RI
WKH�IDFWRUV !i ! !pC1 DUH�]HUR� EHFDXVH�WKH�HLJHQYDOXHV�DUH�GLVWLQFW� +HQFH ci D 0 IRU
i D 1; : : : ; p� %XW�WKHQ�����VD\V�WKDW YpC1 D �� ZKLFK�LV�LPSRVVLEOH� +HQFH fY1; : : : ; Yrg
FDQQRW�EH�OLQHDUO\�GHSHQGHQW�DQG�WKHUHIRUH�PXVW�EH�OLQHDUO\�LQGHSHQGHQW�
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E� $ PDWUL[ A LV�QRW�LQYHUWLEOH�LI�DQG�RQO\�LI���LV�DQ�HLJHQ�
YDOXH�RI A�

F� $ QXPEHU c LV �DQ�HLJHQYDOXH�RI A LI �DQG�RQO\� LI � WKH
HTXDWLRQ .A ! cI /[ D � KDV�D�QRQWULYLDO�VROXWLRQ�

G� )LQGLQJ�DQ�HLJHQYHFWRU�RI A PD\�EH�GLIÀFXOW� EXW�FKHFN�
LQJ�ZKHWKHU�D�JLYHQ�YHFWRU�LV�LQ�IDFW�DQ�HLJHQYHFWRU�LV
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H� 7R�ÀQG�WKH�HLJHQYDOXHV�RI A� UHGXFH A WR�HFKHORQ�IRUP�

��� D� ,I A[ D ![ IRU�VRPH�VFDODU !� WKHQ [ LV�DQ�HLJHQYHFWRU�RI
A�

E� ,I Y1 DQG Y2 DUH�OLQHDUO\�LQGHSHQGHQW�HLJHQYHFWRUV� WKHQ
WKH\�FRUUHVSRQG�WR�GLVWLQFW�HLJHQYDOXHV�

F� $ VWHDG\�VWDWH�YHFWRU�IRU�D�VWRFKDVWLF�PDWUL[�LV�DFWXDOO\�DQ
HLJHQYHFWRU�

G� 7KH�HLJHQYDOXHV�RI�D�PDWUL[�DUH�RQ�LWV�PDLQ�GLDJRQDO�
H� $Q�HLJHQVSDFH�RI A LV�D�QXOO�VSDFH�RI�D�FHUWDLQ�PDWUL[�

��� ([SODLQ�ZK\�D 2 # 2 PDWUL[�FDQ�KDYH�DW�PRVW�WZR�GLVWLQFW
HLJHQYDOXHV� ([SODLQ�ZK\�DQ n # n PDWUL[�FDQ�KDYH�DW�PRVW
n GLVWLQFW�HLJHQYDOXHV�

��� &RQVWUXFW�DQ�H[DPSOH�RI�D 2 # 2PDWUL[�ZLWK�RQO\�RQH�GLVWLQFW
HLJHQYDOXH�

��� /HW ! EH�DQ�HLJHQYDOXH�RI�DQ�LQYHUWLEOH�PDWUL[ A� 6KRZ�WKDW
!!1 LV�DQ�HLJHQYDOXH�RI A!1� >+LQW� 6XSSRVH�D�QRQ]HUR [
VDWLVÀHV A[ D ![�@

��� 6KRZ�WKDW�LI A2 LV�WKH�]HUR�PDWUL[� WKHQ�WKH�RQO\�HLJHQYDOXH
RI A LV���

��� 6KRZ�WKDW ! LV�DQ�HLJHQYDOXH�RI A LI�DQG�RQO\�LI ! LV�DQ
HLJHQYDOXH�RI AT � >+LQW� )LQG�RXW�KRZ A ! !I DQG AT ! !I
DUH�UHODWHG�@

��� 8VH�([HUFLVH����WR�FRPSOHWH�WKH�SURRI�RI�7KHRUHP ��IRU�WKH
FDVH�LQ�ZKLFK A LV�ORZHU�WULDQJXODU�

��� &RQVLGHU�DQ n # n PDWUL[ A ZLWK�WKH�SURSHUW\�WKDW�WKH�URZ
VXPV � DOO � HTXDO � WKH � VDPH �QXPEHU s� 6KRZ� WKDW s LV � DQ
HLJHQYDOXH�RI A� >+LQW� )LQG�DQ�HLJHQYHFWRU�@

��� &RQVLGHU�DQ n # nPDWUL[AZLWK�WKH�SURSHUW\�WKDW�WKH�FROXPQ
VXPV � DOO � HTXDO � WKH � VDPH �QXPEHU s� 6KRZ� WKDW s LV � DQ
HLJHQYDOXH�RI A� >+LQW� 8VH�([HUFLVHV����DQG����@

,Q�([HUFLVHV����DQG���� OHW A EH�WKH�PDWUL[�RI�WKH�OLQHDU�WUDQV�
IRUPDWLRQ T � :LWKRXW�ZULWLQJ A� ÀQG�DQ�HLJHQYDOXH�RI A DQG
GHVFULEH�WKH�HLJHQVSDFH�

��� T LV�WKH�WUDQVIRUPDWLRQ�RQ R2 WKDW�UHÁHFWV�SRLQWV�DFURVV�VRPH
OLQH�WKURXJK�WKH�RULJLQ�

��� T LV�WKH�WUDQVIRUPDWLRQ�RQ R3 WKDW�URWDWHV�SRLQWV�DERXW�VRPH
OLQH�WKURXJK�WKH�RULJLQ�

��� /HW X DQG Y EH�HLJHQYHFWRUV�RI�D�PDWUL[A� ZLWK�FRUUHVSRQGLQJ
HLJHQYDOXHV ! DQG "� DQG�OHW c1 DQG c2 EH�VFDODUV� 'HÀQH

[k D c1!
kX C c2"

kY .k D 0; 1; 2; : : :/

D� :KDW�LV [kC1� E\�GHÀQLWLRQ"
E� &RPSXWH A[k IURP�WKH�IRUPXOD�IRU [k � DQG�VKRZ�WKDW

A[k D [kC1� 7KLV �FDOFXODWLRQ�ZLOO �SURYH� WKDW � WKH�VH�
TXHQFH f[kg GHÀQHG�DERYH�VDWLVÀHV�WKH�GLIIHUHQFH�HTXD�
WLRQ [kC1 D A[k .k D 0; 1; 2; : : :/�

��� 'HVFULEH�KRZ�\RX�PLJKW�WU\�WR�EXLOG�D�VROXWLRQ�RI�D�GLIIHUHQFH
HTXDWLRQ [kC1 D A[k .k D 0; 1; 2; : : :/ LI�\RX�ZHUH�JLYHQ�WKH
LQLWLDO [0 DQG�WKLV�YHFWRU�GLG�QRW�KDSSHQ�WR�EH�DQ�HLJHQYHFWRU
RI A� >+LQW� +RZ�PLJKW�\RX�UHODWH [0 WR�HLJHQYHFWRUV�RI A"@

��� /HW X DQG Y EH�WKH�YHFWRUV�VKRZQ�LQ�WKH�ÀJXUH� DQG�VXSSRVH
X DQG Y DUH�HLJHQYHFWRUV�RI�D 2 # 2 PDWUL[ A WKDW�FRUUHVSRQG
WR�HLJHQYDOXHV���DQG��� UHVSHFWLYHO\� /HW T W R2 ! R2 EH
WKH�OLQHDU�WUDQVIRUPDWLRQ�JLYHQ�E\ T .[/ D A[ IRU�HDFK [ LQ
R2� DQG�OHW Z D X C Y� 0DNH�D�FRS\�RI�WKH�ÀJXUH� DQG�RQ



7KH�&KDUDFWHULVWLF�(TXDWLRQ

WKH�VDPH�FRRUGLQDWH�V\VWHP� FDUHIXOO\�SORW�WKH�YHFWRUV T .X/�
T .Y/� DQG T .Z/�

x1

x2

v

u

��� 5HSHDW�([HUFLVH���� DVVXPLQJ X DQG Y DUH�HLJHQYHFWRUV�RI A
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>0@ ,Q�([HUFLVHV���²��� XVH�D�PDWUL[�SURJUDP�WR�ÀQG�WKH�HLJHQ�
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$W�WKLV�SRLQW� LW�LV�FOHDU�WKDW�WKH�KRPRJHQHRXV�V\VWHP�KDV�QR�IUHH�YDULDEOHV� 7KXV
A ! 5I LV�DQ�LQYHUWLEOH�PDWUL[� ZKLFK�PHDQV�WKDW���LV QRW DQ�HLJHQYDOXH�RI A�

�� ,I [ LV�DQ�HLJHQYHFWRU�RI A FRUUHVSRQGLQJ�WR !� WKHQ A[ D ![ DQG�VR

A2[ D A.![/ D !A[ D !2[

$JDLQ� A3[ D A.A2[/ D A.!2[/ D !2A[ D !3[� 7KH�JHQHUDO�SDWWHUQ� Ak[ D !k[�
LV�SURYHG�E\�LQGXFWLRQ�

�� <HV� 6XSSRVH c1E1 C c2E2 C c3E3 C c4E4 D �� 6LQFH�DQ\�OLQHDU�FRPELQDWLRQ�RI
HLJHQYHFWRUV�IURP�WKH�VDPH�HLJHQYDOXH�LV�DJDLQ�DQ�HLJHQYHFWRU�IRU�WKDW�HLJHQYDOXH�
c3E3 C c4E4 LV�DQ�HLJHQYHFWRU�IRU !3� %\�7KHRUHP �� WKH�YHFWRUV E1� E2� DQG c3E3 C
c4E4 DUH�OLQHDUO\�LQGHSHQGHQW� VR

c1E1 C c2E2 C .c3E3 C c4E4/ D �

LPSOLHV c1 D c2 D 0� %XW�WKHQ� c3 DQG c4 PXVW�DOVR�EH�]HUR�VLQFH E3 DQG E4 DUH
OLQHDUO\�LQGHSHQGHQW� +HQFH�DOO�WKH�FRHIÀFLHQWV�LQ�WKH�RULJLQDO�HTXDWLRQ�PXVW�EH
]HUR� DQG�WKH�YHFWRUV E1� E2� E3� DQG E4 DUH�OLQHDUO\�LQGHSHQGHQW�

8VHIXO�LQIRUPDWLRQ�DERXW�WKH�HLJHQYDOXHV�RI�D�VTXDUH�PDWUL[ A LV�HQFRGHG�LQ�D�VSHFLDO
VFDODU�HTXDWLRQ�FDOOHG�WKH�FKDUDFWHULVWLF�HTXDWLRQ�RI A� $ VLPSOH�H[DPSOH�ZLOO�OHDG�WR
WKH�JHQHUDO�FDVH�
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ZKLFK�LQYROYHV�RQO\�RQH�XQNQRZQ� 7KH�VDPH�LGHD�ZRUNV�IRU n # n PDWULFHV� +RZHYHU�
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'HWHUPLQDQWV
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UHSODFHPHQWV�DQG�URZ�LQWHUFKDQJHV��ZLWKRXW�VFDOLQJ�� DQG�OHW r EH�WKH�QXPEHU�RI�VXFK
URZ�LQWHUFKDQJHV� 7KHQ�WKH GHWHUPLQDQW RI A� ZULWWHQ�DV GHWA� LV .!1/r WLPHV�WKH
SURGXFW�RI�WKH�GLDJRQDO�HQWULHV u11; : : : ; unn LQ U � ,I A LV�LQYHUWLEOH� WKHQ u11; : : : ; unn

DUH�DOO SLYRWV �EHFDXVH A $ In DQG�WKH uii KDYH�QRW�EHHQ�VFDOHG�WR��·V�� 2WKHUZLVH� DW
OHDVW unn LV�]HUR� DQG�WKH�SURGXFW u11 " " " unn LV�]HUR� 7KXVñ
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ñ)RUPXOD�����ZDV�GHULYHG�LQ�6HFWLRQ ���� 5HDGHUV�ZKR�KDYH�QRW�VWXGLHG�&KDSWHU ��PD\�XVH�WKLV�IRUPXOD�DV
WKH�GHÀQLWLRQ�RI GHWA� ,W�LV�D�UHPDUNDEOH�DQG�QRQWULYLDO�IDFW�WKDW�DQ\�HFKHORQ�IRUP U REWDLQHG�IURP A
ZLWKRXW�VFDOLQJ�JLYHV�WKH�VDPH�YDOXH�IRU GHWA�
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A $

2
4

1 5 0
0 !6 !1
0 !2 0

3
5 $

2
4

1 5 0
0 !2 0
0 !6 !1

3
5 $

2
4

1 5 0
0 !2 0
0 0 !1

3
5 D U1

6R GHWA HTXDOV .!1/1.1/.!2/.!1/ D !2� 7KH�IROORZLQJ�DOWHUQDWLYH�URZ�UHGXFWLRQ
DYRLGV�WKH�URZ�LQWHUFKDQJH�DQG�SURGXFHV�D�GLIIHUHQW�HFKHORQ�IRUP� 7KH�ODVW�VWHS�DGGV
!1=3 WLPHV�URZ ��WR�URZ ��

A $

2
4

1 5 0
0 !6 !1
0 !2 0

3
5 $

2
4

1 5 0
0 !6 !1
0 0 1=3

3
5 D U2

7KLV�WLPH GHWA LV .!1/0.1/.!6/.1=3/ D !2� WKH�VDPH�DV�EHIRUH�

)RUPXOD�����IRU�WKH�GHWHUPLQDQW�VKRZV�WKDW A LV�LQYHUWLEOH�LI�DQG�RQO\�LI GHWA LV
QRQ]HUR� 7KLV�IDFW� DQG�WKH�FKDUDFWHUL]DWLRQ�RI�LQYHUWLELOLW\�IRXQG�LQ�6HFWLRQ����� FDQ�EH
DGGHG�WR�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP�

/HW A EH�DQ n # n PDWUL[� 7KHQ A LV�LQYHUWLEOH�LI�DQG�RQO\�LI�

V� 7KH�QXPEHU���LV QRW DQ�HLJHQYDOXH�RI A�
W� 7KH�GHWHUPLQDQW�RI A LV QRW ]HUR�

:KHQ A LV�D 3 # 3 PDWUL[� j GHWAj WXUQV�RXW�WR�EH�WKH YROXPH RI�WKH�SDUDOOHOHSLSHG
GHWHUPLQHG�E\�WKH�FROXPQV D1� D2� D3 RI A� DV�LQ�)LJ���� �6HH�6HFWLRQ�����IRU�GHWDLOV��
7KLV�YROXPH�LV QRQ]HUR LI�DQG�RQO\�LI�WKH�YHFWRUV D1� D2� D3 DUH�OLQHDUO\�LQGHSHQGHQW� LQ
ZKLFK�FDVH�WKH�PDWUL[A LV�LQYHUWLEOH� �,I�WKH�YHFWRUV�DUH�QRQ]HUR�DQG�OLQHDUO\�GHSHQGHQW�
WKH\�OLH�LQ�D�SODQH�RU�DORQJ�D�OLQH��

7KH�QH[W�WKHRUHP�OLVWV�IDFWV�QHHGHG�IURP�6HFWLRQV�����DQG����� 3DUW��D��LV�LQFOXGHG
KHUH�IRU�FRQYHQLHQW�UHIHUHQFH�

x3

x1

x2

a1

a2

a3

/HW A DQG B EH n # n PDWULFHV�

D� A LV�LQYHUWLEOH�LI�DQG�RQO\�LI GHWA ¤ 0�
E� GHWAB D .GHWA/.GHWB/�
F� GHWAT D GHWA�
G� ,I A LV�WULDQJXODU� WKHQ GHWA LV�WKH�SURGXFW�RI�WKH�HQWULHV�RQ�WKH�PDLQ�GLDJRQDO

RI A�
H� $ URZ�UHSODFHPHQW�RSHUDWLRQ�RQ A GRHV�QRW�FKDQJH�WKH�GHWHUPLQDQW� $ URZ

LQWHUFKDQJH�FKDQJHV�WKH�VLJQ�RI�WKH�GHWHUPLQDQW� $ URZ�VFDOLQJ�DOVR�VFDOHV�WKH
GHWHUPLQDQW�E\�WKH�VDPH�VFDODU�IDFWRU�



(LJHQYDOXHV�DQG�(LJHQYHFWRUV

7KH�&KDUDFWHULVWLF�(TXDWLRQ
7KHRUHP���D� �VKRZV�KRZ�WR�GHWHUPLQH�ZKHQ�D �PDWUL[ �RI � WKH�IRUP A ! !I LV QRW
LQYHUWLEOH� 7KH�VFDODU�HTXDWLRQ GHW.A ! !I / D 0 LV�FDOOHG�WKH FKDUDFWHULVWLF�HTXDWLRQ
RI A� DQG�WKH�DUJXPHQW�LQ�([DPSOH���MXVWLÀHV�WKH�IROORZLQJ�IDFW�

$ VFDODU ! LV�DQ�HLJHQYDOXH�RI�DQ n # n PDWUL[ A LI�DQG�RQO\�LI ! VDWLVÀHV�WKH
FKDUDFWHULVWLF�HTXDWLRQ

GHW.A ! !I / D 0

)LQG�WKH�FKDUDFWHULVWLF�HTXDWLRQ�RI

A D

2
664

5 !2 6 !1
0 3 !8 0
0 0 5 4
0 0 0 1

3
775

)RUP A ! !I � DQG�XVH�7KHRUHP ��G��

GHW.A ! !I / D GHW

2
664

5 ! ! !2 6 !1
0 3 ! ! !8 0
0 0 5 ! ! 4
0 0 0 1 ! !

3
775

D .5 ! !/.3 ! !/.5 ! !/.1 ! !/

7KH�FKDUDFWHULVWLF�HTXDWLRQ�LV

.5 ! !/2.3 ! !/.1 ! !/ D 0

RU
.! ! 5/2.! ! 3/.! ! 1/ D 0

([SDQGLQJ�WKH�SURGXFW� ZH�FDQ�DOVR�ZULWH

!4 ! 14!3 C 68!2 ! 130! C 75 D 0

,Q�([DPSOHV���DQG��� GHW .A ! !I / LV�D�SRO\QRPLDO�LQ !� ,W�FDQ�EH�VKRZQ�WKDW�LI A LV
DQ n # n PDWUL[� WKHQ GHW .A ! !I / LV�D�SRO\QRPLDO�RI�GHJUHH n FDOOHG�WKH FKDUDFWHULVWLF
SRO\QRPLDO RI A�

7KH�HLJHQYDOXH���LQ�([DPSOH ��LV�VDLG�WR�KDYHPXOWLSOLFLW\ ��EHFDXVH .! ! 5/ RFFXUV
WZR�WLPHV�DV�D�IDFWRU�RI�WKH�FKDUDFWHULVWLF�SRO\QRPLDO� ,Q�JHQHUDO� WKH��DOJHEUDLF�
PXOWLSOLFLW\ RI�DQ�HLJHQYDOXH ! LV�LWV�PXOWLSOLFLW\�DV�D�URRW�RI�WKH�FKDUDFWHULVWLF�HTXDWLRQ�

7KH�FKDUDFWHULVWLF�SRO\QRPLDO�RI�D 6 # 6 PDWUL[�LV !6 ! 4!5 ! 12!4�
)LQG�WKH�HLJHQYDOXHV�DQG�WKHLU�PXOWLSOLFLWLHV�

)DFWRU�WKH�SRO\QRPLDO

!6 ! 4!5 ! 12!4 D !4.!2 ! 4! ! 12/ D !4.! ! 6/.! C 2/

7KH�HLJHQYDOXHV�DUH����PXOWLSOLFLW\ ��� ���PXOWLSOLFLW\ ��� DQG !2 �PXOWLSOLFLW\ ���



7KH�&KDUDFWHULVWLF�(TXDWLRQ

:H�FRXOG�DOVR�OLVW�WKH�HLJHQYDOXHV�LQ�([DPSOH ��DV 0; 0; 0; 0; 6� DQG !2� VR�WKDW�WKH
HLJHQYDOXHV�DUH�UHSHDWHG�DFFRUGLQJ�WR�WKHLU�PXOWLSOLFLWLHV�

%HFDXVH�WKH�FKDUDFWHULVWLF�HTXDWLRQ�IRU�DQ n # n PDWUL[�LQYROYHV�DQ nWK�GHJUHH
SRO\QRPLDO� WKH�HTXDWLRQ�KDV�H[DFWO\ n URRWV� FRXQWLQJ�PXOWLSOLFLWLHV� SURYLGHG�FRPSOH[
URRWV�DUH�DOORZHG� 6XFK�FRPSOH[�URRWV� FDOOHG FRPSOH[�HLJHQYDOXHV� ZLOO�EH�GLVFXVVHG
LQ�6HFWLRQ ���� 8QWLO�WKHQ� ZH�FRQVLGHU�RQO\�UHDO�HLJHQYDOXHV� DQG�VFDODUV�ZLOO�FRQWLQXH
WR�EH�UHDO�QXPEHUV�

7KH�FKDUDFWHULVWLF �HTXDWLRQ� LV � LPSRUWDQW � IRU � WKHRUHWLFDO �SXUSRVHV� ,Q �SUDFWLFDO
ZRUN� KRZHYHU� HLJHQYDOXHV�RI�DQ\�PDWUL[�ODUJHU�WKDQ 2 # 2 VKRXOG�EH�IRXQG�E\�D
FRPSXWHU� XQOHVV�WKH�PDWUL[�LV�WULDQJXODU�RU�KDV�RWKHU�VSHFLDO�SURSHUWLHV� $OWKRXJK�D
3 # 3 FKDUDFWHULVWLF�SRO\QRPLDO�LV�HDV\�WR�FRPSXWH�E\�KDQG� IDFWRULQJ�LW�FDQ�EH�GLIÀFXOW
�XQOHVV�WKH�PDWUL[�LV�FDUHIXOO\�FKRVHQ�� 6HH�WKH�1XPHULFDO�1RWHV�DW�WKH�HQG�RI�WKLV
VHFWLRQ�SG

6LPLODULW\
7KH�QH[W�WKHRUHP�LOOXVWUDWHV�RQH�XVH�RI�WKH�FKDUDFWHULVWLF�SRO\QRPLDO� DQG�LW�SURYLGHV
WKH�IRXQGDWLRQ�IRU�VHYHUDO�LWHUDWLYH�PHWKRGV�WKDW DSSUR[LPDWH HLJHQYDOXHV� ,I A DQG
B DUH n # n PDWULFHV� WKHQ A LV � VLPLODU� WR B LI � WKHUH � LV �DQ � LQYHUWLEOH �PDWUL[ P
VXFK�WKDW P!1$3 D B � RU� HTXLYDOHQWO\� A D PBP!1� :ULWLQJ Q IRU P!1� ZH�KDYH
Q!1BQ D A� 6R B LV�DOVR�VLPLODU�WR A� DQG�ZH�VD\�VLPSO\�WKDW A DQG B DUH�VLPLODU�
&KDQJLQJ A LQWR P!1$3 LV�FDOOHG�D VLPLODULW\�WUDQVIRUPDWLRQ�

,I n # n PDWULFHV A DQG B DUH�VLPLODU� WKHQ�WKH\�KDYH�WKH�VDPH�FKDUDFWHULVWLF
SRO\QRPLDO�DQG�KHQFH�WKH�VDPH�HLJHQYDOXHV��ZLWK�WKH�VDPH�PXOWLSOLFLWLHV��

,I B D P!1$3� WKHQ

B ! !I D P!1$3 ! !P!1P D P!1.$3 ! !P / D P!1.A ! !I /P

8VLQJ�WKH�PXOWLSOLFDWLYH�SURSHUW\ �E��LQ�7KHRUHP �� ZH�FRPSXWH

GHW.B ! !I / D GHWŒP!1.A ! !I /P #

D GHW.P!1/ " GHW.A ! !I / " GHW.P / ���

6LQFH GHW.P!1/ " GHW.P / D GHW.P!1P / D GHW I D 1� ZH � VHH � IURP�HTXDWLRQ � ��� � WKDW
GHW.B ! !I / D GHW.A ! !I /�

:$51,1*6�
�� 7KH�PDWULFHV !

2 1
0 2

"
DQG

!
1 0
0 2

"

DUH�QRW�VLPLODU�HYHQ�WKRXJK�WKH\�KDYH�WKH�VDPH�HLJHQYDOXHV�
�� 6LPLODULW\�LV�QRW�WKH�VDPH�DV�URZ�HTXLYDOHQFH� �,I A LV�URZ�HTXLYDOHQW�WR B �

WKHQ B D ($ IRU�VRPH�LQYHUWLEOH�PDWUL[ E�� 5RZ�RSHUDWLRQV�RQ�D�PDWUL[
XVXDOO\�FKDQJH�LWV�HLJHQYDOXHV�



(LJHQYDOXHV�DQG�(LJHQYHFWRUV

$SSOLFDWLRQ�WR�'\QDPLFDO�6\VWHPV
(LJHQYDOXHV�DQG�HLJHQYHFWRUV�KROG�WKH�NH\�WR�WKH�GLVFUHWH�HYROXWLRQ�RI�D�G\QDPLFDO
V\VWHP� DV�PHQWLRQHG�LQ�WKH�FKDSWHU�LQWURGXFWLRQ�

/HW A D
!

:95 :03
:05 :97

"
� $QDO\]H�WKH�ORQJ�WHUP�EHKDYLRU�RI�WKH�G\�

QDPLFDO�V\VWHP�GHÀQHG�E\ [kC1 D A[k .k D 0; 1; 2; : : :/� ZLWK [0 D
!

:6
:4

"
�

7KH�ÀUVW�VWHS�LV�WR�ÀQG�WKH�HLJHQYDOXHV�RIA DQG�D�EDVLV�IRU�HDFK�HLJHQVSDFH�
7KH�FKDUDFWHULVWLF�HTXDWLRQ�IRU A LV

0 D GHW
!

:95 ! ! :03
:05 :97 ! !

"
D .:95 ! !/.:97 ! !/ ! .:03/.:05/

D !2 ! 1:92! C :92

%\�WKH�TXDGUDWLF�IRUPXOD

! D 1:92 ˙
p

.1:92/2 ! 4.:92/

2
D 1:92 ˙

p
:0064

2

D 1:92 ˙ :08

2
D 1 RU :92

,W�LV�UHDGLO\�FKHFNHG�WKDW�HLJHQYHFWRUV�FRUUHVSRQGLQJ�WR ! D 1 DQG ! D :92 DUH�PXOWLSOHV
RI

Y1 D
!

3
5

"
DQG Y2 D

!
1

!1

"

UHVSHFWLYHO\�
7KH�QH[W�VWHS�LV�WR�ZULWH�WKH�JLYHQ [0 LQ�WHUPV�RI Y1 DQG Y2� 7KLV�FDQ�EH�GRQH�EHFDXVH

fY1; Y2g LV�REYLRXVO\�D�EDVLV�IRU R2� �:K\"� 6R�WKHUH�H[LVW�ZHLJKWV c1 DQG c2 VXFK�WKDW

[0 D c1Y1 C c2Y2 D Œ Y1 Y2 #

!
c1

c2

"
���

,Q�IDFW�
!

c1

c2

"
D Œ Y1 Y2 #

!1[0 D
!

3 1
5 !1

"!1!
:60
:40

"

D 1

!8

!
!1 !1
!5 3

"!
:60
:40

"
D
!

:125
:225

"
���

%HFDXVH Y1 DQG Y2 LQ�����DUH�HLJHQYHFWRUV�RI A� ZLWK AY1 D Y1 DQG AY2 D :92Y2� ZH
HDVLO\�FRPSXWH�HDFK [k �

[1 D A[0 D c1AY1 C c2AY2 8VLQJ�OLQHDULW\�RI [ 7! A[
D c1Y1 C c2.:92/Y2 Y1 DQG Y2 DUH�HLJHQYHFWRUV�

[2 D A[1 D c1AY1 C c2.:92/AY2

D c1Y1 C c2.:92/2Y2

DQG�VR�RQ� ,Q�JHQHUDO�

[k D c1Y1 C c2.:92/kY2 .k D 0; 1; 2; : : :/

8VLQJ c1 DQG c2 IURP�����

[k D :125

!
3
5

"
C :225.:92/k

!
1

!1

"
.k D 0; 1; 2; : : :/ ���



7KH�&KDUDFWHULVWLF�(TXDWLRQ

7KLV�H[SOLFLW�IRUPXOD�IRU [k JLYHV�WKH�VROXWLRQ�RI�WKH�GLIIHUHQFH�HTXDWLRQ [kC1 D A[k �

$V k ! 1� .:92/k WHQGV�WR�]HUR�DQG [k WHQGV�WR
!

:375
:625

"
D :125Y1�

7KH�FDOFXODWLRQV�LQ�([DPSOH ��KDYH�DQ�LQWHUHVWLQJ�DSSOLFDWLRQ�WR�D�0DUNRY�FKDLQ
GLVFXVVHG�LQ�6HFWLRQ ���� 7KRVH�ZKR�UHDG�WKDW�VHFWLRQ�PD\�UHFRJQL]H�WKDW�PDWUL[ A
LQ�([DPSOH ��DERYH�LV�WKH�VDPH�DV�WKH�PLJUDWLRQ�PDWUL[ M LQ�6HFWLRQ ���� [0 LV�WKH
LQLWLDO�SRSXODWLRQ�GLVWULEXWLRQ�EHWZHHQ�FLW\�DQG�VXEXUEV� DQG [k UHSUHVHQWV�WKH�SRSXODWLRQ
GLVWULEXWLRQ�DIWHU k \HDUV�

7KHRUHP ���LQ�6HFWLRQ ����VWDWHG�WKDW�IRU�D�PDWUL[�VXFK�DV A� WKH�VHTXHQFH [k WHQGV
WR�D�VWHDG\�VWDWH�YHFWRU� 1RZ�ZH�NQRZ ZK\ WKH [k EHKDYH�WKLV�ZD\� DW�OHDVW�IRU�WKH
PLJUDWLRQ�PDWUL[� 7KH�VWHDG\�VWDWH�YHFWRU�LV :125Y1� D�PXOWLSOH�RI�WKH�HLJHQYHFWRU Y1�
DQG�IRUPXOD�����IRU [k VKRZV�SUHFLVHO\�ZK\ [k ! :125Y1�

�� &RPSXWHU�VRIWZDUH�VXFK�DV�0DWKHPDWLFD�DQG�0DSOH�FDQ�XVH�V\PEROLF�FDOFX�
ODWLRQV�WR�ÀQG�WKH�FKDUDFWHULVWLF�SRO\QRPLDO�RI�D�PRGHUDWH�VL]HG�PDWUL[� %XW
WKHUH�LV�QR�IRUPXOD�RU�ÀQLWH�DOJRULWKP�WR�VROYH�WKH�FKDUDFWHULVWLF�HTXDWLRQ�RI�D
JHQHUDO n # n PDWUL[�IRU n % 5�

�� 7KH�EHVW�QXPHULFDO�PHWKRGV�IRU�ÀQGLQJ�HLJHQYDOXHV�DYRLG�WKH�FKDUDFWHULVWLF
SRO\QRPLDO�HQWLUHO\� ,Q�IDFW� 0$7/$% ÀQGV�WKH�FKDUDFWHULVWLF�SRO\QRPLDO
RI�D�PDWUL[ A E\�ÀUVW�FRPSXWLQJ�WKH�HLJHQYDOXHV !1; : : : ; !n RI A DQG�WKHQ
H[SDQGLQJ�WKH�SURGXFW .! ! !1/.! ! !2/ " " " .! ! !n/�

�� 6HYHUDO�FRPPRQ�DOJRULWKPV�IRU�HVWLPDWLQJ�WKH�HLJHQYDOXHV�RI�D�PDWUL[ A
DUH�EDVHG�RQ�7KHRUHP �� 7KH�SRZHUIXO 45 DOJRULWKP LV�GLVFXVVHG�LQ�WKH
H[HUFLVHV� $QRWKHU�WHFKQLTXH� FDOOHG -DFREL·V�PHWKRG� ZRUNV�ZKHQ A D AT

DQG�FRPSXWHV�D�VHTXHQFH�RI�PDWULFHV�RI�WKH�IRUP

A1 D A DQG AkC1 D P!1
k AkPk .k D 1; 2; : : :/

(DFK�PDWUL[�LQ�WKH�VHTXHQFH�LV�VLPLODU�WR A DQG�VR�KDV�WKH�VDPH�HLJHQYDOXHV
DV A� 7KH�QRQGLDJRQDO�HQWULHV�RI AkC1 WHQG�WR�]HUR�DV k LQFUHDVHV� DQG�WKH
GLDJRQDO�HQWULHV�WHQG�WR�DSSURDFK�WKH�HLJHQYDOXHV�RI A�

�� 2WKHU�PHWKRGV�RI�HVWLPDWLQJ�HLJHQYDOXHV�DUH�GLVFXVVHG�LQ�6HFWLRQ ����

)LQG�WKH�FKDUDFWHULVWLF�HTXDWLRQ�DQG�HLJHQYDOXHV�RI A D
!

1 !4
4 2

"
�

)LQG�WKH�FKDUDFWHULVWLF�SRO\QRPLDO�DQG�WKH�UHDO�HLJHQYDOXHV�RI�WKH
PDWULFHV�LQ�([HUFLVHV��²��

��
!

2 7
7 2

"
��

!
!4 !1

6 1

"

��
!

!4 2
6 7

"
��

!
8 2
3 3

"

��
!

8 4
4 8

"
��

!
9 !2
2 5

"

��
!

5 3
!4 4

"
��

!
!4 3

2 1

"

([HUFLVHV��²���UHTXLUH�WHFKQLTXHV�IURP�6HFWLRQ ���� )LQG�WKH
FKDUDFWHULVWLF�SRO\QRPLDO�RI�HDFK�PDWUL[� XVLQJ�HLWKHU�D�FRIDFWRU
H[SDQVLRQ�RU�WKH�VSHFLDO�IRUPXOD�IRU 3 # 3 GHWHUPLQDQWV�GHVFULEHG



(LJHQYDOXHV�DQG�(LJHQYHFWRUV

SULRU � WR �([HUFLVHV ��²��� LQ �6HFWLRQ ���� >1RWH� )LQGLQJ� WKH
FKDUDFWHULVWLF�SRO\QRPLDO�RI�D 3 # 3 PDWUL[�LV�QRW�HDV\�WR�GR�ZLWK
MXVW�URZ�RSHUDWLRQV� EHFDXVH�WKH�YDULDEOH ! LV�LQYROYHG�@

��

2
4

4 0 !1
0 4 !1
1 0 2

3
5 ���

2
4

3 1 1
0 5 0

!2 0 7

3
5

���

2
4

3 0 0
2 1 4
1 0 4

3
5 ���

2
4

!1 0 2
3 1 0
0 1 2

3
5

���

2
4

6 !2 0
!2 9 0

5 8 3

3
5 ���

2
4

4 0 !1
!1 0 4

0 2 3

3
5

)RU�WKH�PDWULFHV�LQ�([HUFLVHV���²��� OLVW�WKH�UHDO�HLJHQYDOXHV�
UHSHDWHG�DFFRUGLQJ�WR�WKHLU�PXOWLSOLFLWLHV�

���

2
664

5 5 0 2
0 2 !3 6
0 0 3 !2
0 0 0 5

3
775 ���

2
664

3 0 0 0
6 2 0 0
0 3 6 0
2 3 3 !5

3
775

���

2
66664

3 0 0 0 0
!5 1 0 0 0

3 8 0 0 0
0 !7 2 1 0

!4 1 9 !2 3

3
77775

��� ,W�FDQ�EH�VKRZQ�WKDW�WKH�DOJHEUDLF�PXOWLSOLFLW\�RI�DQ�HLJHQ�
YDOXH ! LV�DOZD\V�JUHDWHU�WKDQ�RU�HTXDO�WR�WKH�GLPHQVLRQ�RI�WKH
HLJHQVSDFH�FRUUHVSRQGLQJ�WR !� )LQG h LQ�WKH�PDWUL[ A EHORZ
VXFK�WKDW�WKH�HLJHQVSDFH�IRU ! D 4 LV�WZR�GLPHQVLRQDO�

A D

2
664

4 2 3 3
0 2 h 3
0 0 4 14
0 0 0 2

3
775

��� /HW A EH�DQ n # n PDWUL[� DQG�VXSSRVH A KDV n UHDO�HLJHQYDO�
XHV� !1; : : : ; !n� UHSHDWHG�DFFRUGLQJ�WR�PXOWLSOLFLWLHV� VR�WKDW

GHW .A ! !I / D .!1 ! !/.!2 ! !/ " " " .!n ! !/

([SODLQ�ZK\ GHWA LV�WKH�SURGXFW�RI�WKH n HLJHQYDOXHV�RI
A� �7KLV�UHVXOW�LV�WUXH�IRU�DQ\�VTXDUH�PDWUL[�ZKHQ�FRPSOH[
HLJHQYDOXHV�DUH�FRQVLGHUHG��

��� 8VH�D�SURSHUW\�RI�GHWHUPLQDQWV�WR�VKRZ�WKDW A DQG AT KDYH
WKH�VDPH�FKDUDFWHULVWLF�SRO\QRPLDO�

,Q�([HUFLVHV����DQG���� A DQG B DUH n # n PDWULFHV� 0DUN�HDFK
VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�

��� D� 7KH�GHWHUPLQDQW�RIA LV�WKH�SURGXFW�RI�WKH�GLDJRQDO�HQWULHV
LQ A�

E� $Q�HOHPHQWDU\�URZ�RSHUDWLRQ�RQ A GRHV�QRW�FKDQJH�WKH
GHWHUPLQDQW�

F� .GHWA/.GHWB/ D GHW$%
G� ,I ! C 5 LV�D�IDFWRU�RI�WKH�FKDUDFWHULVWLF�SRO\QRPLDO�RI A�

WKHQ���LV�DQ�HLJHQYDOXH�RI A�

��� D� ,I A LV 3 # 3� ZLWK�FROXPQV D1� D2� D3� WKHQ GHWA HTXDOV
WKH�YROXPH�RI�WKH�SDUDOOHOHSLSHG�GHWHUPLQHG�E\ D1� D2� D3�

E� GHWAT D .!1/ GHWA�
F� 7KH�PXOWLSOLFLW\�RI�D�URRW r RI�WKH�FKDUDFWHULVWLF�HTXDWLRQ

RI A LV�FDOOHG�WKH�DOJHEUDLF�PXOWLSOLFLW\�RI r DV�DQ�HLJHQ�
YDOXH�RI A�

G� $ URZ�UHSODFHPHQW�RSHUDWLRQ�RQ A GRHV�QRW�FKDQJH�WKH
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7KHRUHPV���DQG���DQG�WKH�H[DPSOHV�LQ�WKLV�VHFWLRQ�FDUHIXOO\�EHIRUH
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��� D� A LV�GLDJRQDOL]DEOH�LIA D 3'3!1 IRU�VRPH�PDWUL[D DQG
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�� <HV� A LV�GLDJRQDOL]DEOH� 7KHUH�LV�D�EDVLV fY1; Y2g IRU�WKH�HLJHQVSDFH�FRUUHVSRQGLQJ
WR ! D 3� ,Q�DGGLWLRQ� WKHUH�ZLOO�EH�DW�OHDVW�RQH�HLJHQYHFWRU�IRU ! D 5 DQG�RQH
IRU ! D !2� &DOO�WKHP Y3 DQG Y4� 7KHQ fY1; Y2; Y3; Y4g LV�OLQHDUO\�LQGHSHQGHQW
E\�7KHRUHP ��DQG�3UDFWLFH�3UREOHP ��LQ�6HFWLRQ ���� 7KHUH�FDQ�EH�QR�DGGLWLRQDO
HLJHQYHFWRUV�WKDW�DUH�OLQHDUO\�LQGHSHQGHQW�IURP Y1� Y2� Y3� Y4� EHFDXVH�WKH�YHFWRUV�DUH
DOO�LQ R4� +HQFH�WKH�HLJHQVSDFHV�IRU ! D 5 DQG ! D !2 DUH�ERWK�RQH�GLPHQVLRQDO�
,W�IROORZV�WKDW A LV�GLDJRQDOL]DEOH�E\�7KHRUHP ��E��SG

7KH�JRDO�RI�WKLV�VHFWLRQ�LV�WR�XQGHUVWDQG�WKH�PDWUL[�IDFWRUL]DWLRQ A D 3'3!1 DV�D
VWDWHPHQW�DERXW�OLQHDU�WUDQVIRUPDWLRQV� :H�VKDOO�VHH�WKDW�WKH�WUDQVIRUPDWLRQ [ 7!A[
LV�HVVHQWLDOO\�WKH�VDPH�DV�WKH�YHU\�VLPSOH�PDSSLQJ X 7!DX� ZKHQ�YLHZHG�IURP�WKH
SURSHU�SHUVSHFWLYH� $ VLPLODU�LQWHUSUHWDWLRQ�ZLOO�DSSO\�WR A DQG D HYHQ�ZKHQ D LV�QRW
D�GLDJRQDO�PDWUL[�

5HFDOO�IURP�6HFWLRQ ����WKDW�DQ\�OLQHDU�WUDQVIRUPDWLRQ T IURP Rn WR Rm FDQ�EH
LPSOHPHQWHG�YLD�OHIW�PXOWLSOLFDWLRQ�E\�D�PDWUL[ A� FDOOHG�WKH VWDQGDUG�PDWUL[ RI T �
1RZ�ZH�QHHG�WKH�VDPH�VRUW�RI�UHSUHVHQWDWLRQ�IRU�DQ\�OLQHDU�WUDQVIRUPDWLRQ�EHWZHHQ�WZR
ÀQLWH�GLPHQVLRQDO�YHFWRU�VSDFHV�
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7KH�0DWUL[�RI�D�/LQHDU�7UDQVIRUPDWLRQ
/HW V EH�DQ n�GLPHQVLRQDO�YHFWRU�VSDFH� OHW W EH�DQ m�GLPHQVLRQDO�YHFWRU�VSDFH� DQG
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IRU T LV�GLDJRQDO� 'LDJRQDOL]LQJ A DPRXQWV�WR�ÀQGLQJ�D�GLDJRQDO�PDWUL[�UHSUHVHQWDWLRQ
RI [ 7!A[�

6XSSRVH A D 3'3!1� ZKHUH D LV�D�GLDJRQDO n # n PDWUL[� ,I B LV�WKH�EDVLV�IRU
Rn IRUPHG�IURP�WKH�FROXPQV�RI P � WKHQ D LV�WKH B�PDWUL[�IRU�WKH�WUDQVIRUPDWLRQ
[ 7!A[�

'HQRWH�WKH�FROXPQV�RI P E\ E1; : : : ; En� VR�WKDW B D fE1; : : : ;Eng DQG P D
Œ E1 " " " En #� ,Q�WKLV�FDVH� P LV�WKH�FKDQJH�RI�FRRUGLQDWHV�PDWUL[ PB GLVFXVVHG�LQ
6HFWLRQ ���� ZKHUH

P Œ [ #B D [ DQG Œ [ #B D P!1[
,I T .[/ D A[ IRU [ LQ Rn� WKHQ

Œ T #B D
#

Œ T .E1/ #B " " " Œ T .En/ #B
$

'HÀQLWLRQ�RI Œ T #B

D
#

Œ AE1 #B " " " Œ AEn #B
$

6LQFH T .[/ D A[

D Œ P!1AE1 " " " P!1AEn # &KDQJH�RI�FRRUGLQDWHV

D P!1AŒ E1 " " " En # 0DWUL[�PXOWLSOLFDWLRQ

D P!1$3 ���
6LQFH A D 3'3!1� ZH�KDYH Œ T #B D P!1$3 D D�



(LJHQYDOXHV�DQG�(LJHQYHFWRUV

'HÀQH T W R2 ! R2 E\ T .[/ D A[� ZKHUH A D
!

7 2
!4 1

"
� )LQG�D

EDVLV B IRU R2 ZLWK�WKH�SURSHUW\�WKDW�WKH B�PDWUL[�IRU T LV�D�GLDJRQDO�PDWUL[�

)URP�([DPSOH���LQ�6HFWLRQ ���� ZH�NQRZ�WKDW A D 3'3!1� ZKHUH

P D
!

1 1
!1 !2

"
DQG D D

!
5 0
0 3

"

7KH�FROXPQV�RI P � FDOO�WKHP E1 DQG E2� DUH�HLJHQYHFWRUV�RI A� %\�7KHRUHP �� D LV�WKH
B�PDWUL[�IRU T ZKHQ B D fE1; E2g� 7KH�PDSSLQJV [ 7!A[ DQG X 7!DX GHVFULEH�WKH
VDPH�OLQHDU�WUDQVIRUPDWLRQ� UHODWLYH�WR�GLIIHUHQW�EDVHV�

6LPLODULW\�RI�0DWUL[�5HSUHVHQWDWLRQV
7KH�SURRI�RI�7KHRUHP ��GLG�QRW�XVH�WKH�LQIRUPDWLRQ�WKDW D ZDV�GLDJRQDO� +HQFH�
LI A LV �VLPLODU � WR�D�PDWUL[ C � ZLWK A D P CP!1� WKHQ C LV � WKH B�PDWUL[�IRU � WKH
WUDQVIRUPDWLRQ [ 7!A[ ZKHQ�WKH�EDVLV B LV �IRUPHG�IURP�WKH�FROXPQV�RI P � 7KH
IDFWRUL]DWLRQ A D P CP!1 LV�VKRZQ�LQ�)LJ� ��

Multiplication
by A

Multiplication
by C

Multiplication
by P–1

[x]B

Multiplication
by P

[Ax]B

Axx

6LPLODULW\�RI�WZR�PDWUL[�UHSUHVHQWDWLRQV�
A D 3&3!1�

&RQYHUVHO\� LI T W Rn ! Rn LV�GHÀQHG�E\ T .[/ D A[� DQG�LI B LV�DQ\�EDVLV�IRU
Rn� WKHQ�WKH B�PDWUL[�IRU T LV�VLPLODU�WR A� ,Q�IDFW� WKH�FDOFXODWLRQV�LQ�WKH�SURRI�RI
7KHRUHP ��VKRZ�WKDW�LI P LV�WKH�PDWUL[�ZKRVH�FROXPQV�FRPH�IURP�WKH�YHFWRUV�LQ B�
WKHQ ŒT #B D P!1$3� 7KXV� WKH�VHW�RI�DOO�PDWULFHV�VLPLODU�WR�D�PDWUL[ A FRLQFLGHV�ZLWK
WKH�VHW�RI�DOO�PDWUL[�UHSUHVHQWDWLRQV�RI�WKH�WUDQVIRUPDWLRQ [ 7! A[�

/HW A D
!

4 !9
4 !8

"
� E1 D

!
3
2

"
� DQG E2 D

!
2
1

"
� 7KH�FKDUDFWHULVWLF

SRO\QRPLDO�RI A LV .! C 2/2� EXW�WKH�HLJHQVSDFH�IRU�WKH�HLJHQYDOXH !2 LV�RQO\�RQH�
GLPHQVLRQDO� VR A LV�QRW�GLDJRQDOL]DEOH� +RZHYHU� WKH�EDVLV B D fE1; E2g KDV�WKH
SURSHUW\�WKDW�WKH B�PDWUL[�IRU�WKH�WUDQVIRUPDWLRQ [ 7! A[ LV�D�WULDQJXODU�PDWUL[�FDOOHG
WKH -RUGDQ�IRUP RI A�ñ )LQG�WKLV B�PDWUL[�

,I P D Œ E1 E2 #� WKHQ�WKH B�PDWUL[�LV P!1$3� &RPSXWH

$3 D
!

4 !9
4 !8

"!
3 2
2 1

"
D
!

!6 !1
!4 0

"

P!1$3 D
!

!1 2
2 !3

"!
!6 !1
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"
D
!

!2 1
0 !2

"

1RWLFH�WKDW�WKH�HLJHQYDOXH�RI A LV�RQ�WKH�GLDJRQDO�

ñ(YHU\�VTXDUH�PDWUL[ A LV�VLPLODU�WR�D�PDWUL[�LQ�-RUGDQ�IRUP� 7KH�EDVLV�XVHG�WR�SURGXFH�D�-RUGDQ�IRUP
FRQVLVWV�RI�HLJHQYHFWRUV�DQG�VR�FDOOHG�´JHQHUDOL]HG�HLJHQYHFWRUVµ�RI A� 6HH�&KDSWHU���RI $SSOLHG�/LQHDU
$OJHEUD� �UG�HG� �(QJOHZRRG�&OLIIV� 1-��3UHQWLFH�+DOO� ������ E\�%��1REOH�DQG�-��:��'DQLHO�



(LJHQYHFWRUV�DQG�/LQHDU�7UDQVIRUPDWLRQV

$Q�HIÀFLHQW�ZD\�WR�FRPSXWH�D B�PDWUL[ P!1$3 LV�WR�FRPSXWH $3 DQG�WKHQ�WR�URZ
UHGXFH�WKH�DXJPHQWHG�PDWUL[ Œ P $3 # WR Œ I P!1$3 #� $ VHSDUDWH�FRPSXWDWLRQ
RI P!1 LV�XQQHFHVVDU\� 6HH�([HUFLVH ���LQ�6HFWLRQ ����

�� )LQG T .a0 C a1t C a2t2/� LI T LV�WKH�OLQHDU�WUDQVIRUPDWLRQ�IURP P2 WR P2 ZKRVH
PDWUL[�UHODWLYH�WR B D f1; t; t 2g LV

Œ T #B D

2
4

3 4 0
0 5 !1
1 !2 7

3
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�� /HW A� B � DQG C EH n # n PDWULFHV� 7KH�WH[W�KDV�VKRZQ�WKDW�LI A LV�VLPLODU�WR B �
WKHQ B LV�VLPLODU�WR A� 7KLV�SURSHUW\� WRJHWKHU�ZLWK�WKH�VWDWHPHQWV�EHORZ� VKRZV�WKDW
´VLPLODU�WRµ�LV�DQ HTXLYDOHQFH�UHODWLRQ� �5RZ�HTXLYDOHQFH�LV�DQRWKHU�H[DPSOH�RI�DQ
HTXLYDOHQFH�UHODWLRQ�� 9HULI\�SDUWV��D��DQG��E��
D� A LV�VLPLODU�WR A�
E� ,I A LV�VLPLODU�WR B DQG B LV�VLPLODU�WR C � WKHQ A LV�VLPLODU�WR C �

�� /HW B D fE1;E2;E3g DQG D D fG1;G2g EH�EDVHV�IRU�YHFWRU
VSDFHV V DQG W � UHVSHFWLYHO\� /HW T W V ! W EH�D�OLQHDU
WUDQVIRUPDWLRQ�ZLWK�WKH�SURSHUW\�WKDW

T .E1/ D 3G1 ! 5G2; T .E2/ D !G1 C 6G2; T .E3/ D 4G2

)LQG�WKH�PDWUL[�IRU T UHODWLYH�WR B DQG D�

�� /HWD D fG1;G2g DQGB D fE1; E2g EH�EDVHV�IRU�YHFWRU�VSDFHV
V DQG W � UHVSHFWLYHO\� /HW T W V ! W EH�D�OLQHDU�WUDQVIRU�
PDWLRQ�ZLWK�WKH�SURSHUW\�WKDW

T .G1/ D 3E1 ! 3E2; T .G2/ D !2E1 C 5E2

)LQG�WKH�PDWUL[�IRU T UHODWLYH�WR D DQG B�
�� /HW E D fH1; H2; H3g EH � WKH � VWDQGDUG � EDVLV � IRU R3� OHW

B D fE1;E2;E3g EH�D�EDVLV�IRU�D�YHFWRU�VSDFH V � DQG�OHW
T W R3 ! V EH�D�OLQHDU�WUDQVIRUPDWLRQ�ZLWK�WKH�SURSHUW\�WKDW

T .x1; x2; x3/ D .2x3 ! x2/E1 ! .2x2/E2 C .x1 C 3x3/E3

D� &RPSXWH T .H1/� T .H2/� DQG T .H3/�
E� &RPSXWH ŒT .H1/#B� ŒT .H2/#B� DQG ŒT .H3/#B�
F� )LQG�WKH�PDWUL[�IRU T UHODWLYH�WR E DQG B�

�� /HW B D fE1;E2;E3g EH�D�EDVLV�IRU�D�YHFWRU�VSDFH V DQG�OHW
T W V ! R2 EH�D�OLQHDU�WUDQVIRUPDWLRQ�ZLWK�WKH�SURSHUW\�WKDW

T .x1E1 C x2E2 C x3E3/ D
!

2x1 ! 3x2 C x3

!2x1 C 5x3

"

)LQG�WKH�PDWUL[�IRU T UHODWLYH�WR B DQG�WKH�VWDQGDUG�EDVLV�IRU
R2�

�� /HW T W P2 ! P3 EH�WKH�WUDQVIRUPDWLRQ�WKDW�PDSV�D�SRO\QR�
PLDO S.t/ LQWR�WKH�SRO\QRPLDO .t C 3/S.t/�
D� )LQG�WKH�LPDJH�RI S.t/ D 3 ! 2t C t 2�
E� 6KRZ�WKDW T LV�D�OLQHDU�WUDQVIRUPDWLRQ�
F� )LQG�WKH�PDWUL[�IRU T UHODWLYH�WR�WKH�EDVHV f1; t; t 2g DQG

f1; t; t 2; t 3g�

�� /HW T W P2 ! P4 EH�WKH�WUDQVIRUPDWLRQ�WKDW�PDSV�D�SRO\QR�
PLDO S.t/ LQWR�WKH�SRO\QRPLDO S.t/ C 2t2S.t/�
D� )LQG�WKH�LPDJH�RI S.t/ D 3 ! 2t C t 2�
E� 6KRZ�WKDW T LV�D�OLQHDU�WUDQVIRUPDWLRQ�
F� )LQG�WKH�PDWUL[�IRU T UHODWLYH�WR�WKH�EDVHV f1; t; t 2g DQG

f1; t; t 2; t 3; t 4g�

�� $VVXPH�WKH�PDSSLQJ T W P2 ! P2 GHÀQHG�E\

T .a0 C a1t C a2t
2/ D 3a0 C .5a0 ! 2a1/t C .4a1 C a2/t

2

LV�OLQHDU� )LQG�WKH�PDWUL[�UHSUHVHQWDWLRQ�RI T UHODWLYH�WR�WKH
EDVLV B D f1; t; t 2g�

�� /HW B D fE1;E2;E3g EH�D�EDVLV�IRU�D�YHFWRU�VSDFH V � )LQG
T .4E1 ! 3E2/ ZKHQ T LV�D�OLQHDU�WUDQVIRUPDWLRQ�IURP V WR
V ZKRVH�PDWUL[�UHODWLYH�WR B LV

Œ T #B D

2
4

0 0 1
2 1 !2
1 3 1

3
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�� 'HÀQH T W P2 ! R3 E\ T .S/ D

2
4
S.!1/
S.0/
S.1/

3
5�

D� )LQG�WKH�LPDJH�XQGHU T RI S.t/ D 5 C 3t �
E� 6KRZ�WKDW T LV�D�OLQHDU�WUDQVIRUPDWLRQ�
F� )LQG�WKH�PDWUL[�IRU T UHODWLYH�WR�WKH�EDVLV f1; t; t 2g IRU P2

DQG�WKH�VWDQGDUG�EDVLV�IRU R3�

��� 'HÀQH T W P3 ! R4 E\ T .S/ D

2
664
S.!2/
S.3/
S.1/
S.0/

3
775�

D� 6KRZ�WKDW T LV�D�OLQHDU�WUDQVIRUPDWLRQ�
E� )LQG�WKH�PDWUL[�IRU T UHODWLYH�WR�WKH�EDVLV f1; t; t 2; t 3g IRU

P3 DQG�WKH�VWDQGDUG�EDVLV�IRU R4�

,Q�([HUFLVHV����DQG���� ÀQG�WKH B�PDWUL[�IRU�WKH�WUDQVIRUPDWLRQ
[ 7!A[� ZKHUH B D fE1;E2g�

��� A D
!

!4 !1
6 1

"
� E1 D

!
!1

2

"
� E2 D

!
!1

1

"

��� A D
!

!6 !2
4 0

"
� E1 D

!
0
1

"
� E2 D

!
!1

2

"

,Q�([HUFLVHV���²��� GHÀQH T W R2 ! R2 E\ T .[/ D A[� )LQG�D
EDVLV B IRU R2 ZLWK�WKH�SURSHUW\�WKDW ŒT #B LV�GLDJRQDO�

��� A D
!

0 1
!3 4

"
��� A D

!
2 3
3 2

"

��� A D
!

1 2
3 !4

"
��� A D

!
4 !2

!1 5

"

��� /HW A D
!

4 1
!1 2

"
DQG B D fE1;E2g� IRU E1 D

!
1

!1

"
�

E2 D
!

!1
2

"
� 'HÀQH T W R2 ! R2 E\ T .[/ D A[�

D� 9HULI\�WKDW E1 LV�DQ�HLJHQYHFWRU�RI A EXW�WKDW A LV�QRW
GLDJRQDOL]DEOH�

E� )LQG�WKH B�PDWUL[�IRU T �
��� 'HÀQH T W R3 ! R3 E\ T .[/ D A[� ZKHUH A LV �D 3 # 3

PDWUL[�ZLWK�HLJHQYDOXHV��� �� DQG!2� 'RHV�WKHUH�H[LVW�D�EDVLV
B IRU R3 VXFK�WKDW�WKH B�PDWUL[�IRU T LV�D�GLDJRQDO�PDWUL["
'LVFXVV�

9HULI\�WKH�VWDWHPHQWV�LQ�([HUFLVHV���²��� 7KH�PDWULFHV�DUH�VTXDUH�

��� ,I A LV � LQYHUWLEOH �DQG �VLPLODU � WR B � WKHQ B LV � LQYHUWLEOH
DQG A!1 LV�VLPLODU�WR B!1� >+LQW� P!1$3 D B IRU�VRPH
LQYHUWLEOH P � ([SODLQ�ZK\ B LV�LQYHUWLEOH� 7KHQ�ÀQG�DQ
LQYHUWLEOH Q VXFK�WKDW Q!1A!1Q D B!1�@

��� ,I A LV�VLPLODU�WR B � WKHQ A2 LV�VLPLODU�WR B2�
��� ,I B LV�VLPLODU�WR A DQG C LV�VLPLODU�WR A� WKHQ B LV�VLPLODU

WR C �

��� ,I A LV�GLDJRQDOL]DEOH�DQG B LV�VLPLODU�WR A� WKHQ B LV�DOVR
GLDJRQDOL]DEOH�

��� ,I B D P!1$3 DQG [ LV�DQ�HLJHQYHFWRU�RI A FRUUHVSRQGLQJ
WR�DQ�HLJHQYDOXH !� WKHQ P!1[ LV�DQ�HLJHQYHFWRU�RI B FRUUH�
VSRQGLQJ�DOVR�WR !�

��� ,I A DQG B DUH�VLPLODU� WKHQ�WKH\�KDYH�WKH�VDPH�UDQN� >+LQW�
5HIHU�WR�6XSSOHPHQWDU\�([HUFLVHV ���DQG����LQ�&KDSWHU ��@

��� 7KH WUDFH RI�D�VTXDUH�PDWUL[ A LV�WKH�VXP�RI�WKH�GLDJRQDO
HQWULHV�LQ A DQG�LV�GHQRWHG�E\ WUA� ,W�FDQ�EH�YHULÀHG�WKDW
WU.F G/ D WU.GF / IRU �DQ\� WZR n # n PDWULFHV F DQG G�
6KRZ�WKDW�LI A DQG B DUH�VLPLODU� WKHQ WUA D WUB �

��� ,W�FDQ�EH�VKRZQ�WKDW�WKH�WUDFH�RI�D�PDWUL[ A HTXDOV�WKH�VXP�RI
WKH�HLJHQYDOXHV�RI A� 9HULI\�WKLV�VWDWHPHQW�IRU�WKH�FDVH�ZKHQ
A LV�GLDJRQDOL]DEOH�

��� /HW V EH Rn ZLWK�D�EDVLV B D fE1; : : : ; Eng� OHW W EH Rn

ZLWK�WKH�VWDQGDUG�EDVLV� GHQRWHG�KHUH�E\ E � DQG�FRQVLGHU�WKH
LGHQWLW\�WUDQVIRUPDWLRQ I W Rn ! Rn� ZKHUH I.[/ D [� )LQG
WKH�PDWUL[�IRU I UHODWLYH�WR B DQG E � :KDW�ZDV�WKLV�PDWUL[
FDOOHG�LQ�6HFWLRQ ���"

��� /HW V EH�D�YHFWRU�VSDFH�ZLWK�D�EDVLV B D fE1; : : : ; Eng� OHW W
EH�WKH�VDPH�VSDFH V ZLWK�D�EDVLV C D fF1; : : : ; Fng� DQG�OHW I
EH�WKH�LGHQWLW\�WUDQVIRUPDWLRQ I W V ! W � )LQG�WKH�PDWUL[
IRU I UHODWLYH�WR B DQG C� :KDW�ZDV�WKLV�PDWUL[�FDOOHG�LQ
6HFWLRQ ���"

��� /HW V EH�D�YHFWRU�VSDFH�ZLWK�D�EDVLV B D fE1; : : : ; Eng� )LQG
WKH B�PDWUL[�IRU�WKH�LGHQWLW\�WUDQVIRUPDWLRQ I W V ! V �

>0@ ,Q�([HUFLVHV����DQG���� ÀQG�WKH B�PDWUL[�IRU�WKH�WUDQVIRUPD�
WLRQ [ 7! A[ ZKHUH B D fE1;E2;E3g�
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��� >0@ /HW T EH�WKH�WUDQVIRUPDWLRQ�ZKRVH�VWDQGDUG�PDWUL[�LV
JLYHQ�EHORZ� )LQG�D�EDVLV�IRU R4 ZLWK�WKH�SURSHUW\�WKDW Œ T #B
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�� /HW S.t/ D a0 C a1t C a2t2 DQG�FRPSXWH

Œ T .S/ #B D Œ T #BŒ S #B D

2
4

3 4 0
0 5 !1
1 !2 7

3
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2
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a0

a1

a2

3
5 D

2
4

3a0 C 4a1

5a1 ! a2

a0 ! 2a1 C 7a2

3
5

6R T .S/ D .3a0 C 4a1/ C .5a1 ! a2/t C .a0 ! 2a1 C 7a2/t2�
�� D� A D .I /!1AI � VR A LV�VLPLODU�WR A�

E� %\�K\SRWKHVLV� WKHUH�H[LVW�LQYHUWLEOH�PDWULFHV P DQG Q ZLWK�WKH�SURSHUW\�WKDW
B D P!1$3 DQG C D Q!1BQ� 6XEVWLWXWH�WKH�IRUPXOD�IRU B LQWR�WKH�IRUPXOD
IRU C � DQG�XVH�D�IDFW�DERXW�WKH�LQYHUVH�RI�D�SURGXFW�

C D Q!1BQ D Q!1.P!1$3/Q D .34/!1A.34/

7KLV�HTXDWLRQ�KDV�WKH�SURSHU�IRUP�WR�VKRZ�WKDW A LV�VLPLODU�WR C �

6LQFH�WKH�FKDUDFWHULVWLF�HTXDWLRQ�RI�DQ n # n PDWUL[�LQYROYHV�D�SRO\QRPLDO�RI�GHJUHH n�
WKH�HTXDWLRQ�DOZD\V�KDV�H[DFWO\ n URRWV� FRXQWLQJ�PXOWLSOLFLWLHV� SURYLGHG�WKDW�SRVVLEO\
FRPSOH[�URRWV�DUH�LQFOXGHG� 7KLV�VHFWLRQ�VKRZV�WKDW�LI�WKH�FKDUDFWHULVWLF�HTXDWLRQ�RI
D�UHDO�PDWUL[ A KDV�VRPH�FRPSOH[�URRWV� WKHQ�WKHVH�URRWV�SURYLGH�FULWLFDO�LQIRUPDWLRQ
DERXW A� 7KH�NH\�LV�WR�OHW A DFW�RQ�WKH�VSDFH Cn RI n�WXSOHV�RI�FRPSOH[�QXPEHUV�ñ

2XU�LQWHUHVW�LQ Cn GRHV�QRW�DULVH�IURP�D�GHVLUH�WR�´JHQHUDOL]Hµ�WKH�UHVXOWV�RI�WKH
HDUOLHU�FKDSWHUV� DOWKRXJK�WKDW�ZRXOG�LQ�IDFW�RSHQ�XS�VLJQLÀFDQW�QHZ�DSSOLFDWLRQV�RI
OLQHDU�DOJHEUD�ò 5DWKHU� WKLV�VWXG\�RI�FRPSOH[�HLJHQYDOXHV�LV�HVVHQWLDO�LQ�RUGHU�WR�XQFRYHU
´KLGGHQµ�LQIRUPDWLRQ�DERXW�FHUWDLQ�PDWULFHV�ZLWK�UHDO�HQWULHV�WKDW�DULVH�LQ�D�YDULHW\�RI
UHDO�OLIH�SUREOHPV� 6XFK�SUREOHPV�LQFOXGH�PDQ\�UHDO�G\QDPLFDO�V\VWHPV�WKDW�LQYROYH
SHULRGLF�PRWLRQ� YLEUDWLRQ� RU�VRPH�W\SH�RI�URWDWLRQ�LQ�VSDFH�

7KH �PDWUL[ � HLJHQYDOXH²HLJHQYHFWRU � WKHRU\ � DOUHDG\ � GHYHORSHG � IRU Rn DSSOLHV
HTXDOO\�ZHOO�WR Cn� 6R�D�FRPSOH[�VFDODU ! VDWLVÀHV GHW.A ! !I / D 0 LI�DQG�RQO\�LI
WKHUH�LV�D�QRQ]HUR�YHFWRU [ LQ Cn VXFK�WKDW A[ D ![� :H�FDOO ! D��FRPSOH[� HLJHQYDOXH
DQG [ D��FRPSOH[� HLJHQYHFWRU FRUUHVSRQGLQJ�WR !�

,I A D
!

0 !1
1 0

"
� WKHQ � WKH � OLQHDU � WUDQVIRUPDWLRQ [ 7! A[ RQ R2

URWDWHV�WKH�SODQH�FRXQWHUFORFNZLVH�WKURXJK�D�TXDUWHU�WXUQ� 7KH�DFWLRQ�RI A LV�SHULRGLF�
VLQFH�DIWHU�IRXU�TXDUWHU�WXUQV� D�YHFWRU�LV�EDFN�ZKHUH�LW�VWDUWHG� 2EYLRXVO\� QR�QRQ]HUR
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5HPHPEHU�WKDW�LW�LV�HDV\�WR�WHVW�ZKHWKHU�D�YHFWRU�LV�DQ�HLJHQYHFWRU� 7KHUH�LV�QR�QHHG�WR
H[DPLQH�WKH�FKDUDFWHULVWLF�HTXDWLRQ� &RPSXWH
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LV�DQ�HLJHQYHFWRU�FRUUHVSRQGLQJ�WR ! D a C bi � )URP�WKH�GLVFXVVLRQ�LQ�WKLV

VHFWLRQ�
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"
PXVW�EH�DQ�HLJHQYHFWRU�FRUUHVSRQGLQJ�WR ! D a ! bi �

(LJHQYDOXHV�DQG�HLJHQYHFWRUV�SURYLGH�WKH�NH\�WR�XQGHUVWDQGLQJ�WKH�ORQJ�WHUP�EHKDYLRU�
RU HYROXWLRQ� RI�D�G\QDPLFDO�V\VWHP�GHVFULEHG�E\�D�GLIIHUHQFH�HTXDWLRQ [kC1 D A[k �
6XFK�DQ�HTXDWLRQ�ZDV�XVHG�WR�PRGHO�SRSXODWLRQ�PRYHPHQW�LQ�6HFWLRQ ����� YDULRXV
0DUNRY�FKDLQV � LQ �6HFWLRQ ���� DQG� WKH�VSRWWHG�RZO�SRSXODWLRQ� LQ � WKH� LQWURGXFWRU\
H[DPSOH�IRU�WKLV�FKDSWHU� 7KH�YHFWRUV [k JLYH�LQIRUPDWLRQ�DERXW�WKH�V\VWHP�DV�WLPH
�GHQRWHG�E\ k��SDVVHV� ,Q�WKH�VSRWWHG�RZO�H[DPSOH� IRU�LQVWDQFH� [k OLVWHG�WKH�QXPEHUV
RI�RZOV�LQ�WKUHH�DJH�FODVVHV�DW�WLPH k�

7KH�DSSOLFDWLRQV�LQ�WKLV�VHFWLRQ�IRFXV�RQ�HFRORJLFDO�SUREOHPV�EHFDXVH�WKH\�DUH�HDVLHU
WR�VWDWH�DQG�H[SODLQ�WKDQ� VD\� SUREOHPV�LQ�SK\VLFV�RU�HQJLQHHULQJ� +RZHYHU� G\QDPLFDO
V\VWHPV�DULVH�LQ�PDQ\�VFLHQWLÀF�ÀHOGV� )RU�LQVWDQFH� VWDQGDUG�XQGHUJUDGXDWH�FRXUVHV
LQ�FRQWURO�V\VWHPV�GLVFXVV�VHYHUDO�DVSHFWV�RI�G\QDPLFDO�V\VWHPV� 7KH�PRGHUQ VWDWH�
VSDFH GHVLJQ�PHWKRG�LQ�VXFK�FRXUVHV�UHOLHV�KHDYLO\�RQ�PDWUL[�DOJHEUD�ñ 7KH VWHDG\�VWDWH
UHVSRQVH RI�D�FRQWURO�V\VWHP�LV�WKH�HQJLQHHULQJ�HTXLYDOHQW�RI�ZKDW�ZH�FDOO�KHUH�WKH
´ORQJ�WHUP�EHKDYLRUµ�RI�WKH�G\QDPLFDO�V\VWHP [kC1 D A[k �

ñ6HH�*� )� )UDQNOLQ� -� '� 3RZHOO� DQG�$� (PDPL�1DHLPL� )HHGEDFN�&RQWURO�RI�'\QDPLF�6\VWHPV� �WK�HG�
�8SSHU�6DGGOH�5LYHU� 1-��3UHQWLFH�+DOO� ������ 7KLV�XQGHUJUDGXDWH�WH[W�KDV�D�QLFH�LQWURGXFWLRQ�WR�G\QDPLF
PRGHOV��&KDSWHU ��� 6WDWH�VSDFH�GHVLJQ�LV�FRYHUHG�LQ�&KDSWHUV ��DQG���
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8QWLO�([DPSOH��� ZH�DVVXPH�WKDW A LV�GLDJRQDOL]DEOH� ZLWK n OLQHDUO\�LQGHSHQ�
GHQW�HLJHQYHFWRUV� Y1; : : : ; Yn� DQG�FRUUHVSRQGLQJ�HLJHQYDOXHV� !1; : : : ; !n� )RU�FRQYH�
QLHQFH� DVVXPH�WKH�HLJHQYHFWRUV�DUH�DUUDQJHG�VR�WKDW j!1j % j!2j % " " " % j!nj� 6LQFH
fY1; : : : ; Yng LV�D�EDVLV�IRU Rn� DQ\�LQLWLDO�YHFWRU [0 FDQ�EH�ZULWWHQ�XQLTXHO\�DV

[0 D c1Y1 C " " " C cnYn ���

7KLV HLJHQYHFWRU�GHFRPSRVLWLRQ RI [0 GHWHUPLQHV�ZKDW�KDSSHQV�WR�WKH�VHTXHQFH f[kg�
7KH�QH[W�FDOFXODWLRQ�JHQHUDOL]HV�WKH�VLPSOH�FDVH�H[DPLQHG�LQ�([DPSOH ��RI�6HFWLRQ ����
6LQFH�WKH Yi DUH�HLJHQYHFWRUV�

[1 D A[0 D c1AY1 C " " " C cnAYn

D c1!1Y1 C " " " C cn!nYn

,Q�JHQHUDO�

[k D c1.!1/kY1 C " " " C cn.!n/kYn .k D 0; 1; 2; : : :/ ���

7KH�H[DPSOHV�WKDW�IROORZ�LOOXVWUDWH�ZKDW�FDQ�KDSSHQ�LQ�����DV k ! 1�

$ 3UHGDWRU±3UH\�6\VWHP
'HHS�LQ�WKH�UHGZRRG�IRUHVWV�RI�&DOLIRUQLD� GXVN\�IRRWHG�ZRRG�UDWV�SURYLGH�XS�WR�����RI
WKH�GLHW�IRU�WKH�VSRWWHG�RZO� WKH�PDLQ�SUHGDWRU�RI�WKH�ZRRG�UDW� ([DPSOH���XVHV�D�OLQHDU
G\QDPLFDO�V\VWHP�WR�PRGHO�WKH�SK\VLFDO�V\VWHP�RI�WKH�RZOV�DQG�WKH�UDWV� �$GPLWWHGO\�
WKH�PRGHO�LV�XQUHDOLVWLF�LQ�VHYHUDO�UHVSHFWV� EXW�LW�FDQ�SURYLGH�D�VWDUWLQJ�SRLQW�IRU�WKH
VWXG\�RI�PRUH�FRPSOLFDWHG�QRQOLQHDU�PRGHOV�XVHG�E\�HQYLURQPHQWDO�VFLHQWLVWV��

'HQRWH�WKH�RZO�DQG�ZRRG�UDW�SRSXODWLRQV�DW�WLPH k E\ [k D
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ZKHUH k LV�WKH�WLPH�LQ�PRQWKV� Ok LV�WKH�QXPEHU�RI�RZOV�LQ�WKH�UHJLRQ�VWXGLHG� DQG Rk

LV�WKH�QXPEHU�RI�UDWV��PHDVXUHG�LQ�WKRXVDQGV�� 6XSSRVH
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ZKHUH p LV�D�SRVLWLYH�SDUDPHWHU�WR�EH�VSHFLÀHG� 7KH .:5/Ok LQ�WKH�ÀUVW�HTXDWLRQ�VD\V
WKDW�ZLWK�QR�ZRRG�UDWV�IRU�IRRG� RQO\�KDOI�RI�WKH�RZOV�ZLOO�VXUYLYH�HDFK�PRQWK� ZKLOH�WKH
.1:1/Rk LQ�WKH�VHFRQG�HTXDWLRQ�VD\V�WKDW�ZLWK�QR�RZOV�DV�SUHGDWRUV� WKH�UDW�SRSXODWLRQ
ZLOO�JURZ�E\�����SHU�PRQWK� ,I�UDWV�DUH�SOHQWLIXO� WKH .:4/Rk ZLOO�WHQG�WR�PDNH�WKH
RZO�SRSXODWLRQ�ULVH� ZKLOH�WKH�QHJDWLYH�WHUP !p " Ok PHDVXUHV�WKH�GHDWKV�RI�UDWV�GXH�WR
SUHGDWLRQ�E\�RZOV� �,Q�IDFW� 1000p LV�WKH�DYHUDJH�QXPEHU�RI�UDWV�HDWHQ�E\�RQH�RZO�LQ
RQH�PRQWK�� 'HWHUPLQH�WKH�HYROXWLRQ�RI�WKLV�V\VWHP�ZKHQ�WKH�SUHGDWLRQ�SDUDPHWHU p LV
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:KHQ p D :104� WKH � HLJHQYDOXHV � RI � WKH � FRHIÀFLHQW �PDWUL[ A IRU � WKH
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7KH�DSSUR[LPDWLRQ�LQ�����VD\V�WKDW�HYHQWXDOO\�ERWK�HQWULHV�RI [k �WKH�QXPEHUV�RI�RZOV
DQG�UDWV��JURZ�E\�D�IDFWRU�RI�DOPRVW������HDFK�PRQWK� D����PRQWKO\�JURZWK�UDWH� %\
���� [k LV�DSSUR[LPDWHO\�D�PXOWLSOH�RI .10; 13/� VR�WKH�HQWULHV�LQ [k DUH�QHDUO\�LQ�WKH�VDPH
UDWLR�DV����WR���� 7KDW�LV� IRU�HYHU\����RZOV�WKHUH�DUH�DERXW����WKRXVDQG�UDWV�

([DPSOH���LOOXVWUDWHV�WZR�JHQHUDO�IDFWV�DERXW�D�G\QDPLFDO�V\VWHP [kC1 D A[k LQ
ZKLFK A LV n # n� LWV�HLJHQYDOXHV�VDWLVI\ j!1j % 1 DQG 1 > j!j j IRU j D 2; : : : ; n� DQG Y1

LV�DQ�HLJHQYHFWRU�FRUUHVSRQGLQJ�WR !1� ,I [0 LV�JLYHQ�E\�HTXDWLRQ����� ZLWK c1 ¤ 0� WKHQ
IRU�DOO�VXIÀFLHQWO\�ODUJH k�

[kC1 ' !1[k ���

DQG
[k ' c1.!1/kY1 ���

7KH �DSSUR[LPDWLRQV � LQ � ��� � DQG � ��� � FDQ �EH �PDGH �DV �FORVH �DV �GHVLUHG �E\ � WDNLQJ k
VXIÀFLHQWO\�ODUJH� %\����� WKH [k HYHQWXDOO\�JURZ�DOPRVW�E\�D�IDFWRU�RI !1 HDFK�WLPH� VR
!1 GHWHUPLQHV�WKH�HYHQWXDO�JURZWK�UDWH�RI�WKH�V\VWHP� $OVR� E\����� WKH�UDWLR�RI�DQ\�WZR
HQWULHV�LQ [k �IRU�ODUJH k��LV�QHDUO\�WKH�VDPH�DV�WKH�UDWLR�RI�WKH�FRUUHVSRQGLQJ�HQWULHV�LQ
Y1� 7KH�FDVH�LQ�ZKLFK !1 D 1 LV�LOOXVWUDWHG�LQ�([DPSOH ��LQ�6HFWLRQ ����

*UDSKLFDO�'HVFULSWLRQ�RI�6ROXWLRQV
:KHQA LV 2 # 2� DOJHEUDLF�FDOFXODWLRQV�FDQ�EH�VXSSOHPHQWHG�E\�D�JHRPHWULF�GHVFULSWLRQ
RI�D�V\VWHP·V�HYROXWLRQ� :H�FDQ�YLHZ�WKH�HTXDWLRQ [kC1 D A[k DV�D�GHVFULSWLRQ�RI
ZKDW�KDSSHQV�WR�DQ�LQLWLDO�SRLQW [0 LQ R2 DV�LW�LV�WUDQVIRUPHG�UHSHDWHGO\�E\�WKH�PDSSLQJ
[ 7!A[� 7KH�JUDSK�RI [0; [1; : : : LV�FDOOHG�D WUDMHFWRU\ RI�WKH�G\QDPLFDO�V\VWHP�
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2I�FRXUVH� [k WHQGV�WR � EHFDXVH .:8/k DQG .:64/k ERWK�DSSURDFK���DV k ! 1� %XW WKH
ZD\ [k JRHV�WRZDUG � LV�LQWHUHVWLQJ� )LJXUH ���RQ�SDJH������VKRZV�WKH�ÀUVW�IHZ�WHUPV
RI�VHYHUDO�WUDMHFWRULHV�WKDW�EHJLQ�DW�SRLQWV�RQ�WKH�ERXQGDU\�RI�WKH�ER[�ZLWK�FRUQHUV�DW
.˙3; ˙3/� 7KH�SRLQWV�RQ�HDFK�WUDMHFWRU\�DUH�FRQQHFWHG�E\�D�WKLQ�FXUYH� WR�PDNH�WKH
WUDMHFWRU\�HDVLHU�WR�VHH�
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,Q�([DPSOH��� WKH�RULJLQ�LV�FDOOHG�DQ DWWUDFWRU RI�WKH�G\QDPLFDO�V\VWHP�EHFDXVH
DOO�WUDMHFWRULHV�WHQG�WRZDUG �� 7KLV�RFFXUV�ZKHQHYHU�ERWK�HLJHQYDOXHV�DUH�OHVV�WKDQ��
LQ�PDJQLWXGH� 7KH�GLUHFWLRQ�RI�JUHDWHVW�DWWUDFWLRQ�LV�DORQJ�WKH�OLQH�WKURXJK � DQG�WKH
HLJHQYHFWRU Y2 IRU�WKH�HLJHQYDOXH�RI�VPDOOHU�PDJQLWXGH�

,Q�WKH�QH[W�H[DPSOH� ERWK�HLJHQYDOXHV�RI A DUH�ODUJHU�WKDQ���LQ�PDJQLWXGH� DQG �
LV�FDOOHG�D UHSHOOHU RI�WKH�G\QDPLFDO�V\VWHP� $OO�VROXWLRQV�RI [kC1 D A[k H[FHSW�WKH
�FRQVWDQW��]HUR�VROXWLRQ�DUH�XQERXQGHG�DQG�WHQG�DZD\�IURP�WKH�RULJLQ�ò

3ORW�VHYHUDO�W\SLFDO�VROXWLRQV�RI�WKH�HTXDWLRQ [kC1 D A[k � ZKHUH
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%RWK�WHUPV�JURZ�LQ�VL]H� EXW�WKH�ÀUVW�WHUP�JURZV�IDVWHU� 6R�WKH�GLUHFWLRQ�RI�JUHDWHVW�UH�
SXOVLRQ�LV�WKH�OLQH�WKURXJK � DQG�WKH�HLJHQYHFWRU�IRU�WKH�HLJHQYDOXH�RI�ODUJHU�PDJQLWXGH�
)LJXUH���VKRZV�VHYHUDO�WUDMHFWRULHV�WKDW�EHJLQ�DW�SRLQWV�TXLWH�FORVH�WR ��

,Q�WKH�QH[W�H[DPSOH� � LV�FDOOHG�D VDGGOH�SRLQW EHFDXVH�WKH�RULJLQ�DWWUDFWV�VROXWLRQV
IURP�VRPH�GLUHFWLRQV�DQG�UHSHOV�WKHP�LQ�RWKHU�GLUHFWLRQV� 7KLV�RFFXUV�ZKHQHYHU�RQH
HLJHQYDOXH�LV�JUHDWHU�WKDQ���LQ�PDJQLWXGH�DQG�WKH�RWKHU�LV�OHVV�WKDQ���LQ�PDJQLWXGH� 7KH
GLUHFWLRQ�RI�JUHDWHVW�DWWUDFWLRQ�LV�GHWHUPLQHG�E\�DQ�HLJHQYHFWRU�IRU�WKH�HLJHQYDOXH�RI
VPDOOHU�PDJQLWXGH� 7KH�GLUHFWLRQ�RI�JUHDWHVW�UHSXOVLRQ�LV�GHWHUPLQHG�E\�DQ�HLJHQYHFWRU
IRU�WKH�HLJHQYDOXH�RI�JUHDWHU�PDJQLWXGH�

ò7KH�RULJLQ�LV�WKH�RQO\�SRVVLEOH�DWWUDFWRU�RU�UHSHOOHU�LQ�D OLQHDU G\QDPLFDO�V\VWHP� EXW�WKHUH�FDQ�EH�PXOWLSOH
DWWUDFWRUV�DQG�UHSHOOHUV�LQ�D�PRUH�JHQHUDO�G\QDPLFDO�V\VWHP�IRU�ZKLFK�WKH�PDSSLQJ [k 7! [kC1 LV�QRW�OLQHDU�
,Q�VXFK�D�V\VWHP� DWWUDFWRUV�DQG�UHSHOOHUV�DUH�GHÀQHG�LQ�WHUPV�RI�WKH�HLJHQYDOXHV�RI�D�VSHFLDO�PDWUL[��ZLWK
YDULDEOH�HQWULHV��FDOOHG�WKH -DFRELDQ�PDWUL[ RI�WKH�V\VWHP�
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EDVLV fY1; : : : ; Yng IRU Rn� /HW P D Œ Y1 " " " Yn #� DQG�OHW D EH�WKH�GLDJRQDO�PDWUL[
ZLWK�WKH�FRUUHVSRQGLQJ�HLJHQYDOXHV�RQ�WKH�GLDJRQDO� *LYHQ�D�VHTXHQFH f[kg VDWLVI\LQJ
[kC1 D A[k � GHÀQH�D�QHZ�VHTXHQFH f\kg E\
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6XEVWLWXWLQJ�WKHVH�UHODWLRQV�LQWR�WKH�HTXDWLRQ [kC1 D A[k DQG�XVLQJ�WKH�IDFW�WKDW A D
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7KH�FKDQJH�RI�YDULDEOH�IURP [k WR \k KDV GHFRXSOHG WKH�V\VWHP�RI�GLIIHUHQFH�HTXDWLRQV�
7KH�HYROXWLRQ�RI y1.k/� IRU�H[DPSOH� LV�XQDIIHFWHG�E\�ZKDW�KDSSHQV�WR y2.k/; : : : ; yn.k/�
EHFDXVH y1.k C 1/ D !1 " y1.k/ IRU�HDFK k�

7KH�HTXDWLRQ [k D P \k VD\V�WKDW \k LV�WKH�FRRUGLQDWH�YHFWRU�RI [k ZLWK�UHVSHFW�WR
WKH�HLJHQYHFWRU�EDVLV fY1; : : : ; Yng� :H�FDQ�GHFRXSOH�WKH�V\VWHP [kC1 D A[k E\�PDNLQJ
FDOFXODWLRQV�LQ�WKH�QHZ�HLJHQYHFWRU�FRRUGLQDWH�V\VWHP� :KHQ n D 2� WKLV�DPRXQWV�WR
XVLQJ�JUDSK�SDSHU�ZLWK�D[HV�LQ�WKH�GLUHFWLRQV�RI�WKH�WZR�HLJHQYHFWRUV�

6KRZ�WKDW�WKH�RULJLQ�LV�D�VDGGOH�SRLQW�IRU�VROXWLRQV�RI [kC1 D A[k �
ZKHUH
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)LQG�WKH�GLUHFWLRQV�RI�JUHDWHVW�DWWUDFWLRQ�DQG�JUHDWHVW�UHSXOVLRQ�
8VLQJ�VWDQGDUG�WHFKQLTXHV� ZH�ÀQG�WKDW A KDV�HLJHQYDOXHV���DQG���� ZLWK
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� UHVSHFWLYHO\� 6LQFH j2j > 1

DQG j:5j < 1� WKH�RULJLQ�LV�D�VDGGOH�SRLQW�RI�WKH�G\QDPLFDO�V\VWHP� ,I [0 D c1Y1 C c2Y2�
WKHQ

[k D c12kY1 C c2.:5/kY2 ���
7KLV�HTXDWLRQ�ORRNV�MXVW�OLNH�HTXDWLRQ�����LQ�([DPSOH �� ZLWK Y1 DQG Y2 LQ�SODFH�RI�WKH
VWDQGDUG�EDVLV�

2Q�JUDSK�SDSHU� GUDZ�D[HV�WKURXJK � DQG�WKH�HLJHQYHFWRUV Y1 DQG Y2� 6HH�)LJ� ��
0RYHPHQW�DORQJ�WKHVH�D[HV�FRUUHVSRQGV�WR�PRYHPHQW�DORQJ�WKH�VWDQGDUG�D[HV�LQ�)LJ� ��
,Q�)LJ� �� WKH�GLUHFWLRQ�RI�JUHDWHVW UHSXOVLRQ LV�WKH�OLQH�WKURXJK � DQG�WKH�HLJHQYHFWRU Y1

ZKRVH�HLJHQYDOXH�LV�JUHDWHU�WKDQ���LQ�PDJQLWXGH� ,I [0 LV�RQ�WKLV�OLQH� WKH c2 LQ�����LV�]HUR
DQG [k PRYHV�TXLFNO\�DZD\�IURP �� 7KH�GLUHFWLRQ�RI�JUHDWHVW DWWUDFWLRQ LV�GHWHUPLQHG
E\�WKH�HLJHQYHFWRU Y2 ZKRVH�HLJHQYDOXH�LV�OHVV�WKDQ���LQ�PDJQLWXGH�

$ QXPEHU�RI�WUDMHFWRULHV�DUH�VKRZQ�LQ�)LJ� �� :KHQ�WKLV�JUDSK�LV�YLHZHG�LQ�WHUPV�RI
WKH�HLJHQYHFWRU�D[HV� WKH�SLFWXUH�´ORRNVµ�HVVHQWLDOO\�WKH�VDPH�DV�WKH�SLFWXUH�LQ�)LJ� ��
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7KH�RULJLQ�DV�D�VDGGOH�SRLQW�

&RPSOH[�(LJHQYDOXHV
:KHQ�D�UHDO 2 # 2 PDWUL[ A KDV�FRPSOH[�HLJHQYDOXHV� A LV�QRW�GLDJRQDOL]DEOH��ZKHQ
DFWLQJ�RQ R2/� EXW�WKH�G\QDPLFDO�V\VWHP [kC1 D A[k LV�HDV\�WR�GHVFULEH� ([DPSOH �
RI�6HFWLRQ ����LOOXVWUDWHG�WKH�FDVH�LQ�ZKLFK�WKH�HLJHQYDOXHV�KDYH�DEVROXWH�YDOXH��� 7KH
LWHUDWHV�RI�D�SRLQW [0 VSLUDOHG�DURXQG�WKH�RULJLQ�DORQJ�DQ�HOOLSWLFDO�WUDMHFWRU\�

,I A KDV�WZR�FRPSOH[�HLJHQYDOXHV�ZKRVH�DEVROXWH�YDOXH�LV�JUHDWHU�WKDQ��� WKHQ � LV
D�UHSHOOHU�DQG�LWHUDWHV�RI [0 ZLOO�VSLUDO�RXWZDUG�DURXQG�WKH�RULJLQ� ,I�WKH�DEVROXWH�YDOXHV
RI�WKH�FRPSOH[�HLJHQYDOXHV�DUH�OHVV�WKDQ��� WKHQ�WKH�RULJLQ�LV�DQ�DWWUDFWRU�DQG�WKH�LWHUDWHV
RI [0 VSLUDO�LQZDUG�WRZDUG�WKH�RULJLQ� DV�LQ�WKH�IROORZLQJ�H[DPSOH�

,W�FDQ�EH�YHULÀHG�WKDW�WKH�PDWUL[

A D
!

:8 :5
!:1 1:0

"

KDV�HLJHQYDOXHV :9 ˙ :2i � ZLWK�HLJHQYHFWRUV
!

1 ( 2i
1

"
� )LJXUH ���RQ�SDJH������VKRZV

WKUHH�WUDMHFWRULHV�RI�WKH�V\VWHP [kC1 D A[k � ZLWK�LQLWLDO�YHFWRUV
!

0
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!
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� DQG
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"
�

6XUYLYDO�RI�WKH�6SRWWHG�2ZOV
5HFDOO�IURP�WKLV�FKDSWHU·V�LQWURGXFWRU\�H[DPSOH�WKDW�WKH�VSRWWHG�RZO�SRSXODWLRQ�LQ�WKH
:LOORZ�&UHHN�DUHD�RI�&DOLIRUQLD�ZDV�PRGHOHG�E\�D�G\QDPLFDO�V\VWHP [kC1 D A[k LQ
ZKLFK�WKH�HQWULHV�LQ [k D .jk; sk; ak/ OLVWHG�WKH�QXPEHUV�RI�IHPDOHV��DW�WLPH k��LQ�WKH
MXYHQLOH� VXEDGXOW� DQG�DGXOW�OLIH�VWDJHV� UHVSHFWLYHO\� DQG A LV�WKH�VWDJH�PDWUL[
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5RWDWLRQ�DVVRFLDWHG�ZLWK�FRPSOH[
HLJHQYDOXHV�

0$7/$% VKRZV � WKDW � WKH � HLJHQYDOXHV � RI A DUH � DSSUR[LPDWHO\ !1 D :98�
!2 D !:02 C :21i � DQG !3 D !:02 ! :21i � 2EVHUYH � WKDW � DOO � WKUHH �HLJHQYDOXHV � DUH
OHVV�WKDQ���LQ�PDJQLWXGH� EHFDXVH j!2j2 D j!3j2 D .!:02/2 C .:21/2 D :0445�

)RU�WKH�PRPHQW� OHW A DFW�RQ�WKH�FRPSOH[�YHFWRU�VSDFH C3� 7KHQ� EHFDXVH A KDV
WKUHH�GLVWLQFW�HLJHQYDOXHV� WKH�WKUHH�FRUUHVSRQGLQJ�HLJHQYHFWRUV�DUH�OLQHDUO\�LQGHSHQGHQW
DQG�IRUP�D�EDVLV�IRU C3� 'HQRWH�WKH�HLJHQYHFWRUV�E\ Y1� Y2� DQG Y3� 7KHQ�WKH�JHQHUDO
VROXWLRQ�RI [kC1 D A[k �XVLQJ�YHFWRUV�LQ C3��KDV�WKH�IRUP

[k D c1.!1/
kY1 C c2.!2/kY2 C c3.!3/kY3 ����

,I [0 LV�D�UHDO�LQLWLDO�YHFWRU� WKHQ [1 D A[0 LV�UHDO�EHFDXVH A LV�UHDO� 6LPLODUO\� WKH
HTXDWLRQ [kC1 D A[k VKRZV�WKDW�HDFK [k RQ�WKH�OHIW�VLGH�RI������LV�UHDO� HYHQ�WKRXJK
LW�LV�H[SUHVVHG�DV�D�VXP�RI�FRPSOH[�YHFWRUV� +RZHYHU� HDFK�WHUP�RQ�WKH�ULJKW�VLGH
RI������LV�DSSURDFKLQJ�WKH�]HUR�YHFWRU� EHFDXVH�WKH�HLJHQYDOXHV�DUH�DOO�OHVV�WKDQ���LQ
PDJQLWXGH� 7KHUHIRUH�WKH�UHDO�VHTXHQFH [k DSSURDFKHV�WKH�]HUR�YHFWRU� WRR� 6DGO\� WKLV
PRGHO�SUHGLFWV�WKDW�WKH�VSRWWHG�RZOV�ZLOO�HYHQWXDOO\�DOO�SHULVK�

,V�WKHUH�KRSH�IRU�WKH�VSRWWHG�RZO" 5HFDOO�IURP�WKH�LQWURGXFWRU\�H[DPSOH�WKDW�WKH
����HQWU\�LQ�WKH�PDWUL[ A LQ������FRPHV�IURP�WKH�IDFW�WKDW�DOWKRXJK�����RI�WKH�MXYHQLOH
RZOV�OLYH�ORQJ�HQRXJK�WR�OHDYH�WKH�QHVW�DQG�VHDUFK�IRU�QHZ�KRPH�WHUULWRULHV� RQO\����
RI�WKDW�JURXS�VXUYLYH�WKH�VHDUFK�DQG�ÀQG�QHZ�KRPH�UDQJHV� 6HDUFK�VXUYLYDO�LV�VWURQJO\
LQÁXHQFHG�E\�WKH�QXPEHU�RI�FOHDU�FXW�DUHDV�LQ�WKH�IRUHVW� ZKLFK�PDNH�WKH�VHDUFK�PRUH
GLIÀFXOW�DQG�GDQJHURXV�

6RPH�RZO�SRSXODWLRQV�OLYH�LQ�DUHDV�ZLWK�IHZ�RU�QR�FOHDU�FXW�DUHDV� ,W�PD\�EH�WKDW
D�ODUJHU�SHUFHQWDJH�RI�WKH�MXYHQLOH�RZOV�WKHUH�VXUYLYH�DQG�ÀQG�QHZ�KRPH�UDQJHV� 2I
FRXUVH� WKH�SUREOHP�RI�WKH�VSRWWHG�RZO�LV�PRUH�FRPSOH[�WKDQ�ZH�KDYH�GHVFULEHG� EXW�WKH
ÀQDO�H[DPSOH�SURYLGHV�D�KDSS\�HQGLQJ�WR�WKH�VWRU\�

6XSSRVH�WKH�VHDUFK�VXUYLYDO�UDWH�RI�WKH�MXYHQLOH�RZOV�LV����� VR�WKH
.2; 1/�HQWU\�LQ�WKH�VWDJH�PDWUL[ A LQ������LV����LQVWHDG�RI����� :KDW�GRHV�WKH�VWDJH�PDWUL[
PRGHO�SUHGLFW�DERXW�WKLV�VSRWWHG�RZO�SRSXODWLRQ"

1RZ�WKH�HLJHQYDOXHV�RI A WXUQ�RXW�WR�EH�DSSUR[LPDWHO\ !1 D 1:01� !2 D
!:03 C :26i � DQG !3 D !:03 ! :26i � $Q�HLJHQYHFWRU�IRU !1 LV�DSSUR[LPDWHO\ Y1 D
.10; 3; 31/� /HW Y2 DQG Y3 EH��FRPSOH[��HLJHQYHFWRUV�IRU !2 DQG !3� ,Q�WKLV�FDVH� HTXDWLRQ
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�����EHFRPHV

[k D c1.1:01/kY1 C c2.!:03 C :26i/kY2 C c3.!:03 ! :26i/kY3

$V k ! 1� WKH�VHFRQG�WZR�YHFWRUV�WHQG�WR�]HUR� 6R [k EHFRPHV�PRUH�DQG�PRUH�OLNH
WKH��UHDO��YHFWRU c1.1:01/kY1� 7KH�DSSUR[LPDWLRQV�LQ�HTXDWLRQV�����DQG����� IROORZLQJ
([DPSOH��� DSSO\�KHUH� $OVR� LW �FDQ�EH�VKRZQ�WKDW � WKH �FRQVWDQW c1 LQ � WKH � LQLWLDO
GHFRPSRVLWLRQ�RI [0 LV�SRVLWLYH�ZKHQ�WKH�HQWULHV�LQ [0 DUH�QRQQHJDWLYH� 7KXV�WKH�RZO
SRSXODWLRQ�ZLOO�JURZ�VORZO\� ZLWK�D�ORQJ�WHUP�JURZWK�UDWH�RI������ 7KH�HLJHQYHFWRU Y1

GHVFULEHV�WKH�HYHQWXDO�GLVWULEXWLRQ�RI�WKH�RZOV�E\�OLIH�VWDJHV� IRU�HYHU\����DGXOWV� WKHUH
ZLOO�EH�DERXW����MXYHQLOHV�DQG���VXEDGXOWV�

)XUWKHU�5HDGLQJ
)UDQNOLQ� *��)�� -��'��3RZHOO� DQG�0��/��:RUNPDQ� 'LJLWDO�&RQWURO�RI�'\QDPLF�6\VWHPV�
�UG�HG� 5HDGLQJ� 0$��$GGLVRQ�:HVOH\� �����

6DQGHIXU� -DPHV�7� 'LVFUHWH�'\QDPLFDO�6\VWHPV³7KHRU\�DQG�$SSOLFDWLRQV� 2[IRUG�
2[IRUG�8QLYHUVLW\�3UHVV� �����

7XFKLQVN\� 3KLOLS� 0DQDJHPHQW�RI�D�%XIIDOR�+HUG� 80$3 0RGXOH����� /H[LQJWRQ�
0$��&20$3�������

�� 7KH�PDWUL[ A EHORZ�KDV�HLJHQYDOXHV��� 2
3
� DQG 1

3
� ZLWK�FRUUHVSRQGLQJ�HLJHQYHFWRUV

Y1� Y2� DQG Y3�
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)LQG�WKH�JHQHUDO�VROXWLRQ�RI�WKH�HTXDWLRQ [kC1 D A[k LI [0 D
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1
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�� :KDW�KDSSHQV�WR�WKH�VHTXHQFH f[kg LQ�3UDFWLFH�3UREOHP���DV k ! 1"

�� /HW A EH�D 2 # 2 PDWUL[�ZLWK�HLJHQYDOXHV���DQG 1=3 DQG

FRUUHVSRQGLQJ�HLJHQYHFWRUV Y1 D
!

1
1

"
DQG Y2 D

!
!1

1

"
� /HW

f[kg EH�D�VROXWLRQ�RI�WKH�GLIIHUHQFH�HTXDWLRQ [kC1 D A[k �

[0 D
!

9
1

"
�

D� &RPSXWH [1 D A[0� >+LQW� <RX�GR�QRW�QHHG�WR�NQRZ A
LWVHOI�@

E� )LQG�D�IRUPXOD�IRU [k LQYROYLQJ k DQG�WKH�HLJHQYHFWRUV Y1

DQG Y2�

�� 6XSSRVH�WKH�HLJHQYDOXHV�RI�D 3 # 3 PDWUL[ A DUH��� 4=5� DQG

3=5� ZLWK�FRUUHVSRQGLQJ�HLJHQYHFWRUV
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[kC1 D A[k IRU�WKH�VSHFLÀHG [0� DQG�GHVFULEH�ZKDW�KDSSHQV
DV k ! 1�
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,Q�([HUFLVHV��²�� DVVXPH�WKDW�DQ\�LQLWLDO�YHFWRU [0 KDV�DQ�HLJHQ�
YHFWRU�GHFRPSRVLWLRQ�VXFK�WKDW�WKH�FRHIÀFLHQW c1 LQ�HTXDWLRQ����
RI�WKLV�VHFWLRQ�LV�SRVLWLYH��

�� 'HWHUPLQH�WKH�HYROXWLRQ�RI�WKH�G\QDPLFDO�V\VWHP�LQ�([DP�
SOH ��ZKHQ�WKH�SUHGDWLRQ�SDUDPHWHU p LV����LQ�HTXDWLRQ�����
�*LYH�D�IRUPXOD�IRU [k:/ 'RHV�WKH�RZO�SRSXODWLRQ�JURZ�RU
GHFOLQH" :KDW�DERXW�WKH�ZRRG�UDW�SRSXODWLRQ"

�� 'HWHUPLQH�WKH�HYROXWLRQ�RI�WKH�G\QDPLFDO�V\VWHP�LQ�([DPSOH
��ZKHQ�WKH�SUHGDWLRQ�SDUDPHWHU p LV :125� �*LYH�D�IRUPXOD
IRU [k �� $V�WLPH�SDVVHV� ZKDW�KDSSHQV�WR�WKH�VL]HV�RI�WKH�RZO
DQG�ZRRG�UDW�SRSXODWLRQV" 7KH�V\VWHP�WHQGV�WRZDUG�ZKDW�LV
VRPHWLPHV�FDOOHG�DQ�XQVWDEOH�HTXLOLEULXP� :KDW�GR�\RX�WKLQN
PLJKW�KDSSHQ�WR�WKH�V\VWHP�LI�VRPH�DVSHFW�RI�WKH�PRGHO��VXFK
DV�ELUWK�UDWHV�RU�WKH�SUHGDWLRQ�UDWH��ZHUH�WR�FKDQJH�VOLJKWO\"

�� ,Q�ROG�JURZWK�IRUHVWV�RI�'RXJODV�ÀU� WKH�VSRWWHG�RZO�GLQHV
PDLQO\�RQ�Á\LQJ�VTXLUUHOV� 6XSSRVH�WKH�SUHGDWRU²SUH\�PDWUL[

IRU�WKHVH�WZR�SRSXODWLRQV�LV A D
!

:4 :3
!p 1:2

"
� 6KRZ�WKDW�LI

WKH�SUHGDWLRQ�SDUDPHWHU p LV������ ERWK�SRSXODWLRQV�JURZ�
(VWLPDWH�WKH�ORQJ�WHUP�JURZWK�UDWH�DQG�WKH�HYHQWXDO�UDWLR�RI
RZOV�WR�Á\LQJ�VTXLUUHOV�

�� 6KRZ�WKDW�LI�WKH�SUHGDWLRQ�SDUDPHWHU p LQ�([HUFLVH ��LV����
ERWK�WKH�RZOV�DQG�WKH�VTXLUUHOV�ZLOO�HYHQWXDOO\�SHULVK� )LQG�D
YDOXH�RI p IRU�ZKLFK�SRSXODWLRQV�RI�ERWK�RZOV�DQG�VTXLUUHOV
WHQG�WRZDUG�FRQVWDQW�OHYHOV� :KDW�DUH�WKH�UHODWLYH�SRSXODWLRQ
VL]HV�LQ�WKLV�FDVH"

�� /HW A KDYH�WKH�SURSHUWLHV�GHVFULEHG�LQ�([HUFLVH ��
D� ,V�WKH�RULJLQ�DQ�DWWUDFWRU� D�UHSHOOHU� RU�D�VDGGOH�SRLQW�RI

WKH�G\QDPLFDO�V\VWHP [kC1 D A[k"
E� )LQG�WKH�GLUHFWLRQV�RI�JUHDWHVW�DWWUDFWLRQ�DQG�RU�UHSXOVLRQ

IRU�WKLV�G\QDPLFDO�V\VWHP�
F� 0DNH�D�JUDSKLFDO�GHVFULSWLRQ�RI�WKH�V\VWHP� VKRZLQJ�WKH

GLUHFWLRQV �RI �JUHDWHVW �DWWUDFWLRQ�RU � UHSXOVLRQ� ,QFOXGH
D�URXJK�VNHWFK�RI �VHYHUDO � W\SLFDO � WUDMHFWRULHV � �ZLWKRXW
FRPSXWLQJ�VSHFLÀF�SRLQWV��

�� 'HWHUPLQH� WKH �QDWXUH �RI � WKH �RULJLQ � �DWWUDFWRU� UHSHOOHU� RU
VDGGOH�SRLQW��IRU�WKH�G\QDPLFDO�V\VWHP [kC1 D A[k LI A KDV
WKH�SURSHUWLHV�GHVFULEHG�LQ�([HUFLVH �� )LQG�WKH�GLUHFWLRQV�RI
JUHDWHVW�DWWUDFWLRQ�RU�UHSXOVLRQ�

,Q�([HUFLVHV��²��� FODVVLI\�WKH�RULJLQ�DV�DQ�DWWUDFWRU� UHSHOOHU�
RU�VDGGOH�SRLQW�RI�WKH�G\QDPLFDO�V\VWHP [kC1 D A[k � )LQG�WKH
GLUHFWLRQV�RI�JUHDWHVW�DWWUDFWLRQ�DQG�RU�UHSXOVLRQ�

�� A D
!

1:7 !:3
!1:2 :8

"
��� A D

!
:3 :4

!:3 1:1

"

3 2QH�RI�WKH�OLPLWDWLRQV�RI�WKH�PRGHO�LQ�([DPSOH���LV�WKDW�WKHUH�DOZD\V
H[LVW�LQLWLDO�SRSXODWLRQ�YHFWRUV [0 ZLWK�SRVLWLYH�HQWULHV�VXFK�WKDW�WKH
FRHIÀFLHQW c1 LV�QHJDWLYH� 7KH�DSSUR[LPDWLRQ�����LV�VWLOO�YDOLG� EXW�WKH
HQWULHV�LQ [k HYHQWXDOO\�EHFRPH�QHJDWLYH�

��� A D
!

:4 :5
!:4 1:3

"
��� A D

!
:5 :6

!:3 1:4

"

��� A D
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:8 :3
!:4 1:5
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��� A D
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��� /HW A D
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:4 0 :2
:3 :8 :3
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3
5� 7KH�YHFWRU Y1 D

2
4

:1
:6
:3

3
5 LV�DQ

HLJHQYHFWRU�IRU A� DQG�WZR�HLJHQYDOXHV�DUH����DQG���� &RQ�
VWUXFW�WKH�VROXWLRQ�RI�WKH�G\QDPLFDO�V\VWHP [kC1 D A[k WKDW
VDWLVÀHV [0 D .0; :3; :7/� :KDW�KDSSHQV�WR [k DV k ! 1"

��� >0@ 3URGXFH�WKH�JHQHUDO�VROXWLRQ�RI�WKH�G\QDPLFDO�V\VWHP
[kC1 D A[k ZKHQ A LV�WKH�VWRFKDVWLF�PDWUL[�IRU�WKH�+HUW]
5HQW�$ &DU�PRGHO�LQ�([HUFLVH����RI�6HFWLRQ�����

��� &RQVWUXFW�D�VWDJH�PDWUL[�PRGHO�IRU�DQ�DQLPDO�VSHFLHV�WKDW�KDV
WZR�OLIH�VWDJHV� MXYHQLOH��XS�WR���\HDU�ROG��DQG�DGXOW� 6XSSRVH
WKH�IHPDOH�DGXOWV�JLYH�ELUWK�HDFK�\HDU�WR�DQ�DYHUDJH�RI����
IHPDOH�MXYHQLOHV� (DFK�\HDU� ����RI�WKH�MXYHQLOHV�VXUYLYH
WR�EHFRPH�DGXOWV�DQG�����RI�WKH�DGXOWV�VXUYLYH� )RU k % 0�
OHW [k D .jk; ak/� ZKHUH�WKH�HQWULHV�LQ [k DUH�WKH�QXPEHUV�RI
IHPDOH�MXYHQLOHV�DQG�IHPDOH�DGXOWV�LQ�\HDU k�
D� &RQVWUXFW�WKH�VWDJH�PDWUL[ A VXFK�WKDW [kC1 D A[k IRU

k % 0�
E� 6KRZ�WKDW�WKH�SRSXODWLRQ�LV�JURZLQJ� FRPSXWH�WKH�HYHQ�

WXDO�JURZWK�UDWH�RI�WKH�SRSXODWLRQ� DQG�JLYH�WKH�HYHQWXDO
UDWLR�RI�MXYHQLOHV�WR�DGXOWV�

F� >0@ 6XSSRVH�WKDW�LQLWLDOO\�WKHUH�DUH����MXYHQLOHV�DQG���
DGXOWV�LQ�WKH�SRSXODWLRQ� 3URGXFH�IRXU�JUDSKV�WKDW�VKRZ
KRZ�WKH�SRSXODWLRQ�FKDQJHV�RYHU�HLJKW �\HDUV� �D� � WKH
QXPEHU�RI�MXYHQLOHV� �E��WKH�QXPEHU�RI�DGXOWV� �F��WKH
WRWDO�SRSXODWLRQ� DQG��G��WKH�UDWLR�RI�MXYHQLOHV�WR�DGXOWV
�HDFK�\HDU�� :KHQ�GRHV�WKH�UDWLR�LQ��G��VHHP�WR�VWDELOL]H"
,QFOXGH�D�OLVWLQJ�RI�WKH�SURJUDP�RU�NH\VWURNHV�XVHG�WR
SURGXFH�WKH�JUDSKV�IRU��F��DQG��G��

��� $KHUG�RI�$PHULFDQ�EXIIDOR��ELVRQ��FDQ�EH�PRGHOHG�E\�D�VWDJH
PDWUL[�VLPLODU�WR�WKDW�IRU�WKH�VSRWWHG�RZOV� 7KH�IHPDOHV�FDQ�EH
GLYLGHG�LQWR�FDOYHV��XS�WR���\HDU�ROG�� \HDUOLQJV����WR���\HDUV��
DQG�DGXOWV� 6XSSRVH�DQ�DYHUDJH�RI����IHPDOH�FDOYHV�DUH
ERUQ�HDFK�\HDU�SHU�����DGXOW�IHPDOHV� �2QO\�DGXOWV�SURGXFH
RIIVSULQJ�� (DFK�\HDU� DERXW�����RI�WKH�FDOYHV�VXUYLYH� ���
RI�WKH�\HDUOLQJV�VXUYLYH� DQG�����RI�WKH�DGXOWV�VXUYLYH� )RU
k % 0� OHW [k D .ck; yk; ak/� ZKHUH�WKH�HQWULHV�LQ [k DUH�WKH
QXPEHUV�RI�IHPDOHV�LQ�HDFK�OLIH�VWDJH�DW�\HDU k�
D� &RQVWUXFW�WKH�VWDJH�PDWUL[ A IRU�WKH�EXIIDOR�KHUG� VXFK

WKDW [kC1 D A[k IRU k % 0�
E� >0@ 6KRZ�WKDW�WKH�EXIIDOR�KHUG�LV�JURZLQJ� GHWHUPLQH

WKH�H[SHFWHG�JURZWK�UDWH�DIWHU�PDQ\�\HDUV� DQG�JLYH�WKH
H[SHFWHG�QXPEHUV�RI�FDOYHV�DQG�\HDUOLQJV�SUHVHQW�SHU����
DGXOWV�



$SSOLFDWLRQV�WR�'LIIHUHQWLDO�(TXDWLRQV

�� 7KH�ÀUVW�VWHS�LV�WR�ZULWH [0 DV�D�OLQHDU�FRPELQDWLRQ�RI Y1� Y2� DQG Y3� 5RZ�UHGXFWLRQ
RI Œ Y1 Y2 Y3 [0 # SURGXFHV�WKH�ZHLJKWV c1 D 2� c2 D 1� DQG c3 D 3� VR�WKDW

[0 D 2Y1 C 1Y2 C 3Y3

6LQFH�WKH�HLJHQYDOXHV�DUH��� 2
3
� DQG 1

3
� WKH�JHQHUDO�VROXWLRQ�LV

[k D 2 " 1kY1 C 1 "
%

2

3

&k

Y2 C 3 "
%

1

3

&k

Y3

D 2

2
4

!2
2
1

3
5C

%
2

3

&k
2
4

2
1
2

3
5C 3 "

%
1

3

&k
2
4

1
2

!2

3
5 ����

�� $V k ! 1� WKH�VHFRQG�DQG�WKLUG�WHUPV�LQ������WHQG�WR�WKH�]HUR�YHFWRU� DQG

[k D 2Y1 C
%

2

3

&k

Y2 C 3

%
1

3

&k

Y3 ! 2Y1 D

2
4

!4
4
2

3
5

7KLV�VHFWLRQ�GHVFULEHV�FRQWLQXRXV�DQDORJXHV�RI � WKH�GLIIHUHQFH�HTXDWLRQV�VWXGLHG� LQ
6HFWLRQ ���� ,Q�PDQ\�DSSOLHG�SUREOHPV� VHYHUDO�TXDQWLWLHV�DUH�YDU\LQJ�FRQWLQXRXVO\
LQ�WLPH� DQG�WKH\�DUH�UHODWHG�E\�D�V\VWHP�RI�GLIIHUHQWLDO�HTXDWLRQV�

x01 D a11x1 C " " " C a1nxn

x02 D a21x1 C " " " C a2nxn

:::

x0n D an1x1 C " " " C annxn

+HUH x1; : : : ; xn DUH�GLIIHUHQWLDEOH�IXQFWLRQV�RI t � ZLWK�GHULYDWLYHV x01; : : : ; x0n� DQG�WKH aij

DUH�FRQVWDQWV� 7KH�FUXFLDO�IHDWXUH�RI�WKLV�V\VWHP�LV�WKDW�LW�LV OLQHDU� 7R�VHH�WKLV� ZULWH�WKH
V\VWHP�DV�D�PDWUL[�GLIIHUHQWLDO�HTXDWLRQ

[0.t/ D A[.t/ ���

ZKHUH

[.t/ D

2
64

x1.t/
:::

xn.t/

3
75 ; [0.t/ D

2
64

x01.t/
:::

x0n.t/

3
75 ; DQG A D

2
64

a11 " " " a1n
:::

:::

an1 " " " ann

3
75

$ VROXWLRQ RI�HTXDWLRQ�����LV�D�YHFWRU�YDOXHG�IXQFWLRQ�WKDW�VDWLVÀHV�����IRU�DOO t LQ�VRPH
LQWHUYDO�RI�UHDO�QXPEHUV� VXFK�DV t % 0�

(TXDWLRQ�����LV OLQHDU EHFDXVH�ERWK�GLIIHUHQWLDWLRQ�RI�IXQFWLRQV�DQG�PXOWLSOLFDWLRQ�RI
YHFWRUV�E\�D�PDWUL[�DUH�OLQHDU�WUDQVIRUPDWLRQV� 7KXV� LI X DQG Y DUH�VROXWLRQV�RI [0 D A[�
WKHQ cX C dY LV�DOVR�D�VROXWLRQ� EHFDXVH

.cX C dY/0 D cX0 C dY0

D cAX C dAY D A.cX C dY/



(LJHQYDOXHV�DQG�(LJHQYHFWRUV

�(QJLQHHUV�FDOO�WKLV�SURSHUW\ VXSHUSRVLWLRQ RI�VROXWLRQV�� $OVR� WKH�LGHQWLFDOO\�]HUR
IXQFWLRQ�LV�D��WULYLDO��VROXWLRQ�RI����� ,Q�WKH�WHUPLQRORJ\�RI�&KDSWHU �� WKH�VHW�RI�DOO
VROXWLRQV�RI�����LV�D VXEVSDFH RI�WKH�VHW�RI�DOO�FRQWLQXRXV�IXQFWLRQV�ZLWK�YDOXHV�LQ Rn�

6WDQGDUG� WH[WV �RQ�GLIIHUHQWLDO �HTXDWLRQV�VKRZ�WKDW � WKHUH �DOZD\V�H[LVWV �ZKDW � LV
FDOOHG�D IXQGDPHQWDO�VHW�RI�VROXWLRQV WR����� ,I A LV n # n� WKHQ�WKHUH�DUH n OLQHDUO\
LQGHSHQGHQW�IXQFWLRQV�LQ�D�IXQGDPHQWDO�VHW� DQG�HDFK�VROXWLRQ�RI�����LV�D�XQLTXH�OLQHDU
FRPELQDWLRQ�RI�WKHVH n IXQFWLRQV� 7KDW�LV� D�IXQGDPHQWDO�VHW�RI�VROXWLRQV�LV�D EDVLV IRU
WKH�VHW�RI�DOO�VROXWLRQV�RI����� DQG�WKH�VROXWLRQ�VHW�LV�DQ n�GLPHQVLRQDO�YHFWRU�VSDFH�RI
IXQFWLRQV� ,I�D�YHFWRU [0 LV�VSHFLÀHG� WKHQ�WKH LQLWLDO�YDOXH�SUREOHP LV�WR�FRQVWUXFW�WKH
�XQLTXH��IXQFWLRQ [ VXFK�WKDW [0 D A[ DQG [.0/ D [0�

:KHQ A LV�D�GLDJRQDO�PDWUL[� WKH�VROXWLRQV�RI�����FDQ�EH�SURGXFHG�E\�HOHPHQWDU\
FDOFXOXV� )RU�LQVWDQFH� FRQVLGHU

"
x01.t/

x02.t/

#
D
"

3 0

0 !5

#"
x1.t/

x2.t/

#
���

WKDW�LV�
x01.t/ D 3x1.t/

x02.t/ D !5x2.t/
���

7KH�V\VWHP�����LV�VDLG�WR�EH GHFRXSOHG EHFDXVH�HDFK�GHULYDWLYH�RI�D�IXQFWLRQ�GHSHQGV
RQO\�RQ�WKH�IXQFWLRQ�LWVHOI� QRW�RQ�VRPH�FRPELQDWLRQ�RU�´FRXSOLQJµ�RI�ERWK x1.t/ DQG
x2.t/� )URP�FDOFXOXV� WKH�VROXWLRQV�RI�����DUH x1.t/ D c1e3t DQG x2.t/ D c2e!5t � IRU�DQ\
FRQVWDQWV c1 DQG c2� (DFK�VROXWLRQ�RI�HTXDWLRQ�����FDQ�EH�ZULWWHQ�LQ�WKH�IRUP

!
x1.t/
x2.t/

"
D
!

c1e3t

c2e!5t

"
D c1

!
1
0

"
e3t C c2

!
0
1

"
e!5t

7KLV�H[DPSOH�VXJJHVWV�WKDW�IRU�WKH�JHQHUDO�HTXDWLRQ [0 D A[� D�VROXWLRQ�PLJKW�EH�D
OLQHDU�FRPELQDWLRQ�RI�IXQFWLRQV�RI�WKH�IRUP

[.t/ D Ye!t ���

IRU�VRPH�VFDODU ! DQG�VRPH�À[HG�QRQ]HUR�YHFWRU Y� >,I Y D �� WKH�IXQFWLRQ [.t/ LV
LGHQWLFDOO\�]HUR�DQG�KHQFH�VDWLVÀHV [0 D A[�@ 2EVHUYH�WKDW

[0.t/ D !Ye!t %\�FDOFXOXV� VLQFH Y LV�D�FRQVWDQW�YHFWRU

A[.t/ D AYe!t 0XOWLSO\LQJ�ERWK�VLGHV�RI�����E\ A

6LQFH e!t LV�QHYHU�]HUR� [0.t/ ZLOO�HTXDO A[.t/ LI�DQG�RQO\�LI !Y D AY� WKDW�LV� LI�DQG
RQO\�LI ! LV�DQ�HLJHQYDOXH�RI A DQG Y LV�D�FRUUHVSRQGLQJ�HLJHQYHFWRU� 7KXV�HDFK
HLJHQYDOXH²HLJHQYHFWRU�SDLU�SURYLGHV�D�VROXWLRQ�����RI [0 D A[� 6XFK�VROXWLRQV�DUH
VRPHWLPHV�FDOOHG HLJHQIXQFWLRQV RI�WKH�GLIIHUHQWLDO�HTXDWLRQ� (LJHQIXQFWLRQV�SURYLGH
WKH�NH\�WR�VROYLQJ�V\VWHPV�RI�GLIIHUHQWLDO�HTXDWLRQV�

7KH�FLUFXLW�LQ�)LJ� ��FDQ�EH�GHVFULEHG�E\�WKH�GLIIHUHQWLDO�HTXDWLRQ
"

x01.t/

x02.t/

#
D
"

!.1=R1 C 1=R2/=C1 1=.R2C1/

1=.R2C2/ !1=.R2C2/

#"
x1.t/

x2.t/

#

ZKHUH x1.t/ DQG x2.t/ DUH�WKH�YROWDJHV�DFURVV�WKH�WZR�FDSDFLWRUV�DW�WLPH t � 6XSSRVH
UHVLVWRU R1 LV�� RKP� R2 LV�� RKPV� FDSDFLWRU C1 LV�� IDUDG� DQG C2 LV��� IDUDG� DQG
VXSSRVH�WKHUH�LV�DQ�LQLWLDO�FKDUJH�RI�� YROWV�RQ�FDSDFLWRU C1 DQG�� YROWV�RQ�FDSDFLWRU C2�
)LQG�IRUPXODV�IRU x1.t/ DQG x2.t/ WKDW�GHVFULEH�KRZ�WKH�YROWDJHV�FKDQJH�RYHU�WLPH�

R1

R2

C1

C2

+

+



$SSOLFDWLRQV�WR�'LIIHUHQWLDO�(TXDWLRQV

/HW A GHQRWH�WKH�PDWUL[�GLVSOD\HG�DERYH� DQG�OHW [.t/ D
!

x1.t/
x2.t/

"
� )RU�WKH

GDWD�JLYHQ� A D
!

!1:5 :5
1 !1

"
� DQG [.0/ D

!
5
4

"
� 7KH�HLJHQYDOXHV�RI A DUH !1 D !:5

DQG !2 D !2� ZLWK�FRUUHVSRQGLQJ�HLJHQYHFWRUV

Y1 D
!

1
2

"
DQG Y2 D

!
!1

1

"

7KH�HLJHQIXQFWLRQV [1.t/ D Y1e!1t DQG [2.t/ D Y2e!2t ERWK�VDWLVI\ [0 D A[� DQG�VR�GRHV
DQ\�OLQHDU�FRPELQDWLRQ�RI [1 DQG [2� 6HW

[.t/ D c1Y1e!1t C c2Y2e
!2t D c1

!
1
2

"
e!:5t C c2

!
!1

1

"
e!2t

DQG�QRWH�WKDW [.0/ D c1Y1 C c2Y2� 6LQFH Y1 DQG Y2 DUH�REYLRXVO\�OLQHDUO\�LQGHSHQGHQW
DQG�KHQFH�VSDQ R2� c1 DQG c2 FDQ�EH�IRXQG�WR�PDNH [.0/ HTXDO�WR [0� ,Q�IDFW� WKH�HTXDWLRQ

c1

!
1
2

"

"
Y1

C c2

!
!1

1

"

"
Y2

D
!

5
4

"

"
[0

OHDGV�HDVLO\�WR c1 D 3 DQG c2 D !2� 7KXV�WKH�GHVLUHG�VROXWLRQ�RI�WKH�GLIIHUHQWLDO�HTXDWLRQ
[0 D A[ LV

[.t/ D 3

!
1
2

"
e!:5t ! 2

!
!1

1

"
e!2t

RU !
x1.t/
x2.t/

"
D
"

3e!:5t C 2e!2t

6e!:5t ! 2e!2t

#

)LJXUH ��VKRZV�WKH�JUDSK� RU WUDMHFWRU\� RI [.t/� IRU t % 0� DORQJ�ZLWK�WUDMHFWRULHV�IRU
VRPH�RWKHU�LQLWLDO�SRLQWV� 7KH�WUDMHFWRULHV�RI�WKH�WZR�HLJHQIXQFWLRQV [1 DQG [2 OLH�LQ�WKH
HLJHQVSDFHV�RI A�

7KH� IXQFWLRQV [1 DQG [2 ERWK �GHFD\� WR �]HUR �DV t ! 1� EXW � WKH �YDOXHV �RI [2

GHFD\�IDVWHU�EHFDXVH�LWV�H[SRQHQW�LV�PRUH�QHJDWLYH� 7KH�HQWULHV�LQ�WKH�FRUUHVSRQGLQJ
HLJHQYHFWRU Y2 VKRZ�WKDW�WKH�YROWDJHV�DFURVV�WKH�FDSDFLWRUV�ZLOO�GHFD\�WR�]HUR�DV�UDSLGO\
DV�SRVVLEOH�LI�WKH�LQLWLDO�YROWDJHV�DUH�HTXDO�LQ�PDJQLWXGH�EXW�RSSRVLWH�LQ�VLJQ�

5

4 x0

v2

v1

7KH�RULJLQ�DV�DQ�DWWUDFWRU�



(LJHQYDOXHV�DQG�(LJHQYHFWRUV

,Q�)LJ� �� WKH�RULJLQ�LV�FDOOHG�DQ DWWUDFWRU� RU VLQN� RI�WKH�G\QDPLFDO�V\VWHP�EHFDXVH
DOO�WUDMHFWRULHV�DUH�GUDZQ�LQWR�WKH�RULJLQ� 7KH�GLUHFWLRQ�RI�JUHDWHVW�DWWUDFWLRQ�LV�DORQJ�WKH
WUDMHFWRU\�RI�WKH�HLJHQIXQFWLRQ [2 �DORQJ�WKH�OLQH�WKURXJK � DQG Y2/ FRUUHVSRQGLQJ�WR
WKH�PRUH�QHJDWLYH�HLJHQYDOXH� ! D !2� 7UDMHFWRULHV�WKDW�EHJLQ�DW�SRLQWV�QRW�RQ�WKLV�OLQH
EHFRPH�DV\PSWRWLF�WR�WKH�OLQH�WKURXJK � DQG Y1 EHFDXVH�WKHLU�FRPSRQHQWV�LQ�WKH Y2

GLUHFWLRQ�GHFD\�VR�UDSLGO\�
,I�WKH�HLJHQYDOXHV�LQ�([DPSOH ��ZHUH�SRVLWLYH�LQVWHDG�RI�QHJDWLYH� WKH�FRUUHVSRQGLQJ

WUDMHFWRULHV�ZRXOG�EH�VLPLODU�LQ�VKDSH� EXW�WKH�WUDMHFWRULHV�ZRXOG�EH�WUDYHUVHG DZD\ IURP
WKH�RULJLQ� ,Q�VXFK�D�FDVH� WKH�RULJLQ�LV�FDOOHG�D UHSHOOHU� RU VRXUFH� RI�WKH�G\QDPLFDO
V\VWHP� DQG�WKH�GLUHFWLRQ�RI�JUHDWHVW�UHSXOVLRQ�LV�WKH�OLQH�FRQWDLQLQJ�WKH�WUDMHFWRU\�RI�WKH
HLJHQIXQFWLRQ�FRUUHVSRQGLQJ�WR�WKH�PRUH�SRVLWLYH�HLJHQYDOXH�

6XSSRVH�D�SDUWLFOH�LV�PRYLQJ�LQ�D�SODQDU�IRUFH�ÀHOG�DQG�LWV�SRVLWLRQ
YHFWRU [ VDWLVÀHV [0 D A[ DQG [.0/ D [0� ZKHUH

A D
!

4 !5
!2 1

"
; [0 D

!
2:9
2:6

"

6ROYH�WKLV�LQLWLDO�YDOXH�SUREOHP�IRU t % 0� DQG�VNHWFK�WKH�WUDMHFWRU\�RI�WKH�SDUWLFOH�
7KH�HLJHQYDOXHV�RIA WXUQ�RXW�WR�EH !1 D 6 DQG !2 D !1� ZLWK�FRUUHVSRQG�

LQJ�HLJHQYHFWRUV Y1 D .!5; 2/ DQG Y2 D .1; 1/� )RU�DQ\�FRQVWDQWV c1 DQG c2� WKH�IXQFWLRQ

[.t/ D c1Y1e
!1t C c2Y2e!2t D c1

!
!5

2

"
e6t C c2

!
1
1

"
e!t

LV�D�VROXWLRQ�RI [0 D A[� :H�ZDQW c1 DQG c2 WR�VDWLVI\ [.0/ D [0� WKDW�LV�

c1

!
!5

2

"
C c2

!
1
1

"
D
!

2:9
2:6

"
RU

!
!5 1

2 1

"!
c1

c2

"
D
!

2:9
2:6

"

&DOFXODWLRQV�VKRZ�WKDW c1 D !3=70 DQG c2 D 188=70� DQG�VR�WKH�GHVLUHG�IXQFWLRQ�LV

[.t/ D !3

70

!
!5

2

"
e6t C 188

70

!
1
1

"
e!t

7UDMHFWRULHV�RI [ DQG�RWKHU�VROXWLRQV�DUH�VKRZQ�LQ�)LJ� ��

,Q�)LJ� �� WKH�RULJLQ�LV�FDOOHG�D VDGGOH�SRLQW RI�WKH�G\QDPLFDO�V\VWHP�EHFDXVH
VRPH�WUDMHFWRULHV�DSSURDFK�WKH�RULJLQ�DW�ÀUVW�DQG�WKHQ�FKDQJH�GLUHFWLRQ�DQG�PRYH�DZD\
IURP�WKH�RULJLQ� $ VDGGOH�SRLQW�DULVHV�ZKHQHYHU�WKH�PDWUL[ A KDV�ERWK�SRVLWLYH�DQG
QHJDWLYH�HLJHQYDOXHV� 7KH�GLUHFWLRQ�RI�JUHDWHVW�UHSXOVLRQ�LV�WKH�OLQH�WKURXJK Y1 DQG ��
FRUUHVSRQGLQJ�WR�WKH�SRVLWLYH�HLJHQYDOXH� 7KH�GLUHFWLRQ�RI�JUHDWHVW�DWWUDFWLRQ�LV�WKH�OLQH
WKURXJK Y2 DQG �� FRUUHVSRQGLQJ�WR�WKH�QHJDWLYH�HLJHQYDOXH�

x0

v2
v1

7KH�RULJLQ�DV�D�VDGGOH�SRLQW�
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'HFRXSOLQJ�D�'\QDPLFDO�6\VWHP
7KH�IROORZLQJ�GLVFXVVLRQ�VKRZV�WKDW � WKH�PHWKRG�RI�([DPSOHV���DQG���SURGXFHV�D
IXQGDPHQWDO�VHW�RI�VROXWLRQV�IRU�DQ\�G\QDPLFDO�V\VWHP�GHVFULEHG�E\ [0 D A[ ZKHQ A
LV n # n DQG�KDV n OLQHDUO\�LQGHSHQGHQW�HLJHQYHFWRUV� WKDW�LV� ZKHQ A LV�GLDJRQDOL]DEOH�
6XSSRVH�WKH�HLJHQIXQFWLRQV�IRU A DUH

Y1e!1t ; : : : ; Yne!nt

ZLWK Y1; : : : ; Yn OLQHDUO\�LQGHSHQGHQW�HLJHQYHFWRUV� /HW P D Œ Y1 " " " Yn #� DQG�OHW D

EH�WKH�GLDJRQDO�PDWUL[�ZLWK�HQWULHV !1; : : : ; !n� VR�WKDWA D 3'3!1� 1RZ�PDNH�D FKDQJH
RI�YDULDEOH� GHÀQLQJ�D�QHZ�IXQFWLRQ \ E\

\.t/ D P!1[.t/ RU� HTXLYDOHQWO\; [.t/ D P \.t/

7KH�HTXDWLRQ [.t/ D P \.t/ VD\V�WKDW \.t/ LV�WKH�FRRUGLQDWH�YHFWRU�RI [.t/ UHODWLYH�WR�WKH
HLJHQYHFWRU�EDVLV� 6XEVWLWXWLRQ�RI P \ IRU [ LQ�WKH�HTXDWLRQ [0 D A[ JLYHV

d

dt
.P \/ D A.P \/ D .3'3!1/P \ D 3'\ ���

6LQFH P LV�D�FRQVWDQW�PDWUL[� WKH�OHIW�VLGH�RI�����LV P \0� /HIW�PXOWLSO\�ERWK�VLGHV�RI����
E\ P!1 DQG�REWDLQ \0 D D\� RU

2
66664

y01.t/

y02.t/
:::

y0n.t/

3
77775

D

2
66664

!1 0 " " " 0

0 !2

:::
:::

: : : 0

0 " " " 0 !n

3
77775

2
66664

y1.t/

y2.t/
:::

yn.t/

3
77775

7KH�FKDQJH�RI�YDULDEOH�IURP [ WR \ KDV GHFRXSOHG WKH�V\VWHP�RI�GLIIHUHQWLDO�HTXDWLRQV�
EHFDXVH�WKH�GHULYDWLYH�RI�HDFK�VFDODU�IXQFWLRQ yk GHSHQGV�RQO\�RQ yk � �5HYLHZ�WKH�DQDO�
RJRXV�FKDQJH�RI�YDULDEOHV�LQ�6HFWLRQ ����� 6LQFH y01 D !1y1� ZH�KDYH y1.t/ D c1e!1t �
ZLWK�VLPLODU�IRUPXODV�IRU y2; : : : ; yn� 7KXV

\.t/ D

2
64

c1e!1t

:::

cne!nt

3
75 ; ZKHUH

2
64

c1
:::

cn

3
75 D \.0/ D P!1[.0/ D P!1[0

7R�REWDLQ�WKH�JHQHUDO�VROXWLRQ [ RI�WKH�RULJLQDO�V\VWHP� FRPSXWH

[.t/ D P \.t/ D Œ Y1 " " " Yn # \.t/

D c1Y1e!1t C " " " C cnYne!nt

7KLV�LV�WKH�HLJHQIXQFWLRQ�H[SDQVLRQ�FRQVWUXFWHG�DV�LQ�([DPSOH ��

&RPSOH[�(LJHQYDOXHV
,Q�WKH�QH[W�H[DPSOH� D�UHDO�PDWUL[ A KDV�D�SDLU�RI�FRPSOH[�HLJHQYDOXHV ! DQG !� ZLWK
DVVRFLDWHG�FRPSOH[�HLJHQYHFWRUV Y DQG Y� �5HFDOO�IURP�6HFWLRQ ����WKDW�IRU�D�UHDO�PDWUL[�
FRPSOH[�HLJHQYDOXHV�DQG�DVVRFLDWHG�HLJHQYHFWRUV�FRPH�LQ�FRQMXJDWH�SDLUV�� 6R�WZR
VROXWLRQV�RI [0 D A[ DUH

[1.t/ D Ye!t DQG [2.t/ D Ye!t ���

,W �FDQ�EH�VKRZQ�WKDW [2.t/ D [1.t/ E\�XVLQJ�D�SRZHU�VHULHV �UHSUHVHQWDWLRQ�IRU � WKH
FRPSOH[�H[SRQHQWLDO�IXQFWLRQ� $OWKRXJK�WKH�FRPSOH[�HLJHQIXQFWLRQV [1 DQG [2 DUH
FRQYHQLHQW�IRU�VRPH�FDOFXODWLRQV��SDUWLFXODUO\�LQ�HOHFWULFDO�HQJLQHHULQJ�� UHDO�IXQFWLRQV



(LJHQYDOXHV�DQG�(LJHQYHFWRUV

DUH�PRUH�DSSURSULDWH�IRU�PDQ\�SXUSRVHV� )RUWXQDWHO\� WKH�UHDO�DQG�LPDJLQDU\�SDUWV�RI [1

DUH��UHDO��VROXWLRQV�RI [0 D A[� EHFDXVH�WKH\�DUH�OLQHDU�FRPELQDWLRQV�RI�WKH�VROXWLRQV�LQ
����

5H.Ye!t / D 1

2
Œ [1.t/ C [1.t/ #; ,P.Ye!t / D 1

2i
Œ [1.t/ ! [1.t/ #

7R�XQGHUVWDQG�WKH�QDWXUH�RI 5H.Ye!t /� UHFDOO�IURP�FDOFXOXV�WKDW�IRU�DQ\�QXPEHU x�
WKH�H[SRQHQWLDO�IXQFWLRQ ex FDQ�EH�FRPSXWHG�IURP�WKH�SRZHU�VHULHV�

ex D 1 C x C 1

2Š
x2 C " " " C 1

nŠ
xn C " " "

7KLV�VHULHV�FDQ�EH�XVHG�WR�GHÀQH e!t ZKHQ ! LV�FRPSOH[�
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WKH�LQLWLDO�YROWDJH�DFURVV�WKH�FDSDFLWRU�LV�� YROWV�
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,Q�)LJ� �� WKH�RULJLQ�LV�FDOOHG�D VSLUDO�SRLQW RI�WKH�G\QDPLFDO�V\VWHP� 7KH�URWDWLRQ
LV�FDXVHG�E\�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV�WKDW�DULVH�IURP�D�FRPSOH[�HLJHQYDOXH� 7KH
WUDMHFWRULHV�VSLUDO�LQZDUG�EHFDXVH�WKH�IDFWRU e!2t WHQGV�WR�]HUR� 5HFDOO�WKDW !2 LV�WKH�UHDO
SDUW�RI�WKH�HLJHQYDOXH�LQ�([DPSOH �� :KHQ A KDV�D�FRPSOH[�HLJHQYDOXH�ZLWK�SRVLWLYH
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IRU�WKH�FLUFXLW�LQ�([DPSOH �� DVVXPLQJ�WKDW R1 D 1 RKP�
R2 D :125 RKP� C D :2 IDUDG� L D :125 KHQU\� WKH�LQLWLDO
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WKH�WUDMHFWRULHV�VSLUDO�RXWZDUG�

%H�FDUHIXO�QRW�WR�PLVWDNH�WKLV�SUREOHP�IRU�RQH�LQ�6HFWLRQ ���� 7KHUH�WKH�FRQGLWLRQ
IRU�DWWUDFWLRQ�WRZDUG � ZDV�WKDW�DQ�HLJHQYDOXH�EH�OHVV�WKDQ���LQ�PDJQLWXGH� WR�PDNH
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)RUWXQDWHO\� D�FORVH�QXPHULFDO�DSSUR[LPDWLRQ�LV�XVXDOO\�TXLWH�VDWLVIDFWRU\� ,Q�IDFW� VRPH
DSSOLFDWLRQV�UHTXLUH�RQO\�D�URXJK�DSSUR[LPDWLRQ�WR�WKH�ODUJHVW�HLJHQYDOXH� 7KH�ÀUVW
DOJRULWKP�GHVFULEHG�EHORZ�FDQ�ZRUN�ZHOO�IRU�WKLV�FDVH� $OVR� LW�SURYLGHV�D�IRXQGDWLRQ
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,Q�WKLV�FDVH� WKH�SRZHU�PHWKRG�SURGXFHV�D�VFDODU�VHTXHQFH�WKDW�DSSURDFKHV !1 DQG�D
YHFWRU�VHTXHQFH�WKDW�DSSURDFKHV�D�FRUUHVSRQGLQJ�HLJHQYHFWRU� 7KH�EDFNJURXQG�IRU�WKH
PHWKRG�UHVWV�RQ�WKH�HLJHQYHFWRU�GHFRPSRVLWLRQ�XVHG�DW�WKH�EHJLQQLQJ�RI�6HFWLRQ ����
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WRR�ORQJ�WR�GLVSOD\� +RZHYHU� OLQH�VHJPHQWV�DUH�GUDZQ�VKRZLQJ�WKH�GLUHFWLRQV�RI�WKRVH
YHFWRUV� ,Q�IDFW� WKH�GLUHFWLRQV�RI�WKH�YHFWRUV�DUH�ZKDW�ZH�UHDOO\�ZDQW�WR�VHH� QRW�WKH�YHF�
WRUV�WKHPVHOYHV� 7KH�OLQHV�VHHP�WR�EH�DSSURDFKLQJ�WKH�OLQH�UHSUHVHQWLQJ�WKH�HLJHQVSDFH
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IRU�([DPSOH �� 7KH�HLJHQYDOXH !1 FDQ�EH�HVWLPDWHG�IURP�WKH�VHTXHQFH f[kg� WRR� :KHQ
[k LV�FORVH�WR�DQ�HLJHQYHFWRU�IRU !1� WKH�YHFWRU A[k LV�FORVH�WR !1[k � ZLWK�HDFK�HQWU\�LQ
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[k LV��� WKH�ODUJHVW�HQWU\�LQ A[k LV�FORVH�WR !1� �&DUHIXO�SURRIV�RI�WKHVH�VWDWHPHQWV�DUH
RPLWWHG��
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x1 x2 x3

x4
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x = x0

6FDOHG�PXOWLSOHV�RI [� A[� A2[; : : : ; A7[�

�� 6HOHFW�DQ�LQLWLDO�YHFWRU [0 ZKRVH�ODUJHVW�HQWU\�LV���
�� )RU k D 0; 1; : : : ;

D� &RPSXWH A[k �
E� /HW "k EH�DQ�HQWU\�LQ A[k ZKRVH�DEVROXWH�YDOXH�LV�DV�ODUJH�DV�SRVVLEOH�
F� &RPSXWH [kC1 D .1="k/A[k �

�� )RU�DOPRVW�DOO�FKRLFHV�RI [0� WKH�VHTXHQFH f"kg DSSURDFKHV�WKH�GRPLQDQW
HLJHQYDOXH� DQG�WKH�VHTXHQFH f[kg DSSURDFKHV�D�FRUUHVSRQGLQJ�HLJHQYHFWRU�
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ZKHQ k D 5� DQG�HVWLPDWH�WKH�GRPLQDQW�HLJHQYDOXH�DQG�D�FRUUHVSRQGLQJ�HLJHQYHFWRU
RI A�

&DOFXODWLRQV�LQ�WKLV�H[DPSOH�DQG�WKH�QH[W�ZHUH�PDGH�ZLWK�0$7/$%�
ZKLFK�FRPSXWHV�ZLWK����GLJLW�DFFXUDF\� DOWKRXJK�ZH�VKRZ�RQO\�D�IHZ�VLJQLÀFDQW�ÀJXUHV
KHUH� 7R�EHJLQ� FRPSXWH A[0 DQG�LGHQWLI\�WKH�ODUJHVW�HQWU\ "0 LQ A[0�
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6FDOH A[2 E\ 1="2 WR�JHW [3� DQG�VR�RQ� 7KH�UHVXOWV�RI�0$7/$% FDOFXODWLRQV�IRU�WKH
ÀUVW�ÀYH�LWHUDWLRQV�DUH�DUUDQJHG�LQ�7DEOH ��

k � � � � � �
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"k � � ����� ������ ������ �������

7KH�HYLGHQFH�IURP�7DEOH ��VWURQJO\�VXJJHVWV�WKDW f[kg DSSURDFKHV .1; :2/ DQG f"kg
DSSURDFKHV��� ,I�VR� WKHQ .1; :2/ LV�DQ�HLJHQYHFWRU�DQG���LV�WKH�GRPLQDQW�HLJHQYDOXH� 7KLV
LV�HDVLO\�YHULÀHG�E\�FRPSXWLQJ

A
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1
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"
D
!
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:2

"
D
!

7
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"
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7KH�VHTXHQFH f"kg LQ�([DPSOH ��FRQYHUJHG�TXLFNO\�WR !1 D 7 EHFDXVH�WKH�VHFRQG
HLJHQYDOXH�RIAZDV�PXFK�VPDOOHU� �,Q�IDFW� !2 D 1�� ,Q�JHQHUDO� WKH�UDWH�RI�FRQYHUJHQFH
GHSHQGV�RQ�WKH�UDWLR j!2=!1j� EHFDXVH�WKH�YHFWRU c2.!2=!1/kY2 LQ�HTXDWLRQ�����LV�WKH�PDLQ
VRXUFH�RI�HUURU�ZKHQ�XVLQJ�D�VFDOHG�YHUVLRQ�RI Ak[ DV�DQ�HVWLPDWH�RI c1Y1� �7KH�RWKHU
IUDFWLRQV !j =!1 DUH�OLNHO\�WR�EH�VPDOOHU�� ,I j!2=!1j LV�FORVH�WR��� WKHQ f"kg DQG f[kg
FDQ�FRQYHUJH�YHU\�VORZO\� DQG�RWKHU�DSSUR[LPDWLRQ�PHWKRGV�PD\�EH�SUHIHUUHG�

:LWK�WKH�SRZHU�PHWKRG� WKHUH�LV�D�VOLJKW�FKDQFH�WKDW�WKH�FKRVHQ�LQLWLDO�YHFWRU [
ZLOO�KDYH�QR�FRPSRQHQW�LQ�WKH Y1 GLUHFWLRQ��ZKHQ c1 D 0�� %XW�FRPSXWHU�URXQGLQJ
HUURUV�GXULQJ�WKH�FDOFXODWLRQV�RI�WKH [k DUH�OLNHO\�WR�FUHDWH�D�YHFWRU�ZLWK�DW�OHDVW�D�VPDOO
FRPSRQHQW�LQ�WKH�GLUHFWLRQ�RI Y1� ,I�WKDW�RFFXUV� WKH [k ZLOO�VWDUW�WR�FRQYHUJH�WR�D�PXOWLSOH
RI Y1�

7KH�,QYHUVH�3RZHU�0HWKRG
7KLV�PHWKRG�SURYLGHV�DQ�DSSUR[LPDWLRQ�IRU DQ\ HLJHQYDOXH� SURYLGHG�D�JRRG�LQLWLDO
HVWLPDWH ˛ RI�WKH�HLJHQYDOXH ! LV�NQRZQ� ,Q�WKLV�FDVH� ZH�OHW B D .A ! ˛I /!1 DQG�DSSO\
WKH�SRZHU�PHWKRG�WR B � ,W�FDQ�EH�VKRZQ�WKDW�LI�WKH�HLJHQYDOXHV�RI A DUH !1; : : : ; !n� WKHQ
WKH�HLJHQYDOXHV�RI B DUH

1

!1 ! ˛
;

1

!2 ! ˛
; : : : ;

1

!n ! ˛

DQG�WKH�FRUUHVSRQGLQJ�HLJHQYHFWRUV�DUH�WKH�VDPH�DV�WKRVH�IRU A� �6HH�([HUFLVHV ���DQG
����

6XSSRVH� IRU�H[DPSOH� WKDW ˛ LV�FORVHU�WR !2 WKDQ�WR�WKH�RWKHU�HLJHQYDOXHV�RI A�
7KHQ 1=.!2 ! ˛/ ZLOO�EH�D�VWULFWO\�GRPLQDQW�HLJHQYDOXH�RI B � ,I ˛ LV�UHDOO\�FORVH�WR !2�
WKHQ 1=.!2 ! ˛/ LV PXFK ODUJHU�WKDQ�WKH�RWKHU�HLJHQYDOXHV�RI B � DQG�WKH�LQYHUVH�SRZHU
PHWKRG�SURGXFHV�D�YHU\�UDSLG�DSSUR[LPDWLRQ�WR !2 IRU�DOPRVW�DOO�FKRLFHV�RI [0� 7KH
IROORZLQJ�DOJRULWKP�JLYHV�WKH�GHWDLOV�
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!

�� 6HOHFW�DQ�LQLWLDO�HVWLPDWH ˛ VXIÀFLHQWO\�FORVH�WR !�
�� 6HOHFW�DQ�LQLWLDO�YHFWRU [0 ZKRVH�ODUJHVW�HQWU\�LV���
�� )RU k D 0; 1; : : : ;

D� 6ROYH .A ! ˛I /\k D [k IRU \k �
E� /HW "k EH�DQ�HQWU\�LQ \k ZKRVH�DEVROXWH�YDOXH�LV�DV�ODUJH�DV�SRVVLEOH�
F� &RPSXWH &k D ˛ C .1="k/�
G� &RPSXWH [kC1 D .1="k/\k �

�� )RU�DOPRVW�DOO�FKRLFHV�RI [0� WKH�VHTXHQFH f&kg DSSURDFKHV�WKH�HLJHQYDOXH !
RI A� DQG�WKH�VHTXHQFH f[kg DSSURDFKHV�D�FRUUHVSRQGLQJ�HLJHQYHFWRU�

1RWLFH�WKDW B � RU�UDWKHU .A ! ˛I /!1� GRHV�QRW�DSSHDU�LQ�WKH�DOJRULWKP� ,QVWHDG�RI
FRPSXWLQJ .A ! ˛I /!1[k WR�JHW�WKH�QH[W�YHFWRU�LQ�WKH�VHTXHQFH� LW�LV�EHWWHU�WR VROYH
WKH�HTXDWLRQ .A ! ˛I /\k D [k IRU \k �DQG�WKHQ�VFDOH \k WR�SURGXFH [kC1/� 6LQFH�WKLV
HTXDWLRQ�IRU \k PXVW�EH�VROYHG�IRU�HDFK k� DQ�/8 IDFWRUL]DWLRQ�RI A ! ˛I ZLOO�VSHHG�XS
WKH�SURFHVV�

,W�LV�QRW�XQFRPPRQ�LQ�VRPH�DSSOLFDWLRQV�WR�QHHG�WR�NQRZ�WKH�VPDOOHVW
HLJHQYDOXH�RI�D�PDWUL[ A DQG�WR�KDYH�DW�KDQG�URXJK�HVWLPDWHV�RI�WKH�HLJHQYDOXHV�
6XSSRVH���� ���� DQG�����DUH�HVWLPDWHV�IRU�WKH�HLJHQYDOXHV�RI�WKH�PDWUL[ A EHORZ� )LQG
WKH�VPDOOHVW�HLJHQYDOXH� DFFXUDWH�WR�VL[�GHFLPDO�SODFHV�
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7KH�WZR�VPDOOHVW�HLJHQYDOXHV�VHHP�FORVH�WRJHWKHU� VR�ZH�XVH�WKH�LQYHUVH
SRZHU�PHWKRG�IRU A ! 1:9I � 5HVXOWV�RI�D�0$7/$% FDOFXODWLRQ�DUH�VKRZQ�LQ�7DEOH ��
+HUH [0 ZDV�FKRVHQ�DUELWUDULO\� \k D .A ! 1:9I /!1[k � "k LV�WKH�ODUJHVW�HQWU\�LQ \k �
&k D 1:9 C 1="k � DQG [kC1 D .1="k/\k � $V�LW�WXUQV�RXW� WKH�LQLWLDO�HLJHQYDOXH�HVWLPDWH
ZDV�IDLUO\�JRRG� DQG�WKH�LQYHUVH�SRZHU�VHTXHQFH�FRQYHUJHG�TXLFNO\� 7KH�VPDOOHVW
HLJHQYDOXH�LV�H[DFWO\���

k � � � � �

[k

2
4

1
1
1

3
5

2
4

:5736
:0646

1

3
5

2
4

:5054
:0045

1

3
5

2
4

:5004
:0003

1

3
5

2
4

:50003
:00002

1

3
5

\k

2
4

4:45
:50

7:76

3
5

2
4

5:0131
:0442

9:9197

3
5

2
4

5:0012
:0031

9:9949

3
5

2
4

5:0001
:0002

9:9996

3
5

2
4

5:000006
:000015

9:999975

3
5
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,I�DQ�HVWLPDWH�IRU�WKH�VPDOOHVW�HLJHQYDOXH�RI�D�PDWUL[�LV�QRW�DYDLODEOH� RQH�FDQ�VLPSO\
WDNH ˛ D 0 LQ�WKH�LQYHUVH�SRZHU�PHWKRG� 7KLV�FKRLFH�RI ˛ ZRUNV�UHDVRQDEO\�ZHOO�LI�WKH
VPDOOHVW�HLJHQYDOXH�LV�PXFK�FORVHU�WR�]HUR�WKDQ�WR�WKH�RWKHU�HLJHQYDOXHV�
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7KH�WZR�DOJRULWKPV�SUHVHQWHG�LQ�WKLV�VHFWLRQ�DUH�SUDFWLFDO�WRROV�IRU�PDQ\�VLPSOH
VLWXDWLRQV� DQG�WKH\�SURYLGH�DQ�LQWURGXFWLRQ�WR�WKH�SUREOHP�RI�HLJHQYDOXH�HVWLPDWLRQ� $
PRUH�UREXVW�DQG�ZLGHO\�XVHG�LWHUDWLYH�PHWKRG�LV�WKH�45 DOJRULWKP� )RU�LQVWDQFH� LW�LV
WKH�KHDUW�RI�WKH�0$7/$% FRPPDQG HLJ�$���ZKLFK�UDSLGO\�FRPSXWHV�HLJHQYDOXHV�DQG
HLJHQYHFWRUV�RI A� $ EULHI�GHVFULSWLRQ�RI�WKH�45 DOJRULWKP�ZDV�JLYHQ�LQ�WKH�H[HUFLVHV
IRU�6HFWLRQ ���� )XUWKHU�GHWDLOV�DUH�SUHVHQWHG�LQ�PRVW�PRGHUQ�QXPHULFDO�DQDO\VLV�WH[WV�

+RZ�FDQ�\RX�WHOO�LI�D�JLYHQ�YHFWRU [ LV�D�JRRG�DSSUR[LPDWLRQ�WR�DQ�HLJHQYHFWRU�RI�D
PDWUL[ A" ,I�LW�LV� KRZ�ZRXOG�\RX�HVWLPDWH�WKH�FRUUHVSRQGLQJ�HLJHQYDOXH" ([SHULPHQW
ZLWK
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SURGXFHG�E\�WKH�SRZHU�PHWKRG� 8VH�WKHVH�GDWD�WR�HVWLPDWH�WKH
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)LQG�D�YHFWRU�ZLWK�D���LQ�WKH�VHFRQG�HQWU\�WKDW�LV�FORVH�WR
DQ�HLJHQYHFWRU�RI A� 8VH�IRXU�GHFLPDO�SODFHV� &KHFN�\RXU
HVWLPDWH� DQG�JLYH�DQ�HVWLPDWH�IRU�WKH�GRPLQDQW�HLJHQYDOXH
RI A�
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>0@ ([HUFLVHV��²���UHTXLUH�0$7/$% RU�RWKHU�FRPSXWDWLRQDO�DLG�
,Q�([HUFLVHV ��DQG��� XVH�WKH�SRZHU�PHWKRG�ZLWK�WKH [0 JLYHQ� /LVW
f[kg DQG f"kg IRU k D 1; : : : ; 5� ,Q�([HUFLVHV ��DQG���� OLVW "5 DQG
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$QRWKHU�HVWLPDWH�FDQ�EH�PDGH�IRU�DQ�HLJHQYDOXH�ZKHQ�DQ�DSSUR[�
LPDWH�HLJHQYHFWRU�LV�DYDLODEOH� 2EVHUYH�WKDW�LI A[ D ![� WKHQ
[TA[ D [T .![/ D !.[T [/� DQG�WKH 5D\OHLJK�TXRWLHQW

R.[/ D [TA[
[T [

HTXDOV !� ,I [ LV�FORVH�WR�DQ�HLJHQYHFWRU�IRU !� WKHQ�WKLV�TXRWLHQW
LV�FORVH�WR !� :KHQ A LV�D�V\PPHWULF�PDWUL[ .AT D A/� WKH
5D\OHLJK�TXRWLHQW R.[k/ D .[T

k A[k/=.[T
k [k/ ZLOO�KDYH�URXJKO\

WZLFH�DV�PDQ\�GLJLWV�RI�DFFXUDF\�DV�WKH�VFDOLQJ�IDFWRU "k LQ�WKH
SRZHU�PHWKRG� 9HULI\�WKLV�LQFUHDVHG�DFFXUDF\�LQ�([HUFLVHV ���DQG
���E\�FRPSXWLQJ "k DQG R.[k/ IRU k D 1; : : : ; 4�
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([HUFLVHV����DQG����DSSO\�WR�D 3 # 3 PDWUL[ A ZKRVH�HLJHQYDOXHV
DUH�HVWLPDWHG�WR�EH��� !4� DQG���

��� ,I � WKH�HLJHQYDOXHV�FORVH� WR ���DQG !4 DUH�NQRZQ�WR�KDYH
GLIIHUHQW�DEVROXWH�YDOXHV� ZLOO�WKH�SRZHU�PHWKRG�ZRUN" ,V
LW�OLNHO\�WR�EH�XVHIXO"

��� 6XSSRVH�WKH�HLJHQYDOXHV�FORVH�WR���DQG !4 DUH�NQRZQ�WR�KDYH
H[DFWO\�WKH�VDPH�DEVROXWH�YDOXH� 'HVFULEH�KRZ�RQH�PLJKW
REWDLQ�D�VHTXHQFH�WKDW�HVWLPDWHV�WKH�HLJHQYDOXH�FORVH�WR���

��� 6XSSRVH A[ D ![ ZLWK [ ¤ �� /HW ˛ EH�D�VFDODU�GLIIHUHQW
IURP�WKH�HLJHQYDOXHV�RI A� DQG�OHW B D .A ! ˛I /!1� 6XE�
WUDFW ˛[ IURP�ERWK�VLGHV�RI�WKH�HTXDWLRQ A[ D ![� DQG�XVH
DOJHEUD�WR�VKRZ�WKDW 1=.! ! ˛/ LV�DQ�HLJHQYDOXH�RI B � ZLWK [
D�FRUUHVSRQGLQJ�HLJHQYHFWRU�

��� 6XSSRVH " LV�DQ�HLJHQYDOXH�RI�WKH B LQ�([HUFLVH���� DQG�WKDW
[ LV�D�FRUUHVSRQGLQJ�HLJHQYHFWRU� VR�WKDW .A ! ˛I /!1[ D "[�
8VH�WKLV�HTXDWLRQ�WR�ÀQG�DQ�HLJHQYDOXH�RIA LQ�WHUPV�RI " DQG
˛� >1RWH� " ¤ 0 EHFDXVH B LV�LQYHUWLEOH�@

��� >0@ 8VH�WKH�LQYHUVH�SRZHU�PHWKRG�WR�HVWLPDWH�WKH�PLGGOH
HLJHQYDOXH�RI�WKH A LQ�([DPSOH �� ZLWK�DFFXUDF\�WR�IRXU
GHFLPDO�SODFHV� 6HW [0 D .1; 0; 0/�

��� >0@ /HW A EH �DV � LQ �([HUFLVH �� 8VH � WKH � LQYHUVH �SRZHU
PHWKRG�ZLWK [0 D .1; 0; 0/ WR�HVWLPDWH�WKH�HLJHQYDOXH�RI A
QHDU ˛ D !1:4� ZLWK�DQ�DFFXUDF\�WR�IRXU�GHFLPDO�SODFHV�

>0@ ,Q�([HUFLVHV����DQG���� ÀQG��D��WKH�ODUJHVW�HLJHQYDOXH�DQG��E�
WKH�HLJHQYDOXH�FORVHVW�WR�]HUR� ,Q�HDFK�FDVH� VHW [0 D .1; 0; 0; 0/
DQG�FDUU\�RXW�DSSUR[LPDWLRQV�XQWLO�WKH�DSSUR[LPDWLQJ�VHTXHQFH
VHHPV�DFFXUDWH�WR�IRXU�GHFLPDO�SODFHV� ,QFOXGH�WKH�DSSUR[LPDWH
HLJHQYHFWRU�
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��� $ FRPPRQ�PLVFRQFHSWLRQ�LV�WKDW�LI A KDV�D�VWULFWO\�GRPLQDQW
HLJHQYDOXH� WKHQ� IRU�DQ\�VXIÀFLHQWO\�ODUJH�YDOXH�RI k� WKH
YHFWRU Ak[ LV�DSSUR[LPDWHO\�HTXDO�WR�DQ�HLJHQYHFWRU�RI A�
)RU�WKH�WKUHH�PDWULFHV�EHORZ� VWXG\�ZKDW�KDSSHQV�WR Ak[
ZKHQ [ D .:5; :5/� DQG�WU\�WR�GUDZ�JHQHUDO�FRQFOXVLRQV��IRU
D 2 # 2 PDWUL[��
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3
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,I A[ LV�QHDUO\�D�PXOWLSOH�RI [� WKHQ�WKH�UDWLRV�RI�FRUUHVSRQGLQJ�HQWULHV�LQ�WKH�WZR�YHFWRUV
VKRXOG�EH�QHDUO\�FRQVWDQW� 6R�FRPSXWH�
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2UWKRJRQDOLW\�DQG
/HDVW�6TXDUHV

7KH�1RUWK�$PHULFDQ�'DWXP
DQG�*36 1DYLJDWLRQ
,PDJLQH�VWDUWLQJ�D�PDVVLYH�SURMHFW�WKDW�\RX�HVWLPDWH�ZLOO
WDNH�WHQ�\HDUV�DQG�UHTXLUH�WKH�HIIRUWV�RI�VFRUHV�RI�SHRSOH
WR�FRQVWUXFW�DQG�VROYH�D�����������E\���������V\VWHP
RI�OLQHDU�HTXDWLRQV� 7KDW�LV�H[DFWO\�ZKDW�WKH�1DWLRQDO
*HRGHWLF�6XUYH\�GLG�LQ������ ZKHQ�LW�VHW�RXW�WR�XSGDWH
WKH�1RUWK�$PHULFDQ�'DWXP��1$'�³D�QHWZRUN�RI��������
SUHFLVHO\�ORFDWHG�UHIHUHQFH�SRLQWV�WKDW�VSDQ�WKH�HQWLUH�1RUWK
$PHULFDQ�FRQWLQHQW� WRJHWKHU�ZLWK�*UHHQODQG� +DZDLL� WKH
9LUJLQ�,VODQGV� 3XHUWR�5LFR� DQG�RWKHU�&DULEEHDQ�LVODQGV�

7KH�UHFRUGHG�ODWLWXGHV�DQG�ORQJLWXGHV�LQ�WKH�1$'
PXVW�EH�GHWHUPLQHG�WR�ZLWKLQ�D�IHZ�FHQWLPHWHUV�EHFDXVH
WKH\�IRUP�WKH�EDVLV�IRU�DOO�VXUYH\V� PDSV� OHJDO�SURSHUW\
ERXQGDULHV� DQG�OD\RXWV�RI�FLYLO�HQJLQHHULQJ�SURMHFWV
VXFK�DV�KLJKZD\V�DQG�SXEOLF�XWLOLW\�OLQHV� +RZHYHU�
PRUH�WKDQ���������QHZ�SRLQWV�KDG�EHHQ�DGGHG�WR�WKH
GDWXP�VLQFH�WKH�ODVW�DGMXVWPHQW�LQ������ DQG�HUURUV�KDG
JUDGXDOO\�DFFXPXODWHG�RYHU�WKH�\HDUV� GXH�WR�LPSUHFLVH
PHDVXUHPHQWV �DQG�VKLIWV � LQ � WKH �HDUWK·V �FUXVW� 'DWD
JDWKHULQJ�IRU�WKH�1$' UHDGMXVWPHQW�ZDV�FRPSOHWHG�LQ
�����

7KH�V\VWHP�RI�HTXDWLRQV�IRU�WKH�1$' KDG�QR�VROXWLRQ
LQ�WKH�RUGLQDU\�VHQVH� EXW�UDWKHU�KDG�D OHDVW�VTXDUHV
VROXWLRQ� ZKLFK�DVVLJQHG�ODWLWXGHV�DQG�ORQJLWXGHV�WR�WKH
UHIHUHQFH�SRLQWV�LQ�D�ZD\�WKDW�FRUUHVSRQGHG�EHVW�WR�WKH����
PLOOLRQ�REVHUYDWLRQV� 7KH�OHDVW�VTXDUHV�VROXWLRQ�ZDV�IRXQG
LQ������E\�VROYLQJ�D�UHODWHG�V\VWHP�RI�VR�FDOOHG

QRUPDO�HTXDWLRQV� ZKLFK�LQYROYHG���������HTXDWLRQV�LQ
��������YDULDEOHV��

0RUH�UHFHQWO\� NQRZOHGJH�RI�UHIHUHQFH�SRLQWV�RQ�WKH
JURXQG�KDV�EHFRPH�FUXFLDO�IRU�DFFXUDWHO\�GHWHUPLQLQJ
WKH�ORFDWLRQV�RI�VDWHOOLWHV�LQ�WKH�VDWHOOLWH�EDVHG *OREDO
3RVLWLRQLQJ�6\VWHP��*36���$ *36 VDWHOOLWH�FDOFXODWHV�LWV
SRVLWLRQ�UHODWLYH�WR�WKH�HDUWK�E\�PHDVXULQJ�WKH�WLPH�LW�WDNHV
IRU�VLJQDOV�WR�DUULYH�IURP�WKUHH�JURXQG�WUDQVPLWWHUV� 7R�GR
WKLV� WKH�VDWHOOLWHV�XVH�SUHFLVH�DWRPLF�FORFNV�WKDW�KDYH�EHHQ
V\QFKURQL]HG�ZLWK�JURXQG�VWDWLRQV��ZKRVH�ORFDWLRQV�DUH
NQRZQ�DFFXUDWHO\�EHFDXVH�RI�WKH�1$'��

7KH *OREDO�3RVLWLRQLQJ�6\VWHP LV �XVHG�ERWK�IRU
GHWHUPLQLQJ�WKH�ORFDWLRQV�RI�QHZ�UHIHUHQFH�SRLQWV�RQ�WKH
JURXQG�DQG�IRU�ÀQGLQJ�D�XVHU·V�SRVLWLRQ�RQ�WKH�JURXQG
UHODWLYH�WR�HVWDEOLVKHG�PDSV� :KHQ�D�FDU�GULYHU��RU�D
PRXQWDLQ�FOLPEHU��WXUQV�RQ�D�*36 UHFHLYHU� WKH�UHFHLYHU
PHDVXUHV�WKH�UHODWLYH�DUULYDO�WLPHV�RI�VLJQDOV�IURP�DW
OHDVW�WKUHH�VDWHOOLWHV� 7KLV�LQIRUPDWLRQ� WRJHWKHU�ZLWK�WKH
WUDQVPLWWHG�GDWD�DERXW�WKH�VDWHOOLWHV·�ORFDWLRQV�DQG�PHVVDJH
WLPHV� LV�XVHG�WR�DGMXVW�WKH�*36 UHFHLYHU·V�WLPH�DQG�WR
GHWHUPLQH�LWV�DSSUR[LPDWH�ORFDWLRQ�RQ�WKH�HDUWK� *LYHQ
LQIRUPDWLRQ�IURP�D�IRXUWK�VDWHOOLWH� WKH�*36 UHFHLYHU�FDQ
HYHQ�HVWDEOLVK�LWV�DSSUR[LPDWH�DOWLWXGH�

1$ PDWKHPDWLFDO�GLVFXVVLRQ�RI�WKH�VROXWLRQ�VWUDWHJ\��DORQJ�ZLWK�GHWDLOV
RI�WKH�HQWLUH�1$' SURMHFW��DSSHDUV�LQ 1RUWK�$PHULFDQ�'DWXP�RI������
&KDUOHV�5��6FKZDU]��HG��� 1DWLRQDO�*HRGHWLF�6XUYH\� 1DWLRQDO�2FHDQLF
DQG�$WPRVSKHULF�$GPLQLVWUDWLRQ��12$$� 3URIHVVLRQDO�3DSHU�126 ��
�����



2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV

%RWK�WKH�1$' DQG�*36 SUREOHPV�DUH�VROYHG�E\�ÀQGLQJ
D�YHFWRU�WKDW�´DSSUR[LPDWHO\�VDWLVÀHVµ�DQ�LQFRQVLVWHQW

V\VWHP�RI�HTXDWLRQV� $ FDUHIXO�H[SODQDWLRQ�RI�WKLV�DSSDUHQW
FRQWUDGLFWLRQ�ZLOO�UHTXLUH�LGHDV�GHYHORSHG�LQ�WKH�ÀUVW�ÀYH
VHFWLRQV�RI�WKLV�FKDSWHU�

WEB

,Q�RUGHU�WR�ÀQG�DQ�DSSUR[LPDWH�VROXWLRQ�WR�DQ�LQFRQVLVWHQW�V\VWHP�RI�HTXDWLRQV�WKDW�KDV
QR�DFWXDO�VROXWLRQ� D�ZHOO�GHÀQHG�QRWLRQ�RI�QHDUQHVV�LV�QHHGHG� 6HFWLRQ ����LQWURGXFHV
WKH�FRQFHSWV�RI�GLVWDQFH�DQG�RUWKRJRQDOLW\�LQ�D�YHFWRU�VSDFH� 6HFWLRQV ����DQG�����VKRZ
KRZ�RUWKRJRQDOLW\�FDQ�EH�XVHG�WR�LGHQWLI\�WKH�SRLQW�ZLWKLQ�D�VXEVSDFH W WKDW�LV�QHDUHVW
WR�D�SRLQW \ O\LQJ�RXWVLGH�RI W � %\�WDNLQJ W WR�EH�WKH�FROXPQ�VSDFH�RI�D�PDWUL[�
6HFWLRQ ����GHYHORSV�D�PHWKRG�IRU�SURGXFLQJ�DSSUR[LPDWH��´OHDVW�VTXDUHVµ��VROXWLRQV
IRU�LQFRQVLVWHQW�OLQHDU�V\VWHPV� VXFK�DV�WKH�V\VWHP�VROYHG�IRU�WKH�1$' UHSRUW�

6HFWLRQ ����SURYLGHV�DQRWKHU�RSSRUWXQLW\�WR�VHH�RUWKRJRQDO�SURMHFWLRQV�DW�ZRUN�
FUHDWLQJ�D�PDWUL[�IDFWRUL]DWLRQ�ZLGHO\�XVHG�LQ�QXPHULFDO�OLQHDU�DOJHEUD� 7KH�UHPDLQLQJ
VHFWLRQV�H[DPLQH�VRPH�RI�WKH�PDQ\�OHDVW�VTXDUHV�SUREOHPV�WKDW�DULVH�LQ�DSSOLFDWLRQV�
LQFOXGLQJ�WKRVH�LQ�YHFWRU�VSDFHV�PRUH�JHQHUDO�WKDQ Rn�

*HRPHWULF�FRQFHSWV�RI�OHQJWK� GLVWDQFH� DQG�SHUSHQGLFXODULW\� ZKLFK�DUH�ZHOO�NQRZQ�IRU
R2 DQG R3� DUH�GHÀQHG�KHUH�IRU Rn� 7KHVH�FRQFHSWV�SURYLGH�SRZHUIXO�JHRPHWULF�WRROV
IRU�VROYLQJ�PDQ\�DSSOLHG�SUREOHPV� LQFOXGLQJ�WKH�OHDVW�VTXDUHV�SUREOHPV�PHQWLRQHG
DERYH� $OO�WKUHH�QRWLRQV�DUH�GHÀQHG�LQ�WHUPV�RI�WKH�LQQHU�SURGXFW�RI�WZR�YHFWRUV�

7KH�,QQHU�3URGXFW
,I X DQG Y DUH�YHFWRUV�LQ Rn� WKHQ�ZH�UHJDUG X DQG Y DV n ! 1 PDWULFHV� 7KH�WUDQVSRVH
XT LV�D 1 ! n PDWUL[� DQG�WKH�PDWUL[�SURGXFW XT Y LV�D 1 ! 1 PDWUL[� ZKLFK�ZH�ZULWH�DV
D�VLQJOH�UHDO�QXPEHU��D�VFDODU��ZLWKRXW�EUDFNHWV� 7KH�QXPEHU XT Y LV�FDOOHG�WKH LQQHU
SURGXFW RI X DQG Y� DQG�RIWHQ�LW�LV�ZULWWHQ�DV X!Y� 7KLV�LQQHU�SURGXFW� PHQWLRQHG�LQ�WKH
H[HUFLVHV�IRU�6HFWLRQ ���� LV�DOVR�UHIHUUHG�WR�DV�D GRW�SURGXFW� ,I

X D

2
6664

u1

u2

:::
un

3
7775 DQG Y D

2
6664

v1

v2

:::
vn

3
7775

WKHQ�WKH�LQQHU�SURGXFW�RI X DQG Y LV

Œ u1 u2 " " " un !

2
6664

v1

v2

:::
vn

3
7775 D u1v1 C u2v2 C " " " C unvn
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&RPSXWH X!Y DQG Y!X IRU X D

2
4

2
#5
#1

3
5 DQG Y D

2
4

3
2

#3

3
5�

X!Y D XT Y D Œ 2 #5 #1 !

2
4

3
2

#3

3
5 D .2/.3/ C .#5/.2/ C .#1/.#3/ D #1

Y!X D YT X D Œ 3 2 #3 !

2
4

2
#5
#1

3
5 D .3/.2/ C .2/.#5/ C .#3/.#1/ D #1

,W�LV�FOHDU�IURP�WKH�FDOFXODWLRQV�LQ�([DPSOH ��ZK\ X!Y D Y!X� 7KLV�FRPPXWDWLYLW\
RI�WKH�LQQHU�SURGXFW�KROGV�LQ�JHQHUDO� 7KH�IROORZLQJ�SURSHUWLHV�RI�WKH�LQQHU�SURGXFW
DUH�HDVLO\�GHGXFHG�IURP�SURSHUWLHV�RI�WKH�WUDQVSRVH�RSHUDWLRQ�LQ�6HFWLRQ ���� �6HH
([HUFLVHV ���DQG����DW�WKH�HQG�RI�WKLV�VHFWLRQ��

/HW X� Y� DQG Z EH�YHFWRUV�LQ Rn� DQG�OHW c EH�D�VFDODU� 7KHQ

D� X!Y D Y!X
E� .X C Y/!Z D X!Z C Y!Z
F� .cX/!Y D c.X!Y/ D X!.cY/

G� X!X $ 0� DQG X!X D 0 LI�DQG�RQO\�LI X D �

3URSHUWLHV��E��DQG��F��FDQ�EH�FRPELQHG�VHYHUDO�WLPHV�WR�SURGXFH�WKH�IROORZLQJ�XVHIXO
UXOH�

.c1X1 C " " " C cpXp/!Z D c1.X1 !Z/ C " " " C cp.Xp !Z/

7KH�/HQJWK�RI�D�9HFWRU
,I Y LV�LQ Rn� ZLWK�HQWULHV v1; : : : ; vn� WKHQ�WKH�VTXDUH�URRW�RI Y!Y LV�GHÀQHG�EHFDXVH Y!Y
LV�QRQQHJDWLYH�

7KH OHQJWK �RU QRUP��RI Y LV�WKH�QRQQHJDWLYH�VFDODU kYk GHÀQHG�E\

kYk D
p
Y!Y D

q
v2

1 C v2
2 C " " " C v2

n; DQG kYk2 D Y!Y

6XSSRVH Y LV�LQ R2� VD\� Y D
!

a
b

"
� ,I�ZH�LGHQWLI\ Y ZLWK�D�JHRPHWULF�SRLQW�LQ�WKH

|a|

|b|

x1

x2

(a, b)

a2 + b2√

0

,QWHUSUHWDWLRQ�RI kYk DV�OHQJWK�

SODQH� DV�XVXDO� WKHQ kYk FRLQFLGHV�ZLWK�WKH�VWDQGDUG�QRWLRQ�RI�WKH�OHQJWK�RI�WKH�OLQH
VHJPHQW�IURP�WKH�RULJLQ�WR Y� 7KLV�IROORZV�IURP�WKH�3\WKDJRUHDQ�7KHRUHP�DSSOLHG�WR�D
WULDQJOH�VXFK�DV�WKH�RQH�LQ�)LJ� ��

$ VLPLODU�FDOFXODWLRQ�ZLWK�WKH�GLDJRQDO�RI�D�UHFWDQJXODU�ER[�VKRZV�WKDW�WKH�GHÀQLWLRQ
RI�OHQJWK�RI�D�YHFWRU Y LQ R3 FRLQFLGHV�ZLWK�WKH�XVXDO�QRWLRQ�RI�OHQJWK�

)RU�DQ\�VFDODU c� WKH�OHQJWK�RI cY LV jcj WLPHV�WKH�OHQJWK�RI Y� 7KDW�LV�

kcYk D jcjkYk

�7R�VHH�WKLV� FRPSXWH kcYk2 D .cY/! .cY/ D c2Y!Y D c2kYk2 DQG�WDNH�VTXDUH�URRWV��
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$ YHFWRU�ZKRVH�OHQJWK�LV���LV�FDOOHG�D XQLW�YHFWRU� ,I�ZH GLYLGH D�QRQ]HUR�YHFWRU Y
E\�LWV�OHQJWK³WKDW�LV� PXOWLSO\�E\ 1=kYk³ZH�REWDLQ�D�XQLW�YHFWRU X EHFDXVH�WKH�OHQJWK
RI X LV .1=kYk/kYk� 7KH�SURFHVV�RI�FUHDWLQJ X IURP Y LV�VRPHWLPHV�FDOOHG QRUPDOL]LQJ
Y� DQG�ZH�VD\�WKDW X LV LQ�WKH�VDPH�GLUHFWLRQ DV Y�

6HYHUDO�H[DPSOHV�WKDW�IROORZ�XVH�WKH�VSDFH�VDYLQJ�QRWDWLRQ�IRU��FROXPQ��YHFWRUV�

/HW Y D .1; #2; 2; 0/� )LQG�D�XQLW�YHFWRU X LQ�WKH�VDPH�GLUHFWLRQ�DV Y�

)LUVW� FRPSXWH�WKH�OHQJWK�RI Y�

kYk2 D Y!Y D .1/2 C .#2/2 C .2/2 C .0/2 D 9

kYk D
p

9 D 3

7KHQ� PXOWLSO\ Y E\ 1=kYk WR�REWDLQ

X D 1

kYkY D 1

3
Y D 1

3

2
664

1
#2

2
0

3
775 D

2
664

1=3
#2=3

2=3
0

3
775

7R�FKHFN�WKDW kXk D 1� LW�VXIÀFHV�WR�VKRZ�WKDW kXk2 D 1�

kXk2 D X!X D
#

1
3

$2 C
#
# 2

3

$2 C
#

2
3

$2 C .0/2

D 1
9

C 4
9

C 4
9

C 0 D 1

/HW W EH�WKH�VXEVSDFH�RI R2 VSDQQHG�E\ [ D . 2
3
; 1/� )LQG�D�XQLW

YHFWRU ] WKDW�LV�D�EDVLV�IRU W �

W FRQVLVWV�RI�DOO�PXOWLSOHV�RI [� DV�LQ�)LJ� ��D�� $Q\�QRQ]HUR�YHFWRU�LQ W
LV�D�EDVLV�IRU W � 7R�VLPSOLI\�WKH�FDOFXODWLRQ� ´VFDOHµ [ WR�HOLPLQDWH�IUDFWLRQV� 7KDW�LV�
PXOWLSO\ [ E\���WR�JHW

\ D
!

2
3

"

1RZ�FRPSXWH k\k2 D 22 C 32 D 13� k\k D
p

13� DQG�QRUPDOL]H \ WR�JHW

] D 1p
13

!
2
3

"
D
!

2=
p

13

3=
p

13

"

6HH�)LJ� ��E�� $QRWKHU�XQLW�YHFWRU�LV .#2=
p

13; #3=
p

13/�

(a)

x1

x2

x

W

1

1

(b)

x1

x2

y

z

1

1

1RUPDOL]LQJ�D�YHFWRU�WR�SURGXFH�D
XQLW�YHFWRU�

'LVWDQFH�LQ Rn

:H�DUH�UHDG\�QRZ�WR�GHVFULEH�KRZ�FORVH�RQH�YHFWRU�LV�WR�DQRWKHU� 5HFDOO�WKDW�LI a DQG b
DUH�UHDO�QXPEHUV� WKH�GLVWDQFH�RQ�WKH�QXPEHU�OLQH�EHWZHHQ a DQG b LV�WKH�QXPEHU ja # bj�
7ZR�H[DPSOHV�DUH�VKRZQ�LQ�)LJ� �� 7KLV�GHÀQLWLRQ�RI�GLVWDQFH�LQR KDV�D�GLUHFW�DQDORJXH
LQ Rn�

|2 – 8| = |–6| = 6   or   |8 – 2| = |6| = 6 |(–3) – 4| = |–7| = 7   or   |4 – (–3)| = |7| = 7

6 units apart

a b a b

7 units apart
1 32 4 5 6 7 8 9 1 30 2–1–3 –2 4 5

'LVWDQFHV�LQ R�
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)RU X DQG Y LQ Rn� WKH GLVWDQFH�EHWZHHQ�X�DQG�Y� ZULWWHQ�DV GLVW.X; Y/� LV�WKH
OHQJWK�RI�WKH�YHFWRU X # Y� 7KDW�LV�

GLVW.X; Y/ D kX # Yk

,Q R2 DQG R3� WKLV�GHÀQLWLRQ�RI�GLVWDQFH�FRLQFLGHV�ZLWK�WKH�XVXDO�IRUPXODV�IRU�WKH
(XFOLGHDQ�GLVWDQFH�EHWZHHQ�WZR�SRLQWV� DV�WKH�QH[W�WZR�H[DPSOHV�VKRZ�

&RPSXWH�WKH�GLVWDQFH�EHWZHHQ�WKH�YHFWRUV X D .7; 1/ DQG Y D .3; 2/�

&DOFXODWH

X # Y D
!

7
1

"
#
!

3
2

"
D
!

4
#1

"

kX # Yk D
p

42 C .#1/2 D
p

17

7KH�YHFWRUV X� Y� DQG X # Y DUH�VKRZQ�LQ�)LJ� �� :KHQ�WKH�YHFWRU X # Y LV�DGGHG
WR Y� WKH�UHVXOW�LV X� 1RWLFH�WKDW�WKH�SDUDOOHORJUDP�LQ�)LJ� ��VKRZV�WKDW�WKH�GLVWDQFH�IURP
X WR Y LV�WKH�VDPH�DV�WKH�GLVWDQFH�IURP X # Y WR ��

||u – v||

x1

x2

v

u

u – v

–v

1

1

7KH�GLVWDQFH�EHWZHHQ X DQG Y LV
WKH�OHQJWK�RI X # Y�

,I X D .u1; u2; u3/ DQG Y D .v1; v2; v3/� WKHQ

GLVW.X; Y/ D kX # Yk D
p

.X # Y/!.X # Y/

D
p

.u1 # v1/2 C .u2 # v2/2 C .u3 # v3/2

2UWKRJRQDO�9HFWRUV
7KH�UHVW�RI�WKLV�FKDSWHU�GHSHQGV�RQ�WKH�IDFW�WKDW�WKH�FRQFHSW�RI�SHUSHQGLFXODU�OLQHV�LQ

||u –(– v)||

||u – v||

v

0

u

–v

RUGLQDU\�(XFOLGHDQ�JHRPHWU\�KDV�DQ�DQDORJXH�LQ Rn�
&RQVLGHU R2 RU R3 DQG�WZR�OLQHV�WKURXJK�WKH�RULJLQ�GHWHUPLQHG�E\�YHFWRUV X DQG Y�

7KH�WZR�OLQHV�VKRZQ�LQ�)LJ� ��DUH�JHRPHWULFDOO\�SHUSHQGLFXODU�LI�DQG�RQO\�LI�WKH�GLVWDQFH
IURP X WR Y LV�WKH�VDPH�DV�WKH�GLVWDQFH�IURP X WR #Y� 7KLV�LV�WKH�VDPH�DV�UHTXLULQJ�WKH
VTXDUHV�RI�WKH�GLVWDQFHV�WR�EH�WKH�VDPH� 1RZ

Œ GLVW.X; #Y/ !
2 D kX # .#Y/k2 D kX C Yk2

D .X C Y/! .X C Y/

D X!.X C Y/ C Y! .X C Y/ 7KHRUHP ��E�
D X!X C X!Y C Y!X C Y!Y 7KHRUHP ��D�� �E�

D kXk2 C kYk2 C 2X!Y 7KHRUHP ��D� ���
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7KH�VDPH�FDOFXODWLRQV�ZLWK Y DQG #Y LQWHUFKDQJHG�VKRZ�WKDW

ŒGLVW.X; Y/!2 D kXk2 C k # Yk2 C 2X! .#Y/

D kXk2 C kYk2 # 2X!Y
7KH�WZR�VTXDUHG�GLVWDQFHV�DUH�HTXDO�LI�DQG�RQO\�LI 2X!Y D #2X!Y� ZKLFK�KDSSHQV�LI�DQG
RQO\�LI X!Y D 0�

7KLV�FDOFXODWLRQ�VKRZV�WKDW�ZKHQ�YHFWRUV X DQG Y DUH�LGHQWLÀHG�ZLWK�JHRPHWULF
SRLQWV� WKH�FRUUHVSRQGLQJ�OLQHV�WKURXJK�WKH�SRLQWV�DQG�WKH�RULJLQ�DUH�SHUSHQGLFXODU�LI
DQG�RQO\�LI X!Y D 0� 7KH�IROORZLQJ�GHÀQLWLRQ�JHQHUDOL]HV�WR Rn WKLV�QRWLRQ�RI�SHUSHQ�
GLFXODULW\��RU RUWKRJRQDOLW\� DV�LW�LV�FRPPRQO\�FDOOHG�LQ�OLQHDU�DOJHEUD��

7ZR�YHFWRUV X DQG Y LQ Rn DUH RUWKRJRQDO �WR�HDFK�RWKHU��LI X!Y D 0�

2EVHUYH�WKDW�WKH�]HUR�YHFWRU�LV�RUWKRJRQDO�WR�HYHU\�YHFWRU�LQ Rn EHFDXVH �T Y D 0
IRU�DOO Y�

7KH�QH[W�WKHRUHP�SURYLGHV�D�XVHIXO�IDFW�DERXW�RUWKRJRQDO�YHFWRUV� 7KH�SURRI�IRO�
ORZV�LPPHGLDWHO\�IURP�WKH�FDOFXODWLRQ�LQ�����DERYH�DQG�WKH�GHÀQLWLRQ�RI�RUWKRJRQDOLW\�
7KH�ULJKW�WULDQJOH�VKRZQ�LQ�)LJ� ��SURYLGHV�D�YLVXDOL]DWLRQ�RI�WKH�OHQJWKV�WKDW�DSSHDU�LQ
WKH�WKHRUHP�

7ZR�YHFWRUV X DQG Y DUH�RUWKRJRQDO�LI�DQG�RQO\�LI kX C Yk2 D kXk2 C kYk2�

2UWKRJRQDO�&RPSOHPHQWV
7R�SURYLGH�SUDFWLFH�XVLQJ�LQQHU�SURGXFWV� ZH�LQWURGXFH�D�FRQFHSW�KHUH�WKDW�ZLOO�EH�RI�XVH
LQ�6HFWLRQ ����DQG�HOVHZKHUH�LQ�WKH�FKDSWHU� ,I�D�YHFWRU ] LV�RUWKRJRQDO�WR�HYHU\�YHFWRU
LQ�D�VXEVSDFH W RI Rn� WKHQ ] LV�VDLG�WR�EH RUWKRJRQDO�WR W � 7KH�VHW�RI�DOO�YHFWRUV ]
WKDW�DUH�RUWKRJRQDO�WR W LV�FDOOHG�WKH RUWKRJRQDO�FRPSOHPHQW RI W DQG�LV�GHQRWHG�E\
W ? �DQG�UHDG�DV�´W SHUSHQGLFXODUµ�RU�VLPSO\�´W SHUSµ��

v

u + v

||u + v|| u

||v||

||u||

0

/HW W EH�D�SODQH�WKURXJK�WKH�RULJLQ�LQ R3� DQG�OHW L EH�WKH�OLQH
WKURXJK�WKH�RULJLQ�DQG�SHUSHQGLFXODU�WR W � ,I ] DQG Z DUH�QRQ]HUR� ] LV�RQ L� DQG

w

z L

W

0

$ SODQH�DQG�OLQH�WKURXJK � DV
RUWKRJRQDO�FRPSOHPHQWV�

Z LV�LQ W � WKHQ�WKH�OLQH�VHJPHQW�IURP � WR ] LV�SHUSHQGLFXODU�WR�WKH�OLQH�VHJPHQW�IURP �
WR Z� WKDW�LV� ]!Z D 0� 6HH�)LJ� �� 6R�HDFK�YHFWRU�RQ L LV�RUWKRJRQDO�WR�HYHU\ Z LQ W �
,Q�IDFW� L FRQVLVWV�RI DOO YHFWRUV�WKDW�DUH�RUWKRJRQDO�WR�WKH Z·V�LQ W � DQG W FRQVLVWV�RI
DOO�YHFWRUV�RUWKRJRQDO�WR�WKH ]·V�LQ L� 7KDW�LV�

L D W ? DQG W D L?

7KH�IROORZLQJ�WZR�IDFWV�DERXW W ?� ZLWK W D�VXEVSDFH�RI Rn� DUH�QHHGHG�ODWHU
LQ�WKH�FKDSWHU� 3URRIV�DUH�VXJJHVWHG�LQ�([HUFLVHV ���DQG���� ([HUFLVHV ��²���SURYLGH
H[FHOOHQW�SUDFWLFH�XVLQJ�SURSHUWLHV�RI�WKH�LQQHU�SURGXFW�

�� $ YHFWRU [ LV�LQ W ? LI�DQG�RQO\�LI [ LV�RUWKRJRQDO�WR�HYHU\�YHFWRU�LQ�D�VHW�WKDW
VSDQV W �

�� W ? LV�D�VXEVSDFH�RI Rn�
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7KH�QH[W�WKHRUHP�DQG�([HUFLVH ���YHULI\�WKH�FODLPV�PDGH�LQ�6HFWLRQ ����FRQFHUQLQJ
WKH�VXEVSDFHV�VKRZQ�LQ�)LJ� �� �$OVR�VHH�([HUFLVH ���LQ�6HFWLRQ �����

A

0 0

Row A

Nul A

Col A

Nul A
T

7KH�IXQGDPHQWDO�VXEVSDFHV�GHWHUPLQHG
E\�DQ m ! n PDWUL[ A�

/HW A EH�DQ m ! n PDWUL[� 7KH�RUWKRJRQDO�FRPSOHPHQW�RI�WKH�URZ�VSDFH�RI A LV
WKH�QXOO�VSDFH�RI A� DQG�WKH�RUWKRJRQDO�FRPSOHPHQW�RI�WKH�FROXPQ�VSDFH�RI A LV
WKH�QXOO�VSDFH�RI AT �

.5RZA/? D 1XOA DQG .&ROA/? D 1XOAT

7KH�URZ²FROXPQ�UXOH�IRU�FRPSXWLQJ A[ VKRZV�WKDW�LI [ LV�LQ 1XOA� WKHQ [ LV
RUWKRJRQDO�WR�HDFK�URZ�RI A �ZLWK�WKH�URZV�WUHDWHG�DV�YHFWRUV�LQ Rn/� 6LQFH�WKH�URZV
RI A VSDQ�WKH�URZ�VSDFH� [ LV�RUWKRJRQDO�WR 5RZA� &RQYHUVHO\� LI [ LV�RUWKRJRQDO�WR
5RZA� WKHQ [ LV�FHUWDLQO\�RUWKRJRQDO�WR�HDFK�URZ�RI A� DQG�KHQFH A[ D �� 7KLV�SURYHV
WKH�ÀUVW�VWDWHPHQW�RI�WKH�WKHRUHP� 6LQFH�WKLV�VWDWHPHQW�LV�WUXH�IRU�DQ\�PDWUL[� LW�LV�WUXH
IRU AT � 7KDW�LV� WKH�RUWKRJRQDO�FRPSOHPHQW�RI�WKH�URZ�VSDFH�RI AT LV�WKH�QXOO�VSDFH�RI
AT � 7KLV�SURYHV�WKH�VHFRQG�VWDWHPHQW� EHFDXVH 5RZAT D &ROA�

$QJOHV�LQ R2 DQG R3 �2SWLRQDO�
,I X DQG Y DUH�QRQ]HUR�YHFWRUV�LQ�HLWKHUR2 RUR3� WKHQ�WKHUH�LV�D�QLFH�FRQQHFWLRQ�EHWZHHQ
WKHLU�LQQHU�SURGXFW�DQG�WKH�DQJOH # EHWZHHQ�WKH�WZR�OLQH�VHJPHQWV�IURP�WKH�RULJLQ�WR�WKH
SRLQWV�LGHQWLÀHG�ZLWK X DQG Y� 7KH�IRUPXOD�LV

X!Y D kXk kYk FRV# ���

7R�YHULI\�WKLV�IRUPXOD�IRU�YHFWRUV�LQR2� FRQVLGHU�WKH�WULDQJOH�VKRZQ�LQ�)LJ� �� ZLWK�VLGHV
RI�OHQJWKV kXk� kYk� DQG kX # Yk� %\�WKH�ODZ�RI�FRVLQHV�

kX # Yk2 D kXk2 C kYk2 # 2kXk kYk FRV#

(u1, u2)

(v1, v2)

||u – v||

||v||

||u|| !

7KH�DQJOH�EHWZHHQ�WZR�YHFWRUV�
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ZKLFK�FDQ�EH�UHDUUDQJHG�WR�SURGXFH

kXk kYk FRV# D 1

2

%
kXk2 C kYk2 # kX # Yk2

&

D 1

2

%
u2

1 C u2
2 C v2

1 C v2
2 # .u1 # v1/2 # .u2 # v2/2

&

D u1v1 C u2v2

D X!Y
7KH�YHULÀFDWLRQ�IRU R3 LV�VLPLODU� :KHQ n > 3� IRUPXOD ����PD\�EH�XVHG�WR GHÀQH WKH
DQJOH�EHWZHHQ�WZR�YHFWRUV�LQ Rn� ,Q�VWDWLVWLFV� IRU�LQVWDQFH� WKH�YDOXH�RI FRV# GHÀQHG
E\�����IRU�VXLWDEOH�YHFWRUV X DQG Y LV�ZKDW�VWDWLVWLFLDQV�FDOO�D FRUUHODWLRQ�FRHIÀFLHQW�

/HW D D
!

#2
1

"
� E D

!
#3

1

"
� F D

2
4

4=3
#1
2=3

3
5� DQG G D

2
4

5
6

#1

3
5�

�� &RPSXWH
D!E
D!D DQG

'
D!E
D!D

(
D�

�� )LQG�D�XQLW�YHFWRU X LQ�WKH�GLUHFWLRQ�RI F�
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WKURXJK X1 DQG�WKH�RULJLQ�� DQG�WKH�VHFRQG�WHUP�LV�WKH�SURMHFWLRQ�RI \ RQWR�WKH�VXEVSDFH
VSDQQHG�E\ X2� 7KXV�����H[SUHVVHV \ DV�WKH�VXP�RI�LWV�SURMHFWLRQV�RQWR�WKH��RUWKRJRQDO�
D[HV�GHWHUPLQHG�E\ X1 DQG X2� 6HH�)LJ� ��

0

y

u1

u2

ŷ2 = projection onto u2

ŷ1 = projection onto u1

$ YHFWRU�GHFRPSRVHG�LQWR
WKH�VXP�RI�WZR�SURMHFWLRQV�

7KHRUHP ��GHFRPSRVHV�HDFK \ LQ 6SDQ fX1; : : : ; Xpg LQWR�WKH�VXP�RI p SURMHFWLRQV
RQWR�RQH�GLPHQVLRQDO�VXEVSDFHV�WKDW�DUH�PXWXDOO\�RUWKRJRQDO�
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'HFRPSRVLQJ�D�)RUFH�LQWR�&RPSRQHQW�)RUFHV
7KH�GHFRPSRVLWLRQ�LQ�)LJ� ��FDQ�RFFXU�LQ�SK\VLFV�ZKHQ�VRPH�VRUW�RI�IRUFH�LV�DSSOLHG�WR�DQ
REMHFW� &KRRVLQJ�DQ�DSSURSULDWH�FRRUGLQDWH�V\VWHP�DOORZV�WKH�IRUFH�WR�EH�UHSUHVHQWHG
E\�D�YHFWRU \ LQ R2 RU R3� 2IWHQ�WKH�SUREOHP�LQYROYHV�VRPH�SDUWLFXODU�GLUHFWLRQ�RI
LQWHUHVW� ZKLFK�LV�UHSUHVHQWHG�E\�DQRWKHU�YHFWRU X� )RU�LQVWDQFH� LI�WKH�REMHFW�LV�PRYLQJ
LQ�D�VWUDLJKW�OLQH�ZKHQ�WKH�IRUFH�LV�DSSOLHG� WKH�YHFWRU X PLJKW�SRLQW�LQ�WKH�GLUHFWLRQ
RI�PRYHPHQW� DV�LQ�)LJ� �� $ NH\�VWHS�LQ�WKH�SUREOHP�LV�WR�GHFRPSRVH�WKH�IRUFH�LQWR
D�FRPSRQHQW�LQ�WKH�GLUHFWLRQ�RI X DQG�D�FRPSRQHQW�RUWKRJRQDO�WR X� 7KH�FDOFXODWLRQV
ZRXOG�EH�DQDORJRXV�WR�WKRVH�PDGH�LQ�([DPSOH ��DERYH�

y

u

2UWKRQRUPDO�6HWV
$ VHW fX1; : : : ; Xpg LV�DQ RUWKRQRUPDO�VHW LI�LW�LV�DQ�RUWKRJRQDO�VHW�RI�XQLW�YHFWRUV� ,I W
LV�WKH�VXEVSDFH�VSDQQHG�E\�VXFK�D�VHW� WKHQ fX1; : : : ;Xpg LV�DQ RUWKRQRUPDO�EDVLV IRU
W � VLQFH�WKH�VHW�LV�DXWRPDWLFDOO\�OLQHDUO\�LQGHSHQGHQW� E\�7KHRUHP ��

7KH�VLPSOHVW�H[DPSOH�RI�DQ�RUWKRQRUPDO�VHW�LV�WKH�VWDQGDUG�EDVLV fH1; : : : ; Hng IRU
Rn� $Q\�QRQHPSW\�VXEVHW�RI fH1; : : : ; Hng LV�RUWKRQRUPDO� WRR� +HUH�LV�D�PRUH�FRPSOL�
FDWHG�H[DPSOH�

6KRZ�WKDW fY1; Y2; Y3g LV�DQ�RUWKRQRUPDO�EDVLV�RI R3� ZKHUH

Y1 D

2
64

3=
p

11

1=
p

11

1=
p

11

3
75; Y2 D

2
64

#1=
p

6

2=
p

6

1=
p

6

3
75; Y3 D

2
64

#1=
p

66

#4=
p

66

7=
p

66

3
75

&RPSXWH

Y1 !Y2 D #3=
p

66 C 2=
p

66 C 1=
p

66 D 0

Y1 !Y3 D #3=
p

726 # 4=
p

726 C 7=
p

726 D 0

Y2 !Y3 D 1=
p

396 # 8=
p

396 C 7=
p

396 D 0

7KXV fY1; Y2; Y3g LV�DQ�RUWKRJRQDO�VHW� $OVR�
Y1 !Y1 D 9=11 C 1=11 C 1=11 D 1

Y2 !Y2 D 1=6 C 4=6 C 1=6 D 1

Y3 !Y3 D 1=66 C 16=66 C 49=66 D 1

ZKLFK�VKRZV�WKDW Y1� Y2� DQG Y3 DUH�XQLW�YHFWRUV� 7KXV fY1; Y2; Y3g LV�DQ�RUWKRQRUPDO�VHW�
6LQFH�WKH�VHW�LV�OLQHDUO\�LQGHSHQGHQW� LWV�WKUHH�YHFWRUV�IRUP�D�EDVLV�IRUR3� 6HH�)LJ� ��

x1
x2

x3

v1
v2

v3



2UWKRJRQDO�6HWV

:KHQ�WKH�YHFWRUV�LQ�DQ�RUWKRJRQDO�VHW�RI�QRQ]HUR�YHFWRUV�DUH QRUPDOL]HG WR�KDYH
XQLW�OHQJWK� WKH�QHZ�YHFWRUV�ZLOO�VWLOO�EH�RUWKRJRQDO� DQG�KHQFH�WKH�QHZ�VHW�ZLOO�EH�DQ�RU�
WKRQRUPDO�VHW� 6HH�([HUFLVH ��� ,W�LV�HDV\�WR�FKHFN�WKDW�WKH�YHFWRUV�LQ�)LJ� ���([DPSOH ��
DUH�VLPSO\�WKH�XQLW�YHFWRUV�LQ�WKH�GLUHFWLRQV�RI�WKH�YHFWRUV�LQ�)LJ� ���([DPSOH ���

0DWULFHV�ZKRVH�FROXPQV�IRUP�DQ�RUWKRQRUPDO�VHW�DUH�LPSRUWDQW�LQ�DSSOLFDWLRQV�DQG
LQ�FRPSXWHU�DOJRULWKPV�IRU�PDWUL[�FRPSXWDWLRQV� 7KHLU�PDLQ�SURSHUWLHV�DUH�JLYHQ�LQ
7KHRUHPV ��DQG���

$Q m ! n PDWUL[ U KDV�RUWKRQRUPDO�FROXPQV�LI�DQG�RQO\�LI U TU D I �

7R�VLPSOLI\�QRWDWLRQ� ZH�VXSSRVH�WKDW U KDV�RQO\�WKUHH�FROXPQV� HDFK�D�YHFWRU
LQ Rm� 7KH�SURRI�RI�WKH�JHQHUDO�FDVH�LV�HVVHQWLDOO\�WKH�VDPH� /HW U D Œ X1 X2 X3 !
DQG�FRPSXWH

U TU D

2
64
XT

1

XT
2

XT
3

3
75%X1 X2 X3

&
D

2
64
XT

1 X1 XT
1 X2 XT

1 X3

XT
2 X1 XT

2 X2 XT
2 X3

XT
3 X1 XT

3 X2 XT
3 X3

3
75 ���

7KH�HQWULHV�LQ�WKH�PDWUL[�DW�WKH�ULJKW�DUH�LQQHU�SURGXFWV� XVLQJ�WUDQVSRVH�QRWDWLRQ� 7KH
FROXPQV�RI U DUH�RUWKRJRQDO�LI�DQG�RQO\�LI

XT
1 X2 D XT

2 X1 D 0; XT
1 X3 D XT

3 X1 D 0; XT
2 X3 D XT

3 X2 D 0 ���

7KH�FROXPQV�RI U DOO�KDYH�XQLW�OHQJWK�LI�DQG�RQO\�LI

XT
1 X1 D 1; XT

2 X2 D 1; XT
3 X3 D 1 ���

7KH�WKHRUHP�IROORZV�LPPHGLDWHO\�IURP����²����

/HW U EH�DQ m ! n PDWUL[�ZLWK�RUWKRQRUPDO�FROXPQV� DQG�OHW [ DQG \ EH�LQ Rn�
7KHQ

D� kU [k D k[k
E� .U [/!.U \/ D [!\
F� .U [/! .U \/ D 0 LI�DQG�RQO\�LI [!\ D 0

3URSHUWLHV��D��DQG��F��VD\�WKDW�WKH�OLQHDU�PDSSLQJ [ 7! U [ SUHVHUYHV�OHQJWKV�DQG
RUWKRJRQDOLW\� 7KHVH�SURSHUWLHV�DUH�FUXFLDO�IRU�PDQ\�FRPSXWHU�DOJRULWKPV� 6HH�([HU�
FLVH ���IRU�WKH�SURRI�RI�7KHRUHP���

/HW U D

2
64

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
75 DQG [ D

!p
2
3

"
� 1RWLFH�WKDW U KDV�RU�

WKRQRUPDO�FROXPQV�DQG

U TU D
!

1=
p

2 1=
p

2 0
2=3 #2=3 1=3

"2
4

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
5 D

!
1 0
0 1

"

9HULI\�WKDW kU [k D k[k�
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U [ D

2
4

1=
p

2 2=3

1=
p

2 #2=3
0 1=3

3
5
!p

2
3

"
D

2
4

3
#1

1

3
5

kU [k D
p

9 C 1 C 1 D
p

11

k[k D
p

2 C 9 D
p

11

7KHRUHPV���DQG���DUH�SDUWLFXODUO\�XVHIXO�ZKHQ�DSSOLHG�WR VTXDUH PDWULFHV� $Q
RUWKRJRQDO�PDWUL[ LV�D�VTXDUH�LQYHUWLEOH�PDWUL[U VXFK�WKDWU!1 D U T � %\�7KHRUHP ��
VXFK�D�PDWUL[�KDV�RUWKRQRUPDO�FROXPQV�ñ ,W�LV�HDV\�WR�VHH�WKDW�DQ\ VTXDUH PDWUL[�ZLWK
RUWKRQRUPDO�FROXPQV�LV�DQ�RUWKRJRQDO�PDWUL[� 6XUSULVLQJO\� VXFK�D�PDWUL[�PXVW�KDYH
RUWKRQRUPDO URZV� WRR� 6HH�([HUFLVHV ���DQG���� 2UWKRJRQDO�PDWULFHV�ZLOO�DSSHDU
IUHTXHQWO\�LQ�&KDSWHU ��

7KH�PDWUL[

U D

2
64

3=
p

11 #1=
p

6 #1=
p

66

1=
p

11 2=
p

6 #4=
p

66

1=
p

11 1=
p

6 7=
p

66

3
75

LV�DQ�RUWKRJRQDO�PDWUL[�EHFDXVH�LW�LV�VTXDUH�DQG�EHFDXVH�LWV�FROXPQV�DUH�RUWKRQRUPDO�
E\�([DPSOH �� 9HULI\�WKDW�WKH�URZV�DUH�RUWKRQRUPDO� WRR�

�� /HW X1 D
!

#1=
p

5

2=
p

5

"
DQG X2 D

!
2=

p
5

1=
p

5

"
� 6KRZ�WKDW fX1; X2g LV�DQ�RUWKRQRUPDO

EDVLV�IRU R2�
�� /HW \ DQG L EH�DV�LQ�([DPSOH ��DQG�)LJ� �� &RPSXWH�WKH�RUWKRJRQDO�SURMHFWLRQ O\ RI

\ RQWR L XVLQJ X D
!

2
1

"
LQVWHDG�RI�WKH X LQ�([DPSOH ��

�� /HW U DQG [ EH�DV�LQ�([DPSOH �� DQG�OHW \ D
!

#3
p

2
6

"
� 9HULI\�WKDW U [!U \ D [!\�

,Q�([HUFLVHV��²�� GHWHUPLQH�ZKLFK�VHWV�RI�YHFWRUV�DUH�RUWKRJRQDO�

��

2
4

#1
4

#3

3
5�
2
4

5
2
1

3
5�
2
4

3
#4
#7

3
5 ��

2
4

1
#2

1

3
5�
2
4

0
1
2

3
5�
2
4

#5
#2

1

3
5

��

2
4

2
#7
#1

3
5�
2
4

#6
#3

9

3
5�
2
4

3
1

#1

3
5 ��

2
4

2
#5
#3

3
5�
2
4

0
0
0

3
5�
2
4

4
#2

6

3
5

��

2
664

3
#2

1
3

3
775�

2
664

#1
3

#3
4

3
775�

2
664

3
8
7
0

3
775 ��

2
664

5
#4

0
3

3
775�

2
664

#4
1

#3
8

3
775�

2
664

3
3
5

#1

3
775

,Q�([HUFLVHV��²��� VKRZ�WKDW fX1;X2g RU fX1;X2; X3g LV�DQ�RUWKRJ�
RQDO�EDVLV�IRU R2 RU R3� UHVSHFWLYHO\� 7KHQ�H[SUHVV [ DV�D�OLQHDU
FRPELQDWLRQ�RI�WKH X·V�

�� X1 D
!

2
#3

"
� X2 D

!
6
4

"
� DQG [ D

!
9

#7

"

ñ$ EHWWHU�QDPH�PLJKW�EH RUWKRQRUPDO�PDWUL[� DQG�WKLV�WHUP�LV�IRXQG�LQ�VRPH�VWDWLVWLFV�WH[WV� +RZHYHU�
RUWKRJRQDO�PDWUL[ LV�WKH�VWDQGDUG�WHUP�LQ�OLQHDU�DOJHEUD�
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�� X1 D
!

3
1

"
� X2 D

!
#2

6

"
� DQG [ D

!
#6

3

"

�� X1 D

2
4

1
0
1

3
5� X2 D

2
4

#1
4
1

3
5� X3 D

2
4

2
1

#2

3
5� DQG [ D

2
4

8
#4
#3

3
5

��� X1 D

2
4

3
#3

0

3
5� X2 D

2
4

2
2

#1

3
5� X3 D

2
4

1
1
4

3
5� DQG [ D

2
4

5
#3

1

3
5

��� &RPSXWH� WKH�RUWKRJRQDO �SURMHFWLRQ�RI
!

1
7

"
RQWR� WKH� OLQH

WKURXJK
!

#4
2

"
DQG�WKH�RULJLQ�

��� &RPSXWH�WKH�RUWKRJRQDO�SURMHFWLRQ�RI
!

1
#1

"
RQWR�WKH�OLQH

WKURXJK
!

#1
3

"
DQG�WKH�RULJLQ�

��� /HW \ D
!

2
3

"
DQG X D

!
4

#7

"
� :ULWH \ DV�WKH�VXP�RI�WZR

RUWKRJRQDO�YHFWRUV� RQH�LQ 6SDQ fXg DQG�RQH�RUWKRJRQDO�WR X�

��� /HW \ D
!

2
6

"
DQG X D

!
7
1

"
� :ULWH \ DV�WKH�VXP�RI�D�YHFWRU

LQ 6SDQ fXg DQG�D�YHFWRU�RUWKRJRQDO�WR X�

��� /HW \ D
!

3
1

"
DQG X D

!
8
6

"
� &RPSXWH�WKH�GLVWDQFH�IURP \

WR�WKH�OLQH�WKURXJK X DQG�WKH�RULJLQ�

��� /HW \ D
!

#3
9

"
DQG X D

!
1
2

"
� &RPSXWH�WKH�GLVWDQFH�IURP \

WR�WKH�OLQH�WKURXJK X DQG�WKH�RULJLQ�

,Q�([HUFLVHV���²��� GHWHUPLQH�ZKLFK�VHWV�RI�YHFWRUV�DUH�RUWKRQRU�
PDO� ,I�D�VHW�LV�RQO\�RUWKRJRQDO� QRUPDOL]H�WKH�YHFWRUV�WR�SURGXFH
DQ�RUWKRQRUPDO�VHW�

���

2
4

1=3
1=3
1=3

3
5�
2
4

#1=2
0

1=2

3
5 ���

2
4

0
1
0

3
5�
2
4

0
#1

0

3
5

���
!

#:6
:8

"
�
!

:8
:6

"
���

2
4

#2=3
1=3
2=3

3
5�
2
4

1=3
2=3
0

3
5

���

2
4

1=
p
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3=
p

20
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p
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3
5�
2
4

3=
p

10

#1=
p

20

#1=
p
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3
5�
2
4

0

#1=
p

2

1=
p

2

3
5

���

2
4

1=
p

18

4=
p

18

1=
p

18

3
5�
2
4

1=
p

2
0

#1=
p

2

3
5�
2
4

#2=3
1=3

#2=3

3
5

,Q�([HUFLVHV����DQG���� DOO�YHFWRUV�DUH�LQRn� 0DUN�HDFK�VWDWHPHQW
7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�

��� D� 1RW�HYHU\�OLQHDUO\�LQGHSHQGHQW�VHW�LQ Rn LV�DQ�RUWKRJRQDO
VHW�

E� ,I \ LV�D�OLQHDU�FRPELQDWLRQ�RI�QRQ]HUR�YHFWRUV�IURP�DQ
RUWKRJRQDO�VHW� WKHQ�WKH�ZHLJKWV�LQ�WKH�OLQHDU�FRPELQDWLRQ
FDQ�EH�FRPSXWHG�ZLWKRXW�URZ�RSHUDWLRQV�RQ�D�PDWUL[�

F� ,I�WKH�YHFWRUV�LQ�DQ�RUWKRJRQDO�VHW�RI�QRQ]HUR�YHFWRUV�DUH
QRUPDOL]HG� WKHQ�VRPH�RI�WKH�QHZ�YHFWRUV�PD\�QRW�EH
RUWKRJRQDO�

G� $ PDWUL[ �ZLWK �RUWKRQRUPDO �FROXPQV � LV � DQ �RUWKRJRQDO
PDWUL[�

H� ,IL LV�D�OLQH�WKURXJK � DQG�LI O\ LV�WKH�RUWKRJRQDO�SURMHFWLRQ
RI \ RQWR L� WKHQ kO\k JLYHV�WKH�GLVWDQFH�IURP \ WR L�

��� D� 1RW�HYHU\�RUWKRJRQDO�VHW�LQ Rn LV�OLQHDUO\�LQGHSHQGHQW�
E� ,I�D�VHW S D fX1; : : : ; Xpg KDV�WKH�SURSHUW\�WKDW Xi ! Xj D 0

ZKHQHYHU i ¤ j � WKHQ S LV�DQ�RUWKRQRUPDO�VHW�
F� ,I�WKH�FROXPQV�RI�DQm ! nPDWUL[A DUH�RUWKRQRUPDO� WKHQ

WKH�OLQHDU�PDSSLQJ [ 7! A[ SUHVHUYHV�OHQJWKV�
G� 7KH�RUWKRJRQDO�SURMHFWLRQ�RI \ RQWR Y LV�WKH�VDPH�DV�WKH

RUWKRJRQDO�SURMHFWLRQ�RI \ RQWR cY ZKHQHYHU c ¤ 0�
H� $Q�RUWKRJRQDO�PDWUL[�LV�LQYHUWLEOH�

��� 3URYH�7KHRUHP �� >+LQW� )RU��D�� FRPSXWH kU [k2� RU�SURYH
�E��ÀUVW�@

��� 6XSSRVH W LV � D � VXEVSDFH �RI Rn VSDQQHG �E\ n QRQ]HUR
RUWKRJRQDO�YHFWRUV� ([SODLQ�ZK\ W D Rn�

��� /HWU EH�D�VTXDUH�PDWUL[�ZLWK�RUWKRQRUPDO�FROXPQV� ([SODLQ
ZK\ U LV�LQYHUWLEOH� �0HQWLRQ�WKH�WKHRUHPV�\RX�XVH��

��� /HW U EH�DQ n ! n RUWKRJRQDO�PDWUL[� 6KRZ�WKDW�WKH�URZV�RI
U IRUP�DQ�RUWKRQRUPDO�EDVLV�RI Rn�

��� /HW U DQG V EH n ! n RUWKRJRQDO�PDWULFHV� ([SODLQ�ZK\
UV LV�DQ�RUWKRJRQDO�PDWUL[� >7KDW�LV� H[SODLQ�ZK\ UV LV
LQYHUWLEOH�DQG�LWV�LQYHUVH�LV .UV /T �@

��� /HW U EH�DQ�RUWKRJRQDO�PDWUL[� DQG�FRQVWUXFW V E\�LQWHU�
FKDQJLQJ�VRPH�RI�WKH�FROXPQV�RI U � ([SODLQ�ZK\ V LV�DQ
RUWKRJRQDO�PDWUL[�

��� 6KRZ�WKDW�WKH�RUWKRJRQDO�SURMHFWLRQ�RI�D�YHFWRU \ RQWR�D�OLQH
L WKURXJK�WKH�RULJLQ�LQ R2 GRHV�QRW�GHSHQG�RQ�WKH�FKRLFH
RI�WKH�QRQ]HUR X LQ L XVHG�LQ�WKH�IRUPXOD�IRU O\� 7R�GR
WKLV� VXSSRVH \ DQG X DUH�JLYHQ�DQG O\ KDV�EHHQ�FRPSXWHG�E\
IRUPXOD�����LQ�WKLV�VHFWLRQ� 5HSODFH X LQ�WKDW�IRUPXOD�E\ cX�
ZKHUH c LV�DQ�XQVSHFLÀHG�QRQ]HUR�VFDODU� 6KRZ�WKDW�WKH�QHZ
IRUPXOD�JLYHV�WKH�VDPH O\�

��� /HW fY1; Y2g EH�DQ�RUWKRJRQDO�VHW�RI�QRQ]HUR�YHFWRUV� DQG�OHW
c1� c2 EH�DQ\�QRQ]HUR�VFDODUV� 6KRZ�WKDW fc1Y1; c2Y2g LV�DOVR
DQ�RUWKRJRQDO�VHW� 6LQFH�RUWKRJRQDOLW\�RI�D�VHW�LV�GHÀQHG�LQ
WHUPV�RI�SDLUV�RI�YHFWRUV� WKLV�VKRZV�WKDW�LI�WKH�YHFWRUV�LQ
DQ�RUWKRJRQDO�VHW�DUH�QRUPDOL]HG� WKH�QHZ�VHW�ZLOO�VWLOO�EH
RUWKRJRQDO�

��� *LYHQ X ¤ � LQ Rn� OHW L D 6SDQ fXg� 6KRZ�WKDW�WKH�PDS�
SLQJ [ 7! SURML [ LV�D�OLQHDU�WUDQVIRUPDWLRQ�

��� *LYHQ X ¤ � LQ Rn� OHW L D 6SDQ fXg� )RU \ LQ Rn� WKH
UHÁHFWLRQ�RI�\�LQ L LV�WKH�SRLQW UHÁL \ GHÀQHG�E\
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UHÁL \ D 2! SURML \ # \

6HH � WKH � ÀJXUH� ZKLFK � VKRZV � WKDW UHÁL \ LV � WKH � VXP � RI
O\ D SURML \ DQG O\ # \� 6KRZ�WKDW�WKH�PDSSLQJ \ 7! UHÁL \
LV�D�OLQHDU�WUDQVIRUPDWLRQ�

x1

x2 y

u

ŷ

L = Span{u}

yy – ˆ ref lL y

yy –ˆ

7KH�UHÁHFWLRQ�RI \ LQ�D�OLQH�WKURXJK�WKH�RULJLQ�

��� >0@ 6KRZ�WKDW�WKH�FROXPQV�RI�WKH�PDWUL[ A DUH�RUWKRJRQDO
E\�PDNLQJ�DQ�DSSURSULDWH�PDWUL[�FDOFXODWLRQ� 6WDWH�WKH�FDO�
FXODWLRQ�\RX�XVH�

A D

2
66666666664

#6 #3 6 1
#1 2 1 #6

3 6 3 #2
6 #3 6 #1
2 #1 2 3

#3 6 3 2
#2 #1 2 #3

1 2 1 6

3
77777777775

��� >0@ ,Q�SDUWV��D�²�G�� OHW U EH�WKH�PDWUL[�IRUPHG�E\�QRUPDO�
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2UWKRJRQDO�3URMHFWLRQV

7KH�RUWKRJRQDO�SURMHFWLRQ�RI�D�SRLQW�LQR2 RQWR�D�OLQH�WKURXJK�WKH�RULJLQ�KDV�DQ�LPSRUWDQW
DQDORJXH�LQ Rn� *LYHQ�D�YHFWRU \ DQG�D�VXEVSDFH W LQ Rn� WKHUH�LV�D�YHFWRU O\ LQ W VXFK
WKDW���� O\ LV�WKH�XQLTXH�YHFWRU�LQ W IRU�ZKLFK \ # O\ LV�RUWKRJRQDO�WR W � DQG���� O\ LV
WKH�XQLTXH�YHFWRU�LQ W FORVHVW�WR \� 6HH�)LJ� �� 7KHVH�WZR�SURSHUWLHV�RI O\ SURYLGH�WKH
NH\�WR�ÀQGLQJ�OHDVW�VTXDUHV�VROXWLRQV�RI�OLQHDU�V\VWHPV� PHQWLRQHG�LQ�WKH�LQWURGXFWRU\
H[DPSOH�IRU�WKLV�FKDSWHU� 7KH�IXOO�VWRU\�ZLOO�EH�WROG�LQ�6HFWLRQ�����

7R�SUHSDUH�IRU�WKH�ÀUVW�WKHRUHP� REVHUYH�WKDW�ZKHQHYHU�D�YHFWRU \ LV�ZULWWHQ�DV�D
OLQHDU�FRPELQDWLRQ�RI�YHFWRUV X1; : : : ;Xn LQRn� WKH�WHUPV�LQ�WKH�VXP�IRU \ FDQ�EH�JURXSHGy

ŷ0
W

LQWR�WZR�SDUWV�VR�WKDW \ FDQ�EH�ZULWWHQ�DV

\ D ]1 C ]2

ZKHUH ]1 LV�D�OLQHDU�FRPELQDWLRQ�RI�VRPH�RI�WKH Xi DQG ]2 LV�D�OLQHDU�FRPELQDWLRQ�RI
WKH�UHVW�RI�WKH Xi � 7KLV�LGHD�LV�SDUWLFXODUO\�XVHIXO�ZKHQ fX1; : : : ;Xng LV�DQ�RUWKRJRQDO
EDVLV� 5HFDOO�IURP�6HFWLRQ ����WKDW W ? GHQRWHV�WKH�VHW�RI�DOO�YHFWRUV�RUWKRJRQDO�WR�D
VXEVSDFH W �

/HW fX1; : : : ; X5g EH�DQ�RUWKRJRQDO�EDVLV�IRU R5 DQG�OHW

\ D c1X1 C " " " C c5X5

&RQVLGHU�WKH�VXEVSDFH W D 6SDQ fX1;X2g� DQG�ZULWH \ DV�WKH�VXP�RI�D�YHFWRU ]1 LQ W
DQG�D�YHFWRU ]2 LQ W ?�

:ULWH

\ D c1X1 C c2X2„ ƒ‚ …
]1

C c3X3 C c4X4 C c5X5„ ƒ‚ …
]2

]1 D c1X1 C c2X2 LV�LQ 6SDQ fX1; X2gZKHUH

]2 D c3X3 C c4X4 C c5X5 LV�LQ 6SDQ fX3;X4;X5g:DQG

7R�VKRZ�WKDW ]2 LV�LQ W ?� LW�VXIÀFHV�WR�VKRZ�WKDW ]2 LV�RUWKRJRQDO�WR�WKH�YHFWRUV�LQ�WKH
EDVLV fX1; X2g IRU W � �6HH�6HFWLRQ ����� 8VLQJ�SURSHUWLHV�RI�WKH�LQQHU�SURGXFW� FRPSXWH

]2 !X1 D .c3X3 C c4X4 C c5X5/!X1

D c3X3 ! X1 C c4X4 ! X1 C c5X5 ! X1

D 0

EHFDXVH X1 LV�RUWKRJRQDO�WR X3� X4� DQG X5� $ VLPLODU�FDOFXODWLRQ�VKRZV�WKDW ]2 !X2 D 0�
7KXV ]2 LV�LQ W ?�

7KH�QH[W�WKHRUHP�VKRZV�WKDW�WKH�GHFRPSRVLWLRQ \ D ]1 C ]2 LQ�([DPSOH ��FDQ�EH
FRPSXWHG�ZLWKRXW�KDYLQJ�DQ�RUWKRJRQDO�EDVLV�IRURn� ,W�LV�HQRXJK�WR�KDYH�DQ�RUWKRJRQDO
EDVLV�RQO\�IRU W �
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/HW W EH�D�VXEVSDFH�RI Rn� 7KHQ�HDFK \ LQ Rn FDQ�EH�ZULWWHQ�XQLTXHO\�LQ�WKH
IRUP

\ D O\ C ] ���

ZKHUH O\ LV�LQ W DQG ] LV�LQ W ?� ,Q�IDFW� LI fX1; : : : ; Xpg LV�DQ\�RUWKRJRQDO�EDVLV
RI W � WKHQ

O\ D \!X1

X1 ! X1
X1 C " " " C \!Xp

Xp ! Xp
Xp ���

DQG ] D \ # O\�

7KH�YHFWRU O\ LQ�����LV�FDOOHG�WKH RUWKRJRQDO�SURMHFWLRQ�RI \ RQWR W DQG�RIWHQ�LV
ZULWWHQ�DV SURMW \� 6HH�)LJ� �� :KHQ W LV�D�RQH�GLPHQVLRQDO�VXEVSDFH� WKH�IRUPXOD�IRU
O\ PDWFKHV�WKH�IRUPXOD�JLYHQ�LQ�6HFWLRQ ����

0

W

y

y = projW yˆ

z = y – ŷ

7KH�RUWKRJRQDO�SURMHFWLRQ�RI \
RQWR W �

/HW fX1; : : : ; Xpg EH�DQ\�RUWKRJRQDO�EDVLV�IRU W � DQG�GHÀQH O\ E\�����ñ 7KHQ O\
LV�LQ W EHFDXVH O\ LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�EDVLV X1; : : : ; Xp � /HW ] D \ # O\� 6LQFH
X1 LV�RUWKRJRQDO�WR X2; : : : ; Xp � LW�IROORZV�IURP�����WKDW

]!X1 D .\ # O\/!X1 D \!X1 #
'

\!X1

X1 ! X1

(
X1 ! X1 # 0 # " " " # 0

D \!X1 # \!X1 D 0

7KXV ] LV�RUWKRJRQDO�WR X1� 6LPLODUO\� ] LV�RUWKRJRQDO�WR�HDFK Xj LQ�WKH�EDVLV�IRU W �
+HQFH ] LV�RUWKRJRQDO�WR�HYHU\�YHFWRU�LQ W � 7KDW�LV� ] LV�LQ W ?�

7R�VKRZ�WKDW�WKH�GHFRPSRVLWLRQ�LQ�����LV�XQLTXH� VXSSRVH \ FDQ�DOVR�EH�ZULWWHQ�DV
\ D O\1 C ]1� ZLWK O\1 LQW DQG ]1 LQW ?� 7KHQ O\ C ] D O\1 C ]1 �VLQFH�ERWK�VLGHV�HTXDO
\/� DQG�VR

O\ # O\1 D ]1 # ]

7KLV�HTXDOLW\�VKRZV�WKDW�WKH�YHFWRU Y D O\ # O\1 LV�LQ W DQG�LQ W ? �EHFDXVH ]1 DQG ]
DUH�ERWK�LQ W ?� DQG W ? LV�D�VXEVSDFH�� +HQFH Y!Y D 0� ZKLFK�VKRZV�WKDW Y D �� 7KLV
SURYHV�WKDW O\ D O\1 DQG�DOVR ]1 D ]�

7KH�XQLTXHQHVV�RI�WKH�GHFRPSRVLWLRQ�����VKRZV�WKDW�WKH�RUWKRJRQDO�SURMHFWLRQ O\
GHSHQGV�RQO\�RQ W DQG�QRW�RQ�WKH�SDUWLFXODU�EDVLV�XVHG�LQ�����

ñ:H�PD\�DVVXPH�WKDW W LV�QRW�WKH�]HUR�VXEVSDFH� IRU�RWKHUZLVH W? D Rn DQG�����LV�VLPSO\ \ D �C \�
7KH�QH[W�VHFWLRQ�ZLOO�VKRZ�WKDW�DQ\�QRQ]HUR�VXEVSDFH�RI Rn KDV�DQ�RUWKRJRQDO�EDVLV�
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$ *HRPHWULF�,QWHUSUHWDWLRQ�RI�WKH�2UWKRJRQDO�3URMHFWLRQ
:KHQ W LV�D�RQH�GLPHQVLRQDO�VXEVSDFH� WKH�IRUPXOD�����IRU SURMW \ FRQWDLQV�MXVW�RQH
WHUP� 7KXV� ZKHQ GLPW > 1� HDFK�WHUP�LQ�����LV�LWVHOI�DQ�RUWKRJRQDO�SURMHFWLRQ�RI \
RQWR�D�RQH�GLPHQVLRQDO�VXEVSDFH�VSDQQHG�E\�RQH�RI�WKH X·V�LQ�WKH�EDVLV�IRU W � )LJXUH �
LOOXVWUDWHV�WKLV�ZKHQW LV�D�VXEVSDFH�RIR3 VSDQQHG�E\ X1 DQG X2� +HUH O\1 DQG O\2 GHQRWH
WKH�SURMHFWLRQV�RI \ RQWR�WKH�OLQHV�VSDQQHG�E\ X1 DQG X2� UHVSHFWLYHO\� 7KH�RUWKRJRQDO
SURMHFWLRQ O\ RI \ RQWR W LV�WKH�VXP�RI�WKH�SURMHFWLRQV�RI \ RQWR�RQH�GLPHQVLRQDO�VXE�
VSDFHV�WKDW�DUH�RUWKRJRQDO�WR�HDFK�RWKHU� 7KH�YHFWRU O\ LQ�)LJ� ��FRUUHVSRQGV�WR�WKH�YHFWRU
\ LQ�)LJ� ��RI�6HFWLRQ ���� EHFDXVH�QRZ�LW�LV O\ WKDW�LV�LQ W �
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u2
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y

y2
ˆ

y1
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ŷ = u2 = y1 + y2ˆˆ–––––u2 . u2
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7KH�RUWKRJRQDO�SURMHFWLRQ�RI \ LV�WKH�VXP�RI
LWV�SURMHFWLRQV�RQWR�RQH�GLPHQVLRQDO�VXEVSDFHV�WKDW�DUH
PXWXDOO\�RUWKRJRQDO�
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3URSHUWLHV�RI�2UWKRJRQDO�3URMHFWLRQV
,I fX1; : : : ; Xpg LV�DQ�RUWKRJRQDO�EDVLV�IRU W DQG�LI \ KDSSHQV�WR�EH�LQ W � WKHQ�WKH
IRUPXOD�IRU SURMW \ LV�H[DFWO\�WKH�VDPH�DV�WKH�UHSUHVHQWDWLRQ�RI \ JLYHQ�LQ�7KHRUHP �
LQ�6HFWLRQ ���� ,Q�WKLV�FDVH� SURMW \ D \�

,I \ LV�LQ W D 6SDQ fX1; : : : ; Xpg� WKHQ SURMW \ D \�

7KLV�IDFW�DOVR�IROORZV�IURP�WKH�QH[W�WKHRUHP�

/HW W EH�D�VXEVSDFH�RI Rn� OHW \ EH�DQ\�YHFWRU�LQ Rn� DQG�OHW O\ EH�WKH�RUWKRJRQDO
SURMHFWLRQ�RI \ RQWR W � 7KHQ O\ LV�WKH�FORVHVW�SRLQW�LQ W WR \� LQ�WKH�VHQVH�WKDW

k\ # O\k < k\ # Yk ���

IRU�DOO Y LQ W GLVWLQFW�IURP O\�

7KH�YHFWRU O\ LQ�7KHRUHP ��LV�FDOOHG WKH�EHVW�DSSUR[LPDWLRQ�WR \ E\�HOHPHQWV�RIW �
/DWHU�VHFWLRQV�LQ�WKH�WH[W�ZLOO�H[DPLQH�SUREOHPV�ZKHUH�D�JLYHQ \ PXVW�EH�UHSODFHG� RU
DSSUR[LPDWHG� E\�D�YHFWRU Y LQ�VRPH�À[HG�VXEVSDFH W � 7KH�GLVWDQFH�IURP \ WR Y� JLYHQ
E\ k\ # Yk� FDQ�EH�UHJDUGHG�DV�WKH�´HUURUµ�RI�XVLQJ Y LQ�SODFH�RI \� 7KHRUHP ��VD\V�WKDW
WKLV�HUURU�LV�PLQLPL]HG�ZKHQ Y D O\�

,QHTXDOLW\�����OHDGV�WR�D�QHZ�SURRI�WKDW O\ GRHV�QRW�GHSHQG�RQ�WKH�SDUWLFXODU�RUWKRJR�
QDO�EDVLV�XVHG�WR�FRPSXWH�LW� ,I�D�GLIIHUHQW�RUWKRJRQDO�EDVLV�IRUW ZHUH�XVHG�WR�FRQVWUXFW
DQ�RUWKRJRQDO�SURMHFWLRQ�RI \� WKHQ�WKLV�SURMHFWLRQ�ZRXOG�DOVR�EH�WKH�FORVHVW�SRLQW�LQ W
WR \� QDPHO\� O\�

7DNH Y LQW GLVWLQFW�IURP O\� 6HH�)LJ� �� 7KHQ O\ # Y LV�LQW � %\�WKH�2UWKRJRQDO
'HFRPSRVLWLRQ�7KHRUHP� \ # O\ LV�RUWKRJRQDO�WR W � ,Q�SDUWLFXODU� \ # O\ LV�RUWKRJRQDO
WR O\ # Y �ZKLFK�LV�LQ W �� 6LQFH

\ # Y D .\ # O\/ C .O\ # Y/

WKH�3\WKDJRUHDQ�7KHRUHP�JLYHV

k\ # Yk2 D k\ # O\k2 C kO\ # Yk2

�6HH�WKH�FRORUHG�ULJKW�WULDQJOH�LQ�)LJ� �� 7KH�OHQJWK�RI�HDFK�VLGH�LV�ODEHOHG�� 1RZ
kO\ # Yk2 > 0 EHFDXVH O\ # Y ¤ �� DQG�VR�LQHTXDOLW\�����IROORZV�LPPHGLDWHO\�

y

v

0

W

||y – v||
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||y – v||ˆ

||y – y||ˆ

7KH�RUWKRJRQDO�SURMHFWLRQ�RI \
RQWR W LV�WKH�FORVHVW�SRLQW�LQ W WR \�



2UWKRJRQDO�3URMHFWLRQV

,I X1 D

2
4

2
5

#1

3
5� X2 D

2
4

#2
1
1

3
5� \ D

2
4

1
2
3

3
5� DQG W D 6SDQ fX1; X2g�

DV�LQ�([DPSOH �� WKHQ WKH�FORVHVW�SRLQW�LQ W WR \ LV

O\ D \!X1

X1 ! X1
X1 C \!X2

X2 ! X2
X2 D

2
4

#2=5
2

1=5

3
5

7KH�GLVWDQFH�IURP�D�SRLQW \ LQ Rn WR�D�VXEVSDFH W LV�GHÀQHG�DV�WKH
GLVWDQFH�IURP \ WR�WKH�QHDUHVW�SRLQW�LQW � )LQG�WKH�GLVWDQFH�IURP \ WRW D 6SDQ fX1; X2g�
ZKHUH

\ D

2
4

#1
#5
10

3
5; X1 D

2
4

5
#2

1

3
5; X2 D

2
4

1
2

#1

3
5

%\�WKH�%HVW�$SSUR[LPDWLRQ�7KHRUHP� WKH�GLVWDQFH�IURP \ WRW LV k\ # O\k�
ZKHUH O\ D SURMW \� 6LQFH fX1; X2g LV�DQ�RUWKRJRQDO�EDVLV�IRU W �

O\ D 15

30
X1 C #21

6
X2 D 1

2

2
4

5
#2

1

3
5 # 7

2

2
4

1
2

#1

3
5 D

2
4

#1
#8

4

3
5

\ # O\ D

2
4

#1
#5
10

3
5 #

2
4

#1
#8

4

3
5 D

2
4

0
3
6

3
5

k\ # O\k2 D 32 C 62 D 45

7KH�GLVWDQFH�IURP \ WR W LV
p

45 D 3
p

5�

7KH�ÀQDO�WKHRUHP�LQ�WKLV�VHFWLRQ�VKRZV�KRZ�IRUPXOD�����IRU SURMW \ LV�VLPSOLÀHG
ZKHQ�WKH�EDVLV�IRU W LV�DQ�RUWKRQRUPDO�VHW�

,I fX1; : : : ; Xpg LV�DQ�RUWKRQRUPDO�EDVLV�IRU�D�VXEVSDFH W RI Rn� WKHQ

SURMW \ D .\!X1/X1 C .\!X2/X2 C " " " C .\!Xp/Xp ���

,I U D Œ X1 X2 " " " Xp !� WKHQ

SURMW \ D U U T\ IRU�DOO \ LQ Rn ���

)RUPXOD�����IROORZV�LPPHGLDWHO\�IURP�����LQ�7KHRUHP �� $OVR� ����VKRZV
WKDW SURMW \ LV �D� OLQHDU�FRPELQDWLRQ�RI� WKH�FROXPQV�RI U XVLQJ�WKH�ZHLJKWV \!X1�
\!X2; : : : ; \!Xp � 7KH�ZHLJKWV�FDQ�EH�ZULWWHQ�DV XT

1 \; XT
2 \; : : : ; XT

p\� VKRZLQJ�WKDW�WKH\
DUH�WKH�HQWULHV�LQ U T\ DQG�MXVWLI\LQJ�����

6XSSRVH U LV�DQ n ! p PDWUL[�ZLWK�RUWKRQRUPDO�FROXPQV� DQG�OHW W EH�WKH�FROXPQWEB
VSDFH�RI U � 7KHQ

U TU [ D Ip[ D [ IRU�DOO [ LQ Rp 7KHRUHP �

U U T\ D SURMW \ IRU�DOO \ LQ Rn 7KHRUHP ��

,I U LV�DQ n ! n �VTXDUH��PDWUL[�ZLWK�RUWKRQRUPDO�FROXPQV� WKHQ U LV�DQ RUWKRJRQDO
PDWUL[� WKH�FROXPQ�VSDFH W LV�DOO�RI Rn� DQG U U T\ D I\ D \ IRU�DOO \ LQ Rn�

$OWKRXJK�IRUPXOD�����LV�LPSRUWDQW�IRU�WKHRUHWLFDO�SXUSRVHV� LQ�SUDFWLFH�LW�XVXDOO\
LQYROYHV�FDOFXODWLRQV�ZLWK�VTXDUH�URRWV�RI�QXPEHUV��LQ�WKH�HQWULHV�RI�WKH Xi /� )RUPXOD
����LV�UHFRPPHQGHG�IRU�KDQG�FDOFXODWLRQV�
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��� D� ,I ] LV � RUWKRJRQDO � WR X1 DQG � WR X2 DQG � LI W D
6SDQ fX1;X2g� WKHQ ] PXVW�EH�LQ W ?�

E� )RU�HDFK \ DQG�HDFK�VXEVSDFH W � WKH�YHFWRU \ # SURMW \
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HQWULHV�RQ�LWV�GLDJRQDO�

7KH�FROXPQV�RI A IRUP�D�EDVLV f[1; : : : ; [ng IRU &ROA� &RQVWUXFW�DQ�RUWKRQRU�
PDO�EDVLV fX1; : : : ; Xng IRU W D &ROA ZLWK�SURSHUW\�����LQ�7KHRUHP ��� 7KLV�EDVLV�PD\
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:ULWH � DQ � HTXDWLRQ A[ D E� ZKHUH A LV � D 16 ! 3 PDWUL[
IRUPHG�IURP�WKH�WZR�FRHIÀFLHQW�PDWULFHV�DERYH�DQG�ZKHUH E
LQ R16 LV�IRUPHG�IURP�WKH�WZR�ULJKW�VLGHV�RI�WKH�HTXDWLRQV�
)LQG a0� a1� DQG a2 JLYHQ�E\�WKH�OHDVW�VTXDUHV�VROXWLRQ�RI
A[ D E� �7KH����LQ�WKH�GDWD�DERYH�ZDV�XVHG�DV�DQ�DSSUR[�
LPDWLRQ�IRU

p
2=2� WR�LOOXVWUDWH�KRZ�D�W\SLFDO�FRPSXWDWLRQ

LQ�DQ�DSSOLHG�SUREOHP�PLJKW�SURFHHG� ,I� �����ZHUH�XVHG
LQVWHDG� WKH�UHVXOWLQJ�ÀOWHU�FRHIÀFLHQWV�ZRXOG�DJUHH�WR�DW�OHDVW
VHYHQ�GHFLPDO�SODFHV�ZLWK

p
2=4; 1=2� DQG

p
2=4� WKH�YDOXHV

SURGXFHG�E\�H[DFW�DULWKPHWLF�FDOFXODWLRQV��

WEB
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�� )LUVW� FRPSXWH
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7KH�JHQHUDO�OHDVW�VTXDUHV�VROXWLRQ�LV x1 D 2 C 3
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,W�WXUQV�RXW�WKDW OE D E� VR kE # OEk D 0� 7KH�OHDVW�VTXDUHV�HUURU�LV�]HUR�EHFDXVH E
KDSSHQV�WR�EH�LQ &ROA�

�� ,I E LV�RUWKRJRQDO�WR�WKH�FROXPQV�RIA� WKHQ�WKH�SURMHFWLRQ�RI E RQWR�WKH�FROXPQ�VSDFH
RI A LV �� ,Q�WKLV�FDVH� D�OHDVW�VTXDUHV�VROXWLRQ O[ RI A[ D E VDWLVÀHV AO[ D ��

$ FRPPRQ�WDVN�LQ�VFLHQFH�DQG�HQJLQHHULQJ�LV�WR�DQDO\]H�DQG�XQGHUVWDQG�UHODWLRQVKLSV
DPRQJ�VHYHUDO�TXDQWLWLHV�WKDW�YDU\� 7KLV�VHFWLRQ�GHVFULEHV�D�YDULHW\�RI�VLWXDWLRQV�LQ
ZKLFK�GDWD�DUH�XVHG�WR�EXLOG�RU�YHULI\�D�IRUPXOD�WKDW�SUHGLFWV�WKH�YDOXH�RI�RQH�YDULDEOH
DV�D�IXQFWLRQ�RI�RWKHU�YDULDEOHV� ,Q�HDFK�FDVH� WKH�SUREOHP�ZLOO�DPRXQW�WR�VROYLQJ�D
OHDVW�VTXDUHV�SUREOHP�

)RU�HDV\�DSSOLFDWLRQ�RI�WKH�GLVFXVVLRQ�WR�UHDO�SUREOHPV�WKDW�\RX�PD\�HQFRXQWHU�ODWHU
LQ�\RXU�FDUHHU� ZH�FKRRVH�QRWDWLRQ�WKDW�LV�FRPPRQO\�XVHG�LQ�WKH�VWDWLVWLFDO�DQDO\VLV�RI
VFLHQWLÀF�DQG�HQJLQHHULQJ�GDWD� ,QVWHDG�RI A[ D E� ZH�ZULWH Xˇ D \ DQG�UHIHU�WR X DV
WKH GHVLJQ�PDWUL[� ˇ DV�WKH SDUDPHWHU�YHFWRU� DQG \ DV�WKH REVHUYDWLRQ�YHFWRU�

/HDVW�6TXDUHV�/LQHV
7KH � VLPSOHVW � UHODWLRQ � EHWZHHQ � WZR � YDULDEOHV x DQG y LV � WKH � OLQHDU � HTXDWLRQ
y D ˇ0 C ˇ1x�ñ ([SHULPHQWDO�GDWD�RIWHQ�SURGXFH�SRLQWV .x1; y1/; : : : ; .xn; yn/ WKDW�

ñ7KLV�QRWDWLRQ�LV�FRPPRQO\�XVHG�IRU�OHDVW�VTXDUHV�OLQHV�LQVWHDG�RI y D mx C b�



$SSOLFDWLRQV�WR�/LQHDU�0RGHOV

ZKHQ�JUDSKHG� VHHP�WR�OLH�FORVH�WR�D�OLQH� :H�ZDQW�WR�GHWHUPLQH�WKH�SDUDPHWHUV ˇ0

DQG ˇ1 WKDW�PDNH�WKH�OLQH�DV�´FORVHµ�WR�WKH�SRLQWV�DV�SRVVLEOH�
6XSSRVH ˇ0 DQG ˇ1 DUH �À[HG� DQG�FRQVLGHU � WKH � OLQH y D ˇ0 C ˇ1x LQ �)LJ� ��

&RUUHVSRQGLQJ�WR�HDFK�GDWD�SRLQW .xj ; yj / WKHUH�LV�D�SRLQW .xj ; ˇ0 C ˇ1xj / RQ�WKH�OLQH
ZLWK�WKH�VDPH x�FRRUGLQDWH� :H�FDOO yj WKH REVHUYHG YDOXH�RI y DQG ˇ0 C ˇ1xj WKH
SUHGLFWHG y�YDOXH��GHWHUPLQHG�E\�WKH�OLQH�� 7KH�GLIIHUHQFH�EHWZHHQ�DQ�REVHUYHG y�
YDOXH�DQG�D�SUHGLFWHG y�YDOXH�LV�FDOOHG�D UHVLGXDO�

ResidualResidual
Point on line

Data pointy

xjx1 xn

x
y = !0 + !1x

(xj, !0 + !1xj)

(xj, yj)

)LWWLQJ�D�OLQH�WR�H[SHULPHQWDO�GDWD�

7KHUH�DUH�VHYHUDO�ZD\V�WR�PHDVXUH�KRZ�´FORVHµ�WKH�OLQH�LV�WR�WKH�GDWD� 7KH�XVXDO
FKRLFH��SULPDULO\�EHFDXVH�WKH�PDWKHPDWLFDO�FDOFXODWLRQV�DUH�VLPSOH��LV�WR�DGG�WKH�VTXDUHV
RI�WKH�UHVLGXDOV� 7KH OHDVW�VTXDUHV�OLQH LV�WKH�OLQH y D ˇ0 C ˇ1x WKDW�PLQLPL]HV�WKH
VXP�RI�WKH�VTXDUHV�RI�WKH�UHVLGXDOV� 7KLV�OLQH�LV�DOVR�FDOOHG�D OLQH�RI�UHJUHVVLRQ�RI \
RQ [� EHFDXVH�DQ\�HUURUV�LQ�WKH�GDWD�DUH�DVVXPHG�WR�EH�RQO\�LQ�WKH y�FRRUGLQDWHV� 7KH
FRHIÀFLHQWV ˇ0� ˇ1 RI�WKH�OLQH�DUH�FDOOHG��OLQHDU� UHJUHVVLRQ�FRHIÀFLHQWV�ò

,I�WKH�GDWD�SRLQWV�ZHUH�RQ�WKH�OLQH� WKH�SDUDPHWHUV ˇ0 DQG ˇ1 ZRXOG�VDWLVI\�WKH
HTXDWLRQV

3UHGLFWHG 2EVHUYHG
y�YDOXH y�YDOXH

ˇ0 C ˇ1x1  y1

ˇ0 C ˇ1x2  y2

:::
:::

ˇ0 C ˇ1xn  yn

:H�FDQ�ZULWH�WKLV�V\VWHP�DV

Xˇ D \; ZKHUH X D

2
6664

1 x1

1 x2
:::

:::

1 xn

3
7775 ; ˇ D

!
ˇ0

ˇ1

"
; \ D

2
6664

y1

y2
:::

yn

3
7775 ���

2I�FRXUVH� LI�WKH�GDWD�SRLQWV�GRQ·W�OLH�RQ�D�OLQH� WKHQ�WKHUH�DUH�QR�SDUDPHWHUV ˇ0� ˇ1 IRU
ZKLFK�WKH�SUHGLFWHG y�YDOXHV�LQ Xˇ HTXDO�WKH�REVHUYHG y�YDOXHV�LQ \� DQG Xˇ D \ KDV
QR�VROXWLRQ� 7KLV�LV�D�OHDVW�VTXDUHV�SUREOHP� A[ D E� ZLWK�GLIIHUHQW�QRWDWLRQ�

7KH�VTXDUH�RI�WKH�GLVWDQFH�EHWZHHQ�WKH�YHFWRUV Xˇ DQG \ LV�SUHFLVHO\�WKH�VXP�RI
WKH�VTXDUHV�RI�WKH�UHVLGXDOV� 7KH ˇ WKDW�PLQLPL]HV�WKLV�VXP�DOVR�PLQLPL]HV�WKH�GLVWDQFH
EHWZHHQ Xˇ DQG \� &RPSXWLQJ�WKH�OHDVW�VTXDUHV�VROXWLRQ�RI Xˇ D \ LV�HTXLYDOHQW�WR
ÀQGLQJ�WKH ˇ WKDW�GHWHUPLQHV�WKH�OHDVW�VTXDUHV�OLQH�LQ�)LJ� ��

ò ,I�WKH�PHDVXUHPHQW�HUURUV�DUH�LQ x LQVWHDG�RI y� VLPSO\�LQWHUFKDQJH�WKH�FRRUGLQDWHV�RI�WKH�GDWD .xj ; yj /
EHIRUH�SORWWLQJ�WKH�SRLQWV�DQG�FRPSXWLQJ�WKH�UHJUHVVLRQ�OLQH� ,I�ERWK�FRRUGLQDWHV�DUH�VXEMHFW�WR�SRVVLEOH�HUURU�
WKHQ�\RX�PLJKW�FKRRVH�WKH�OLQH�WKDW�PLQLPL]HV�WKH�VXP�RI�WKH�VTXDUHV�RI�WKH RUWKRJRQDO �SHUSHQGLFXODU�
GLVWDQFHV�IURP�WKH�SRLQWV�WR�WKH�OLQH� 6HH�WKH�3UDFWLFH�3UREOHPV�IRU�6HFWLRQ ����



2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV

)LQG�WKH�HTXDWLRQ y D ˇ0 C ˇ1x RI�WKH�OHDVW�VTXDUHV�OLQH�WKDW�EHVW�ÀWV
WKH�GDWD�SRLQWV .2; 1/� .5; 2/� .7; 3/� DQG .8; 3/�

8VH�WKH x�FRRUGLQDWHV�RI�WKH�GDWD�WR�EXLOG�WKH�GHVLJQ�PDWUL[ X LQ�����DQG
WKH y�FRRUGLQDWHV�WR�EXLOG�WKH�REVHUYDWLRQ�YHFWRU \�
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$ FRPPRQ�SUDFWLFH�EHIRUH�FRPSXWLQJ�D�OHDVW�VTXDUHV�OLQH�LV�WR�FRPSXWH�WKH�DYHUDJH
x RI�WKH�RULJLQDO x�YDOXHV�DQG�IRUP�D�QHZ�YDULDEOH x" D x # x� 7KH�QHZ x�GDWD�DUH�VDLG
WR�EH�LQ PHDQ�GHYLDWLRQ�IRUP� ,Q�WKLV�FDVH� WKH�WZR�FROXPQV�RI�WKH�GHVLJQ�PDWUL[�ZLOO
EH�RUWKRJRQDO� 6ROXWLRQ�RI�WKH�QRUPDO�HTXDWLRQV�LV�VLPSOLÀHG� MXVW�DV�LQ�([DPSOH ��LQ
6HFWLRQ ���� 6HH�([HUFLVHV ���DQG����



$SSOLFDWLRQV�WR�/LQHDU�0RGHOV

7KH�*HQHUDO�/LQHDU�0RGHO
,Q�VRPH�DSSOLFDWLRQV� LW�LV�QHFHVVDU\�WR�ÀW�GDWD�SRLQWV�ZLWK�VRPHWKLQJ�RWKHU�WKDQ�D�VWUDLJKW
OLQH� ,Q�WKH�H[DPSOHV�WKDW�IROORZ� WKH�PDWUL[�HTXDWLRQ�LV�VWLOO Xˇ D \� EXW�WKH�VSHFLÀF
IRUP�RI X FKDQJHV�IURP�RQH�SUREOHP�WR�WKH�QH[W� 6WDWLVWLFLDQV�XVXDOO\�LQWURGXFH�D
UHVLGXDO�YHFWRU !� GHÀQHG�E\ ! D \ # Xˇ� DQG�ZULWH

\ D Xˇ C !

$Q\�HTXDWLRQ�RI�WKLV�IRUP�LV�UHIHUUHG�WR�DV�D OLQHDU�PRGHO� 2QFHX DQG \ DUH�GHWHUPLQHG�
WKH�JRDO�LV�WR�PLQLPL]H�WKH�OHQJWK�RI !� ZKLFK�DPRXQWV�WR�ÀQGLQJ�D�OHDVW�VTXDUHV�VROXWLRQ
RI Xˇ D \� ,Q�HDFK�FDVH� WKH�OHDVW�VTXDUHV�VROXWLRQ Ǒ LV�D�VROXWLRQ�RI�WKH�QRUPDO
HTXDWLRQV

XTXˇ D XT\

/HDVW�6TXDUHV�)LWWLQJ�RI�2WKHU�&XUYHV
:KHQ�GDWD�SRLQWV .x1; y1/; : : : ; .xn; yn/ RQ�D�VFDWWHU�SORW�GR�QRW�OLH�FORVH�WR�DQ\�OLQH� LW
PD\�EH�DSSURSULDWH�WR�SRVWXODWH�VRPH�RWKHU�IXQFWLRQDO�UHODWLRQVKLS�EHWZHHQ x DQG y�

7KH�QH[W�WZR�H[DPSOHV�VKRZ�KRZ�WR�ÀW�GDWD�E\�FXUYHV�WKDW�KDYH�WKH�JHQHUDO�IRUP

y D ˇ0f0.x/ C ˇ1f1.x/ C " " " C ˇkfk.x/ ���

ZKHUH f0; : : : ; fk DUH�NQRZQ�IXQFWLRQV�DQG ˇ0; : : : ; ˇk DUH�SDUDPHWHUV� WKDW �PXVW�EH
GHWHUPLQHG� $V�ZH�ZLOO�VHH� HTXDWLRQ�����GHVFULEHV�D�OLQHDU�PRGHO�EHFDXVH�LW�LV�OLQHDU�LQ
WKH�XQNQRZQ�SDUDPHWHUV�

)RU�D�SDUWLFXODU�YDOXH�RI x� ����JLYHV�D�SUHGLFWHG� RU�´ÀWWHG�µ YDOXH�RI y� 7KH
GLIIHUHQFH�EHWZHHQ�WKH�REVHUYHG�YDOXH�DQG�WKH�SUHGLFWHG�YDOXH�LV�WKH�UHVLGXDO� 7KH
SDUDPHWHUV ˇ0; : : : ; ˇk PXVW�EH�GHWHUPLQHG�VR�DV�WR�PLQLPL]H�WKH�VXP�RI�WKH�VTXDUHV
RI�WKH�UHVLGXDOV�

6XSSRVH�GDWD�SRLQWV .x1; y1/; : : : ; .xn; yn/ DSSHDU�WR�OLH�DORQJ�VRPH
VRUW�RI�SDUDEROD�LQVWHDG�RI�D�VWUDLJKW�OLQH� )RU�LQVWDQFH� LI�WKH x�FRRUGLQDWH�GHQRWHV�WKH
SURGXFWLRQ�OHYHO�IRU�D�FRPSDQ\� DQG y GHQRWHV�WKH�DYHUDJH�FRVW�SHU�XQLW�RI�RSHUDWLQJ�DW
D�OHYHO�RI x XQLWV�SHU�GD\� WKHQ�D�W\SLFDO�DYHUDJH�FRVW�FXUYH�ORRNV�OLNH�D�SDUDEROD�WKDW
RSHQV�XSZDUG��)LJ� ��� ,Q�HFRORJ\� D�SDUDEROLF�FXUYH�WKDW�RSHQV�GRZQZDUG�LV�XVHG�WR
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$YHUDJH�FRVW�FXUYH�
PRGHO�WKH�QHW�SULPDU\�SURGXFWLRQ�RI�QXWULHQWV�LQ�D�SODQW� DV�D�IXQFWLRQ�RI�WKH�VXUIDFH
DUHD�RI�WKH�IROLDJH��)LJ� ��� 6XSSRVH�ZH�ZLVK�WR�DSSUR[LPDWH�WKH�GDWD�E\�DQ�HTXDWLRQ�RI
WKH�IRUP

y D ˇ0 C ˇ1x C ˇ2x
2 ���

'HVFULEH�WKH�OLQHDU�PRGHO�WKDW�SURGXFHV�D�´OHDVW�VTXDUHV�ÀWµ�RI�WKH�GDWD�E\�HTXDWLRQ ����

(TXDWLRQ�����GHVFULEHV�WKH�LGHDO�UHODWLRQVKLS� 6XSSRVH�WKH�DFWXDO�YDOXHV�RI
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3URGXFWLRQ�RI�QXWULHQWV�

WKH�SDUDPHWHUV�DUH ˇ0� ˇ1� ˇ2� 7KHQ�WKH�FRRUGLQDWHV�RI�WKH�ÀUVW�GDWD�SRLQW .x1; y1/ VDWLVI\
DQ�HTXDWLRQ�RI�WKH�IRUP

y1 D ˇ0 C ˇ1x1 C ˇ2x
2
1 C #1

ZKHUH #1 LV�WKH�UHVLGXDO�HUURU�EHWZHHQ�WKH�REVHUYHG�YDOXH y1 DQG�WKH�SUHGLFWHG y�YDOXH
ˇ0 C ˇ1x1 C ˇ2x2

1 � (DFK�GDWD�SRLQW�GHWHUPLQHV�D�VLPLODU�HTXDWLRQ�

y1 D ˇ0 C ˇ1x1 C ˇ2x2
1 C #1

y2 D ˇ0 C ˇ1x2 C ˇ2x2
2 C #2

:::
:::

yn D ˇ0 C ˇ1xn C ˇ2x2
n C #n
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,W�LV�D�VLPSOH�PDWWHU�WR�ZULWH�WKLV�V\VWHP�RI�HTXDWLRQV�LQ�WKH�IRUP \ D Xˇ C !� 7R�ÀQG
X � LQVSHFW�WKH�ÀUVW�IHZ�URZV�RI�WKH�V\VWHP�DQG�ORRN�IRU�WKH�SDWWHUQ�

2
6664

y1

y2

:::
yn

3
7775 D

2
66664

1 x1 x2
1

1 x2 x2
2

:::
:::

:::

1 xn x2
n

3
77775

2
64

ˇ0

ˇ1

ˇ2

3
75 C

2
66664

#1

#2

:::

#n

3
77775

\ D X ˇ C !

,I�GDWD�SRLQWV�WHQG�WR�IROORZ�D�SDWWHUQ�VXFK�DV�LQ�)LJ� �� WKHQ�DQ

x

y

'DWD�SRLQWV�DORQJ�D�FXELF�FXUYH�

DSSURSULDWH�PRGHO�PLJKW�EH�DQ�HTXDWLRQ�RI�WKH�IRUP

y D ˇ0 C ˇ1x C ˇ2x
2 C ˇ3x3

6XFK�GDWD� IRU�LQVWDQFH� FRXOG�FRPH�IURP�D�FRPSDQ\·V�WRWDO�FRVWV� DV�D�IXQFWLRQ�RI�WKH
OHYHO�RI�SURGXFWLRQ� 'HVFULEH�WKH�OLQHDU�PRGHO�WKDW�JLYHV�D�OHDVW�VTXDUHV�ÀW�RI�WKLV�W\SH
WR�GDWD .x1; y1/; : : : ; .xn; yn/�

%\�DQ�DQDO\VLV�VLPLODU�WR�WKDW�LQ�([DPSOH �� ZH�REWDLQ

2EVHUYDWLRQ 'HVLJQ 3DUDPHWHU 5HVLGXDO
YHFWRU PDWUL[ YHFWRU YHFWRU

\ D

2
66664

y1

y2

:::

yn

3
77775

; X D

2
66664

1 x1 x2
1 x3

1

1 x2 x2
2 x3

2
:::

:::
:::

:::

1 xn x2
n x3

n

3
77775

; ˇ D

2
66664

ˇ0

ˇ1

ˇ2

ˇ3

3
77775

; ! D

2
66664

#1

#2

:::

#n

3
77775

0XOWLSOH�5HJUHVVLRQ
6XSSRVH�DQ�H[SHULPHQW�LQYROYHV�WZR�LQGHSHQGHQW�YDULDEOHV³VD\� u DQG v³DQG�RQH
GHSHQGHQW�YDULDEOH� y� $ VLPSOH�HTXDWLRQ�IRU�SUHGLFWLQJ y IURP u DQG v KDV�WKH�IRUP

y D ˇ0 C ˇ1u C ˇ2v ���

$ PRUH�JHQHUDO�SUHGLFWLRQ�HTXDWLRQ�PLJKW�KDYH�WKH�IRUP

y D ˇ0 C ˇ1u C ˇ2v C ˇ3u
2 C ˇ4uv C ˇ5v2 ���

7KLV�HTXDWLRQ�LV�XVHG�LQ�JHRORJ\� IRU�LQVWDQFH� WR�PRGHO�HURVLRQ�VXUIDFHV� JODFLDO�FLUTXHV�
VRLO�S+��DQG�RWKHU�TXDQWLWLHV� ,Q�VXFK�FDVHV� WKH�OHDVW�VTXDUHV�ÀW�LV�FDOOHG�D WUHQG�VXUIDFH�

(TXDWLRQV�����DQG�����ERWK�OHDG�WR�D�OLQHDU�PRGHO�EHFDXVH�WKH\�DUH�OLQHDU�LQ�WKH
XQNQRZQ�SDUDPHWHUV��HYHQ�WKRXJK u DQG v DUH�PXOWLSOLHG�� ,Q�JHQHUDO� D�OLQHDU�PRGHO
ZLOO�DULVH�ZKHQHYHU y LV�WR�EH�SUHGLFWHG�E\�DQ�HTXDWLRQ�RI�WKH�IRUP

y D ˇ0f0.u; v/ C ˇ1f1.u; v/ C " " " C ˇkfk.u; v/

ZLWK f0; : : : ; fk DQ\�VRUW�RI�NQRZQ�IXQFWLRQV�DQG ˇ0; : : : ; ˇk XQNQRZQ�ZHLJKWV�

,Q �JHRJUDSK\� ORFDO �PRGHOV �RI � WHUUDLQ � DUH � FRQVWUXFWHG � IURP�GDWD
.u1; v1; y1/; : : : ; .un; vn; yn/� ZKHUH uj � vj � DQG yj DUH�ODWLWXGH� ORQJLWXGH� DQG�DOWLWXGH�
UHVSHFWLYHO\� 'HVFULEH�WKH�OLQHDU�PRGHO�EDVHG�RQ�����WKDW�JLYHV�D�OHDVW�VTXDUHV�ÀW�WR�VXFK
GDWD� 7KH�VROXWLRQ�LV�FDOOHG�WKH OHDVW�VTXDUHV�SODQH� 6HH�)LJ� ��



$SSOLFDWLRQV�WR�/LQHDU�0RGHOV

$ OHDVW�VTXDUHV�SODQH�

:H�H[SHFW�WKH�GDWD�WR�VDWLVI\�WKH�IROORZLQJ�HTXDWLRQV�

y1 D ˇ0 C ˇ1u1 C ˇ2v1 C #1

y2 D ˇ0 C ˇ1u2 C ˇ2v2 C #2

:::
:::

yn D ˇ0 C ˇ1un C ˇ2vn C #n

7KLV�V\VWHP�KDV�WKH�PDWUL[�IRUP \ D Xˇ C !� ZKHUH
2EVHUYDWLRQ 'HVLJQ 3DUDPHWHU 5HVLGXDO

YHFWRU PDWUL[ YHFWRU YHFWRU

\ D

2
6664

y1

y2

:::
yn

3
7775 ; X D

2
6664

1 u1 v1

1 u2 v2

:::
:::

:::
1 un vn

3
7775 ; ˇ D

2
4

ˇ0

ˇ1

ˇ2

3
5; ! D

2
6664

#1

#2

:::
#n

3
7775

([DPSOH ��VKRZV�WKDW�WKH�OLQHDU�PRGHO�IRU�PXOWLSOH�UHJUHVVLRQ�KDV�WKH�VDPH�DEVWUDFW
IRUP�DV�WKH�PRGHO�IRU�WKH�VLPSOH�UHJUHVVLRQ�LQ�WKH�HDUOLHU�H[DPSOHV� /LQHDU�DOJHEUD�JLYHV
XV�WKH�SRZHU�WR�XQGHUVWDQG�WKH�JHQHUDO�SULQFLSOH�EHKLQG�DOO�WKH�OLQHDU�PRGHOV� 2QFH X
LV�GHÀQHG�SURSHUO\� WKH�QRUPDO�HTXDWLRQV�IRU ˇ KDYH�WKH�VDPH�PDWUL[�IRUP� QR�PDWWHU
KRZ�PDQ\�YDULDEOHV�DUH�LQYROYHG� 7KXV� IRU�DQ\�OLQHDU�PRGHO�ZKHUH XTX LV�LQYHUWLEOH�
WKH�OHDVW�VTXDUHV Ǒ LV�JLYHQ�E\ .XTX/!1XT\�SG

)XUWKHU�5HDGLQJ
)HUJXVRQ� -�� ,QWURGXFWLRQ�WR�/LQHDU�$OJHEUD�LQ�*HRORJ\ �1HZ�<RUN� &KDSPDQ�	�+DOO�
������
.UXPEHLQ� :��&�� DQG�)��$��*UD\ELOO� $Q�,QWURGXFWLRQ�WR�6WDWLVWLFDO�0RGHOV�LQ�*HRORJ\
�1HZ�<RUN� 0F*UDZ�+LOO� ������
/HJHQGUH� 3�� DQG�/��/HJHQGUH� 1XPHULFDO�(FRORJ\ �$PVWHUGDP� (OVHYLHU� ������
8QZLQ� 'DYLG�-�� $Q�,QWURGXFWLRQ�WR�7UHQG�6XUIDFH�$QDO\VLV� &RQFHSWV�DQG�7HFKQLTXHV
LQ�0RGHUQ�*HRJUDSK\� 1R� ���1RUZLFK� (QJODQG� *HR�%RRNV� ������

:KHQ�WKH�PRQWKO\�VDOHV�RI�D�SURGXFW�DUH�VXEMHFW�WR�VHDVRQDO�ÁXFWXDWLRQV� D�FXUYH�WKDW
DSSUR[LPDWHV�WKH�VDOHV�GDWD�PLJKW�KDYH�WKH�IRUP

y D ˇ0 C ˇ1x C ˇ2 VLQ .2"x=12/

ZKHUH x LV�WKH�WLPH�LQ�PRQWKV� 7KH�WHUP ˇ0 C ˇ1x JLYHV�WKH�EDVLF�VDOHV�WUHQG� DQG
WKH�VLQH�WHUP�UHÁHFWV�WKH�VHDVRQDO�FKDQJHV�LQ�VDOHV� *LYH�WKH�GHVLJQ�PDWUL[�DQG�WKH
SDUDPHWHU�YHFWRU�IRU�WKH�OLQHDU�PRGHO�WKDW�OHDGV�WR�D�OHDVW�VTXDUHV�ÀW�RI�WKH�HTXDWLRQ
DERYH� $VVXPH�WKH�GDWD�DUH .x1; y1/; : : : ; .xn; yn/�



2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV

,Q�([HUFLVHV��²�� ÀQG�WKH�HTXDWLRQ y D ˇ0 C ˇ1x RI�WKH�OHDVW�
VTXDUHV�OLQH�WKDW�EHVW�ÀWV�WKH�JLYHQ�GDWD�SRLQWV�

�� .0; 1/� .1; 1/� .2; 2/� .3; 2/

�� .1; 0/� .2; 1/� .4; 2/� .5; 3/

�� .#1; 0/� .0; 1/� .1; 2/� .2; 4/

�� .2; 3/� .3; 2/� .5; 1/� .6; 0/

�� /HW X EH�WKH�GHVLJQ�PDWUL[�XVHG�WR�ÀQG�WKH�OHDVW�VTXDUHV�OLQH
WR�ÀW�GDWD .x1; y1/; : : : ; .xn; yn/� 8VH�D�WKHRUHP�LQ�6HFWLRQ ���
WR�VKRZ�WKDW�WKH�QRUPDO�HTXDWLRQV�KDYH�D�XQLTXH�VROXWLRQ
LI�DQG�RQO\�LI�WKH�GDWD�LQFOXGH�DW�OHDVW�WZR�GDWD�SRLQWV�ZLWK
GLIIHUHQW x�FRRUGLQDWHV�

�� /HW X EH�WKH�GHVLJQ�PDWUL[�LQ�([DPSOH ��FRUUHVSRQGLQJ�WR
D�OHDVW�VTXDUHV�ÀW�RI�D�SDUDEROD�WR�GDWD .x1; y1/; : : : ; .xn; yn/�
6XSSRVH x1� x2� DQG x3 DUH�GLVWLQFW� ([SODLQ�ZK\�WKHUH�LV�RQO\
RQH�SDUDEROD�WKDW�ÀWV�WKH�GDWD�EHVW� LQ�D�OHDVW�VTXDUHV�VHQVH�
�6HH�([HUFLVH ���

�� $ FHUWDLQ �H[SHULPHQW �SURGXFHV � WKH�GDWD .1; 1:8/� .2; 2:7/�
.3; 3:4/� .4; 3:8/� .5; 3:9/� 'HVFULEH�WKH�PRGHO�WKDW�SURGXFHV
D�OHDVW�VTXDUHV�ÀW�RI�WKHVH�SRLQWV�E\�D�IXQFWLRQ�RI�WKH�IRUP

y D ˇ1x C ˇ2x
2

6XFK�D�IXQFWLRQ�PLJKW�DULVH� IRU�H[DPSOH� DV�WKH�UHYHQXH�IURP
WKH�VDOH�RI x XQLWV�RI�D�SURGXFW� ZKHQ�WKH�DPRXQW�RIIHUHG�IRU
VDOH�DIIHFWV�WKH�SULFH�WR�EH�VHW�IRU�WKH�SURGXFW�
D� *LYH�WKH�GHVLJQ�PDWUL[� WKH�REVHUYDWLRQ�YHFWRU� DQG�WKH

XQNQRZQ�SDUDPHWHU�YHFWRU�
E� >0@ )LQG�WKH�DVVRFLDWHG�OHDVW�VTXDUHV�FXUYH�IRU�WKH�GDWD�

�� $ VLPSOH�FXUYH�WKDW�RIWHQ�PDNHV�D�JRRG�PRGHO�IRU�WKH�YDUL�
DEOH�FRVWV�RI�D�FRPSDQ\� DV�D�IXQFWLRQ�RI�WKH�VDOHV�OHYHO x�
KDV�WKH�IRUP y D ˇ1x C ˇ2x

2 C ˇ3x
3� 7KHUH�LV�QR�FRQVWDQW

WHUP�EHFDXVH�À[HG�FRVWV�DUH�QRW�LQFOXGHG�
D� *LYH�WKH�GHVLJQ�PDWUL[�DQG�WKH�SDUDPHWHU�YHFWRU�IRU�WKH

OLQHDU�PRGHO�WKDW�OHDGV�WR�D�OHDVW�VTXDUHV�ÀW�RI�WKH�HTXD�
WLRQ�DERYH� ZLWK�GDWD .x1; y1/; : : : ; .xn; yn/�

E� >0@ )LQG�WKH�OHDVW�VTXDUHV�FXUYH�RI�WKH�IRUP�DERYH�WR�ÀW
WKH�GDWD .4; 1:58/� .6; 2:08/� .8; 2:5/� .10; 2:8/� .12; 3:1/�
.14; 3:4/� .16; 3:8/� DQG .18; 4:32/� ZLWK�YDOXHV�LQ�WKRX�
VDQGV� ,I�SRVVLEOH� SURGXFH�D�JUDSK�WKDW�VKRZV�WKH�GDWD
SRLQWV�DQG�WKH�JUDSK�RI�WKH�FXELF�DSSUR[LPDWLRQ�

�� $ FHUWDLQ�H[SHULPHQW�SURGXFHV�WKH�GDWD .1; 7:9/� .2; 5:4/� DQG
.3; #:9/� 'HVFULEH�WKH�PRGHO�WKDW�SURGXFHV�D�OHDVW�VTXDUHV�ÀW
RI�WKHVH�SRLQWV�E\�D�IXQFWLRQ�RI�WKH�IRUP

y D A FRV x C B VLQ x

��� 6XSSRVH�UDGLRDFWLYH�VXEVWDQFHV�$ DQG�% KDYH�GHFD\�FRQ�
VWDQWV�RI�����DQG����� UHVSHFWLYHO\� ,I�D�PL[WXUH�RI�WKHVH�WZR
VXEVWDQFHV�DW�WLPH t D 0 FRQWDLQV M$ JUDPV�RI�$ DQG M%
JUDPV�RI�%��WKHQ�D�PRGHO�IRU�WKH�WRWDO�DPRXQW y RI�WKH�PL[WXUH
SUHVHQW�DW�WLPH t LV

y D M$e!:02t C M%e!:07t .6/

6XSSRVH � WKH � LQLWLDO � DPRXQWV M$ DQG M% DUH � XQNQRZQ�
EXW � D � VFLHQWLVW � LV � DEOH � WR � PHDVXUH � WKH � WRWDO � DPRXQWV
SUHVHQW �DW �VHYHUDO � WLPHV�DQG�UHFRUGV� WKH�IROORZLQJ�SRLQWV
.ti ; yi /� .10; 21:34/� .11; 20:68/� .12; 20:05/� .14; 18:87/�
DQG .15; 18:30/�
D� 'HVFULEH�D�OLQHDU�PRGHO�WKDW�FDQ�EH�XVHG�WR�HVWLPDWH M$

DQG M%�
E� >0@ )LQG�WKH�OHDVW�VTXDUHV�FXUYH�EDVHG�RQ�����

+DOOH\·V�&RPHW�ODVW�DSSHDUHG�LQ������DQG�ZLOO�UHDSSHDU�LQ
�����

��� >0@ $FFRUGLQJ�WR�.HSOHU·V�ÀUVW�ODZ� D�FRPHW�VKRXOG�KDYH
DQ�HOOLSWLF� SDUDEROLF� RU�K\SHUEROLF�RUELW��ZLWK�JUDYLWDWLRQDO
DWWUDFWLRQV�IURP�WKH�SODQHWV�LJQRUHG�� ,Q�VXLWDEOH�SRODU�FRRU�
GLQDWHV� WKH�SRVLWLRQ .r; #/ RI�D�FRPHW�VDWLVÀHV�DQ�HTXDWLRQ�RI
WKH�IRUP

r D ˇ C e.r " FRV#/

ZKHUH ˇ LV�D�FRQVWDQW�DQG e LV�WKH HFFHQWULFLW\ RI�WKH�RUELW�
ZLWK 0 % e < 1 IRU�DQ�HOOLSVH� e D 1 IRU�D�SDUDEROD� DQG e > 1
IRU�D�K\SHUEROD� 6XSSRVH�REVHUYDWLRQV�RI�D�QHZO\�GLVFRYHUHG
FRPHW�SURYLGH�WKH�GDWD�EHORZ� 'HWHUPLQH�WKH�W\SH�RI�RUELW�
DQG�SUHGLFW�ZKHUH�WKH�FRPHW�ZLOO�EH�ZKHQ# D 4:6 �UDGLDQV���

# ��� ���� ���� ���� ����
r ���� ���� ���� ���� ����

��� >0@ $ KHDOWK\�FKLOG·V�V\VWROLF�EORRG�SUHVVXUH p �LQ�PLOOLPH�
WHUV�RI�PHUFXU\��DQG�ZHLJKWw �LQ�SRXQGV��DUH�DSSUR[LPDWHO\
UHODWHG�E\�WKH�HTXDWLRQ

ˇ0 C ˇ1 OQw D p

8VH�WKH�IROORZLQJ�H[SHULPHQWDO�GDWD�WR�HVWLPDWH�WKH�V\VWROLF
EORRG�SUHVVXUH�RI�D�KHDOWK\�FKLOG�ZHLJKLQJ�����SRXQGV�

3 7KH�EDVLF�LGHD�RI�OHDVW�VTXDUHV�ÀWWLQJ�RI�GDWD�LV�GXH�WR�.� )� *DXVV
�DQG� LQGHSHQGHQWO\� WR�$��/HJHQGUH�� ZKRVH�LQLWLDO�ULVH�WR�IDPH�RFFXUUHG
LQ������ZKHQ�KH�XVHG�WKH�PHWKRG�WR�GHWHUPLQH�WKH�SDWK�RI�WKH�DVWHURLG
&HUHV� )RUW\�GD\V�DIWHU�WKH�DVWHURLG�ZDV�GLVFRYHUHG� LW�GLVDSSHDUHG�EHKLQG
WKH�VXQ� *DXVV�SUHGLFWHG�LW�ZRXOG�DSSHDU�WHQ�PRQWKV�ODWHU�DQG�JDYH�LWV
ORFDWLRQ� 7KH�DFFXUDF\�RI�WKH�SUHGLFWLRQ�DVWRQLVKHG�WKH�(XURSHDQ�VFLHQWLÀF
FRPPXQLW\�



$SSOLFDWLRQV�WR�/LQHDU�0RGHOV

w �� �� �� ��� ���
OQw ���� ���� ���� ���� ����
p �� �� ��� ��� ���

��� >0@ 7R�PHDVXUH�WKH�WDNHRII�SHUIRUPDQFH�RI�DQ�DLUSODQH� WKH
KRUL]RQWDO�SRVLWLRQ�RI�WKH�SODQH�ZDV�PHDVXUHG�HYHU\�VHFRQG�
IURP t D 0 WR t D 12� 7KH�SRVLWLRQV��LQ�IHHW��ZHUH� �� ����
����� ����� ������ ������ ������ ������ ������ ������ ������
������ DQG�������
D� )LQG � WKH � OHDVW�VTXDUHV � FXELF � FXUYH y D ˇ0 C ˇ1t C

ˇ2t
2 C ˇ3t

3 IRU�WKHVH�GDWD�
E� 8VH�WKH�UHVXOW�RI�SDUW��D��WR�HVWLPDWH�WKH�YHORFLW\�RI�WKH

SODQH�ZKHQ t D 4:5 VHFRQGV�

��� /HW x D 1

n
.x1 C " " " C xn/ DQG y D 1

n
.y1 C " " " C yn/�

6KRZ � WKDW � WKH � OHDVW�VTXDUHV � OLQH � IRU � WKH � GDWD
.x1; y1/; : : : ; .xn; yn/PXVW�SDVV�WKURXJK .x; y/� 7KDW�LV� VKRZ
WKDW x DQG y VDWLVI\�WKH�OLQHDU�HTXDWLRQ y D Ǒ

0 C Ǒ
1x� >+LQW�

'HULYH�WKLV�HTXDWLRQ�IURP�WKH�YHFWRU�HTXDWLRQ \ D X Ǒ C !�
'HQRWH�WKH�ÀUVW�FROXPQ�RI X E\ �� 8VH�WKH�IDFW�WKDW�WKH
UHVLGXDO�YHFWRU ! LV�RUWKRJRQDO�WR�WKH�FROXPQ�VSDFH�RI X DQG
KHQFH�LV�RUWKRJRQDO�WR ��@

*LYHQ�GDWD�IRU�D�OHDVW�VTXDUHV�SUREOHP� .x1; y1/; : : : ; .xn; yn/� WKH
IROORZLQJ�DEEUHYLDWLRQV�DUH�KHOSIXO�
P

x D Pn
iD1 xi ;

P
x2 D Pn

iD1 x2
i ;P

y D Pn
iD1 yi ;

P
xy D Pn

iD1 xi yi

7KH�QRUPDO�HTXDWLRQV�IRU�D�OHDVW�VTXDUHV�OLQH y D Ǒ
0 C Ǒ

1x PD\
EH�ZULWWHQ�LQ�WKH�IRUP

n Ǒ
0 C Ǒ

1

P
x D P

y

Ǒ
0

P
x C Ǒ

1

P
x2 D P

xy
.7/

��� 'HULYH�WKH�QRUPDO�HTXDWLRQV�����IURP�WKH�PDWUL[�IRUP�JLYHQ
LQ�WKLV�VHFWLRQ�

��� 8VH�D�PDWUL[�LQYHUVH�WR�VROYH�WKH�V\VWHP�RI�HTXDWLRQV�LQ����
DQG�WKHUHE\�REWDLQ�IRUPXODV�IRU Ǒ

0 DQG Ǒ
1 WKDW�DSSHDU�LQ�PDQ\

VWDWLVWLFV�WH[WV�

��� D� 5HZULWH�WKH�GDWD�LQ�([DPSOH ��ZLWK�QHZ x�FRRUGLQDWHV
LQ�PHDQ�GHYLDWLRQ�IRUP� /HW X EH�WKH�DVVRFLDWHG�GHVLJQ
PDWUL[� :K\�DUH�WKH�FROXPQV�RI X RUWKRJRQDO"

E� :ULWH�WKH�QRUPDO�HTXDWLRQV�IRU�WKH�GDWD�LQ�SDUW��D�� DQG
VROYH�WKHP�WR�ÀQG�WKH�OHDVW�VTXDUHV�OLQH� y D ˇ0 C ˇ1x

"�
ZKHUH x" D x # 5:5�

��� 6XSSRVH�WKH x�FRRUGLQDWHV�RI�WKH�GDWD .x1; y1/; : : : ; .xn; yn/
DUH�LQ�PHDQ�GHYLDWLRQ�IRUP� VR�WKDW

P
xi D 0� 6KRZ�WKDW�LI

X LV�WKH�GHVLJQ�PDWUL[�IRU�WKH�OHDVW�VTXDUHV�OLQH�LQ�WKLV�FDVH�
WKHQ XTX LV�D�GLDJRQDO�PDWUL[�

([HUFLVHV����DQG����LQYROYH�D�GHVLJQ�PDWUL[ X ZLWK�WZR�RU�PRUH
FROXPQV�DQG�D�OHDVW�VTXDUHV�VROXWLRQ Ǒ RI \ D Xˇ� &RQVLGHU�WKH
IROORZLQJ�QXPEHUV�

�L� kX Ǒ k2³WKH VXP�RI�WKH VTXDUHV�RI�WKH�´UHJUHVVLRQ�WHUP�µ
'HQRWH�WKLV�QXPEHU�E\ 66�5��

�LL� k\ # X Ǒ k2³WKH VXP�RI�WKH VTXDUHV�IRU HUURU�WHUP� 'HQRWH
WKLV�QXPEHU�E\�66�(��

�LLL� k\k2³WKH�́ WRWDOµ VXP�RI�WKH VTXDUHV�RI�WKH y�YDOXHV� 'HQRWH
WKLV�QXPEHU�E\�66�7��

(YHU\�VWDWLVWLFV�WH[W�WKDW�GLVFXVVHV�UHJUHVVLRQ�DQG�WKH�OLQHDU�PRGHO
\ D Xˇ C ! LQWURGXFHV�WKHVH�QXPEHUV� WKRXJK�WHUPLQRORJ\�DQG
QRWDWLRQ�YDU\�VRPHZKDW� 7R�VLPSOLI\�PDWWHUV� DVVXPH�WKDW�WKH
PHDQ�RI�WKH y�YDOXHV�LV�]HUR� ,Q�WKLV�FDVH� 66�7� LV�SURSRUWLRQDO
WR�ZKDW�LV�FDOOHG�WKH YDULDQFH RI�WKH�VHW�RI y�YDOXHV�

��� -XVWLI\�WKH�HTXDWLRQ 66�7� D 66�5� C 66�(�� >+LQW� 8VH�D
WKHRUHP� DQG�H[SODLQ�ZK\�WKH�K\SRWKHVHV�RI�WKH�WKHRUHP�DUH
VDWLVÀHG�@ 7KLV�HTXDWLRQ�LV�H[WUHPHO\�LPSRUWDQW�LQ�VWDWLVWLFV�
ERWK�LQ�UHJUHVVLRQ�WKHRU\�DQG�LQ�WKH�DQDO\VLV�RI�YDULDQFH�

��� 6KRZ�WKDW kX Ǒ k2  Ǒ T XT\� >+LQW� 5HZULWH�WKH�OHIW�VLGH
DQG�XVH�WKH�IDFW�WKDW Ǒ VDWLVÀHV�WKH�QRUPDO�HTXDWLRQV�@ 7KLV
IRUPXOD�IRU�66�5� LV�XVHG�LQ�VWDWLVWLFV� )URP�WKLV�DQG�IURP
([HUFLVH ��� REWDLQ�WKH�VWDQGDUG�IRUPXOD�IRU�66�(��

66�(� D \T \ # Ǒ T
XT \

&RQVWUXFW X DQG ˇ VR�WKDW�WKH kWK�URZ�RI Xˇ LV�WKH�SUHGLFWHG y�YDOXH�WKDW�FRUUHVSRQGV

x

y

6DOHV�WUHQG�ZLWK�VHDVRQDO
ÁXFWXDWLRQV�

WR�WKH�GDWD�SRLQW .xk; yk/� QDPHO\�

ˇ0 C ˇ1xk C ˇ2 VLQ.2"xk=12/

,W�VKRXOG�EH�FOHDU�WKDW

X D

2
64

1 x1 VLQ.2"x1=12/
:::

:::
:::

1 xn VLQ.2"xn=12/

3
75 ; ˇ D

2
4

ˇ0

ˇ1

ˇ2

3
5



2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV

1RWLRQV �RI � OHQJWK� GLVWDQFH� DQG �RUWKRJRQDOLW\ �DUH �RIWHQ � LPSRUWDQW � LQ �DSSOLFDWLRQV
LQYROYLQJ�D�YHFWRU�VSDFH� )RU Rn� WKHVH�FRQFHSWV�ZHUH�EDVHG�RQ�WKH�SURSHUWLHV�RI�WKH
LQQHU�SURGXFW�OLVWHG�LQ�7KHRUHP ��RI�6HFWLRQ ���� )RU�RWKHU�VSDFHV� ZH�QHHG�DQDORJXHV�RI
WKH�LQQHU�SURGXFW�ZLWK�WKH�VDPH�SURSHUWLHV� 7KH�FRQFOXVLRQV�RI�7KHRUHP ��QRZ�EHFRPH
D[LRPV LQ�WKH�IROORZLQJ�GHÀQLWLRQ�

$Q LQQHU�SURGXFW RQ�D�YHFWRU�VSDFH V LV�D�IXQFWLRQ�WKDW� WR�HDFK�SDLU�RI�YHFWRUV
X DQG Y LQ V � DVVRFLDWHV�D�UHDO�QXPEHU hX; Yi DQG�VDWLVÀHV�WKH�IROORZLQJ�D[LRPV�
IRU�DOO X� Y� Z LQ V DQG�DOO�VFDODUV c�

�� hX; Yi D hY; Xi
�� hX C Y;Zi D hX;Zi C hY;Zi
�� hcX; Yi D chX; Yi
�� hX;Xi $ 0 DQG hX; Xi D 0 LI�DQG�RQO\�LI X D �

$ YHFWRU�VSDFH�ZLWK�DQ�LQQHU�SURGXFW�LV�FDOOHG�DQ LQQHU�SURGXFW�VSDFH�

7KH�YHFWRU�VSDFH Rn ZLWK�WKH�VWDQGDUG�LQQHU�SURGXFW�LV�DQ�LQQHU�SURGXFW�VSDFH� DQG
QHDUO\�HYHU\WKLQJ�GLVFXVVHG�LQ�WKLV�FKDSWHU�IRU Rn FDUULHV�RYHU�WR�LQQHU�SURGXFW�VSDFHV�
7KH�H[DPSOHV�LQ�WKLV�VHFWLRQ�DQG�WKH�QH[W�OD\�WKH�IRXQGDWLRQ�IRU�D�YDULHW\�RI�DSSOLFDWLRQV
WUHDWHG�LQ�FRXUVHV�LQ�HQJLQHHULQJ� SK\VLFV� PDWKHPDWLFV� DQG�VWDWLVWLFV�

)L[ � DQ\ � WZR � SRVLWLYH � QXPEHUV³VD\� � � DQG � �³DQG � IRU � YHFWRUV
X D .u1; u2/ DQG Y D .v1; v2/ LQ R2� VHW

hX; Yi D 4u1v1 C 5u2v2 ���

6KRZ�WKDW�HTXDWLRQ�����GHÀQHV�DQ�LQQHU�SURGXFW�

&HUWDLQO\ � $[LRP � � LV � VDWLVÀHG� EHFDXVH hX; Yi D 4u1v1 C 5u2v2 D
4v1u1 C 5v2u2 D hY; Xi� ,I Z D .w1; w2/� WKHQ

hX C Y;Zi D 4.u1 C v1/w1 C 5.u2 C v2/w2

D 4u1w1 C 5u2w2 C 4v1w1 C 5v2w2

D hX;Zi C hY;Zi
7KLV�YHULÀHV�$[LRP �� )RU�$[LRP �� FRPSXWH

hcX; Yi D 4.cu1/v1 C 5.cu2/v2 D c.4u1v1 C 5u2v2/ D chX; Yi
)RU�$[LRP �� QRWH�WKDW hX; Xi D 4u2

1 C 5u2
2 $ 0� DQG 4u2

1 C 5u2
2 D 0 RQO\�LI u1 D u2 D

0� WKDW�LV� LI X D �� $OVR� h�; �i D 0� 6R�����GHÀQHV�DQ�LQQHU�SURGXFW�RQ R2�

,QQHU �SURGXFWV � VLPLODU � WR � ��� �FDQ �EH �GHÀQHG �RQ Rn� 7KH\ �DULVH �QDWXUDOO\ � LQ
FRQQHFWLRQ�ZLWK�´ZHLJKWHG�OHDVW�VTXDUHVµ�SUREOHPV� LQ�ZKLFK�ZHLJKWV�DUH�DVVLJQHG�WR
WKH�YDULRXV�HQWULHV�LQ�WKH�VXP�IRU�WKH�LQQHU�SURGXFW�LQ�VXFK�D�ZD\�WKDW�PRUH�LPSRUWDQFH
LV�JLYHQ�WR�WKH�PRUH�UHOLDEOH�PHDVXUHPHQWV�

)URP�QRZ�RQ� ZKHQ�DQ�LQQHU�SURGXFW�VSDFH�LQYROYHV�SRO\QRPLDOV�RU�RWKHU�IXQFWLRQV�
ZH�ZLOO�ZULWH�WKH�IXQFWLRQV�LQ�WKH�IDPLOLDU�ZD\� UDWKHU�WKDQ�XVH�WKH�EROGIDFH�W\SH�IRU
YHFWRUV� 1HYHUWKHOHVV� LW�LV�LPSRUWDQW�WR�UHPHPEHU�WKDW�HDFK�IXQFWLRQ LV D�YHFWRU�ZKHQ
LW�LV�WUHDWHG�DV�DQ�HOHPHQW�RI�D�YHFWRU�VSDFH�



,QQHU�3URGXFW�6SDFHV

/HW t0; : : : ; tn EH�GLVWLQFW�UHDO�QXPEHUV� )RU p DQG q LQ Pn� GHÀQH
hp; qi D p.t0/q.t0/ C p.t1/q.t1/ C " " " C p.tn/q.tn/ ���

,QQHU�SURGXFW�$[LRPV �²��DUH�UHDGLO\�FKHFNHG� )RU�$[LRP �� QRWH�WKDW
hp; pi D Œp.t0/!2 C Œp.t1/!2 C " " " C Œp.tn/!2 $ 0

$OVR� h�; �i D 0� �7KH�EROGIDFH�]HUR�KHUH�GHQRWHV�WKH�]HUR�SRO\QRPLDO� WKH�]HUR�YHFWRU
LQ Pn�� ,I hp; pi D 0� WKHQ p PXVW�YDQLVK�DW n C 1 SRLQWV� t0; : : : ; tn� 7KLV�LV�SRVVLEOH
RQO\�LI p LV�WKH�]HUR�SRO\QRPLDO� EHFDXVH�WKH�GHJUHH�RI p LV�OHVV�WKDQ n C 1� 7KXV����
GHÀQHV�DQ�LQQHU�SURGXFW�RQ Pn�

/HW V EH P2� ZLWK�WKH�LQQHU�SURGXFW�IURP�([DPSOH �� ZKHUH t0 D 0�
t1 D 1

2
� DQG t2 D 1� /HW p.t/ D 12t2 DQG q.t/ D 2t # 1� &RPSXWH hp; qi DQG hq; qi�

hp; qi D p.0/q.0/ C p
#

1
2

$
q
#

1
2

$
C p.1/q.1/

D .0/.#1/ C .3/.0/ C .12/.1/ D 12

hq; qi D Œq.0/!2 C Œq
#

1
2

$
!2 C Œq.1/!2

D .#1/2 C .0/2 C .1/2 D 2

/HQJWKV� 'LVWDQFHV� DQG�2UWKRJRQDOLW\
/HW V EH�DQ�LQQHU�SURGXFW�VSDFH� ZLWK�WKH�LQQHU�SURGXFW�GHQRWHG�E\ hX; Yi� -XVW�DV�LQ
Rn� ZH�GHÀQH�WKH OHQJWK� RU QRUP� RI�D�YHFWRU Y WR�EH�WKH�VFDODU

kYk D
p

hY; Yi
(TXLYDOHQWO\� kYk2 D hY; Yi� �7KLV�GHÀQLWLRQ�PDNHV�VHQVH�EHFDXVH hY; Yi $ 0� EXW�WKH
GHÀQLWLRQ GRHV�QRW VD\�WKDW hY; Yi LV�D�´VXP�RI�VTXDUHV�µ EHFDXVH Y QHHG�QRW�EH�DQ�HOHPHQW
RI Rn��

$ XQLW�YHFWRU LV�RQH�ZKRVH�OHQJWK�LV��� 7KH GLVWDQFH�EHWZHHQ X DQG Y LV kX # Yk�
9HFWRUV X DQG Y DUH RUWKRJRQDO LI hX; Yi D 0�

/HW P2 KDYH�WKH�LQQHU�SURGXFW�����RI�([DPSOH �� &RPSXWH�WKH�OHQJWKV
RI�WKH�YHFWRUV p.t/ D 12t2 DQG q.t/ D 2t # 1�

kpk2 D hp; pi D Œp.0/!2 C
%
p
#

1
2

$&2 C Œp.1/!2

D 0 C Œ3!2 C Œ12!2 D 153

kpk D
p

153

)URP�([DPSOH �� hq; qi D 2� +HQFH kqk D
p

2�

7KH�*UDP±6FKPLGW�3URFHVV
7KH�H[LVWHQFH�RI�RUWKRJRQDO�EDVHV�IRU�ÀQLWH�GLPHQVLRQDO�VXEVSDFHV�RI�DQ�LQQHU�SURGXFW
VSDFH�FDQ�EH�HVWDEOLVKHG�E\�WKH�*UDP²6FKPLGW�SURFHVV� MXVW�DV�LQ Rn� &HUWDLQ�RUWKRJR�
QDO�EDVHV�WKDW�DULVH�IUHTXHQWO\�LQ�DSSOLFDWLRQV�FDQ�EH�FRQVWUXFWHG�E\�WKLV�SURFHVV�

7KH�RUWKRJRQDO�SURMHFWLRQ�RI�D�YHFWRU�RQWR�D�VXEVSDFH W ZLWK�DQ�RUWKRJRQDO�EDVLV
FDQ�EH�FRQVWUXFWHG�DV�XVXDO� 7KH�SURMHFWLRQ�GRHV�QRW�GHSHQG�RQ�WKH�FKRLFH�RI�RUWKRJRQDO
EDVLV� DQG�LW�KDV�WKH�SURSHUWLHV�GHVFULEHG�LQ�WKH�2UWKRJRQDO�'HFRPSRVLWLRQ�7KHRUHP�DQG
WKH�%HVW�$SSUR[LPDWLRQ�7KHRUHP�



2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV

/HWV EHP4 ZLWK�WKH�LQQHU�SURGXFW�LQ�([DPSOH �� LQYROYLQJ�HYDOXDWLRQ
RI�SRO\QRPLDOV�DW #2� #1� �� �� DQG��� DQG�YLHZ P2 DV�D�VXEVSDFH�RI V � 3URGXFH�DQ
RUWKRJRQDO�EDVLV�IRU P2 E\�DSSO\LQJ�WKH�*UDP²6FKPLGW�SURFHVV�WR�WKH�SRO\QRPLDOV��� t �
DQG t 2�

7KH�LQQHU�SURGXFW�GHSHQGV�RQO\�RQ�WKH�YDOXHV�RI�D�SRO\QRPLDO�DW#2; : : : ; 2�
VR�ZH�OLVW�WKH�YDOXHV�RI�HDFK�SRO\QRPLDO�DV�D�YHFWRU�LQ R5� XQGHUQHDWK�WKH�QDPH�RI�WKH
SRO\QRPLDO�ñ

3RO\QRPLDO� � t t 2

9HFWRU�RI�YDOXHV�

2
66664

1
1
1
1
1

3
77775

;

2
66664

#2
#1

0
1
2

3
77775

;

2
66664

4
1
0
1
4

3
77775

7KH�LQQHU�SURGXFW�RI�WZR�SRO\QRPLDOV�LQ V HTXDOV�WKH��VWDQGDUG��LQQHU�SURGXFW�RI�WKHLU
FRUUHVSRQGLQJ�YHFWRUV�LQ R5� 2EVHUYH�WKDW t LV�RUWKRJRQDO�WR�WKH�FRQVWDQW�IXQFWLRQ��� 6R
WDNH p0.t/ D 1 DQG p1.t/ D t � )RU p2� XVH�WKH�YHFWRUV�LQ R5 WR�FRPSXWH�WKH�SURMHFWLRQ
RI t 2 RQWR 6SDQ fp0; p1g�

ht 2; p0i D ht 2; 1i D 4 C 1 C 0 C 1 C 4 D 10

hp0; p0i D 5

ht 2; p1i D ht 2; ti D #8 C .#1/ C 0 C 1 C 8 D 0

7KH�RUWKRJRQDO�SURMHFWLRQ�RI t 2 RQWR 6SDQ f1; tg LV 10
5

p0 C 0p1� 7KXV

p2.t/ D t 2 # 2p0.t/ D t 2 # 2

$Q�RUWKRJRQDO�EDVLV�IRU�WKH�VXEVSDFH P2 RI V LV�
3RO\QRPLDO� p0 p1 p2

9HFWRU�RI�YDOXHV�

2
66664

1
1
1
1
1

3
77775

;

2
66664

#2
#1

0
1
2

3
77775

;

2
66664

2
#1
#2
#1

2

3
77775

���

%HVW�$SSUR[LPDWLRQ�LQ�,QQHU�3URGXFW�6SDFHV
$ FRPPRQ�SUREOHP�LQ�DSSOLHG�PDWKHPDWLFV�LQYROYHV�D�YHFWRU�VSDFH V ZKRVH�HOHPHQWV
DUH�IXQFWLRQV� 7KH�SUREOHP�LV�WR�DSSUR[LPDWH�D�IXQFWLRQ f LQ V E\�D�IXQFWLRQ g IURP�D
VSHFLÀHG�VXEVSDFH W RI V � 7KH�´FORVHQHVVµ�RI�WKH�DSSUR[LPDWLRQ�RI f GHSHQGV�RQ�WKH
ZD\ kf # gk LV�GHÀQHG� :H�ZLOO�FRQVLGHU�RQO\�WKH�FDVH�LQ�ZKLFK�WKH�GLVWDQFH�EHWZHHQ
f DQG g LV�GHWHUPLQHG�E\�DQ�LQQHU�SURGXFW� ,Q�WKLV�FDVH� WKH EHVW�DSSUR[LPDWLRQ�WR f E\
IXQFWLRQV�LQ W LV�WKH�RUWKRJRQDO�SURMHFWLRQ�RI f RQWR�WKH�VXEVSDFH W �

/HW V EH P4 ZLWK�WKH�LQQHU�SURGXFW�LQ�([DPSOH �� DQG�OHW p0� p1�
DQG p2 EH�WKH�RUWKRJRQDO�EDVLV�IRXQG�LQ�([DPSOH ��IRU�WKH�VXEVSDFH P2� )LQG�WKH�EHVW
DSSUR[LPDWLRQ�WR p.t/ D 5 # 1

2
t4 E\�SRO\QRPLDOV�LQ P2�

ñ(DFK�SRO\QRPLDO�LQ P4 LV�XQLTXHO\�GHWHUPLQHG�E\�LWV�YDOXH�DW�WKH�ÀYH�QXPEHUV !2; : : : ; 2� ,Q�IDFW� WKH
FRUUHVSRQGHQFH�EHWZHHQ p DQG�LWV�YHFWRU�RI�YDOXHV�LV�DQ�LVRPRUSKLVP� WKDW�LV� D�RQH�WR�RQH�PDSSLQJ�RQWR
R5 WKDW�SUHVHUYHV�OLQHDU�FRPELQDWLRQV�



,QQHU�3URGXFW�6SDFHV

7KH�YDOXHV�RI p0; p1� DQG p2 DW�WKH�QXPEHUV #2� #1� �� �� DQG���DUH�OLVWHG
LQ R5 YHFWRUV�LQ�����DERYH� 7KH�FRUUHVSRQGLQJ�YDOXHV�IRU p DUH #3� ���� �� ���� DQG #3�
&RPSXWH

hp; p0i D 8; hp; p1i D 0; hp; p2i D #31

hp0; p0i D 5; hp2; p2i D 14

7KHQ�WKH�EHVW�DSSUR[LPDWLRQ�LQ V WR p E\�SRO\QRPLDOV�LQ P2 LV

Op D SURMP2
p D hp; p0i

hp0; p0ip0 C hp; p1i
hp1; p1ip1 C hp; p2i

hp2; p2ip2

D 8
5
p0 C !31

14
p2 D 8

5
# 31

14
.t2 # 2/:

7KLV�SRO\QRPLDO�LV�WKH�FORVHVW�WR p RI�DOO�SRO\QRPLDOV�LQ P2� ZKHQ�WKH�GLVWDQFH�EHWZHHQ
SRO\QRPLDOV�LV�PHDVXUHG�RQO\�DW #2� #1� �� �� DQG��� 6HH�)LJ� ��

t

y

2

2

p(t)

p(t)ˆ

7KH�SRO\QRPLDOV p0� p1� DQG p2 LQ�([DPSOHV ��DQG���EHORQJ�WR�D�FODVV�RI�SRO\QRPL�
DOV�WKDW�DUH�UHIHUUHG�WR�LQ�VWDWLVWLFV�DV RUWKRJRQDO�SRO\QRPLDOV�ò 7KH�RUWKRJRQDOLW\�UHIHUV
WR�WKH�W\SH�RI�LQQHU�SURGXFW�GHVFULEHG�LQ�([DPSOH ��

7ZR�,QHTXDOLWLHV
*LYHQ�D�YHFWRU Y LQ�DQ�LQQHU�SURGXFW�VSDFH V DQG�JLYHQ�D�ÀQLWH�GLPHQVLRQDO�VXEVSDFH
W � ZH�PD\�DSSO\�WKH�3\WKDJRUHDQ�7KHRUHP�WR�WKH�RUWKRJRQDO�GHFRPSRVLWLRQ�RI Y ZLWK
UHVSHFW�WR W DQG�REWDLQ

kYk2 D k SURMW Yk2 C kY # SURMW Yk2

6HH�)LJ���� ,Q�SDUWLFXODU� WKLV�VKRZV�WKDW�WKH�QRUP�RI�WKH�SURMHFWLRQ�RI Y RQWRW GRHV�QRW
H[FHHG�WKH�QRUP�RI Y LWVHOI� 7KLV�VLPSOH�REVHUYDWLRQ�OHDGV�WR�WKH�IROORZLQJ�LPSRUWDQW

v

0
W

||v – projWv||

||projWv||

||v||

projWv

7KH�K\SRWHQXVH�LV�WKH�ORQJHVW�VLGH�
LQHTXDOLW\�

)RU�DOO X� Y LQ V �
jhX; Yij % kXk kYk ���

ò6HH 6WDWLVWLFV�DQG�([SHULPHQWDO�'HVLJQ�LQ�(QJLQHHULQJ�DQG�WKH�3K\VLFDO�6FLHQFHV� �QG�HG�� E\�1RUPDQ
/� -RKQVRQ�DQG�)UHG�&� /HRQH��1HZ�<RUN� -RKQ�:LOH\�	�6RQV� ������ 7DEOHV�WKHUH�OLVW�´2UWKRJRQDO
3RO\QRPLDOV�µ ZKLFK�DUH�VLPSO\�WKH�YDOXHV�RI�WKH�SRO\QRPLDO�DW�QXPEHUV�VXFK�DV !2� !1� �� �� DQG���



2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV

,I X D �� WKHQ�ERWK�VLGHV�RI�����DUH�]HUR� DQG�KHQFH�WKH�LQHTXDOLW\�LV�WUXH�LQ�WKLV
FDVH� �6HH�3UDFWLFH�3UREOHP ��� ,I X ¤ �� OHW W EH�WKH�VXEVSDFH�VSDQQHG�E\ X� 5HFDOO
WKDW kcXk D jcj kXk IRU�DQ\�VFDODU c� 7KXV

k SURMW Yk D
++++

hY;Xi
hX; XiX

++++ D jhY; Xij
jhX;XijkXk D jhY; Xij

kXk2
kXk D jhX; Yij

kXk

6LQFH k SURMW Yk % kYk� ZH�KDYH jhX; Yij
kXk % kYk� ZKLFK�JLYHV�����

7KH�&DXFK\²6FKZDU]�LQHTXDOLW\�LV�XVHIXO�LQ�PDQ\�EUDQFKHV�RI�PDWKHPDWLFV� $ IHZ
VLPSOH�DSSOLFDWLRQV�DUH�SUHVHQWHG�LQ�WKH�H[HUFLVHV� 2XU�PDLQ�QHHG�IRU�WKLV�LQHTXDOLW\�KHUH
LV�WR�SURYH�DQRWKHU�IXQGDPHQWDO�LQHTXDOLW\�LQYROYLQJ�QRUPV�RI�YHFWRUV� 6HH�)LJ� ��

)RU�DOO X; Y LQ V �
kX C Yk % kXk C kYk

kX C Yk2 D hX C Y;X C Yi D hX;Xi C 2hX; Yi C hY; Yi
% kXk2 C 2jhX; Yij C kYk2

% kXk2 C 2kXk kYk C kYk2 &DXFK\²6FKZDU]
D .kXk C kYk/2

7KH�WULDQJOH�LQHTXDOLW\�IROORZV�LPPHGLDWHO\�E\�WDNLQJ�VTXDUH�URRWV�RI�ERWK�VLGHV�

0 u

v

||u + v||

u + v

||v||

||u||

7KH�OHQJWKV�RI�WKH�VLGHV�RI�D
WULDQJOH�

$Q�,QQHU�3URGXFW�IRU C Œa; b! �&DOFXOXV�UHTXLUHG�
3UREDEO\�WKH�PRVW�ZLGHO\�XVHG�LQQHU�SURGXFW�VSDFH�IRU�DSSOLFDWLRQV�LV�WKH�YHFWRU�VSDFH
C Œa; b! RI�DOO�FRQWLQXRXV�IXQFWLRQV�RQ�DQ�LQWHUYDO a % t % b� ZLWK�DQ�LQQHU�SURGXFW�WKDW
ZH�ZLOO�GHVFULEH�

:H�EHJLQ�E\�FRQVLGHULQJ�D�SRO\QRPLDO p DQG�DQ\�LQWHJHU n ODUJHU�WKDQ�RU�HTXDO
WR�WKH�GHJUHH�RI p� 7KHQ p LV�LQ Pn� DQG�ZH�PD\�FRPSXWH�D�´OHQJWKµ�IRU p XVLQJ�WKH
LQQHU�SURGXFW�RI�([DPSOH ��LQYROYLQJ�HYDOXDWLRQ�DW n C 1 SRLQWV�LQ Œa; b!� +RZHYHU�
WKLV�OHQJWK�RI p FDSWXUHV�WKH�EHKDYLRU�DW�RQO\�WKRVH n C 1 SRLQWV� 6LQFH p LV�LQ Pn IRU
DOO�ODUJH n� ZH�FRXOG�XVH�D�PXFK�ODUJHU n� ZLWK�PDQ\�PRUH�SRLQWV�IRU�WKH�´HYDOXDWLRQµ
LQQHU�SURGXFW� 6HH�)LJ� ��

t
ba

t
ba

p(t) p(t)

8VLQJ�GLIIHUHQW�QXPEHUV�RI�HYDOXDWLRQ�SRLQWV�LQ Œa; b! WR�FRPSXWH
kpk2�
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/HW�XV�SDUWLWLRQ Œa; b! LQWR n C 1 VXELQWHUYDOV�RI�OHQJWK $t D .b # a/=.n C 1/� DQG
OHW t0; : : : ; tn EH�DUELWUDU\�SRLQWV�LQ�WKHVH�VXELQWHUYDOV�

a t0

∆t

tj btn

,I n LV�ODUJH� WKH�LQQHU�SURGXFW�RQ Pn GHWHUPLQHG�E\ t0; : : : ; tn ZLOO�WHQG�WR�JLYH�D�ODUJH
YDOXH�WR hp; pi� VR�ZH�VFDOH�LW�GRZQ�DQG�GLYLGH�E\ n C 1� 2EVHUYH�WKDW 1=.n C 1/ D
$t=.b # a/� DQG�GHÀQH

hp; qi D 1

n C 1

nX
jD0

p.tj /q.tj / D 1

b # a

2
4

nX
jD0

p.tj /q.tj /$t

3
5

1RZ� OHW n LQFUHDVH�ZLWKRXW�ERXQG� 6LQFH�SRO\QRPLDOVp DQG q DUH�FRQWLQXRXV�IXQFWLRQV�
WKH�H[SUHVVLRQ�LQ�EUDFNHWV�LV�D�5LHPDQQ�VXP�WKDW�DSSURDFKHV�D�GHÀQLWH�LQWHJUDO� DQG�ZH
DUH�OHG�WR�FRQVLGHU�WKH DYHUDJH�YDOXH�RI p.t/q.t/ RQ�WKH�LQWHUYDO Œa; b!�

1

b # a

Z b

a

p.t/q.t/ dt

7KLV�TXDQWLW\�LV�GHÀQHG�IRU�SRO\QRPLDOV�RI�DQ\�GHJUHH��LQ�IDFW� IRU�DOO �FRQWLQXRXV
IXQFWLRQV�� DQG�LW�KDV�DOO�WKH�SURSHUWLHV�RI�DQ�LQQHU�SURGXFW� DV�WKH�QH[W�H[DPSOH�VKRZV�
7KH�VFDOH�IDFWRU 1=.b # a/ LV�LQHVVHQWLDO�DQG�LV�RIWHQ�RPLWWHG�IRU�VLPSOLFLW\�

)RU f � g LQ C Œa; b!� VHW

hf; gi D
Z b

a

f .t/g.t/ dt ���

6KRZ�WKDW�����GHÀQHV�DQ�LQQHU�SURGXFW�RQ C Œa; b!�

,QQHU�SURGXFW�$[LRPV �²��IROORZ�IURP�HOHPHQWDU\�SURSHUWLHV�RI�GHÀQLWH
LQWHJUDOV� )RU�$[LRP �� REVHUYH�WKDW

hf; f i D
Z b

a

Œf .t/!2 dt $ 0

7KH�IXQFWLRQ Œf .t/!2 LV�FRQWLQXRXV�DQG�QRQQHJDWLYH�RQ Œa; b!� ,I�WKH�GHÀQLWH�LQWHJUDO�RI
Œf .t/!2 LV�]HUR� WKHQ Œf .t/!2 PXVW�EH�LGHQWLFDOO\�]HUR�RQ Œa; b!� E\�D�WKHRUHP�LQ�DGYDQFHG
FDOFXOXV� LQ�ZKLFK�FDVH f LV�WKH�]HUR�IXQFWLRQ� 7KXV hf; f i D 0 LPSOLHV�WKDW f LV�WKH
]HUR�IXQFWLRQ�RQ Œa; b!� 6R�����GHÀQHV�DQ�LQQHU�SURGXFW�RQ C Œa; b!�

/HW V EH�WKH�VSDFH C Œ0; 1! ZLWK�WKH�LQQHU�SURGXFW�RI�([DPSOH �� DQG
OHW W EH�WKH�VXEVSDFH�VSDQQHG�E\�WKH�SRO\QRPLDOV p1.t/ D 1� p2.t/ D 2t # 1� DQG
p3.t/ D 12t2� 8VH�WKH�*UDP²6FKPLGW�SURFHVV�WR�ÀQG�DQ�RUWKRJRQDO�EDVLV�IRU W �

/HW q1 D p1� DQG�FRPSXWH

hp2; q1i D
Z 1

0

.2t # 1/.1/ dt D .t2 # t /

ˇ̌
ˇ̌
1

0

D 0
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6R p2 LV�DOUHDG\�RUWKRJRQDO�WR q1� DQG�ZH�FDQ�WDNH q2 D p2� )RU�WKH�SURMHFWLRQ�RI p3

RQWR W2 D 6SDQ fq1; q2g� FRPSXWH

hp3; q1i D
Z 1

0

12t2 " 1 dt D 4t3

ˇ̌
ˇ̌
1

0

D 4

hq1; q1i D
Z 1

0

1 " 1 dt D t

ˇ̌
ˇ̌
1

0

D 1

hp3; q2i D
Z 1

0

12t2.2t # 1/ dt D
Z 1

0

.24t3 # 12t2/ dt D 2

hq2; q2i D
Z 1

0

.2t # 1/2 dt D 1

6
.2t # 1/3

ˇ̌
ˇ̌
1

0

D 1

3

7KHQ

SURMW2
p3 D hp3; q1i

hq1; q1i q1 C hp3; q2i
hq2; q2i

q2 D 4

1
q1 C 2

1=3
q2 D 4q1 C 6q2

DQG
q3 D p3 # SURMW2

p3 D p3 # 4q1 # 6q2

$V�D�IXQFWLRQ� q3.t/ D 12t2 # 4 # 6.2t # 1/ D 12t2 # 12t C 2� 7KH�RUWKRJRQDO�EDVLV
IRU�WKH�VXEVSDFH W LV fq1; q2; q3g�

8VH�WKH�LQQHU�SURGXFW�D[LRPV�WR�YHULI\�WKH�IROORZLQJ�VWDWHPHQWV�

�� hY; �i D h�; Yi D 0�
�� hX; Y C Zi D hX; Yi C hX;Zi�

�� /HW R2 KDYH � WKH � LQQHU � SURGXFW � RI � ([DPSOH �� DQG � OHW
[ D .1; 1/ DQG \ D .5; #1/�
D� )LQG k[k� k\k� DQG jh[; \ij2�
E� 'HVFULEH�DOO�YHFWRUV .´1; ´2/ WKDW�DUH�RUWKRJRQDO�WR \�

�� /HW R2 KDYH�WKH�LQQHU�SURGXFW�RI�([DPSOH �� 6KRZ�WKDW
WKH�&DXFK\²6FKZDU]�LQHTXDOLW\�KROGV�IRU [ D .3; #2/ DQG
\ D .#2; 1/� >6XJJHVWLRQ� 6WXG\ jh[; \ij2�@

([HUFLVHV��²��UHIHU�WR P2 ZLWK�WKH�LQQHU�SURGXFW�JLYHQ�E\�HYDOXD�
WLRQ�DW #1� �� DQG��� �6HH�([DPSOH ���

�� &RPSXWH hp; qi� ZKHUH p.t/ D 4 C t � q.t/ D 5 # 4t2�

�� &RPSXWH hp; qi� ZKHUH p.t/ D 3t # t 2� q.t/ D 3 C 2t2�

�� &RPSXWH kpk DQG kqk� IRU p DQG q LQ�([HUFLVH ��

�� &RPSXWH kpk DQG kqk� IRU p DQG q LQ�([HUFLVH ��

�� &RPSXWH�WKH�RUWKRJRQDO�SURMHFWLRQ�RI q RQWR�WKH�VXEVSDFH
VSDQQHG�E\ p� IRU p DQG q LQ�([HUFLVH ��

�� &RPSXWH�WKH�RUWKRJRQDO�SURMHFWLRQ�RI q RQWR�WKH�VXEVSDFH
VSDQQHG�E\ p� IRU p DQG q LQ�([HUFLVH ��

�� /HW P3 KDYH�WKH�LQQHU�SURGXFW�JLYHQ�E\�HYDOXDWLRQ�DW #3� #1�
�� DQG��� /HW p0.t/ D 1� p1.t/ D t � DQG p2.t/ D t 2�
D� &RPSXWH�WKH�RUWKRJRQDO�SURMHFWLRQ�RI p2 RQWR�WKH�VXE�

VSDFH�VSDQQHG�E\ p0 DQG p1�
E� )LQG � D � SRO\QRPLDO q WKDW � LV � RUWKRJRQDO � WR p0 DQG

p1� VXFK � WKDW fp0; p1; qg LV � DQ � RUWKRJRQDO � EDVLV � IRU
6SDQ fp0; p1; p2g� 6FDOH � WKH �SRO\QRPLDO q VR � WKDW � LWV
YHFWRU�RI�YDOXHV�DW .#3; #1; 1; 3/ LV .1; #1; #1; 1/�

��� /HW P3 KDYH�WKH�LQQHU�SURGXFW�DV�LQ�([HUFLVH �� ZLWK p0; p1�
DQG q WKH�SRO\QRPLDOV�GHVFULEHG�WKHUH� )LQG�WKH�EHVW�DSSUR[�
LPDWLRQ�WR p.t/ D t 3 E\�SRO\QRPLDOV�LQ 6SDQ fp0; p1; qg�

��� /HW p0� p1� DQG p2 EH�WKH�RUWKRJRQDO�SRO\QRPLDOV�GHVFULEHG
LQ�([DPSOH��� ZKHUH�WKH�LQQHU�SURGXFW�RQ P4 LV�JLYHQ�E\
HYDOXDWLRQ�DW #2� #1� �� �� DQG��� )LQG� WKH �RUWKRJRQDO
SURMHFWLRQ�RI t 3 RQWR 6SDQ fp0; p1; p2g�

��� )LQG�D �SRO\QRPLDO p3 VXFK� WKDW fp0; p1; p2; p3g �VHH �([�
HUFLVH ��� � LV �DQ �RUWKRJRQDO �EDVLV � IRU � WKH � VXEVSDFH P3 RI
P4� 6FDOH�WKH�SRO\QRPLDO p3 VR�WKDW�LWV�YHFWRU�RI�YDOXHV�LV
.#1; 2; 0; #2; 1/�



$SSOLFDWLRQV�RI�,QQHU�3URGXFW�6SDFHV

��� /HW A EH�DQ\�LQYHUWLEOH n ! n PDWUL[� 6KRZ�WKDW�IRU X� Y LQ
Rn� WKH�IRUPXOD hX; Yi D .AX/! .AY/ D .AX/T .AY/ GHÀQHV
DQ�LQQHU�SURGXFW�RQ Rn�

��� /HW T EH�D�RQH�WR�RQH�OLQHDU�WUDQVIRUPDWLRQ�IURP�D�YHFWRU
VSDFH V LQWR Rn� 6KRZ�WKDW�IRU X� Y LQ V � WKH�IRUPXOD
hX; Yi D T .X/!T .Y/ GHÀQHV�DQ�LQQHU�SURGXFW�RQ V �

8VH�WKH�LQQHU�SURGXFW�D[LRPV�DQG�RWKHU�UHVXOWV�RI�WKLV�VHFWLRQ�WR
YHULI\�WKH�VWDWHPHQWV�LQ�([HUFLVHV���²���

��� hX; cYi D chX; Yi IRU�DOO�VFDODUV c�

��� ,I fX; Yg LV�DQ�RUWKRQRUPDO�VHW�LQ V � WKHQ kX # Yk D
p

2�

��� hX; Yi D 1
4
kX C Yk2 # 1

4
kX # Yk2�

��� kX C Yk2 C kX # Yk2 D 2kXk2 C 2kYk2�

��� *LYHQ a $ 0 DQG b $ 0� OHW X D
!p

ap
b

"
DQG Y D

!p
bp
a

"
�

8VH�WKH�&DXFK\²6FKZDU]�LQHTXDOLW\�WR�FRPSDUH�WKH�JHRPHW�
ULF�PHDQ

p
ab ZLWK�WKH�DULWKPHWLF�PHDQ .a C b/=2�

��� /HW X D
!

a
b

"
DQG Y D

!
1
1

"
� 8VH� WKH �&DXFK\²6FKZDU]

LQHTXDOLW\�WR�VKRZ�WKDW

'
a C b

2

(2

% a2 C b2

2

([HUFLVHV ���²���UHIHU � WR V D C Œ0; 1!� ZLWK � WKH � LQQHU �SURGXFW
JLYHQ�E\�DQ�LQWHJUDO� DV�LQ�([DPSOH ��

��� &RPSXWH hf; gi� ZKHUH f .t/ D 1 # 3t2 DQG g.t/ D t # t 3�
��� &RPSXWH hf; gi� ZKHUH f .t/ D 5t # 3 DQG g.t/ D t 3 # t 2�
��� &RPSXWH kf k IRU f LQ�([HUFLVH ���
��� &RPSXWH kgk IRU g LQ�([HUFLVH ���
��� /HW V EH�WKH�VSDFH C Œ#1; 1! ZLWK�WKH�LQQHU�SURGXFW�RI�([DP�

SOH �� )LQG�DQ�RUWKRJRQDO�EDVLV�IRU�WKH�VXEVSDFH�VSDQQHG�E\
WKH�SRO\QRPLDOV 1� t � DQG t 2� 7KH�SRO\QRPLDOV�LQ�WKLV�EDVLV
DUH�FDOOHG /HJHQGUH�SRO\QRPLDOV�

��� /HW V EH�WKH�VSDFH C Œ#2; 2! ZLWK�WKH�LQQHU�SURGXFW�RI�([DP�
SOH �� )LQG�DQ�RUWKRJRQDO�EDVLV�IRU�WKH�VXEVSDFH�VSDQQHG�E\
WKH�SRO\QRPLDOV 1� t � DQG t 2�

��� >0@ /HW P4 KDYH�WKH�LQQHU�SURGXFW�DV�LQ�([DPSOH �� DQG�OHW
p0� p1� p2 EH�WKH�RUWKRJRQDO�SRO\QRPLDOV�IURP�WKDW�H[DP�
SOH� 8VLQJ�\RXU�PDWUL[�SURJUDP� DSSO\�WKH�*UDP²6FKPLGW
SURFHVV�WR�WKH�VHW fp0; p1; p2; t 3; t 4g WR�FUHDWH�DQ�RUWKRJRQDO
EDVLV�IRU P4�

��� >0@ /HW V EH � WKH � VSDFH C Œ0; 2"! ZLWK � WKH � LQQHU � SURG�
XFW � RI � ([DPSOH �� 8VH � WKH �*UDP²6FKPLGW � SURFHVV � WR
FUHDWH � DQ � RUWKRJRQDO � EDVLV � IRU � WKH � VXEVSDFH � VSDQQHG � E\
f1; FRV t; FRV2 t; FRV3 tg� 8VH�D�PDWUL[�SURJUDP�RU�FRPSXWD�
WLRQDO�SURJUDP�WR�FRPSXWH�WKH�DSSURSULDWH�GHÀQLWH�LQWHJUDOV�

�� %\�$[LRP �� hY; �i D h�; Yi� 7KHQ h�; Yi D h0Y; Yi D 0hY; Yi� E\ �$[LRP �� VR
h�; Yi D 0�

�� %\�$[LRPV �� �� DQG�WKHQ���DJDLQ� hX; Y C Zi D hY C Z; Xi D hY; Xi C hZ; Xi D
hX; Yi C hX;Zi�

7KH�H[DPSOHV�LQ�WKLV�VHFWLRQ�VXJJHVW�KRZ�WKH�LQQHU�SURGXFW�VSDFHV�GHÀQHG�LQ�6HFWLRQ ���
DULVH�LQ�SUDFWLFDO�SUREOHPV� 7KH�ÀUVW�H[DPSOH�LV�FRQQHFWHG�ZLWK�WKH�PDVVLYH�OHDVW�
VTXDUHV�SUREOHP�RI�XSGDWLQJ�WKH�1RUWK�$PHULFDQ�'DWXP� GHVFULEHG�LQ�WKH�FKDSWHU·V
LQWURGXFWRU\�H[DPSOH�

:HLJKWHG�/HDVW�6TXDUHV
/HW \ EH�D�YHFWRU�RI n REVHUYDWLRQV� y1; : : : ; yn� DQG�VXSSRVH�ZH�ZLVK�WR�DSSUR[LPDWH \ E\
D�YHFWRU O\ WKDW�EHORQJV�WR�VRPH�VSHFLÀHG�VXEVSDFH�RI Rn� �,Q�6HFWLRQ ���� O\ ZDV�ZULWWHQ
DV A[ VR�WKDW O\ ZDV�LQ�WKH�FROXPQ�VSDFH�RI A�� 'HQRWH�WKH�HQWULHV�LQ O\ E\ Oy1; : : : ; Oyn�
7KHQ�WKH VXP�RI�WKH�VTXDUHV�IRU�HUURU� RU 66�(�� LQ�DSSUR[LPDWLQJ \ E\ O\ LV

66�(� D .y1 # Oy1/2 C " " " C .yn # Oyn/2 ���

7KLV�LV�VLPSO\ k\ # O\k2� XVLQJ�WKH�VWDQGDUG�OHQJWK�LQ Rn�



2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV

1RZ�VXSSRVH�WKH�PHDVXUHPHQWV�WKDW�SURGXFHG�WKH�HQWULHV�LQ \ DUH�QRW�HTXDOO\
UHOLDEOH� �7KLV�ZDV�WKH�FDVH�IRU�WKH�1RUWK�$PHULFDQ�'DWXP� VLQFH�PHDVXUHPHQWV�ZHUH
PDGH�RYHU�D�SHULRG�RI�����\HDUV�� $V�DQRWKHU�H[DPSOH� WKH�HQWULHV�LQ \ PLJKW�EH
FRPSXWHG�IURP�YDULRXV�VDPSOHV�RI�PHDVXUHPHQWV� ZLWK�XQHTXDO�VDPSOH�VL]HV�� 7KHQ
LW�EHFRPHV�DSSURSULDWH�WR�ZHLJKW�WKH�VTXDUHG�HUURUV�LQ�����LQ�VXFK�D�ZD\�WKDW�PRUH
LPSRUWDQFH�LV�DVVLJQHG�WR�WKH�PRUH�UHOLDEOH�PHDVXUHPHQWV�ñ ,I�WKH�ZHLJKWV�DUH�GHQRWHG
E\ w2

1; : : : ; w2
n� WKHQ�WKH�ZHLJKWHG�VXP�RI�WKH�VTXDUHV�IRU�HUURU�LV

:HLJKWHG�66�(� D w2
1.y1 # Oy1/2 C " " " C w2

n.yn # Oyn/2 ���

7KLV�LV�WKH�VTXDUH�RI�WKH�OHQJWK�RI \ # O\� ZKHUH�WKH�OHQJWK�LV�GHULYHG�IURP�DQ�LQQHU
SURGXFW�DQDORJRXV�WR�WKDW�LQ�([DPSOH ��LQ�6HFWLRQ ���� QDPHO\�

h[; \i D w2
1x1y1 C " " " C w2

nxnyn

,W�LV�VRPHWLPHV�FRQYHQLHQW�WR�WUDQVIRUP�D�ZHLJKWHG�OHDVW�VTXDUHV�SUREOHP�LQWR�DQ
HTXLYDOHQW�RUGLQDU\�OHDVW�VTXDUHV�SUREOHP� /HWW EH�WKH�GLDJRQDO�PDWUL[�ZLWK��SRVLWLYH�
w1; : : : ; wn RQ�LWV�GLDJRQDO� VR�WKDW

W \ D

2
6664

w1 0 " " " 0
0 w2

:::
: : :

:::
0 " " " wn

3
7775

2
6664

y1

y2

:::
yn

3
7775 D

2
6664

w1y1

w2y2

:::
wnyn

3
7775

ZLWK�D�VLPLODU�H[SUHVVLRQ�IRU W O\� 2EVHUYH�WKDW�WKH j WK�WHUP�LQ�����FDQ�EH�ZULWWHQ�DV

w2
j .yj # Oyj /2 D .wj yj # wj Oyj /2

,W�IROORZV�WKDW�WKH�ZHLJKWHG 66�(� LQ�����LV�WKH�VTXDUH�RI�WKH�RUGLQDU\�OHQJWK�LQ Rn RI
W \ # W O\� ZKLFK�ZH�ZULWH�DV kW \ # W O\k2�

1RZ�VXSSRVH�WKH�DSSUR[LPDWLQJ�YHFWRU O\ LV�WR�EH�FRQVWUXFWHG�IURP�WKH�FROXPQV�RI
D�PDWUL[ A� 7KHQ�ZH�VHHN�DQ O[ WKDW�PDNHV AO[ D O\ DV�FORVH�WR \ DV�SRVVLEOH� +RZHYHU�
WKH�PHDVXUH�RI�FORVHQHVV�LV�WKH�ZHLJKWHG�HUURU�

kW \ # W O\k2 D kW \ # WAO[k2

7KXV O[ LV�WKH��RUGLQDU\��OHDVW�VTXDUHV�VROXWLRQ�RI�WKH�HTXDWLRQ

WA[ D W \

7KH�QRUPDO�HTXDWLRQ�IRU�WKH�OHDVW�VTXDUHV�VROXWLRQ�LV

.WA/T WA[ D .WA/T W \

)LQG � WKH � OHDVW�VTXDUHV � OLQH y D ˇ0 C ˇ1x WKDW � EHVW � ÀWV � WKH � GDWD
.#2; 3/� .#1; 5/� .0; 5/� .1; 4/� DQG .2; 3/� 6XSSRVH�WKH�HUURUV�LQ�PHDVXULQJ�WKH y�YDOXHV
RI�WKH�ODVW�WZR�GDWD�SRLQWV�DUH�JUHDWHU�WKDQ�IRU�WKH�RWKHU�SRLQWV� :HLJKW�WKHVH�GDWD�KDOI
DV�PXFK�DV�WKH�UHVW�RI�WKH�GDWD�

ñ1RWH�IRU�UHDGHUV�ZLWK�D�EDFNJURXQG�LQ�VWDWLVWLFV� 6XSSRVH�WKH�HUURUV�LQ�PHDVXULQJ�WKH yi DUH�LQGHSHQGHQW
UDQGRP�YDULDEOHV�ZLWK�PHDQV�HTXDO�WR�]HUR�DQG�YDULDQFHV�RI %2

1 ; : : : ; %2
n � 7KHQ�WKH�DSSURSULDWH�ZHLJKWV�LQ����

DUH w2
i D 1=%2

i � 7KH�ODUJHU�WKH�YDULDQFH�RI�WKH�HUURU� WKH�VPDOOHU�WKH�ZHLJKW�
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$V�LQ�6HFWLRQ ���� ZULWH X IRU�WKH�PDWUL[ A DQG ˇ IRU�WKH�YHFWRU [� DQG
REWDLQ

X D

2
66664

1 #2
1 #1
1 0
1 1
1 2

3
77775

; ˇ D
!

ˇ0

ˇ1

"
; \ D

2
66664

3
5
5
4
3

3
77775

)RU�D�ZHLJKWLQJ�PDWUL[� FKRRVH W ZLWK�GLDJRQDO�HQWULHV��� �� �� �� DQG��� /HIW�
PXOWLSOLFDWLRQ�E\ W VFDOHV�WKH�URZV�RI X DQG \�

WX D

2
66664

2 #4
2 #2
2 0
1 1
1 2

3
77775

; W \ D

2
66664

6
10
10
4
3

3
77775

)RU�WKH�QRUPDO�HTXDWLRQ� FRPSXWH

.WX/T WX D
!

14 #9
#9 25

"
DQG .WX/T W \ D

!
59

#34

"

DQG�VROYH !
14 #9
#9 25

"!
ˇ0

ˇ1

"
D
!

59
#34

"

7KH�VROXWLRQ�RI�WKH�QRUPDO�HTXDWLRQ�LV��WR�WZR�VLJQLÀFDQW�GLJLWV� ˇ0 D 4:3 DQG ˇ1 D :20�
7KH�GHVLUHG�OLQH�LV

y D 4:3 C :20x

,Q�FRQWUDVW� WKH�RUGLQDU\�OHDVW�VTXDUHV�OLQH�IRU�WKHVH�GDWD�LV

y D 4:0 # :10x

%RWK�OLQHV�DUH�GLVSOD\HG�LQ�)LJ� ��

2

2

–2

y = 4 – .1x

y = 4.3 + .2x

y

x

:HLJKWHG�DQG�RUGLQDU\
OHDVW�VTXDUHV�OLQHV�

7UHQG�$QDO\VLV�RI�'DWD
/HW f UHSUHVHQW�DQ�XQNQRZQ�IXQFWLRQ�ZKRVH�YDOXHV�DUH�NQRZQ��SHUKDSV�RQO\�DSSUR[�
LPDWHO\��DW t0; : : : ; tn� ,I�WKHUH�LV�D�´OLQHDU�WUHQGµ�LQ�WKH�GDWD f .t0/; : : : ; f .tn/� WKHQ
ZH�PLJKW�H[SHFW�WR�DSSUR[LPDWH�WKH�YDOXHV�RI f E\�D�IXQFWLRQ�RI�WKH�IRUP ˇ0 C ˇ1t �
,I�WKHUH�LV�D�´TXDGUDWLF�WUHQGµ�WR�WKH�GDWD� WKHQ�ZH�ZRXOG�WU\�D�IXQFWLRQ�RI�WKH�IRUP
ˇ0 C ˇ1t C ˇ2t2� 7KLV�ZDV�GLVFXVVHG�LQ�6HFWLRQ ���� IURP�D�GLIIHUHQW�SRLQW�RI�YLHZ�

,Q�VRPH�VWDWLVWLFDO�SUREOHPV� LW�LV�LPSRUWDQW�WR�EH�DEOH�WR�VHSDUDWH�WKH�OLQHDU�WUHQG
IURP�WKH�TXDGUDWLF�WUHQG��DQG�SRVVLEO\�FXELF�RU�KLJKHU�RUGHU�WUHQGV�� )RU�LQVWDQFH�
VXSSRVH�HQJLQHHUV�DUH�DQDO\]LQJ�WKH�SHUIRUPDQFH�RI�D�QHZ�FDU� DQG f .t/ UHSUHVHQWV
WKH�GLVWDQFH�EHWZHHQ�WKH�FDU�DW�WLPH t DQG�VRPH�UHIHUHQFH�SRLQW� ,I�WKH�FDU�LV�WUDYHOLQJ
DW�FRQVWDQW�YHORFLW\� WKHQ�WKH�JUDSK�RI f .t/ VKRXOG�EH�D�VWUDLJKW�OLQH�ZKRVH�VORSH�LV�WKH
FDU·V�YHORFLW\� ,I�WKH�JDV�SHGDO�LV�VXGGHQO\�SUHVVHG�WR�WKH�ÁRRU� WKH�JUDSK�RI f .t/ ZLOO
FKDQJH�WR�LQFOXGH�D�TXDGUDWLF�WHUP�DQG�SRVVLEO\�D�FXELF�WHUP��GXH�WR�WKH�DFFHOHUDWLRQ��
7R�DQDO\]H�WKH�DELOLW\�RI�WKH�FDU�WR�SDVV�DQRWKHU�FDU� IRU�H[DPSOH� HQJLQHHUV�PD\�ZDQW
WR�VHSDUDWH�WKH�TXDGUDWLF�DQG�FXELF�FRPSRQHQWV�IURP�WKH�OLQHDU�WHUP�

,I�WKH�IXQFWLRQ�LV�DSSUR[LPDWHG�E\�D�FXUYH�RI�WKH�IRUP y D ˇ0 C ˇ1t C ˇ2t2� WKH
FRHIÀFLHQW ˇ2 PD\�QRW�JLYH�WKH�GHVLUHG�LQIRUPDWLRQ�DERXW�WKH�TXDGUDWLF�WUHQG�LQ�WKH�GDWD�
EHFDXVH�LW�PD\�QRW�EH�´LQGHSHQGHQWµ�LQ�D�VWDWLVWLFDO�VHQVH�IURP�WKH�RWKHU ˇi � 7R�PDNH
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ZKDW�LV�NQRZQ�DV�D WUHQG�DQDO\VLV RI�WKH�GDWD� ZH�LQWURGXFH�DQ�LQQHU�SURGXFW�RQ�WKH
VSDFH Pn DQDORJRXV�WR�WKDW�JLYHQ�LQ�([DPSOH ��LQ�6HFWLRQ ���� )RU p� q LQ Pn� GHÀQH

hp; qi D p.t0/q.t0/ C " " " C p.tn/q.tn/

,Q�SUDFWLFH� VWDWLVWLFLDQV�VHOGRP�QHHG�WR�FRQVLGHU�WUHQGV�LQ�GDWD�RI�GHJUHH�KLJKHU�WKDQ
FXELF�RU�TXDUWLF� 6R�OHW p0� p1� p2� p3 GHQRWH�DQ�RUWKRJRQDO�EDVLV�RI�WKH�VXEVSDFH P3 RI
Pn� REWDLQHG�E\�DSSO\LQJ�WKH�*UDP²6FKPLGW�SURFHVV�WR�WKH�SRO\QRPLDOV��� t � t 2� DQG t 3�
%\�6XSSOHPHQWDU\�([HUFLVH ���LQ�&KDSWHU �� WKHUH�LV�D�SRO\QRPLDO g LQ Pn ZKRVH�YDOXHV
DW t0; : : : ; tn FRLQFLGH�ZLWK�WKRVH�RI�WKH�XQNQRZQ�IXQFWLRQ f � /HW Og EH�WKH�RUWKRJRQDO
SURMHFWLRQ��ZLWK�UHVSHFW�WR�WKH�JLYHQ�LQQHU�SURGXFW��RI g RQWR P3� VD\�

Og D c0p0 C c1p1 C c2p2 C c3p3

7KHQ Og LV�FDOOHG�D�FXELF WUHQG�IXQFWLRQ� DQG c0; : : : ; c3 DUH�WKH WUHQG�FRHIÀFLHQWV RI
WKH�GDWD� 7KH�FRHIÀFLHQW c1 PHDVXUHV�WKH�OLQHDU�WUHQG� c2 WKH�TXDGUDWLF�WUHQG� DQG c3 WKH
FXELF�WUHQG� ,W�WXUQV�RXW�WKDW�LI�WKH�GDWD�KDYH�FHUWDLQ�SURSHUWLHV� WKHVH�FRHIÀFLHQWV�DUH
VWDWLVWLFDOO\�LQGHSHQGHQW�

6LQFH p0; : : : ; p3 DUH�RUWKRJRQDO� WKH�WUHQG�FRHIÀFLHQWV�PD\�EH�FRPSXWHG�RQH�DW
D�WLPH� LQGHSHQGHQWO\�RI�RQH�DQRWKHU� �5HFDOO�WKDW ci D hg; pi i=hpi ; pi i�� :H�FDQ
LJQRUH p3 DQG c3 LI�ZH�ZDQW�RQO\�WKH�TXDGUDWLF�WUHQG� $QG�LI� IRU�H[DPSOH� ZH�QHHGHG
WR�GHWHUPLQH�WKH�TXDUWLF�WUHQG� ZH�ZRXOG�KDYH�WR�ÀQG��YLD�*UDP²6FKPLGW��RQO\�D
SRO\QRPLDO p4 LQ P4 WKDW�LV�RUWKRJRQDO�WR P3 DQG�FRPSXWH hg; p4i=hp4; p4i�

7KH�VLPSOHVW�DQG�PRVW�FRPPRQ�XVH�RI�WUHQG�DQDO\VLV�RFFXUV�ZKHQ�WKH
SRLQWV t0; : : : ; tn FDQ�EH�DGMXVWHG�VR�WKDW�WKH\�DUH�HYHQO\�VSDFHG�DQG�VXP�WR�]HUR� )LW�D
TXDGUDWLF�WUHQG�IXQFWLRQ�WR�WKH�GDWD .#2; 3/� .#1; 5/� .0; 5/� .1; 4/� DQG .2; 3/�

7KH t �FRRUGLQDWHV�DUH�VXLWDEO\�VFDOHG�WR�XVH�WKH�RUWKRJRQDO�SRO\QRPLDOV
IRXQG�LQ�([DPSOH ��RI�6HFWLRQ ����

3RO\QRPLDO� p0 p1 p2 'DWD� g

9HFWRU�RI�YDOXHV�

2
66664

1
1
1
1
1

3
77775

;

2
66664

#2
#1

0
1
2

3
77775

;

2
66664

2
#1
#2
#1

2

3
77775

;

2
66664

3
5
5
4
3

3
77775

7KH�FDOFXODWLRQV�LQYROYH�RQO\�WKHVH�YHFWRUV� QRW�WKH�VSHFLÀF�IRUPXODV�IRU�WKH�RUWKRJRQDO
SRO\QRPLDOV� 7KH�EHVW�DSSUR[LPDWLRQ�WR�WKH�GDWD�E\�SRO\QRPLDOV�LQ P2 LV�WKH�RUWKRJRQDO
SURMHFWLRQ�JLYHQ�E\

Op D hg; p0i
hp0; p0i

p0 C hg; p1i
hp1; p1i

p1 C hg; p2i
hp2; p2i

p2

D 20
5

p0 # 1
10

p1 # 7
14

p2

DQG
Op.t/ D 4 # :1t # :5.t2 # 2/ ���

6LQFH�WKH�FRHIÀFLHQW�RI p2 LV�QRW�H[WUHPHO\�VPDOO� LW�ZRXOG�EH�UHDVRQDEOH�WR�FRQFOXGH
WKDW�WKH�WUHQG�LV�DW�OHDVW�TXDGUDWLF� 7KLV�LV�FRQÀUPHG�E\�WKH�JUDSK�LQ�)LJ� ��

2

2

–2

y

y = p(t)

x

$SSUR[LPDWLRQ�E\�D�TXDGUDWLF
WUHQG�IXQFWLRQ�



$SSOLFDWLRQV�RI�,QQHU�3URGXFW�6SDFHV

)RXULHU�6HULHV��&DOFXOXV�UHTXLUHG�
&RQWLQXRXV�IXQFWLRQV�DUH�RIWHQ�DSSUR[LPDWHG�E\�OLQHDU�FRPELQDWLRQV�RI�VLQH�DQG�FRVLQH
IXQFWLRQV� )RU�LQVWDQFH� D�FRQWLQXRXV�IXQFWLRQ�PLJKW�UHSUHVHQW�D�VRXQG�ZDYH� DQ�HOHFWULF
VLJQDO�RI�VRPH�W\SH� RU�WKH�PRYHPHQW�RI�D�YLEUDWLQJ�PHFKDQLFDO�V\VWHP�

)RU�VLPSOLFLW\� ZH�FRQVLGHU�IXQFWLRQV�RQ 0 % t % 2" � ,W�WXUQV�RXW�WKDW�DQ\�IXQFWLRQ
LQ C Œ0; 2"! FDQ�EH�DSSUR[LPDWHG�DV�FORVHO\�DV�GHVLUHG�E\�D�IXQFWLRQ�RI�WKH�IRUP

a0

2
C a1 FRV t C " " " C an FRV nt C b1 VLQ t C " " " C bn VLQ nt ���

IRU�D�VXIÀFLHQWO\�ODUJH�YDOXH�RI n� 7KH�IXQFWLRQ�����LV�FDOOHG�D WULJRQRPHWULF�SRO\�
QRPLDO� ,I an DQG bn DUH�QRW�ERWK�]HUR� WKH�SRO\QRPLDO�LV�VDLG�WR�EH�RI RUGHU Q� 7KH
FRQQHFWLRQ�EHWZHHQ�WULJRQRPHWULF�SRO\QRPLDOV�DQG�RWKHU�IXQFWLRQV�LQC Œ0; 2"! GHSHQGV
RQ�WKH�IDFW�WKDW�IRU�DQ\ n $ 1� WKH�VHW

f1; FRV t; FRV 2t; : : : ; FRV nt; VLQ t; VLQ 2t; : : : ; VLQ ntg ���

LV�RUWKRJRQDO�ZLWK�UHVSHFW�WR�WKH�LQQHU�SURGXFW

hf; gi D
Z 2"

0

f .t/g.t/ dt ���

7KLV�RUWKRJRQDOLW\�LV�YHULÀHG�DV�LQ�WKH�IROORZLQJ�H[DPSOH�DQG�LQ�([HUFLVHV ��DQG���

/HW C Œ0; 2"! KDYH�WKH�LQQHU�SURGXFW����� DQG�OHW m DQG n EH�XQHTXDO
SRVLWLYH�LQWHJHUV� 6KRZ�WKDW FRVmt DQG FRV nt DUH�RUWKRJRQDO�

8VH�D�WULJRQRPHWULF�LGHQWLW\� :KHQ m ¤ n�

hFRVmt; FRV nti D
Z 2"

0

FRVmt FRVnt dt

D 1

2

Z 2"

0

ŒFRV.mt C nt/ C FRV.mt # nt/! dt

D 1

2

!
VLQ.mt C nt/

m C n
C VLQ.mt # nt/

m # n

"ˇ̌
ˇ̌2"

0

D 0

/HW W EH�WKH�VXEVSDFH�RI C Œ0; 2"! VSDQQHG�E\�WKH�IXQFWLRQV�LQ����� *LYHQ f
LQ C Œ0; 2"!� WKH�EHVW�DSSUR[LPDWLRQ�WR f E\�IXQFWLRQV�LQ W LV�FDOOHG�WKH QWK�RUGHU
)RXULHU�DSSUR[LPDWLRQ WR f RQ Œ0; 2"!� 6LQFH�WKH�IXQFWLRQV�LQ�����DUH�RUWKRJRQDO�
WKH�EHVW�DSSUR[LPDWLRQ�LV�JLYHQ�E\�WKH�RUWKRJRQDO�SURMHFWLRQ�RQWR W � ,Q�WKLV�FDVH� WKH
FRHIÀFLHQWV ak DQG bk LQ�����DUH�FDOOHG�WKH )RXULHU�FRHIÀFLHQWV RI f � 7KH�VWDQGDUG
IRUPXOD�IRU�DQ�RUWKRJRQDO�SURMHFWLRQ�VKRZV�WKDW

ak D hf; FRV kti
hFRV kt; FRV kti ; bk D hf; VLQ kti

hVLQ kt; VLQ kti ; k $ 1

([HUFLVH ��DVNV�\RX�WR�VKRZ�WKDW hFRV kt; FRV kti D " DQG hVLQ kt; VLQ kti D " � 7KXV

ak D 1

"

Z 2"

0

f .t/ FRV kt dt; bk D 1

"

Z 2"

0

f .t/ VLQ kt dt ���

7KH�FRHIÀFLHQW�RI�WKH��FRQVWDQW��IXQFWLRQ 1 LQ�WKH�RUWKRJRQDO�SURMHFWLRQ�LV

hf; 1i
h1; 1i D 1

2"

Z 2"

0

f .t/!1 dt D 1

2

!
1

"

Z 2"

0

f .t/ FRV.0!t / dt

"
D a0

2

ZKHUH a0 LV�GHÀQHG�E\�����IRU k D 0� 7KLV�H[SODLQV�ZK\�WKH�FRQVWDQW�WHUP�LQ�����LV
ZULWWHQ�DV a0=2�



2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV

)LQG�WKH nWK�RUGHU�)RXULHU�DSSUR[LPDWLRQ�WR�WKH�IXQFWLRQ f .t/ D t RQ
WKH�LQWHUYDO Œ0; 2"!�

&RPSXWH

a0

2
D 1

2
! 1

"

Z 2"

0

t dt D 1

2"

"
1

2
t2

ˇ̌
ˇ̌2"

0

#
D "

DQG�IRU k > 0� XVLQJ�LQWHJUDWLRQ�E\�SDUWV�

ak D 1

"

Z 2"

0

t FRV kt dt D 1

"

!
1

k2
FRV kt C t

k
VLQ kt

"2"

0

D 0

bk D 1

"

Z 2"

0

t VLQ kt dt D 1

"

!
1

k2
VLQ kt # t

k
FRV kt

"2"

0

D # 2

k

7KXV�WKH nWK�RUGHU�)RXULHU�DSSUR[LPDWLRQ�RI f .t/ D t LV

" # 2 VLQ t # VLQ 2t # 2

3
VLQ 3t # " " " # 2

n
VLQ nt

)LJXUH ��VKRZV�WKH�WKLUG��DQG�IRXUWK�RUGHU�)RXULHU�DSSUR[LPDWLRQV�RI f �

(a) Third order

y

2!

2!

y = t

!

!
t

y

2!

2!

y = t

!

!
t

(b) Fourth order

)RXULHU�DSSUR[LPDWLRQV�RI�WKH�IXQFWLRQ f .t/ D t �

7KH�QRUP�RI�WKH�GLIIHUHQFH�EHWZHHQ f DQG�D�)RXULHU�DSSUR[LPDWLRQ�LV�FDOOHG�WKH
PHDQ�VTXDUH�HUURU LQ�WKH�DSSUR[LPDWLRQ� �7KH�WHUP PHDQ UHIHUV� WR�WKH�IDFW� WKDW
WKH�QRUP�LV�GHWHUPLQHG�E\�DQ�LQWHJUDO�� ,W�FDQ�EH�VKRZQ�WKDW�WKH�PHDQ�VTXDUH�HUURU
DSSURDFKHV�]HUR�DV�WKH�RUGHU�RI�WKH�)RXULHU�DSSUR[LPDWLRQ�LQFUHDVHV� )RU�WKLV�UHDVRQ� LW
LV�FRPPRQ�WR�ZULWH

f .t/ D a0

2
C
1X

mD1

.am FRVmt C bm VLQmt/

7KLV�H[SUHVVLRQ�IRU f .t/ LV �FDOOHG�WKH )RXULHU�VHULHV IRU f RQ Œ0; 2"!� 7KH�WHUP
am FRVmt � IRU�H[DPSOH� LV� WKH�SURMHFWLRQ�RI f RQWR�WKH�RQH�GLPHQVLRQDO�VXEVSDFH
VSDQQHG�E\ FRVmt �

�� /HW q1.t/ D 1� q2.t/ D t � DQG q3.t/ D 3t2 # 4� 9HULI\�WKDW fq1; q2; q3g LV�DQ�RUWKRJ�
RQDO�VHW�LQ C Œ#2; 2! ZLWK�WKH�LQQHU�SURGXFW�RI�([DPSOH ��LQ�6HFWLRQ �����LQWHJUDWLRQ
IURP #2 WR����

�� )LQG�WKH�ÀUVW�RUGHU�DQG�WKLUG�RUGHU�)RXULHU�DSSUR[LPDWLRQV�WR
f .t/ D 3 # 2 VLQ t C 5 VLQ 2t # 6 FRV 2t



$SSOLFDWLRQV�RI�,QQHU�3URGXFW�6SDFHV

�� )LQG�WKH�OHDVW�VTXDUHV�OLQH y D ˇ0 C ˇ1x WKDW�EHVW�ÀWV�WKH
GDWD .#2; 0/� .#1; 0/� .0; 2/� .1; 4/� DQG .2; 4/� DVVXPLQJ�WKDW
WKH�ÀUVW�DQG�ODVW�GDWD�SRLQWV�DUH�OHVV�UHOLDEOH� :HLJKW�WKHP
KDOI�DV�PXFK�DV�WKH�WKUHH�LQWHULRU�SRLQWV�

�� 6XSSRVH���RXW�RI����GDWD�SRLQWV�LQ�D�ZHLJKWHG�OHDVW�VTXDUHV
SUREOHP�KDYH�D y�PHDVXUHPHQW�WKDW�LV�OHVV�UHOLDEOH�WKDQ�WKH
RWKHUV� DQG�WKH\�DUH�WR�EH�ZHLJKWHG�KDOI�DV�PXFK�DV�WKH�RWKHU
���SRLQWV� 2QH�PHWKRG�LV�WR�ZHLJKW�WKH����SRLQWV�E\�D�IDFWRU
RI���DQG�WKH�RWKHU���E\�D�IDFWRU�RI 1

2
� $ VHFRQG�PHWKRG�LV

WR�ZHLJKW�WKH����SRLQWV�E\�D�IDFWRU�RI���DQG�WKH�RWKHU���E\�D
IDFWRU�RI��� 'R�WKH�WZR�PHWKRGV�SURGXFH�GLIIHUHQW�UHVXOWV"
([SODLQ�

�� )LW�D�FXELF�WUHQG�IXQFWLRQ�WR�WKH�GDWD�LQ�([DPSOH �� 7KH
RUWKRJRQDO�FXELF�SRO\QRPLDO�LV p3.t/ D 5

6
t 3 # 17

6
t �

�� 7R�PDNH�D�WUHQG�DQDO\VLV�RI�VL[�HYHQO\�VSDFHG�GDWD�SRLQWV� RQH
FDQ�XVH�RUWKRJRQDO�SRO\QRPLDOV�ZLWK�UHVSHFW�WR�HYDOXDWLRQ�DW
WKH�SRLQWV t D #5; #3; #1; 1; 3� DQG���
D� 6KRZ�WKDW�WKH�ÀUVW�WKUHH�RUWKRJRQDO�SRO\QRPLDOV�DUH

p0.t/ D 1; p1.t/ D t; DQG p2.t/ D 3
8
t 2 # 35

8

�7KH�SRO\QRPLDO p2 KDV�EHHQ�VFDOHG�VR�WKDW�LWV�YDOXHV�DW
WKH�HYDOXDWLRQ�SRLQWV�DUH�VPDOO�LQWHJHUV��

E� )LW�D�TXDGUDWLF�WUHQG�IXQFWLRQ�WR�WKH�GDWD

.#5; 1/; .#3; 1/; .#1; 4/; .1; 4/; .3; 6/; .5; 8/

,Q�([HUFLVHV��²��� WKH�VSDFH�LV C Œ0; 2"! ZLWK�WKH�LQQHU�SURGXFW
����

�� 6KRZ�WKDW VLQmt DQG VLQ nt DUH�RUWKRJRQDO�ZKHQ m ¤ n�
�� 6KRZ�WKDW VLQmt DQG FRVnt DUH�RUWKRJRQDO�IRU�DOO�SRVLWLYH

LQWHJHUV m DQG n�
�� 6KRZ�WKDW k FRV ktk2 D " DQG k VLQ ktk2 D " IRU k > 0�
�� )LQG�WKH�WKLUG�RUGHU�)RXULHU�DSSUR[LPDWLRQ�WR f .t/ D t # 1�

�� )LQG � WKH � WKLUG�RUGHU � )RXULHU � DSSUR[LPDWLRQ � WR f .t/ D
2" # t �

��� )LQG � WKH � WKLUG�RUGHU �)RXULHU �DSSUR[LPDWLRQ � WR � WKH VTXDUH
ZDYH�IXQFWLRQ� f .t/ D 1 IRU 0 % t < " DQG f .t/ D #1 IRU
" % t < 2" �

��� )LQG�WKH�WKLUG�RUGHU�)RXULHU�DSSUR[LPDWLRQ�WR VLQ2 t � ZLWKRXW
SHUIRUPLQJ�DQ\�LQWHJUDWLRQ�FDOFXODWLRQV�

��� )LQG�WKH�WKLUG�RUGHU�)RXULHU�DSSUR[LPDWLRQ�WR FRV3 t � ZLWKRXW
SHUIRUPLQJ�DQ\�LQWHJUDWLRQ�FDOFXODWLRQV�

��� ([SODLQ�ZK\�D�)RXULHU�FRHIÀFLHQW�RI�WKH�VXP�RI�WZR�IXQFWLRQV
LV�WKH�VXP�RI�WKH�FRUUHVSRQGLQJ�)RXULHU�FRHIÀFLHQWV�RI�WKH
WZR�IXQFWLRQV�

��� 6XSSRVH�WKH�ÀUVW�IHZ�)RXULHU�FRHIÀFLHQWV�RI�VRPH�IXQFWLRQ
f LQ C Œ0; 2"! DUH a0� a1� a2� DQG b1� b2� b3� :KLFK�RI�WKH
IROORZLQJ�WULJRQRPHWULF�SRO\QRPLDOV�LV�FORVHU�WR f " 'HIHQG
\RXU�DQVZHU�

g.t/ D a0

2
C a1 FRV t C a2 FRV 2t C b1 VLQ t

h.t/ D a0

2
C a1 FRV t C a2 FRV 2t C b1 VLQ t C b2 VLQ 2t

��� >0@ 5HIHU�WR�WKH�GDWD�LQ�([HUFLVH ���LQ�6HFWLRQ ���� FRQ�
FHUQLQJ�WKH�WDNHRII�SHUIRUPDQFH�RI�DQ�DLUSODQH� 6XSSRVH�WKH
SRVVLEOH�PHDVXUHPHQW�HUURUV�EHFRPH�JUHDWHU�DV�WKH�VSHHG�RI
WKH�DLUSODQH�LQFUHDVHV� DQG�OHW W EH�WKH�GLDJRQDO�ZHLJKWLQJ
PDWUL[�ZKRVH�GLDJRQDO�HQWULHV�DUH��� �� �� ��� ��� ��� ��� ��� ���
��� ��� ��� DQG���� )LQG�WKH�FXELF�FXUYH�WKDW�ÀWV�WKH�GDWD�ZLWK
PLQLPXP�ZHLJKWHG�OHDVW�VTXDUHV�HUURU� DQG�XVH�LW�WR�HVWLPDWH
WKH�YHORFLW\�RI�WKH�SODQH�ZKHQ t D 4:5 VHFRQGV�

��� >0@ /HW f4 DQG f5 EH�WKH�IRXUWK�RUGHU�DQG�ÀIWK�RUGHU�)RXULHU
DSSUR[LPDWLRQV�LQ C Œ0; 2"! WR�WKH�VTXDUH�ZDYH�IXQFWLRQ�LQ
([HUFLVH ��� 3URGXFH�VHSDUDWH�JUDSKV�RI f4 DQG f5 RQ�WKH
LQWHUYDO Œ0; 2"!� DQG�SURGXFH�D�JUDSK�RI f5 RQ Œ#2"; 2"!�

SG

�� &RPSXWH

hq1; q2i D
Z 2

!2

1!t dt D 1

2
t2

ˇ̌
ˇ̌
2

!2

D 0

hq1; q3i D
Z 2

!2

1! .3t2 # 4/ dt D .t3 # 4t/

ˇ̌
ˇ̌
2

!2

D 0

hq2; q3i D
Z 2

!2

t ! .3t2 # 4/ dt D
'

3

4
t4 # 2t2

(ˇ̌
ˇ̌
2

!2

D 0



2UWKRJRQDOLW\�DQG�/HDVW�6TXDUHV

�� 7KH�WKLUG�RUGHU�)RXULHU�DSSUR[LPDWLRQ�WR f LV�WKH�EHVW�DSSUR[LPDWLRQ�LQ C Œ0; 2"!
WR f E\�IXQFWLRQV��YHFWRUV��LQ�WKH�VXEVSDFH�VSDQQHG�E\��� FRV t � FRV 2t � FRV 3t �
VLQ t � VLQ 2t � DQG VLQ 3t � %XW f LV�REYLRXVO\ LQ WKLV�VXEVSDFH� VR f LV�LWV�RZQ�EHVW
DSSUR[LPDWLRQ�

f .t/ D 3 # 2 VLQ t C 5 VLQ 2t # 6 FRV 2t

)RU�WKH�ÀUVW�RUGHU�DSSUR[LPDWLRQ� WKH�FORVHVW�IXQFWLRQ�WR f LQ�WKH�VXEVSDFH W D
6SDQf1; FRV t; VLQ tg LV 3 # 2 VLQ t � 7KH�RWKHU�WZR�WHUPV�LQ�WKH�IRUPXOD�IRU f .t/ DUH
RUWKRJRQDO�WR�WKH�IXQFWLRQV�LQ W � VR�WKH\�FRQWULEXWH�QRWKLQJ�WR�WKH�LQWHJUDOV�WKDW
JLYH�WKH�)RXULHU�FRHIÀFLHQWV�IRU�D�ÀUVW�RUGHU�DSSUR[LPDWLRQ�

y = 3 – 2 sin t
y = f (t)

t

3

9

–3
2π

y

π

)LUVW��DQG�WKLUG�RUGHU
DSSUR[LPDWLRQV�WR f .t/�

�� 7KH�IROORZLQJ�VWDWHPHQWV�UHIHU�WR�YHFWRUV�LQ Rn �RU Rm/ ZLWK
WKH�VWDQGDUG�LQQHU�SURGXFW� 0DUN�HDFK�VWDWHPHQW�7UXH�RU
)DOVH� -XVWLI\�HDFK�DQVZHU�
D� 7KH�OHQJWK�RI�HYHU\�YHFWRU�LV�D�SRVLWLYH�QXPEHU�
E� $ YHFWRU Y DQG�LWV�QHJDWLYH #Y KDYH�HTXDO�OHQJWKV�
F� 7KH�GLVWDQFH�EHWZHHQ X DQG Y LV kX # Yk�
G� ,I r LV�DQ\�VFDODU� WKHQ krYk D rkYk�
H� ,I�WZR�YHFWRUV�DUH�RUWKRJRQDO� WKH\�DUH�OLQHDUO\�LQGHSHQ�

GHQW�
I� ,I [ LV �RUWKRJRQDO � WR �ERWK X DQG Y� WKHQ [ PXVW �EH

RUWKRJRQDO�WR X # Y�
J� ,I kX C Yk2 D kXk2 C kYk2� WKHQ X DQG Y DUH�RUWKRJRQDO�
K� ,I kX # Yk2 D kXk2 C kYk2� WKHQ X DQG Y DUH�RUWKRJRQDO�
L� 7KH�RUWKRJRQDO�SURMHFWLRQ�RI \ RQWR X LV�D�VFDODU�PXOWLSOH

RI \�
M� ,I�D�YHFWRU \ FRLQFLGHV�ZLWK�LWV�RUWKRJRQDO�SURMHFWLRQ�RQWR

D�VXEVSDFH W � WKHQ \ LV�LQ W �
N� 7KH�VHW�RI�DOO�YHFWRUV�LQRn RUWKRJRQDO�WR�RQH�À[HG�YHFWRU

LV�D�VXEVSDFH�RI Rn�
O� ,I W LV�D�VXEVSDFH�RI Rn� WKHQ W DQG W ? KDYH�QR

YHFWRUV�LQ�FRPPRQ�
P� ,I fY1; Y2; Y3g LV�DQ�RUWKRJRQDO�VHW�DQG�LI c1� c2� DQG c3 DUH

VFDODUV� WKHQ fc1Y1; c2Y2; c3Y3g LV�DQ�RUWKRJRQDO�VHW�
Q� ,I�D�PDWUL[ U KDV�RUWKRQRUPDO�FROXPQV� WKHQ U U T D I �
R� $ VTXDUH�PDWUL[�ZLWK�RUWKRJRQDO�FROXPQV�LV�DQ�RUWKRJR�

QDO�PDWUL[�
S� ,I�D�VTXDUH�PDWUL[�KDV�RUWKRQRUPDO�FROXPQV� WKHQ�LW�DOVR

KDV�RUWKRQRUPDO�URZV�
T� ,IW LV�D�VXEVSDFH� WKHQ k SURMW Yk2 C kY # SURMW Yk2 D

kYk2�

U� $ OHDVW�VTXDUHV�VROXWLRQ�RI A[ D E LV�WKH�YHFWRU AO[ LQ
&ROA FORVHVW�WR E� VR�WKDW kE # AO[ k % kE # A[k IRU
DOO [�

V� 7KH �QRUPDO � HTXDWLRQV � IRU � D � OHDVW�VTXDUHV � VROXWLRQ �RI
A[ D E DUH�JLYHQ�E\ O[ D .ATA/!1AT E�

�� /HW fY1; : : : ; Ypg EH�DQ�RUWKRQRUPDO�VHW� 9HULI\�WKH�IROORZLQJ
HTXDOLW\�E\�LQGXFWLRQ� EHJLQQLQJ�ZLWK p D 2� ,I [ D c1Y1C
" " " C cpYp � WKHQ

k[k2 D jc1j2 C " " " C jcpj2

�� /HW fY1; : : : ; Ypg EH�DQ�RUWKRQRUPDO�VHW�LQ Rn� 9HULI\�WKH
IROORZLQJ�LQHTXDOLW\� FDOOHG %HVVHO·V�LQHTXDOLW\� ZKLFK�LV�WUXH
IRU�HDFK [ LQ Rn�

k[k2 $ j[ !Y1j2 C j[ !Y2j2 C " " " C j[ !Ypj2

�� /HW U EH � DQ n ! n RUWKRJRQDO � PDWUL[� 6KRZ � WKDW � LI
fY1; : : : ; Yng LV � DQ � RUWKRQRUPDO � EDVLV � IRU Rn� WKHQ � VR � LV
fU Y1; : : : ; U Yng�

�� 6KRZ�WKDW�LI�DQ n ! n PDWUL[ U VDWLVÀHV .U [/! .U \/ D [ !\
IRU�DOO [ DQG \ LQ Rn� WKHQ U LV�DQ�RUWKRJRQDO�PDWUL[�

�� 6KRZ�WKDW�LI U LV�DQ�RUWKRJRQDO�PDWUL[� WKHQ�DQ\�UHDO�HLJHQ�
YDOXH�RI U PXVW�EH ˙1�

�� $ +RXVHKROGHU�PDWUL[� RU�DQ HOHPHQWDU\�UHÁHFWRU� KDV�WKH
IRUP Q D I # 2XXT ZKHUH X LV�D�XQLW�YHFWRU� �6HH�([HU�
FLVH ���LQ�WKH�6XSSOHPHQWDU\�([HUFLVHV�IRU�&KDSWHU ��� 6KRZ
WKDWQ LV�DQ�RUWKRJRQDO�PDWUL[� �(OHPHQWDU\�UHÁHFWRUV�DUH�RI�
WHQ�XVHG�LQ�FRPSXWHU�SURJUDPV�WR�SURGXFH�D�45 IDFWRUL]DWLRQ
RI�D�PDWUL[ A� ,I A KDV�OLQHDUO\�LQGHSHQGHQW�FROXPQV� WKHQ
OHIW�PXOWLSOLFDWLRQ�E\�D�VHTXHQFH�RI�HOHPHQWDU\�UHÁHFWRUV�FDQ
SURGXFH�DQ�XSSHU�WULDQJXODU�PDWUL[��



&KDSWHU���6XSSOHPHQWDU\�([HUFLVHV

�� /HW T W Rn ! Rn EH�D�OLQHDU�WUDQVIRUPDWLRQ�WKDW�SUHVHUYHV
OHQJWKV� WKDW�LV� kT .[/k D k[k IRU�DOO [ LQ Rn�
D� 6KRZ � WKDW T DOVR � SUHVHUYHV � RUWKRJRQDOLW\� WKDW � LV�

T .[/!T .\/ D 0 ZKHQHYHU [ !\ D 0�
E� 6KRZ� WKDW � WKH �VWDQGDUG �PDWUL[ �RI T LV �DQ �RUWKRJRQDO

PDWUL[�

�� /HW X DQG Y EH�OLQHDUO\�LQGHSHQGHQW�YHFWRUV�LQ Rn WKDW�DUH
QRW RUWKRJRQDO� 'HVFULEH�KRZ�WR�ÀQG�WKH�EHVW�DSSUR[LPDWLRQ
WR ] LQ Rn E\�YHFWRUV�RI�WKH�IRUP x1X C x2Y ZLWKRXW�ÀUVW
FRQVWUXFWLQJ�DQ�RUWKRJRQDO�EDVLV�IRU 6SDQ fX; Yg�

��� 6XSSRVH�WKH�FROXPQV�RI A DUH�OLQHDUO\�LQGHSHQGHQW� 'HWHU�
PLQH�ZKDW�KDSSHQV�WR�WKH�OHDVW�VTXDUHV�VROXWLRQ O[ RI A[ D E
ZKHQ E LV�UHSODFHG�E\ cE IRU�VRPH�QRQ]HUR�VFDODU c�

��� ,I a� b� DQG c DUH � GLVWLQFW � QXPEHUV� WKHQ � WKH � IROORZLQJ
V\VWHP�LV�LQFRQVLVWHQW�EHFDXVH�WKH�JUDSKV�RI�WKH�HTXDWLRQV
DUH�SDUDOOHO�SODQHV� 6KRZ�WKDW�WKH�VHW�RI�DOO�OHDVW�VTXDUHV
VROXWLRQV�RI�WKH�V\VWHP�LV�SUHFLVHO\�WKH�SODQH�ZKRVH�HTXDWLRQ
LV x # 2y C 5´ D .a C b C c/=3�

x # 2y C 5´ D a

x # 2y C 5´ D b

x # 2y C 5´ D c

��� &RQVLGHU�WKH�SUREOHP�RI�ÀQGLQJ�DQ�HLJHQYDOXH�RI�DQ n ! n
PDWUL[ A ZKHQ �DQ �DSSUR[LPDWH � HLJHQYHFWRU Y LV �NQRZQ�
6LQFH Y LV�QRW�H[DFWO\�FRUUHFW� WKH�HTXDWLRQ

AY D &Y .1/

ZLOO � SUREDEO\ �QRW � KDYH � D � VROXWLRQ� +RZHYHU� & FDQ �EH
HVWLPDWHG�E\�D � OHDVW�VTXDUHV �VROXWLRQ�ZKHQ���� � LV �YLHZHG
SURSHUO\� 7KLQN�RI Y DV�DQ n ! 1 PDWUL[ V � WKLQN�RI & DV
D�YHFWRU�LQ R1� DQG�GHQRWH�WKH�YHFWRU AY E\�WKH�V\PERO E�
7KHQ�����EHFRPHV E D &V � ZKLFK�PD\�DOVR�EH�ZULWWHQ�DV
V & D E� )LQG�WKH�OHDVW�VTXDUHV�VROXWLRQ�RI�WKLV�V\VWHP�RI n
HTXDWLRQV�LQ�WKH�RQH�XQNQRZQ &� DQG�ZULWH�WKLV�VROXWLRQ�XVLQJ
WKH�RULJLQDO�V\PEROV� 7KH�UHVXOWLQJ�HVWLPDWH�IRU & LV�FDOOHG�D
5D\OHLJK�TXRWLHQW� 6HH�([HUFLVHV����DQG����LQ�6HFWLRQ�����

��� 8VH�WKH�VWHSV�EHORZ�WR�SURYH�WKH�IROORZLQJ�UHODWLRQV�DPRQJ
WKH � IRXU � IXQGDPHQWDO � VXEVSDFHV �GHWHUPLQHG �E\ �DQ m ! n
PDWUL[ A�

5RZA D .1XOA/?; &ROA D .1XOAT /?

D� 6KRZ�WKDW 5RZA LV�FRQWDLQHG�LQ .1XOA/?� �6KRZ�WKDW�LI
[ LV�LQ 5RZA� WKHQ [ LV�RUWKRJRQDO�WR�HYHU\ X LQ 1XOA��

E� 6XSSRVH UDQNA D r � )LQG GLP1XOA DQG GLP .1XOA/?�
DQG�WKHQ�GHGXFH�IURP�SDUW��D��WKDW 5RZA D .1XOA/?�
>+LQW� 6WXG\�WKH�H[HUFLVHV�IRU�6HFWLRQ ����@

F� ([SODLQ�ZK\ &ROA D .1XOAT /?�

��� ([SODLQ�ZK\�DQ�HTXDWLRQ A[ D E KDV�D�VROXWLRQ�LI�DQG�RQO\
LI E LV�RUWKRJRQDO�WR�DOO�VROXWLRQV�RI�WKH�HTXDWLRQ AT[ D ��

([HUFLVHV����DQG����FRQFHUQ�WKH��UHDO� 6FKXU�IDFWRUL]DWLRQ RI�DQ
n ! nPDWUL[A LQ�WKH�IRUPA D URU T � ZKHUHU LV�DQ�RUWKRJRQDO
PDWUL[�DQG R LV�DQ n ! n XSSHU�WULDQJXODU�PDWUL[��

��� 6KRZ� WKDW � LI A DGPLWV �D � �UHDO� �6FKXU � IDFWRUL]DWLRQ� A D
URU T � WKHQ A KDV n UHDO�HLJHQYDOXHV� FRXQWLQJ�PXOWLSOLF�
LWLHV�

��� /HW A EH�DQ n ! n PDWUL[�ZLWK n UHDO�HLJHQYDOXHV� FRXQWLQJ
PXOWLSOLFLWLHV� GHQRWHG�E\ &1; : : : ; &n� ,W�FDQ�EH�VKRZQ�WKDW
A DGPLWV�D��UHDO��6FKXU�IDFWRUL]DWLRQ� 3DUWV��D��DQG��E��VKRZ
WKH�NH\�LGHDV�LQ�WKH�SURRI� 7KH�UHVW�RI�WKH�SURRI�DPRXQWV�WR
UHSHDWLQJ��D��DQG��E��IRU�VXFFHVVLYHO\�VPDOOHU�PDWULFHV� DQG
WKHQ�SLHFLQJ�WRJHWKHU�WKH�UHVXOWV�
D� /HW X1 EH�D �XQLW �HLJHQYHFWRU �FRUUHVSRQGLQJ� WR &1� OHW

X2; : : : ; Xn EH�DQ\�RWKHU�YHFWRUV�VXFK�WKDW fX1; : : : ; Xng
LV � DQ � RUWKRQRUPDO � EDVLV � IRU Rn� DQG � WKHQ � OHW U D
Œ X1 X2 " " " Xn !� 6KRZ � WKDW � WKH � ÀUVW � FROXPQ � RI
U T AU LV &1H1� ZKHUH H1 LV�WKH�ÀUVW�FROXPQ�RI�WKH n ! n
LGHQWLW\�PDWUL[�

E� 3DUW��D��LPSOLHV�WKDW U TAU KDV�WKH�IRUP�VKRZQ�EHORZ�
([SODLQ�ZK\�WKH�HLJHQYDOXHV�RI A1 DUH &2; : : : ; &n� >+LQW�
6HH�WKH�6XSSOHPHQWDU\�([HUFLVHV�IRU�&KDSWHU ��@

U TAU D
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6\PPHWULF�0DWULFHV
DQG�4XDGUDWLF�)RUPV

0XOWLFKDQQHO�,PDJH�3URFHVVLQJ
$URXQG�WKH�ZRUOG�LQ�OLWWOH�PRUH WKDQ��� PLQXWHV� WKH�WZR
/DQGVDW�VDWHOOLWHV�VWUHDN�VLOHQWO\�DFURVV�WKH�VN\�LQ�QHDU
SRODU�RUELWV� UHFRUGLQJ�LPDJHV�RI�WHUUDLQ�DQG�FRDVWOLQH� LQ
VZDWKV���� NLORPHWHUV�ZLGH� (YHU\��� GD\V� HDFK�VDWHOOLWH
SDVVHV�RYHU�DOPRVW�HYHU\�VTXDUH�NLORPHWHU�RI�WKH�HDUWK·V
VXUIDFH� VR�DQ\�ORFDWLRQ�FDQ�EH�PRQLWRUHG�HYHU\���GD\V�

7KH�/DQGVDW�LPDJHV�DUH�XVHIXO�IRU�PDQ\�SXUSRVHV�
'HYHORSHUV�DQG�XUEDQ�SODQQHUV�XVH�WKHP�WR�VWXG\�WKH�UDWH
DQG�GLUHFWLRQ�RI�XUEDQ�JURZWK� LQGXVWULDO�GHYHORSPHQW� DQG
RWKHU�FKDQJHV�LQ�ODQG�XVDJH� 5XUDO�FRXQWULHV�FDQ�DQDO\]H
VRLO�PRLVWXUH� FODVVLI\�WKH�YHJHWDWLRQ�LQ�UHPRWH�UHJLRQV� DQG
ORFDWH�LQODQG�ODNHV�DQG�VWUHDPV� *RYHUQPHQWV�FDQ�GHWHFW
DQG�DVVHVV�GDPDJH�IURP�QDWXUDO�GLVDVWHUV� VXFK�DV�IRUHVW
ÀUHV� ODYD�ÁRZV� ÁRRGV� DQG�KXUULFDQHV� (QYLURQPHQWDO
DJHQFLHV�FDQ�LGHQWLI\�SROOXWLRQ�IURP�VPRNHVWDFNV�DQG
PHDVXUH�ZDWHU�WHPSHUDWXUHV�LQ�ODNHV�DQG�ULYHUV�QHDU�SRZHU
SODQWV�

6HQVRUV�DERDUG�WKH�VDWHOOLWH�DFTXLUH�VHYHQ�VLPXO�
WDQHRXV�LPDJHV�RI�DQ\�UHJLRQ�RQ�HDUWK�WR�EH�VWXGLHG� 7KH
VHQVRUV�UHFRUG�HQHUJ\�IURP�VHSDUDWH�ZDYHOHQJWK�EDQGV³
WKUHH�LQ�WKH�YLVLEOH�OLJKW�VSHFWUXP�DQG�IRXU�LQ�LQIUDUHG�DQG
WKHUPDO�EDQGV� (DFK�LPDJH�LV�GLJLWL]HG�DQG�VWRUHG�DV�D
UHFWDQJXODU�DUUD\�RI�QXPEHUV� HDFK�QXPEHU�LQGLFDWLQJ�WKH
VLJQDO�LQWHQVLW\�DW�D�FRUUHVSRQGLQJ�VPDOO�SRLQW��RU SL[HO�

RQ�WKH�LPDJH� (DFK�RI�WKH�VHYHQ�LPDJHV�LV�RQH�FKDQQHO�RI
D PXOWLFKDQQHO RU PXOWLVSHFWUDO�LPDJH�

7KH�VHYHQ�/DQGVDW�LPDJHV�RI�RQH�À[HG�UHJLRQ�W\SLFDOO\
FRQWDLQ�PXFK�UHGXQGDQW�LQIRUPDWLRQ� VLQFH�VRPH�IHDWXUHV
ZLOO�DSSHDU�LQ�VHYHUDO�LPDJHV� <HW�RWKHU�IHDWXUHV� EHFDXVH
RI�WKHLU�FRORU�RU�WHPSHUDWXUH� PD\�UHÁHFW�OLJKW�WKDW�LV
UHFRUGHG�E\�RQO\�RQH�RU�WZR�VHQVRUV� 2QH�JRDO�RI
PXOWLFKDQQHO�LPDJH�SURFHVVLQJ�LV�WR�YLHZ�WKH�GDWD�LQ�D
ZD\�WKDW�H[WUDFWV�LQIRUPDWLRQ�EHWWHU�WKDQ�VWXG\LQJ�HDFK
LPDJH�VHSDUDWHO\�

3ULQFLSDO�FRPSRQHQW�DQDO\VLV LV�DQ�HIIHFWLYH�ZD\
WR�VXSSUHVV�UHGXQGDQW�LQIRUPDWLRQ�DQG�SURYLGH�LQ�RQO\
RQH�RU�WZR�FRPSRVLWH�LPDJHV�PRVW�RI�WKH�LQIRUPDWLRQ
IURP�WKH�LQLWLDO�GDWD� 5RXJKO\�VSHDNLQJ� WKH�JRDO�LV�WR
ÀQG�D�VSHFLDO�OLQHDU�FRPELQDWLRQ�RI�WKH�LPDJHV� WKDW�LV�
D�OLVW�RI�ZHLJKWV�WKDW�DW�HDFK�SL[HO�FRPELQH�DOO�VHYHQ
FRUUHVSRQGLQJ�LPDJH�YDOXHV�LQWR�RQH�QHZ�YDOXH� 7KH
ZHLJKWV�DUH�FKRVHQ�LQ�D�ZD\�WKDW�PDNHV�WKH�UDQJH�RI�OLJKW
LQWHQVLWLHV³WKH VFHQH�YDULDQFH³LQ�WKH�FRPSRVLWH�LPDJH
�FDOOHG�WKH ÀUVW�SULQFLSDO�FRPSRQHQW��JUHDWHU�WKDQ�WKDW�LQ
DQ\�RI�WKH�RULJLQDO�LPDJHV� $GGLWLRQDO FRPSRQHQW LPDJHV
FDQ�DOVR�EH�FRQVWUXFWHG� E\�FULWHULD�WKDW�ZLOO�EH�H[SODLQHG
LQ�6HFWLRQ ����



6\PPHWULF�0DWULFHV�DQG�4XDGUDWLF�)RUPV

3ULQFLSDO�FRPSRQHQW�DQDO\VLV�LV�LOOXVWUDWHG�LQ�WKH
SKRWRV�EHORZ� WDNHQ�RYHU�5DLOURDG�9DOOH\� 1HYDGD� ,PDJHV
IURP�WKUHH�/DQGVDW�VSHFWUDO�EDQGV�DUH�VKRZQ�LQ��D�²�F��
7KH�WRWDO�LQIRUPDWLRQ�LQ�WKH�WKUHH�EDQGV�LV UHDUUDQJHG LQ
WKH�WKUHH�SULQFLSDO�FRPSRQHQW�LPDJHV�LQ �G�²�I�� 7KH�ÀUVW
FRPSRQHQW��G��GLVSOD\V��RU�´H[SODLQVµ��������RI�WKH�VFHQH
YDULDQFH�SUHVHQW�LQ�WKH�LQLWLDO�GDWD� ,Q�WKLV�ZD\� WKH�WKUHH�
FKDQQHO�LQLWLDO�GDWD�KDYH�EHHQ�UHGXFHG�WR�RQH�FKDQQHO

GDWD� ZLWK�D�ORVV�LQ�VRPH�VHQVH�RI�RQO\������RI�WKH�VFHQH
YDULDQFH�

(DUWK�6DWHOOLWH�&RUSRUDWLRQ�RI�5RFNYLOOH� 0DU\ODQG�
ZKLFK�NLQGO\�VXSSOLHG�WKH�SKRWRV�VKRZQ�KHUH� LV
H[SHULPHQWLQJ�ZLWK�LPDJHV�IURP�����VHSDUDWH�VSHFWUDO
EDQGV� 3ULQFLSDO�FRPSRQHQW�DQDO\VLV� HVVHQWLDO�IRU�VXFK
PDVVLYH�GDWD�VHWV� W\SLFDOO\�UHGXFHV�WKH�GDWD�WR�DERXW���
XVDEOH�SULQFLSDO�FRPSRQHQWV�

WEB

-

6\PPHWULF�PDWULFHV�DULVH�PRUH�RIWHQ�LQ�DSSOLFDWLRQV� LQ�RQH�ZD\�RU�DQRWKHU� WKDQ�DQ\
RWKHU�PDMRU�FODVV�RI�PDWULFHV� 7KH�WKHRU\�LV�ULFK�DQG�EHDXWLIXO� GHSHQGLQJ�LQ�DQ�HVVHQWLDO
ZD\�RQ�ERWK�GLDJRQDOL]DWLRQ�IURP�&KDSWHU���DQG�RUWKRJRQDOLW\�IURP�&KDSWHU��� 7KH
GLDJRQDOL]DWLRQ�RI�D�V\PPHWULF�PDWUL[� GHVFULEHG�LQ�6HFWLRQ����� LV�WKH�IRXQGDWLRQ�IRU
WKH�GLVFXVVLRQ�LQ�6HFWLRQV�����DQG�����FRQFHUQLQJ�TXDGUDWLF�IRUPV� 6HFWLRQ����� LQ�WXUQ�
LV�QHHGHG�IRU�WKH�ÀQDO�WZR�VHFWLRQV�RQ�WKH�VLQJXODU�YDOXH�GHFRPSRVLWLRQ�DQG�RQ�WKH�LPDJH
SURFHVVLQJ�GHVFULEHG�LQ�WKH�LQWURGXFWRU\�H[DPSOH� 7KURXJKRXW�WKH�FKDSWHU� DOO�YHFWRUV
DQG�PDWULFHV�KDYH�UHDO�HQWULHV�



'LDJRQDOL]DWLRQ�RI�6\PPHWULF�0DWULFHV

$ V\PPHWULFPDWUL[�LV�D�PDWUL[A VXFK�WKDWAT  A� 6XFK�D�PDWUL[�LV�QHFHVVDULO\�VTXDUH�
,WV�PDLQ�GLDJRQDO�HQWULHV�DUH�DUELWUDU\� EXW�LWV�RWKHU�HQWULHV�RFFXU�LQ�SDLUV³RQ�RSSRVLWH
VLGHV�RI�WKH�PDLQ�GLDJRQDO�
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7R�EHJLQ�WKH�VWXG\�RI�V\PPHWULF�PDWULFHV� LW�LV�KHOSIXO�WR�UHYLHZ�WKH�GLDJRQDOL]DWLRQ
SURFHVV�RI�6HFWLRQ ����
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7KHVH�WKUHH�YHFWRUV�IRUP�D�EDVLV�IRU R3� ,Q�IDFW� LW�LV�HDV\�WR�FKHFN�WKDW fY1; Y2; Y3g LV
DQ RUWKRJRQDO EDVLV�IRU R3� ([SHULHQFH�IURP�&KDSWHU ��VXJJHVWV�WKDW�DQ RUWKRQRUPDO
EDVLV�PLJKW�EH�XVHIXO�IRU�FDOFXODWLRQV� VR�KHUH�DUH�WKH�QRUPDOL]HG��XQLW��HLJHQYHFWRUV�
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7KHQ A D 3'3!1� DV�XVXDO� %XW�WKLV�WLPH� VLQFH P LV�VTXDUH�DQG�KDV�RUWKRQRUPDO
FROXPQV� P LV�DQ RUWKRJRQDO PDWUL[� DQG P!1 LV�VLPSO\ P T � �6HH�6HFWLRQ������

7KHRUHP���H[SODLQV�ZK\�WKH�HLJHQYHFWRUV�LQ�([DPSOH���DUH�RUWKRJRQDO³WKH\�FRU�
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IROORZLQJ�GHVFULSWLRQ�RI�WKH�HLJHQYDOXHV�LV�FDOOHG�D VSHFWUDO�WKHRUHP�

$Q n " n V\PPHWULF�PDWUL[ A KDV�WKH�IROORZLQJ�SURSHUWLHV�

D� A KDV n UHDO�HLJHQYDOXHV� FRXQWLQJ�PXOWLSOLFLWLHV�
E� 7KH�GLPHQVLRQ�RI�WKH�HLJHQVSDFH�IRU�HDFK�HLJHQYDOXH ! HTXDOV�WKH�PXOWLSOLFLW\

RI ! DV�D�URRW�RI�WKH�FKDUDFWHULVWLF�HTXDWLRQ�
F� 7KH � HLJHQVSDFHV � DUH �PXWXDOO\ � RUWKRJRQDO� LQ � WKH � VHQVH � WKDW � HLJHQYHFWRUV

FRUUHVSRQGLQJ�WR�GLIIHUHQW�HLJHQYDOXHV�DUH�RUWKRJRQDO�
G� A LV�RUWKRJRQDOO\�GLDJRQDOL]DEOH�
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LQ�&KDSWHU��� 7KH�GHWDLOV�DUH�RPLWWHG�
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:KHQ A LV�V\PPHWULF�DQG�QRW�WRR�ODUJH� PRGHUQ�KLJK�SHUIRUPDQFH�FRPSXWHU�DO�
JRULWKPV�FDOFXODWH�HLJHQYDOXHV�DQG�HLJHQYHFWRUV�ZLWK�JUHDW�SUHFLVLRQ� 7KH\�DSSO\
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,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�
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WLRQ�PDWUL[�

��� D� (YHU\�V\PPHWULF�PDWUL[�LV�RUWKRJRQDOO\�GLDJRQDOL]DEOH�
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.A2/T D AA D A2� ZKLFK�VKRZV�WKDW A2 LV�V\PPHWULF�

�� ,IA LV�RUWKRJRQDOO\�GLDJRQDOL]DEOH� WKHQA LV�V\PPHWULF� E\�7KHRUHP��� %\�3UDFWLFH
3UREOHP��� A2 LV�V\PPHWULF�DQG�KHQFH�LV�RUWKRJRQDOO\�GLDJRQDOL]DEOH��7KHRUHP����
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8QWLO�QRZ� RXU�DWWHQWLRQ�LQ�WKLV�WH[W�KDV�IRFXVHG�RQ�OLQHDU�HTXDWLRQV� H[FHSW�IRU�WKH�VXPV
RI�VTXDUHV�HQFRXQWHUHG�LQ�&KDSWHU���ZKHQ�FRPSXWLQJ [T[� 6XFK�VXPV�DQG�PRUH�JHQHUDO
H[SUHVVLRQV� FDOOHG TXDGUDWLF�IRUPV� RFFXU�IUHTXHQWO\�LQ�DSSOLFDWLRQV�RI�OLQHDU�DOJHEUD
WR�HQJLQHHULQJ��LQ�GHVLJQ�FULWHULD�DQG�RSWLPL]DWLRQ��DQG�VLJQDO�SURFHVVLQJ��DV�RXWSXW
QRLVH�SRZHU�� 7KH\�DOVR�DULVH� IRU�H[DPSOH� LQ�SK\VLFV��DV�SRWHQWLDO�DQG�NLQHWLF�HQHUJ\��
GLIIHUHQWLDO�JHRPHWU\��DV�QRUPDO�FXUYDWXUH�RI�VXUIDFHV�� HFRQRPLFV��DV�XWLOLW\�IXQFWLRQV��
DQG�VWDWLVWLFV��LQ�FRQÀGHQFH�HOOLSVRLGV�� 6RPH�RI�WKH�PDWKHPDWLFDO�EDFNJURXQG�IRU�VXFK
DSSOLFDWLRQV�ÁRZV�HDVLO\�IURP�RXU�ZRUN�RQ�V\PPHWULF�PDWULFHV�

$ TXDGUDWLF�IRUP RQ Rn LV�D�IXQFWLRQ Q GHÀQHG�RQ Rn ZKRVH�YDOXH�DW�D�YHFWRU [
LQ Rn FDQ�EH�FRPSXWHG�E\�DQ�H[SUHVVLRQ�RI�WKH�IRUP Q.[/ D [TA[� ZKHUH A LV�DQ n " n
V\PPHWULF�PDWUL[� 7KH�PDWUL[ A LV�FDOOHG�WKH PDWUL[�RI�WKH�TXDGUDWLF�IRUP�

7KH�VLPSOHVW�H[DPSOH�RI�D�QRQ]HUR�TXDGUDWLF�IRUP�LV Q.[/ D [TI[ D k[k2� ([�
DPSOHV���DQG���VKRZ�WKH�FRQQHFWLRQ�EHWZHHQ�DQ\�V\PPHWULF�PDWUL[A DQG�WKH�TXDGUDWLF
IRUP [TA[�

/HW [ D
!

x1

x2

"
� &RPSXWH [TA[ IRU�WKH�IROORZLQJ�PDWULFHV�

D� A D
!

4 0
0 3

"
E� A D

!
3 !2

!2 7

"

D� [TA[ D Œ x1 x2 "

!
4 0
0 3

"!
x1

x2

"
D Œ x1 x2 "

!
4x1

3x2

"
D 4x2

1 C 3x2
2 �

E� 7KHUH�DUH�WZR !2 HQWULHV�LQ A� :DWFK�KRZ�WKH\�HQWHU�WKH�FDOFXODWLRQV� 7KH .1; 2/�
HQWU\�LQ A LV�LQ�EROGIDFH�W\SH�

[TA[ D Œ x1 x2 "

!
3 !�

!2 7

"!
x1

x2

"
D Œ x1 x2 "

!
3x1 ! �x2

!2x1 C 7x2

"

D x1.3x1 ! �x2/ C x2.!2x1 C 7x2/

D 3x2
1 ! �x1x2 ! 2x2x1 C 7x2

2

D 3x2
1 ! 4x1x2 C 7x2

2

7KH�SUHVHQFH�RI !4x1x2 LQ�WKH�TXDGUDWLF�IRUP�LQ�([DPSOH���E��LV�GXH�WR�WKH !2
HQWULHV�RII�WKH�GLDJRQDO�LQ�WKH�PDWUL[ A� ,Q�FRQWUDVW� WKH�TXDGUDWLF�IRUP�DVVRFLDWHG�ZLWK
WKH�GLDJRQDO�PDWUL[ A LQ�([DPSOH���D��KDV�QR x1x2 FURVV�SURGXFW WHUP�

)RU [ LQ R3� OHW Q.[/ D 5x2
1 C 3x2

2 C 2x2
3 ! x1x2 C 8x2x3� :ULWH

WKLV�TXDGUDWLF�IRUP�DV [TA[�

7KH�FRHIÀFLHQWV�RI x2
1 � x2

2 � x2
3 JR�RQ�WKH�GLDJRQDO�RI A� 7R�PDNH A V\P�

PHWULF� WKH�FRHIÀFLHQW�RI xi xj IRU i ¤ j PXVW�EH�VSOLW�HYHQO\�EHWZHHQ�WKH .i; j /��DQG
.j; i/�HQWULHV�LQ A� 7KH�FRHIÀFLHQW�RI x1x3 LV��� ,W�LV�UHDGLO\�FKHFNHG�WKDW

Q.[/ D [TA[ D Œ x1 x2 x3 "

2
4

5 !1=2 0
!1=2 3 4

0 4 2

3
5
2
4

x1

x2

x3

3
5
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/HW Q.[/ D x2
1 ! 8x1x2 ! 5x2

2 � &RPSXWH�WKH�YDOXH�RI Q.[/ IRU [ D!
!3

1

"
�
!

2
!2

"
� DQG

!
1

!3

"
�

Q.!3; 1/ D .!3/2 ! 8.!3/.1/ ! 5.1/2 D 28

Q.2; !2/ D .2/2 ! 8.2/.!2/ ! 5.!2/2 D 16

Q.1; !3/ D .1/2 ! 8.1/.!3/ ! 5.!3/2 D !20

,Q�VRPH�FDVHV� TXDGUDWLF�IRUPV�DUH�HDVLHU�WR�XVH�ZKHQ�WKH\�KDYH�QR�FURVV�SURGXFW
WHUPV³WKDW�LV� ZKHQ�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP�LV�D�GLDJRQDO�PDWUL[� )RUWXQDWHO\�
WKH�FURVV�SURGXFW�WHUP�FDQ�EH�HOLPLQDWHG�E\�PDNLQJ�D�VXLWDEOH�FKDQJH�RI�YDULDEOH�

&KDQJH�RI�9DULDEOH�LQ�D�4XDGUDWLF�)RUP
,I [ UHSUHVHQWV�D�YDULDEOH�YHFWRU�LQ Rn� WKHQ�D FKDQJH�RI�YDULDEOH LV�DQ�HTXDWLRQ�RI�WKH
IRUP

[ D P \; RU�HTXLYDOHQWO\; \ D P!1[ ���

ZKHUH P LV�DQ�LQYHUWLEOH�PDWUL[�DQG \ LV�D�QHZ�YDULDEOH�YHFWRU�LQ Rn� +HUH \ LV�WKH
FRRUGLQDWH�YHFWRU�RI [ UHODWLYH�WR�WKH�EDVLV�RI Rn GHWHUPLQHG�E\�WKH�FROXPQV�RI P � �6HH
6HFWLRQ������

,I�WKH�FKDQJH�RI�YDULDEOH�����LV�PDGH�LQ�D�TXDGUDWLF�IRUP [TA[� WKHQ

[TA[ D .P \/TA.P \/ D \TP TAP \ D \T.P TAP /\ ���

DQG�WKH�QHZ�PDWUL[�RI�WKH�TXDGUDWLF�IRUP�LV P TAP � 6LQFH A LV�V\PPHWULF� 7KHRUHP �
JXDUDQWHHV�WKDW�WKHUH�LV�DQ RUWKRJRQDOPDWUL[ P VXFK�WKDW P TAP LV�D�GLDJRQDO�PDWUL[ D�
DQG�WKH�TXDGUDWLF�IRUP�LQ�����EHFRPHV \TD\� 7KLV�LV�WKH�VWUDWHJ\�RI�WKH�QH[W�H[DPSOH�

0DNH�D�FKDQJH�RI�YDULDEOH�WKDW�WUDQVIRUPV�WKH�TXDGUDWLF�IRUP�LQ�([�
DPSOH ��LQWR�D�TXDGUDWLF�IRUP�ZLWK�QR�FURVV�SURGXFW�WHUP�

7KH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP�LQ�([DPSOH���LV

A D
!

1 !4
!4 !5

"

7KH�ÀUVW�VWHS�LV�WR�RUWKRJRQDOO\�GLDJRQDOL]H A� ,WV�HLJHQYDOXHV�WXUQ�RXW�WR�EH ! D 3 DQG
! D !7� $VVRFLDWHG�XQLW�HLJHQYHFWRUV�DUH

! D 3 W
"

2=
p

5

!1=
p

5

#
I ! D !7 W

"
1=

p
5

2=
p

5

#

7KHVH�YHFWRUV�DUH�DXWRPDWLFDOO\�RUWKRJRQDO��EHFDXVH�WKH\�FRUUHVSRQG�WR�GLVWLQFW�HLJHQ�
YDOXHV��DQG�VR�SURYLGH�DQ�RUWKRQRUPDO�EDVLV�IRU R2� /HW

P D
"

2=
p

5 1=
p

5

!1=
p

5 2=
p

5

#
; D D

!
3 0
0 !7

"

7KHQA D 3'3!1 DQGD D P!1$3 D P TAP � DV�SRLQWHG�RXW�HDUOLHU� $ VXLWDEOH�FKDQJH
RI�YDULDEOH�LV

[ D P \; ZKHUH [ D
!

x1

x2

"
DQG \ D

!
y1

y2

"
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7KHQ
x2

1 ! 8x1x2 ! 5x2
2 D [TA[ D .P \/TA.P \/

D \TP T$3\ D \TD\
D 3y2

1 ! 7y2
2

7R�LOOXVWUDWH�WKH�PHDQLQJ�RI�WKH�HTXDOLW\�RI�TXDGUDWLF�IRUPV�LQ�([DPSOH��� ZH�FDQ
FRPSXWH Q.[/ IRU [ D .2; !2/ XVLQJ�WKH�QHZ�TXDGUDWLF�IRUP� )LUVW� VLQFH [ D P \�

\ D P!1[ D P T [

VR

\ D
"

2=
p

5 !1=
p

5

1=
p

5 2=
p

5

#!
2

!2

"
D
"

6=
p

5

!2=
p

5

#

+HQFH

3y2
1 ! 7y2

2 D 3.6=
p

5/2 ! 7.!2=
p

5/2 D 3.36=5/ ! 7.4=5/

D 80=5 D 16

7KLV�LV�WKH�YDOXH�RI Q.[/ LQ�([DPSOH���ZKHQ [ D .2; !2/� 6HH�)LJ� ��

!

!2

!2

160
Multiplication

by P

x

y

yTDy

xTAx

&KDQJH�RI�YDULDEOH�LQ [TA[�

([DPSOH���LOOXVWUDWHV�WKH�IROORZLQJ�WKHRUHP� 7KH�SURRI�RI�WKH�WKHRUHP�ZDV�HVVHQ�
WLDOO\�JLYHQ�EHIRUH�([DPSOH���

/HW A EH�DQ n " n V\PPHWULF�PDWUL[� 7KHQ�WKHUH�LV�DQ�RUWKRJRQDO�FKDQJH�RI
YDULDEOH� [ D P \� WKDW�WUDQVIRUPV�WKH�TXDGUDWLF�IRUP [TA[ LQWR�D�TXDGUDWLF�IRUP
\TD\ ZLWK�QR�FURVV�SURGXFW�WHUP�

7KH�FROXPQV�RI P LQ�WKH�WKHRUHP�DUH�FDOOHG�WKH SULQFLSDO�D[HV RI�WKH�TXDGUDWLF
IRUP [TA[� 7KH�YHFWRU \ LV�WKH�FRRUGLQDWH�YHFWRU�RI [ UHODWLYH�WR�WKH�RUWKRQRUPDO�EDVLV
RI Rn JLYHQ�E\�WKHVH�SULQFLSDO�D[HV�

$ *HRPHWULF�9LHZ�RI�3ULQFLSDO�$[HV
6XSSRVH Q.[/ D [TA[� ZKHUH A LV�DQ�LQYHUWLEOH 2 " 2 V\PPHWULF�PDWUL[� DQG�OHW c EH�D
FRQVWDQW� ,W�FDQ�EH�VKRZQ�WKDW�WKH�VHW�RI�DOO [ LQ R2 WKDW�VDWLVI\

[TA[ D c ���
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HLWKHU�FRUUHVSRQGV�WR�DQ�HOOLSVH��RU�FLUFOH�� D�K\SHUEROD� WZR�LQWHUVHFWLQJ�OLQHV� RU�D�VLQJOH
SRLQW� RU�FRQWDLQV�QR�SRLQWV�DW�DOO� ,I A LV�D�GLDJRQDO�PDWUL[� WKH�JUDSK�LV�LQ VWDQGDUG
SRVLWLRQ� VXFK�DV�LQ�)LJ� �� ,I A LV�QRW�D�GLDJRQDO�PDWUL[� WKH�JUDSK�RI�HTXDWLRQ ����LV

x1

x2

a

= 1,  a > b > 0
a2 b2

x2 x2
21

b

x1

x2

a

b

— —+

ellipse

= 1,  a > b > 0
a2 b2

x2 x2
21— —–

hyperbola

$Q�HOOLSVH�DQG�D�K\SHUEROD�LQ�VWDQGDUG�SRVLWLRQ�

URWDWHG�RXW�RI�VWDQGDUG�SRVLWLRQ� DV�LQ�)LJ� �� )LQGLQJ�WKH SULQFLSDO�D[HV �GHWHUPLQHG
E\�WKH�HLJHQYHFWRUV�RI A��DPRXQWV�WR�ÀQGLQJ�D�QHZ�FRRUGLQDWH�V\VWHP�ZLWK�UHVSHFW�WR
ZKLFK�WKH�JUDSK�LV�LQ�VWDQGDUG�SRVLWLRQ�

(a) 5x2 – 4x1x2 + 5x2 = 48

x1

x2 y1y2

1

1

1 2

x2

(b) x2 – 8x1x2 – 5x2 = 16

x1

y1

y2

11

1 2

$Q�HOOLSVH�DQG�D�K\SHUEROD QRW LQ�VWDQGDUG�SRVLWLRQ�

7KH�K\SHUEROD�LQ�)LJ� ��E��LV�WKH�JUDSK�RI�WKH�HTXDWLRQ [TA[ D 16� ZKHUH A LV�WKH
PDWUL[�LQ�([DPSOH��� 7KH�SRVLWLYH y1�D[LV�LQ�)LJ� ��E��LV�LQ�WKH�GLUHFWLRQ�RI�WKH�ÀUVW
FROXPQ�RI�WKH�PDWUL[ P LQ�([DPSOH��� DQG�WKH�SRVLWLYH y2�D[LV�LV�LQ�WKH�GLUHFWLRQ�RI�WKH
VHFRQG�FROXPQ�RI P �

7KH�HOOLSVH�LQ�)LJ� ��D��LV�WKH�JUDSK�RI�WKH�HTXDWLRQ 5x2
1 ! 4x1x2 C

5x2
2 D 48� )LQG�D�FKDQJH�RI�YDULDEOH�WKDW�UHPRYHV�WKH�FURVV�SURGXFW�WHUP�IURP�WKH

HTXDWLRQ�

7KH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP�LV A D
!

5 !2
!2 5

"
� 7KH�HLJHQYDOXHV�RI

A WXUQ�RXW�WR�EH���DQG��� ZLWK�FRUUHVSRQGLQJ�XQLW�HLJHQYHFWRUV

X1 D
"

1=
p

2

1=
p

2

#
; X2 D

"
!1=

p
2

1=
p

2

#
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/HWP D Œ X1 X2 " D
"

1=
p

2 !1=
p

2

1=
p

2 1=
p

2

#
� 7KHQ P RUWKRJRQDOO\�GLDJRQDOL]HVA� VR�WKH

FKDQJH�RI�YDULDEOH [ D P \ SURGXFHV�WKH�TXDGUDWLF�IRUP \T D\ D 3y2
1 C 7y2

2 � 7KH�QHZ
D[HV�IRU�WKLV�FKDQJH�RI�YDULDEOH�DUH�VKRZQ�LQ�)LJ� ��D��

&ODVVLI\LQJ�4XDGUDWLF�)RUPV

:KHQ A LV�DQ n " n PDWUL[� WKH�TXDGUDWLF�IRUP Q.[/ D [TA[ LV�D�UHDO�YDOXHG�IXQFWLRQ
ZLWK�GRPDLQ Rn� )LJXUH ��GLVSOD\V�WKH�JUDSKV�RI�IRXU�TXDGUDWLF�IRUPV�ZLWK�GRPDLQ R2�
)RU�HDFK�SRLQW [ D .x1; x2/ LQ�WKH�GRPDLQ�RI�D�TXDGUDWLF�IRUP Q� WKH�JUDSK�GLVSOD\V�WKH
SRLQW .x1; x2; ´/ ZKHUH ´ D Q.[/� 1RWLFH�WKDW�H[FHSW�DW [ D �� WKH�YDOXHV�RI Q.[/ DUH
DOO�SRVLWLYH�LQ�)LJ� ��D��DQG�DOO�QHJDWLYH�LQ�)LJ� ��G�� 7KH�KRUL]RQWDO�FURVV�VHFWLRQV�RI
WKH�JUDSKV�DUH�HOOLSVHV�LQ�)LJV� ��D��DQG���G��DQG�K\SHUERODV�LQ�)LJ� ��F��

(a)  z = 3x2 + 7x2

x1

z

x2

1 2 (b)  z = 3x2

x1

z

x2

1

x

(c)  z = 3x2 – 7x2

x1

z

x2

1 2 (d)  z = –3x2 – 7x2

x1

z

x2

1 2

*UDSKV�RI�TXDGUDWLF�IRUPV�

7KH�VLPSOH 2 " 2 H[DPSOHV�LQ�)LJ� ��LOOXVWUDWH�WKH�IROORZLQJ�GHÀQLWLRQV�

$ TXDGUDWLF�IRUP Q LV�

D� SRVLWLYH�GHÀQLWH LI Q.[/ > 0 IRU�DOO [ ¤ ��
E� QHJDWLYH�GHÀQLWH LI Q.[/ < 0 IRU�DOO [ ¤ ��
F� LQGHÀQLWH LI Q.[/ DVVXPHV�ERWK�SRVLWLYH�DQG�QHJDWLYH�YDOXHV�

$OVR� Q LV�VDLG�WR�EH SRVLWLYH�VHPLGHÀQLWH LIQ.[/ $ 0 IRU�DOO [� DQG�WR�EH QHJDWLYH
VHPLGHÀQLWH LI Q.[/ % 0 IRU�DOO [� 7KH�TXDGUDWLF�IRUPV�LQ�SDUWV��D��DQG��E��RI�)LJ����DUH
ERWK�SRVLWLYH�VHPLGHÀQLWH� EXW�WKH�IRUP�LQ��D��LV�EHWWHU�GHVFULEHG�DV�SRVLWLYH�GHÀQLWH�

7KHRUHP���FKDUDFWHUL]HV�VRPH�TXDGUDWLF�IRUPV�LQ�WHUPV�RI�HLJHQYDOXHV�

/HW A EH�DQ n " n V\PPHWULF�PDWUL[� 7KHQ�D�TXDGUDWLF�IRUP [TA[ LV�

D� SRVLWLYH�GHÀQLWH�LI�DQG�RQO\�LI�WKH�HLJHQYDOXHV�RI A DUH�DOO�SRVLWLYH�
E� QHJDWLYH�GHÀQLWH�LI�DQG�RQO\�LI�WKH�HLJHQYDOXHV�RI A DUH�DOO�QHJDWLYH� RU
F� LQGHÀQLWH�LI�DQG�RQO\�LI A KDV�ERWK�SRVLWLYH�DQG�QHJDWLYH�HLJHQYDOXHV�
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%\�WKH�3ULQFLSDO�$[HV�7KHRUHP� WKHUH�H[LVWV�DQ�RUWKRJRQDO�FKDQJH�RI�YDULDEOH
[ D P \ VXFK�WKDW

Q.[/ D [TA[ D \T D\ D !1y2
1 C !2y2

2 C # # # C !ny2
n ���

ZKHUH !1; : : : ; !n DUH�WKH�HLJHQYDOXHV�RI A� 6LQFH P LV�LQYHUWLEOH� WKHUH�LV�D�RQH�WR�
RQH�FRUUHVSRQGHQFH�EHWZHHQ�DOO�QRQ]HUR [ DQG�DOO�QRQ]HUR \� 7KXV�WKH�YDOXHV�RI Q.[/
IRU [ ¤ � FRLQFLGH�ZLWK�WKH�YDOXHV�RI�WKH�H[SUHVVLRQ�RQ�WKH�ULJKW�VLGH�RI����� ZKLFK
LV�REYLRXVO\�FRQWUROOHG�E\�WKH�VLJQV�RI�WKH�HLJHQYDOXHV !1; : : : ; !n� LQ�WKH�WKUHH�ZD\V
GHVFULEHG�LQ�WKH�WKHRUHP�

,V Q.[/ D 3x2
1 C 2x2

2 C x2
3 C 4x1x2 C 4x2x3 SRVLWLYH�GHÀQLWH"

%HFDXVH�RI�DOO�WKH�SOXV�VLJQV� WKLV�IRUP�´ORRNVµ�SRVLWLYH�GHÀQLWH� %XW�WKH
PDWUL[�RI�WKH�IRUP�LV

Positive definite

z

Indefinite

z

Negative definite

z

x1 x2

x1

x1
x2

x2

A D

2
4

3 2 0
2 2 2
0 2 1

3
5

DQG�WKH�HLJHQYDOXHV�RI A WXUQ�RXW�WR�EH��� �� DQG !1� 6R Q LV�DQ�LQGHÀQLWH�TXDGUDWLF
IRUP� QRW�SRVLWLYH�GHÀQLWH�

7KH�FODVVLÀFDWLRQ�RI�D�TXDGUDWLF�IRUP�LV�RIWHQ�FDUULHG�RYHU�WR�WKH�PDWUL[�RI�WKH�IRUP�
7KXV�D SRVLWLYH�GHÀQLWH�PDWUL[ A LV�D V\PPHWULF PDWUL[�IRU�ZKLFK�WKH�TXDGUDWLF�IRUPWEB
[TA[ LV�SRVLWLYH�GHÀQLWH� 2WKHU�WHUPV� VXFK�DV SRVLWLYH�VHPLGHÀQLWH�PDWUL[� DUH�GHÀQHG
DQDORJRXVO\�

$ IDVW�ZD\�WR�GHWHUPLQH�ZKHWKHU�D�V\PPHWULF�PDWUL[ A LV�SRVLWLYH�GHÀQLWH�LV
WR�DWWHPSW�WR�IDFWRU A LQ�WKH�IRUP A D RTR� ZKHUH R LV�XSSHU�WULDQJXODU�ZLWK
SRVLWLYH�GLDJRQDO�HQWULHV� �$ VOLJKWO\�PRGLÀHG�DOJRULWKP�IRU�DQ�/8 IDFWRUL]DWLRQ
LV�RQH�DSSURDFK�� 6XFK�D &KROHVN\�IDFWRUL]DWLRQ LV�SRVVLEOH�LI�DQG�RQO\�LI A LV
SRVLWLYH�GHÀQLWH� 6HH�6XSSOHPHQWDU\�([HUFLVH���DW�WKH�HQG�RI�&KDSWHU���

'HVFULEH�D�SRVLWLYH�VHPLGHÀQLWH�PDWUL[ A LQ�WHUPV�RI�LWV�HLJHQYDOXHV�
WEB

�� &RPSXWH�WKH�TXDGUDWLF�IRUP [TA[� ZKHQ A D
!

5 1=3
1=3 1

"

DQG

D� [ D
!

x1

x2

"
E� [ D

!
6
1

"
F� [ D

!
1
3

"

�� &RPSXWH�WKH�TXDGUDWLF�IRUP [TA[� IRU A D

2
4

4 3 0
3 2 1
0 1 1

3
5

DQG

D� [ D

2
4

x1

x2

x3

3
5 E� [ D

2
4

2
!1

5

3
5 F� [ D

2
64

1=
p

3

1=
p

3

1=
p

3

3
75

�� )LQG�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP� $VVXPH [ LV�LQ R2�
D� 10x2

1 ! 6x1x2 ! 3x2
2 E� 5x2

1 C 3x1x2

�� )LQG�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP� $VVXPH [ LV�LQ R2�
D� 20x2

1 C 15x1x2 ! 10x2
2 E� x1x2
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�� )LQG�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP� $VVXPH [ LV�LQ R3�
D� 8x2

1 C 7x2
2 ! 3x2

3 ! 6x1x2 C 4x1x3 ! 2x2x3

E� 4x1x2 C 6x1x3 ! 8x2x3

�� )LQG�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP� $VVXPH [ LV�LQ R3�
D� 5x2

1 ! x2
2 C 7x2

3 C 5x1x2 ! 3x1x3

E� x2
3 ! 4x1x2 C 4x2x3

�� 0DNH�D �FKDQJH�RI �YDULDEOH� [ D P \� WKDW � WUDQVIRUPV� WKH
TXDGUDWLF�IRUP x2

1 C 10x1x2 C x2
2 LQWR�D�TXDGUDWLF�IRUP�ZLWK

QR�FURVV�SURGXFW�WHUP� *LYH P DQG�WKH�QHZ�TXDGUDWLF�IRUP�
�� /HW A EH�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP

9x2
1 C 7x2

2 C 11x2
3 ! 8x1x2 C 8x1x3

,W�FDQ�EH�VKRZQ�WKDW�WKH�HLJHQYDOXHV�RI A DUH��� �� DQG����
)LQG�DQ�RUWKRJRQDO�PDWUL[ P VXFK�WKDW�WKH�FKDQJH�RI�YDULDEOH
[ D P \ WUDQVIRUPV [TA[ LQWR�D�TXDGUDWLF�IRUP�ZLWK�QR�FURVV�
SURGXFW�WHUP� *LYH P DQG�WKH�QHZ�TXDGUDWLF�IRUP�

&ODVVLI\�WKH�TXDGUDWLF�IRUPV�LQ�([HUFLVHV��²��� 7KHQ�PDNH�D
FKDQJH�RI�YDULDEOH� [ D P \� WKDW�WUDQVIRUPV�WKH�TXDGUDWLF�IRUP
LQWR�RQH�ZLWK�QR�FURVV�SURGXFW�WHUP� :ULWH�WKH�QHZ�TXDGUDWLF
IRUP� &RQVWUXFW P XVLQJ�WKH�PHWKRGV�RI�6HFWLRQ�����

�� 3x2
1 ! 4x1x2 C 6x2

2 ��� 9x2
1 ! 8x1x2 C 3x2

2

��� 2x2
1 C 10x1x2 C 2x2

2 ��� !5x2
1 C 4x1x2 ! 2x2

2

��� x2
1 ! 6x1x2 C 9x2

2 ��� 8x2
1 C 6x1x2

��� >0@ !2x2
1 ! 6x2

2 ! 9x2
3 ! 9x2

4 C 4x1x2 C 4x1x3 C 4x1x4 C
6x3x4

��� >0@ 4x2
1 C 4x2

2 C 4x2
3 C 4x2

4 C 3x1x2 C 3x3x4 ! 4x1x4 C
4x2x3

��� >0@ x2
1 C x2

2 C x2
3 C x2

4 C 9x1x2 ! 12x1x4 C 12x2x3 C 9x3x4

��� >0@ 11x2
1 ! x2

2 ! 12x1x2 ! 12x1x3 ! 12x1x4 ! 2x3x4

��� :KDW � LV � WKH � ODUJHVW � SRVVLEOH � YDOXH � RI � WKH � TXDGUDWLF
IRUP 5x2

1 C 8x2
2 LI [ D .x1; x2/ DQG [T[ D 1� WKDW � LV� LI

x2
1 C x2

2 D 1" �7U\�VRPH�H[DPSOHV�RI [��
��� :KDW�LV�WKH�ODUJHVW�YDOXH�RI�WKH�TXDGUDWLF�IRUP 5x2

1 ! 3x2
2 LI

[T[ D 1"

,Q�([HUFLVHV����DQG���� PDWULFHV�DUH n " n DQG�YHFWRUV�DUH�LQ Rn�
0DUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU�

��� D� 7KH�PDWUL[�RI�D�TXDGUDWLF�IRUP�LV�D�V\PPHWULF�PDWUL[�
E� $ TXDGUDWLF�IRUP�KDV�QR�FURVV�SURGXFW�WHUPV�LI�DQG�RQO\

LI�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP�LV�D�GLDJRQDO�PDWUL[�
F� 7KH�SULQFLSDO�D[HV�RI�D�TXDGUDWLF�IRUP [TA[ DUH�HLJHQYHF�

WRUV�RI A�
G� $ SRVLWLYH�GHÀQLWH�TXDGUDWLF�IRUP Q VDWLVÀHV Q.[/ > 0

IRU�DOO [ LQ Rn�

H� ,I�WKH�HLJHQYDOXHV�RI�D�V\PPHWULF�PDWUL[ A DUH�DOO�SRVL�
WLYH� WKHQ�WKH�TXDGUDWLF�IRUP [TA[ LV�SRVLWLYH�GHÀQLWH�

I� $ &KROHVN\�IDFWRUL]DWLRQ�RI�D�V\PPHWULF�PDWUL[ A KDV
WKH�IRUPA D RTR� IRU�DQ�XSSHU�WULDQJXODU�PDWUL[R ZLWK
SRVLWLYH�GLDJRQDO�HQWULHV�

��� D� 7KH�H[SUHVVLRQ k[k2 LV�D�TXDGUDWLF�IRUP�
E� ,I A LV�V\PPHWULF�DQG P LV�DQ�RUWKRJRQDO�PDWUL[� WKHQ

WKH�FKDQJH�RI�YDULDEOH [ D P \ WUDQVIRUPV [TA[ LQWR�D
TXDGUDWLF�IRUP�ZLWK�QR�FURVV�SURGXFW�WHUP�

F� ,I A LV�D 2 " 2 V\PPHWULF�PDWUL[� WKHQ�WKH�VHW�RI [ VXFK
WKDW [TA[ D c �IRU�D�FRQVWDQW c��FRUUHVSRQGV�WR�HLWKHU�D
FLUFOH� DQ�HOOLSVH� RU�D�K\SHUEROD�

G� $Q�LQGHÀQLWH�TXDGUDWLF�IRUP�LV�HLWKHU�SRVLWLYH�VHPLGHÀ�
QLWH�RU�QHJDWLYH�VHPLGHÀQLWH�

H� ,I A LV�V\PPHWULF�DQG�WKH�TXDGUDWLF�IRUP [TA[ KDV�RQO\
QHJDWLYH�YDOXHV�IRU [ ¤ �� WKHQ�WKH�HLJHQYDOXHV�RI A DUH
DOO�QHJDWLYH�

([HUFLVHV � �� � DQG ��� � VKRZ �KRZ� WR � FODVVLI\ � D � TXDGUDWLF � IRUP

Q.[/ D [TA[� ZKHQA D
!

a b
b d

"
DQG GHWA ¤ 0� ZLWKRXW�ÀQG�

LQJ�WKH�HLJHQYDOXHV�RI A�

��� ,I !1 DQG !2 DUH�WKH�HLJHQYDOXHV�RI A� WKHQ�WKH�FKDUDFWHULVWLF
SRO\QRPLDO�RI A FDQ�EH�ZULWWHQ�LQ�WZR�ZD\V� GHW.A ! !I /
DQG .! ! !1/.! ! !2/� 8VH�WKLV�IDFW�WR�VKRZ�WKDW !1 C !2 D
a C d �WKH�GLDJRQDO�HQWULHV�RI A��DQG !1!2 D GHWA�

��� 9HULI\�WKH�IROORZLQJ�VWDWHPHQWV�
D� Q LV�SRVLWLYH�GHÀQLWH�LI GHWA > 0 DQG a > 0�
E� Q LV�QHJDWLYH�GHÀQLWH�LI GHWA > 0 DQG a < 0�
F� Q LV�LQGHÀQLWH�LI GHWA < 0�

��� 6KRZ�WKDW�LI B LV m " n� WKHQ BTB LV�SRVLWLYH�VHPLGHÀQLWH�
DQG�LIB LV n " n DQG�LQYHUWLEOH� WKHQBTB LV�SRVLWLYH�GHÀQLWH�

��� 6KRZ�WKDW�LI�DQ n " n PDWUL[ A LV�SRVLWLYH�GHÀQLWH� WKHQ�WKHUH
H[LVWV�D�SRVLWLYH�GHÀQLWH�PDWUL[B VXFK�WKDWA D BTB � >+LQW�
:ULWH A D 3'3T � ZLWK P T D P!1� 3URGXFH�D �GLDJRQDO
PDWUL[ C VXFK�WKDW D D C TC � DQG�OHW B D PCP T � 6KRZ
WKDW B ZRUNV�@

��� /HWA DQGB EH�V\PPHWULF n " nPDWULFHV�ZKRVH�HLJHQYDOXHV
DUH�DOO�SRVLWLYH� 6KRZ�WKDW�WKH�HLJHQYDOXHV�RI A C B DUH�DOO
SRVLWLYH� >+LQW� &RQVLGHU�TXDGUDWLF�IRUPV�@

��� /HW A EH�DQ n " n LQYHUWLEOH�V\PPHWULF�PDWUL[� 6KRZ�WKDW
LI�WKH�TXDGUDWLF�IRUP [TA[ LV�SRVLWLYH�GHÀQLWH� WKHQ�VR�LV�WKH
TXDGUDWLF�IRUP [TA!1[� >+LQW� &RQVLGHU�HLJHQYDOXHV�@

SG



6\PPHWULF�0DWULFHV�DQG�4XDGUDWLF�)RUPV

0DNH�DQ�RUWKRJRQDO�FKDQJH�RI�YDULDEOH [ D P \� DQG�ZULWH

[TA[ D \T D\ D !1y2
1 C !2y

2
2 C # # # C !ny2

n

DV�LQ�HTXDWLRQ����� ,I�DQ�HLJHQYDOXH³VD\� !i³ZHUH�QHJDWLYH� WKHQ [TA[ ZRXOG�EH
QHJDWLYH�IRU�WKH [ FRUUHVSRQGLQJ�WR \ D Hi �WKH i WK�FROXPQ�RI In�� 6R�WKH�HLJHQYDOXHV
RI�D�SRVLWLYH�VHPLGHÀQLWH�TXDGUDWLF�IRUP�PXVW�DOO�EH�QRQQHJDWLYH� &RQYHUVHO\� LI�WKH
HLJHQYDOXHV�DUH�QRQQHJDWLYH� WKH�H[SDQVLRQ�DERYH�VKRZV�WKDW [TA[ PXVW�EH�SRVLWLYH
VHPLGHÀQLWH�Positive semidefinite

z

x1 x2

(QJLQHHUV� HFRQRPLVWV� VFLHQWLVWV� DQG�PDWKHPDWLFLDQV�RIWHQ�QHHG�WR�ÀQG�WKH�PD[LPXP
RU�PLQLPXP�YDOXH�RI�D�TXDGUDWLF�IRUP Q.[/ IRU [ LQ�VRPH�VSHFLÀHG�VHW� 7\SLFDOO\� WKH
SUREOHP�FDQ�EH�DUUDQJHG�VR�WKDW [ YDULHV�RYHU�WKH�VHW�RI�XQLW�YHFWRUV� 7KLV FRQVWUDLQHG
RSWLPL]DWLRQ�SUREOHP KDV�DQ�LQWHUHVWLQJ�DQG�HOHJDQW�VROXWLRQ� ([DPSOH���EHORZ�DQG�WKH
GLVFXVVLRQ�LQ�6HFWLRQ�����ZLOO�LOOXVWUDWH�KRZ�VXFK�SUREOHPV�DULVH�LQ�SUDFWLFH�

7KH�UHTXLUHPHQW�WKDW�D�YHFWRU [ LQ Rn EH�D�XQLW�YHFWRU�FDQ�EH�VWDWHG�LQ�VHYHUDO
HTXLYDOHQW�ZD\V�

k[k D 1; k[k2 D 1; [T[ D 1

DQG
x2

1 C x2
2 C # # # C x2

n D 1 ���

7KH�H[SDQGHG�YHUVLRQ�����RI [T[ D 1 LV�FRPPRQO\�XVHG�LQ�DSSOLFDWLRQV�
:KHQ�D�TXDGUDWLF�IRUPQ KDV�QR�FURVV�SURGXFW�WHUPV� LW�LV�HDV\�WR�ÀQG�WKH�PD[LPXP

DQG�PLQLPXP�RI Q.[/ IRU [T[ D 1�

)LQG�WKH�PD[LPXP�DQG�PLQLPXP�YDOXHV�RIQ.[/ D 9x2
1 C 4x2

2 C 3x2
3

VXEMHFW�WR�WKH�FRQVWUDLQW [T[ D 1�

6LQFH x2
2 DQG x2

3 DUH�QRQQHJDWLYH� QRWH�WKDW

4x2
2 % 9x2

2 DQG 3x2
3 % 9x2

3

DQG�KHQFH

Q.[/ D 9x2
1 C 4x2

2 C 3x2
3

% 9x2
1 C 9x2

2 C 9x2
3

D 9.x2
1 C x2

2 C x2
3/

D 9

ZKHQHYHU x2
1 C x2

2 C x2
3 D 1� 6R�WKH�PD[LPXP�YDOXH�RI Q.[/ FDQQRW�H[FHHG���ZKHQ

[ LV�D�XQLW�YHFWRU� )XUWKHUPRUH� Q.[/ D 9 ZKHQ [ D .1; 0; 0/� 7KXV���LV�WKH�PD[LPXP
YDOXH�RI Q.[/ IRU [T[ D 1�

7R�ÀQG�WKH�PLQLPXP�YDOXH�RI Q.[/� REVHUYH�WKDW

9x2
1 $ 3x2

1; 4x2
2 $ 3x2

2

DQG�KHQFH
Q.[/ $ 3x2

1 C 3x2
2 C 3x2

3 D 3.x2
1 C x2

2 C x2
3/ D 3

ZKHQHYHU x2
1 C x2

2 C x2
3 D 1� $OVR� Q.[/ D 3 ZKHQ x1 D 0� x2 D 0� DQG x3 D 1� 6R��

LV�WKH�PLQLPXP�YDOXH�RI Q.[/ ZKHQ [T[ D 1�



&RQVWUDLQHG�2SWLPL]DWLRQ

,W�LV�HDV\�WR�VHH�LQ�([DPSOH���WKDW�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP Q KDV�HLJHQ�
YDOXHV��� �� DQG���DQG�WKDW�WKH�JUHDWHVW�DQG�OHDVW�HLJHQYDOXHV�HTXDO� UHVSHFWLYHO\� WKH
�FRQVWUDLQHG��PD[LPXP�DQG�PLQLPXP�RI Q.[/� 7KH�VDPH�KROGV�WUXH�IRU�DQ\�TXDGUDWLF
IRUP� DV�ZH�VKDOO�VHH�

/HW A D
!

3 0
0 7

"
� DQG�OHW Q.[/ D [TA[ IRU [ LQ R2� )LJXUH���GLV�

SOD\V�WKH�JUDSK�RI Q� )LJXUH���VKRZV�RQO\�WKH�SRUWLRQ�RI�WKH�JUDSK�LQVLGH�D�F\OLQGHU�
WKH�LQWHUVHFWLRQ�RI�WKH�F\OLQGHU�ZLWK�WKH�VXUIDFH�LV�WKH�VHW�RI�SRLQWV .x1; x2; ´/ VXFK�WKDW
´ D Q.x1; x2/ DQG x2

1 C x2
2 D 1� 7KH�´KHLJKWVµ�RI�WKHVH�SRLQWV�DUH�WKH�FRQVWUDLQHG

YDOXHV�RI Q.[/� *HRPHWULFDOO\� WKH�FRQVWUDLQHG�RSWLPL]DWLRQ�SUREOHP�LV�WR�ORFDWH�WKH
KLJKHVW�DQG�ORZHVW�SRLQWV�RQ�WKH�LQWHUVHFWLRQ�FXUYH�

7KH�WZR�KLJKHVW�SRLQWV�RQ�WKH�FXUYH�DUH���XQLWV�DERYH�WKH x1x2�SODQH� RFFXUULQJ
ZKHUH x1 D 0 DQG x2 D ˙1� 7KHVH�SRLQWV�FRUUHVSRQG�WR�WKH�HLJHQYDOXH���RI A DQG
WKH�HLJHQYHFWRUV [ D .0; 1/ DQG ![ D .0; !1/� 6LPLODUO\� WKH�WZR�ORZHVW�SRLQWV�RQ�WKH
FXUYH�DUH���XQLWV�DERYH�WKH x1x2�SODQH� 7KH\�FRUUHVSRQG�WR�WKH�HLJHQYDOXH���DQG�WKH
HLJHQYHFWRUV .1; 0/ DQG .!1; 0/�

x1
x2

z

´ D 3x2
1 C 7x2

2 �

x1
x2

z

7KH�LQWHUVHFWLRQ�RI ´ D
3x2

1 C 7x2
2 DQG�WKH�F\OLQGHU x2

1 C x2
2 D 1�

(YHU\�SRLQW�RQ�WKH�LQWHUVHFWLRQ�FXUYH�LQ�)LJ����KDV�D ´�FRRUGLQDWH�EHWZHHQ���DQG���
DQG�IRU�DQ\�QXPEHU t EHWZHHQ���DQG��� WKHUH�LV�D�XQLW�YHFWRU [ VXFK�WKDW Q.[/ D t � ,Q
RWKHU�ZRUGV� WKH�VHW�RI�DOO�SRVVLEOH�YDOXHV�RI [TA[� IRU k[k D 1� LV�WKH�FORVHG�LQWHUYDO
3 % t % 7�

,W�FDQ�EH�VKRZQ�WKDW�IRU�DQ\�V\PPHWULF�PDWUL[ A� WKH�VHW�RI�DOO�SRVVLEOH�YDOXHV�RI
[TA[� IRU k[k D 1� LV�D�FORVHG�LQWHUYDO�RQ�WKH�UHDO�D[LV� �6HH�([HUFLVH����� 'HQRWH�WKH
OHIW�DQG�ULJKW�HQGSRLQWV�RI�WKLV�LQWHUYDO�E\ m DQG M � UHVSHFWLYHO\� 7KDW�LV� OHW

m D PLQ f[TA[ W k[k D 1g; M D PD[ f[TA[ W k[k D 1g ���

([HUFLVH����DVNV�\RX�WR�SURYH�WKDW�LI ! LV�DQ�HLJHQYDOXH�RI A� WKHQ m % ! % M � 7KH
QH[W�WKHRUHP�VD\V�WKDWm DQGM DUH�WKHPVHOYHV�HLJHQYDOXHV�RIA� MXVW�DV�LQ�([DPSOH ��ñ

/HWA EH�D�V\PPHWULF�PDWUL[� DQG�GHÀQHm DQGM DV�LQ����� 7KHQM LV�WKH�JUHDWHVW
HLJHQYDOXH !1 RI A DQG m LV�WKH�OHDVW�HLJHQYDOXH�RI A� 7KH�YDOXH�RI [TA[ LV M
ZKHQ [ LV�D�XQLW�HLJHQYHFWRU X1 FRUUHVSRQGLQJ�WRM � 7KH�YDOXH�RI [TA[ LVmZKHQ
[ LV�D�XQLW�HLJHQYHFWRU�FRUUHVSRQGLQJ�WR m�

ñ7KH�XVH�RI PLQLPXP DQG PD[LPXP LQ����� DQG OHDVW DQG JUHDWHVW LQ�WKH�WKHRUHP� UHIHUV�WR�WKH�QDWXUDO
RUGHULQJ�RI�WKH�UHDO�QXPEHUV� QRW�WR�PDJQLWXGHV�



6\PPHWULF�0DWULFHV�DQG�4XDGUDWLF�)RUPV

2UWKRJRQDOO\�GLDJRQDOL]H A DV 3'3!1� :H�NQRZ�WKDW

[TA[ D \TD\ ZKHQ [ D P \ ���

$OVR�
k[k D kP \k D k\k IRU�DOO \

EHFDXVH P TP D I DQG kP \k2 D .P \/T .P \/ D \TP TP \ D \T\ D k\k2� ,Q�SDUWLFXODU�
k\k D 1 LI�DQG�RQO\�LI k[k D 1� 7KXV [TA[ DQG \TD\ DVVXPH�WKH�VDPH�VHW�RI�YDOXHV�DV
[ DQG \ UDQJH�RYHU�WKH�VHW�RI�DOO�XQLW�YHFWRUV�

7R�VLPSOLI\�QRWDWLRQ� VXSSRVH�WKDW A LV�D 3 " 3 PDWUL[�ZLWK�HLJHQYDOXHV a $ b $ c�
$UUDQJH�WKH��HLJHQYHFWRU��FROXPQV�RI P VR�WKDW P D Œ X1 X2 X3 " DQG

D D

2
4

a 0 0
0 b 0
0 0 c

3
5

*LYHQ�DQ\�XQLW�YHFWRU \ LQ R3 ZLWK�FRRUGLQDWHV y1� y2� y3� REVHUYH�WKDW

ay2
1 D ay2

1

by2
2 % ay2

2

cy2
3 % ay2

3

DQG�REWDLQ�WKHVH�LQHTXDOLWLHV�

\TD\ D ay2
1 C by2

2 C cy2
3

% ay2
1 C ay2

2 C ay2
3

D a.y2
1 C y2

2 C y2
3/

D ak\k2 D a

7KXV M % a� E\�GHÀQLWLRQ�RI M � +RZHYHU� \TD\ D a ZKHQ \ D H1 D .1; 0; 0/� VR�LQ
IDFWM D a� %\����� WKH [ WKDW�FRUUHVSRQGV�WR \ D H1 LV�WKH�HLJHQYHFWRU X1 RIA� EHFDXVH

[ D P H1 D
#
X1 X2 X3

$
2
4

1
0
0

3
5 D X1

7KXV M D a D HT
1 DH1 D XT

1AX1� ZKLFK�SURYHV�WKH�VWDWHPHQW�DERXW M � $ VLPLODU
DUJXPHQW�VKRZV�WKDW m LV�WKH�OHDVW�HLJHQYDOXH� c� DQG�WKLV�YDOXH�RI [TA[ LV�DWWDLQHG
ZKHQ [ D P H3 D X3�

/HW A D

2
4

3 2 1
2 3 1
1 1 4

3
5� )LQG�WKH�PD[LPXP�YDOXH�RI�WKH�TXDGUDWLF

IRUP [TA[ VXEMHFW�WR�WKH�FRQVWUDLQW [T[ D 1� DQG�ÀQG�D�XQLW�YHFWRU�DW�ZKLFK�WKLV�PD[L�
PXP�YDOXH�LV�DWWDLQHG�

%\�7KHRUHP��� WKH�GHVLUHG�PD[LPXP�YDOXH�LV�WKH�JUHDWHVW�HLJHQYDOXH�RI
A� 7KH�FKDUDFWHULVWLF�HTXDWLRQ�WXUQV�RXW�WR�EH

0 D !!3 C 10!2 ! 27! C 18 D !.! ! 6/.! ! 3/.! ! 1/

7KH�JUHDWHVW�HLJHQYDOXH�LV���
7KH�FRQVWUDLQHG�PD[LPXP�RI [TA[ LV�DWWDLQHG�ZKHQ [ LV�D�XQLW�HLJHQYHFWRU�IRU

! D 6� 6ROYH .A ! 6I /[ D 0 DQG�ÀQG�DQ�HLJHQYHFWRU

2
4

1
1
1

3
5� 6HW X1 D

2
64

1=
p

3

1=
p

3

1=
p

3

3
75�



&RQVWUDLQHG�2SWLPL]DWLRQ

,Q�7KHRUHP���DQG�LQ�ODWHU�DSSOLFDWLRQV� WKH�YDOXHV�RI [TA[ DUH�FRPSXWHG�ZLWK�DGGL�
WLRQDO�FRQVWUDLQWV�RQ�WKH�XQLW�YHFWRU [�

/HW A; !1� DQG X1 EH�DV�LQ�7KHRUHP��� 7KHQ�WKH�PD[LPXP�YDOXH�RI [TA[ VXEMHFW
WR�WKH�FRQVWUDLQWV

[T[ D 1; [TX1 D 0

LV�WKH�VHFRQG�JUHDWHVW�HLJHQYDOXH� !2� DQG�WKLV�PD[LPXP�LV�DWWDLQHG�ZKHQ [ LV�DQ
HLJHQYHFWRU X2 FRUUHVSRQGLQJ�WR !2�

7KHRUHP���FDQ�EH�SURYHG�E\�DQ�DUJXPHQW�VLPLODU�WR�WKH�RQH�DERYH�LQ�ZKLFK�WKH
WKHRUHP�LV�UHGXFHG�WR�WKH�FDVH�ZKHUH�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP�LV�GLDJRQDO� 7KH
QH[W�H[DPSOH�JLYHV�DQ�LGHD�RI�WKH�SURRI�IRU�WKH�FDVH�RI�D�GLDJRQDO�PDWUL[�

)LQG�WKH�PD[LPXP�YDOXH�RI 9x2
1 C 4x2

2 C 3x2
3 VXEMHFW�WR�WKH�FRQ�

VWUDLQWV [T[ D 1 DQG [TX1 D 0� ZKHUH X1 D .1; 0; 0/� 1RWH�WKDW X1 LV�D�XQLW�HLJHQYHFWRU
FRUUHVSRQGLQJ�WR�WKH�JUHDWHVW�HLJHQYDOXH ! D 9 RI�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP�

,I�WKH�FRRUGLQDWHV�RI [ DUH x1� x2� x3� WKHQ�WKH�FRQVWUDLQW [TX1 D 0 PHDQV
VLPSO\�WKDW x1 D 0� )RU�VXFK�D�XQLW�YHFWRU� x2

2 C x2
3 D 1� DQG

9x2
1 C 4x2

2 C 3x2
3 D 4x2

2 C 3x2
3

% 4x2
2 C 4x2

3

D 4.x2
2 C x2

3/

D 4

7KXV�WKH�FRQVWUDLQHG�PD[LPXP�RI�WKH�TXDGUDWLF�IRUP�GRHV�QRW�H[FHHG��� $QG�WKLV�YDOXH
LV�DWWDLQHG�IRU [ D .0; 1; 0/� ZKLFK�LV�DQ�HLJHQYHFWRU�IRU�WKH�VHFRQG�JUHDWHVW�HLJHQYDOXH
RI�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP�

/HW A EH�WKH�PDWUL[�LQ�([DPSOH���DQG�OHW X1 EH�D�XQLW�HLJHQYHFWRU
FRUUHVSRQGLQJ�WR�WKH�JUHDWHVW�HLJHQYDOXH�RIA� )LQG�WKH�PD[LPXP�YDOXH�RI [TA[ VXEMHFW
WR�WKH�FRQGLWLRQV

[T[ D 1; [TX1 D 0 ���

)URP�([DPSOH��� WKH�VHFRQG�JUHDWHVW�HLJHQYDOXH�RI A LV ! D 3� 6ROYH
.A ! 3I /[ D � WR�ÀQG�DQ�HLJHQYHFWRU� DQG�QRUPDOL]H�LW�WR�REWDLQ

X2 D

2
64

1=
p

6

1=
p

6

!2=
p

6

3
75

7KH�YHFWRU X2 LV�DXWRPDWLFDOO\�RUWKRJRQDO�WR X1 EHFDXVH�WKH�YHFWRUV�FRUUHVSRQG�WR�GLI�
IHUHQW�HLJHQYDOXHV� 7KXV�WKH�PD[LPXP�RI [TA[ VXEMHFW�WR�WKH�FRQVWUDLQWV�LQ�����LV���
DWWDLQHG�ZKHQ [ D X2�

7KH�QH[W�WKHRUHP�JHQHUDOL]HV�7KHRUHP���DQG� WRJHWKHU�ZLWK�7KHRUHP��� JLYHV�D
XVHIXO�FKDUDFWHUL]DWLRQ�RI DOO WKH�HLJHQYDOXHV�RI A� 7KH�SURRI�LV�RPLWWHG�



6\PPHWULF�0DWULFHV�DQG�4XDGUDWLF�)RUPV

/HW A EH � D � V\PPHWULF n " n PDWUL[ � ZLWK � DQ � RUWKRJRQDO � GLDJRQDOL]DWLRQ
A D 3'3!1� ZKHUH � WKH � HQWULHV � RQ � WKH � GLDJRQDO � RI D DUH � DUUDQJHG � VR � WKDW
!1 $ !2 $ # # # $ !n DQG�ZKHUH�WKH�FROXPQV�RI P DUH�FRUUHVSRQGLQJ�XQLW�HLJHQ�
YHFWRUV X1; : : : ;Xn� 7KHQ�IRU k D 2; : : : ; n� WKH�PD[LPXP�YDOXH�RI [TA[ VXEMHFW
WR�WKH�FRQVWUDLQWV

[T[ D 1; [TX1 D 0; : : : ; [TXk!1 D 0

LV�WKH�HLJHQYDOXH !k � DQG�WKLV�PD[LPXP�LV�DWWDLQHG�DW [ D Xk �

7KHRUHP���ZLOO�EH�KHOSIXO�LQ�6HFWLRQV�����DQG����� 7KH�IROORZLQJ�DSSOLFDWLRQ
UHTXLUHV�RQO\�7KHRUHP���

'XULQJ�WKH�QH[W�\HDU� D�FRXQW\�JRYHUQPHQW�LV�SODQQLQJ�WR�UHSDLU x
KXQGUHG�PLOHV�RI�SXEOLF�URDGV�DQG�EULGJHV�DQG�WR�LPSURYH y KXQGUHG�DFUHV�RI�SDUNV
DQG�UHFUHDWLRQ�DUHDV� 7KH�FRXQW\�PXVW�GHFLGH�KRZ�WR�DOORFDWH�LWV�UHVRXUFHV��IXQGV�
HTXLSPHQW� ODERU� HWF�� EHWZHHQ�WKHVH�WZR�SURMHFWV� ,I�LW�LV�PRUH�FRVW�HIIHFWLYH�WR�ZRUN
VLPXOWDQHRXVO\�RQ�ERWK�SURMHFWV�UDWKHU�WKDQ�RQ�RQO\�RQH� WKHQ x DQG y PLJKW�VDWLVI\�D
FRQVWUDLQW VXFK�DV

4x2 C 9y2 % 36

6HH�)LJ� �� (DFK�SRLQW .x; y/ LQ�WKH�VKDGHG IHDVLEOH�VHW UHSUHVHQWV�D�SRVVLEOH�SXEOLF
ZRUNV�VFKHGXOH�IRU�WKH�\HDU� 7KH�SRLQWV�RQ�WKH�FRQVWUDLQW�FXUYH� 4x2 C 9y2 D 36� XVH
WKH�PD[LPXP�DPRXQWV�RI�UHVRXUFHV�DYDLODEOH�

y
Parks and
recreation

4x2 + 9y2 = 36

Feasible
set

2

3
Road and bridge repair

x

3XEOLF�ZRUNV�VFKHGXOHV�

,Q�FKRRVLQJ�LWV�SXEOLF�ZRUNV�VFKHGXOH� WKH�FRXQW\�ZDQWV�WR�FRQVLGHU�WKH�RSLQLRQV�RI
WKH�FRXQW\�UHVLGHQWV� 7R�PHDVXUH�WKH�YDOXH� RU XWLOLW\� WKDW�WKH�UHVLGHQWV�ZRXOG�DVVLJQ�WR
WKH�YDULRXV�ZRUN�VFKHGXOHV .x; y/� HFRQRPLVWV�VRPHWLPHV�XVH�D�IXQFWLRQ�VXFK�DV

q.x; y/ D xy

7KH�VHW�RI�SRLQWV .x; y/ DW�ZKLFK q.x; y/ LV�D�FRQVWDQW�LV�FDOOHG�DQ LQGLIIHUHQFH�FXUYH�
7KUHH�VXFK�FXUYHV�DUH�VKRZQ�LQ�)LJ���� 3RLQWV�DORQJ�DQ�LQGLIIHUHQFH�FXUYH�FRUUHVSRQG
WR�DOWHUQDWLYHV�WKDW�FRXQW\�UHVLGHQWV�DV�D�JURXS�ZRXOG�ÀQG�HTXDOO\�YDOXDEOH�ò )LQG�WKH
SXEOLF�ZRUNV�VFKHGXOH�WKDW�PD[LPL]HV�WKH�XWLOLW\�IXQFWLRQ q�

7KH�FRQVWUDLQW�HTXDWLRQ 4x2 C 9y2 D 36 GRHV�QRW�GHVFULEH�D�VHW�RI�XQLW
YHFWRUV� EXW�D�FKDQJH�RI�YDULDEOH�FDQ�À[�WKDW�SUREOHP� 5HZULWH�WKH�FRQVWUDLQW�LQ�WKH
IRUP %x

3

&2

C
%y

2

&2

D 1

ò ,QGLIIHUHQFH�FXUYHV�DUH�GLVFXVVHG�LQ�0LFKDHO�'��,QWULOLJDWRU� 5RQDOG�*��%RGNLQ� DQG�&KHQJ�+VLDR�
(FRQRPHWULF�0RGHOV� 7HFKQLTXHV� DQG�$SSOLFDWLRQV �8SSHU�6DGGOH�5LYHU� 1-��3UHQWLFH�+DOO� ������



&RQVWUDLQHG�2SWLPL]DWLRQ

y

Parks and
recreation

1.4

4x2 + 9y2 = 36
(indifference curves)

q (x, y) = 4
q (x, y) = 3

q (x, y) = 2
Road and bridge repair

2.1
x

7KH�RSWLPXP�SXEOLF�ZRUNV�VFKHGXOH
LV .2:1; 1:4/�

DQG�GHÀQH

x1 D x

3
; x2 D y

2
; WKDW�LV; x D 3x1 DQG y D 2x2

7KHQ�WKH�FRQVWUDLQW�HTXDWLRQ�EHFRPHV

x2
1 C x2

2 D 1

DQG�WKH�XWLOLW\�IXQFWLRQ�EHFRPHV q.3x1; 2x2/ D .3x1/.2x2/ D 6x1x2� /HW [ D
!

x1

x2

"
�

7KHQ�WKH�SUREOHP�LV�WR�PD[LPL]H Q.[/ D 6x1x2 VXEMHFW�WR [T[ D 1� 1RWH�WKDW Q.[/ D
[TA[� ZKHUH

A D
!

0 3
3 0

"

7KH�HLJHQYDOXHV�RIA DUH˙3� ZLWK�HLJHQYHFWRUV

"
1=

p
2

1=
p

2

#
IRU! D 3 DQG

"
!1=

p
2

1=
p

2

#
IRU

! D !3� 7KXV�WKH�PD[LPXP�YDOXH�RIQ.[/ D q.x1; x2/ LV��� DWWDLQHG�ZKHQ x1 D 1=
p

2
DQG x2 D 1=

p
2�

,Q�WHUPV�RI�WKH�RULJLQDO�YDULDEOHV� WKH�RSWLPXP�SXEOLF�ZRUNV�VFKHGXOH�LV x D 3x1 D
3=

p
2 & 2:1 KXQGUHG�PLOHV�RI�URDGV�DQG�EULGJHV�DQG y D 2x2 D

p
2 & 1:4 KXQGUHG

DFUHV�RI�SDUNV�DQG�UHFUHDWLRQDO�DUHDV� 7KH�RSWLPXP�SXEOLF�ZRUNV�VFKHGXOH�LV�WKH�SRLQW
ZKHUH�WKH�FRQVWUDLQW�FXUYH�DQG�WKH�LQGLIIHUHQFH�FXUYH q.x; y/ D 3 MXVW�PHHW� 3RLQWV
.x; y/ ZLWK�D�KLJKHU�XWLOLW\�OLH�RQ�LQGLIIHUHQFH�FXUYHV�WKDW�GR�QRW�WRXFK�WKH�FRQVWUDLQW
FXUYH� 6HH�)LJ� ��

�� /HW Q.[/ D 3x2
1 C 3x2

2 C 2x1x2� )LQG�D�FKDQJH�RI�YDULDEOH�WKDW�WUDQVIRUPV Q LQWR
D�TXDGUDWLF�IRUP�ZLWK�QR�FURVV�SURGXFW�WHUP� DQG�JLYH�WKH�QHZ�TXDGUDWLF�IRUP�

�� :LWK Q DV�LQ�3UREOHP��� ÀQG�WKH�PD[LPXP�YDOXH�RI Q.[/ VXEMHFW�WR�WKH�FRQVWUDLQW
[T[ D 1� DQG�ÀQG�D�XQLW�YHFWRU�DW�ZKLFK�WKH�PD[LPXP�LV�DWWDLQHG�

,Q�([HUFLVHV���DQG��� ÀQG�WKH�FKDQJH�RI�YDULDEOH [ D P \ WKDW
WUDQVIRUPV�WKH�TXDGUDWLF�IRUP [TA[ LQWR \TD\ DV�VKRZQ�

�� 5x2
1 C 6x2

2 C 7x2
3 C 4x1x2 ! 4x2x3 D 9y2

1 C 6y2
2 C 3y2

3

�� 3x2
1 C 2x2

2 C 2x2
3 C 2x1x2 C 2x1x3 C 4x2x3 D 5y2

1 C 2y2
2

>+LQW� [ DQG \ PXVW�KDYH�WKH�VDPH�QXPEHU�RI�FRRUGLQDWHV�
VR�WKH�TXDGUDWLF�IRUP�VKRZQ�KHUH�PXVW�KDYH�D�FRHIÀFLHQW�RI
]HUR�IRU y2

3 �@

,Q�([HUFLVHV��²�� ÀQG��D��WKH�PD[LPXP�YDOXH�RI Q.[/ VXEMHFW�WR
WKH�FRQVWUDLQW [T[ D 1� �E��D�XQLW�YHFWRU X ZKHUH�WKLV�PD[LPXP�LV
DWWDLQHG� DQG��F��WKH�PD[LPXP�RI Q.[/ VXEMHFW�WR�WKH�FRQVWUDLQWV
[T[ D 1 DQG [TX D 0�

�� Q.[/ D 5x2
1 C 6x2

2 C 7x2
3 C 4x1x2 ! 4x2x3

�6HH�([HUFLVH ���
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�� Q.[/ D 3x2
1 C 2x2

2 C 2x2
3 C 2x1x2 C 2x1x3 C 4x2x3 �6HH

([HUFLVH����
�� Q.[/ D 5x2

1 C 5x2
2 ! 4x1x2

�� Q.[/ D 7x2
1 C 3x2

2 C 3x1x2

�� /HWQ.[/ D !2x2
1 ! x2

2 C 4x1x2 C 4x2x3� )LQG�D�XQLW�YHFWRU
[ LQ R3 DW�ZKLFK Q.[/ LV�PD[LPL]HG� VXEMHFW�WR [T[ D 1�
>+LQW� 7KH�HLJHQYDOXHV�RI�WKH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP
Q DUH��� !1� DQG !4�@

�� /HW Q.[/ D 7x2
1 C x2

2 C 7x2
3 ! 8x1x2 ! 4x1x3 ! 8x2x3�

)LQG�D�XQLW �YHFWRU [ LQ R3 DW�ZKLFK Q.[/ LV �PD[LPL]HG�
VXEMHFW�WR [T[ D 1� >+LQW� 7KH�HLJHQYDOXHV�RI�WKH�PDWUL[�RI
WKH�TXDGUDWLF�IRUP Q DUH���DQG !3�@

�� )LQG � WKH �PD[LPXP�YDOXH �RI Q.[/ D 7x2
1 C 3x2

2 ! 2x1x2�
VXEMHFW�WR�WKH�FRQVWUDLQW x2

1 C x2
2 D 1� �'R�QRW�JR�RQ�WR�ÀQG

D�YHFWRU�ZKHUH�WKH�PD[LPXP�LV�DWWDLQHG��
��� )LQG�WKH�PD[LPXP�YDOXH�RI Q.[/ D !3x2

1 C 5x2
2 ! 2x1x2�

VXEMHFW�WR�WKH�FRQVWUDLQW x2
1 C x2

2 D 1� �'R�QRW�JR�RQ�WR�ÀQG
D�YHFWRU�ZKHUH�WKH�PD[LPXP�LV�DWWDLQHG��

��� 6XSSRVH [ LV�D�XQLW�HLJHQYHFWRU�RI�D�PDWUL[ A FRUUHVSRQGLQJ
WR�DQ�HLJHQYDOXH��� :KDW�LV�WKH�YDOXH�RI [TA["

��� /HW ! EH�DQ\�HLJHQYDOXH�RI�D�V\PPHWULF�PDWUL[ A� -XVWLI\
WKH�VWDWHPHQW�PDGH�LQ�WKLV�VHFWLRQ�WKDW m % ! % M � ZKHUH
m DQG M DUH�GHÀQHG�DV�LQ����� >+LQW� )LQG�DQ [ VXFK�WKDW
! D [TA[�@

��� /HW A EH�DQ n " n V\PPHWULF�PDWUL[� OHW M DQG m GHQRWH
WKH�PD[LPXP�DQG�PLQLPXP�YDOXHV�RI�WKH�TXDGUDWLF�IRUP
[TA[� DQG�GHQRWH�FRUUHVSRQGLQJ�XQLW�HLJHQYHFWRUV�E\ X1 DQG
Xn� 7KH�IROORZLQJ�FDOFXODWLRQV�VKRZ�WKDW�JLYHQ�DQ\�QXPEHU t
EHWZHHQM DQGm� WKHUH�LV�D�XQLW�YHFWRU [ VXFK�WKDW t D [TA[�
9HULI\�WKDW t D .1 ! ˛/m C ˛M IRU�VRPH�QXPEHU ˛ EHWZHHQ
��DQG��� 7KHQ�OHW [ D

p
1 ! ˛Xn C p

˛X1� DQG�VKRZ�WKDW
[T[ D 1 DQG [TA[ D t �

>0@ ,Q�([HUFLVHV���²��� IROORZ�WKH�LQVWUXFWLRQV�JLYHQ�IRU�([HU�
FLVHV��²��

��� x1x2 C 3x1x3 C 30x1x4 C 30x2x3 C 3x2x4 C x3x4

��� 3x1x2 C 5x1x3 C 7x1x4 C 7x2x3 C 5x2x4 C 3x3x4

��� 4x2
1 ! 6x1x2 ! 10x1x3 ! 10x1x4 ! 6x2x3 ! 6x2x4 ! 2x3x4

��� !6x2
1 ! 10x2

2 ! 13x2
3 ! 13x2

4 ! 4x1x2 ! 4x1x3 ! 4x1x4 C
6x3x4

�� 7KH�PDWUL[�RI�WKH�TXDGUDWLF�IRUP�LVA D
!

3 1
1 3

"
� ,W�LV�HDV\�WR�ÀQG�WKH�HLJHQYDOXHV�

x

4

z

x1

x2

















7KH�PD[LPXP�YDOXH�RI Q.[/
VXEMHFW�WR [T [ D 1 LV���

��DQG��� DQG�FRUUHVSRQGLQJ�XQLW�HLJHQYHFWRUV�

"
1=

p
2

1=
p

2

#
DQG

"
!1=

p
2

1=
p

2

#
� 6R�WKH

GHVLUHG�FKDQJH�RI�YDULDEOH�LV [ D P \� ZKHUH P D
"

1=
p

2 !1=
p

2

1=
p

2 1=
p

2

#
� �$ FRPPRQ

HUURU�KHUH�LV�WR�IRUJHW�WR�QRUPDOL]H�WKH�HLJHQYHFWRUV�� 7KH�QHZ�TXDGUDWLF�IRUP�LV
\TD\ D 4y2

1 C 2y2
2 �

�� 7KH�PD[LPXP�RI Q.[/ IRU [ D�XQLW�YHFWRU�LV��� DQG�WKH�PD[LPXP�LV�DWWDLQHG�DW

WKH�XQLW�HLJHQYHFWRU
!

1=
p

2

1=
p

2

"
� >$ FRPPRQ�LQFRUUHFW�DQVZHU�LV

!
1
0

"
� 7KLV�YHFWRU

PD[LPL]HV�WKH�TXDGUDWLF�IRUP \TD\ LQVWHDG�RI Q.[/�@

7KH�GLDJRQDOL]DWLRQ�WKHRUHPV�LQ�6HFWLRQV�����DQG�����SOD\�D�SDUW�LQ�PDQ\�LQWHUHVWLQJ�DS�
SOLFDWLRQV� 8QIRUWXQDWHO\� DV�ZH�NQRZ� QRW�DOO�PDWULFHV�FDQ�EH�IDFWRUHG�DV A D PDP!1

ZLWK D GLDJRQDO� +RZHYHU� D�IDFWRUL]DWLRQ A D QDP!1 LV SRVVLEOH�IRU�DQ\ m " n
PDWUL[ A� $ VSHFLDO�IDFWRUL]DWLRQ�RI�WKLV�W\SH� FDOOHG�WKH VLQJXODU�YDOXH�GHFRPSRVLWLRQ�
LV�RQH�RI�WKH�PRVW�XVHIXO�PDWUL[�IDFWRUL]DWLRQV�LQ�DSSOLHG�OLQHDU�DOJHEUD�

7KH�VLQJXODU�YDOXH�GHFRPSRVLWLRQ�LV�EDVHG�RQ�WKH�IROORZLQJ�SURSHUW\�RI�WKH�RUGLQDU\
GLDJRQDOL]DWLRQ�WKDW�FDQ�EH�LPLWDWHG�IRU�UHFWDQJXODU�PDWULFHV� 7KH�DEVROXWH�YDOXHV�RI�WKH
HLJHQYDOXHV�RI�D�V\PPHWULF�PDWUL[ A PHDVXUH�WKH�DPRXQWV�WKDW A VWUHWFKHV�RU�VKULQNV



7KH�6LQJXODU�9DOXH�'HFRPSRVLWLRQ

FHUWDLQ�YHFWRUV��WKH�HLJHQYHFWRUV�� ,I A[ D ![ DQG k[k D 1� WKHQ
kA[k D k![k D j!j k[k D j!j ���

,I !1 LV�WKH�HLJHQYDOXH�ZLWK�WKH�JUHDWHVW�PDJQLWXGH� WKHQ�D�FRUUHVSRQGLQJ�XQLW�HLJHQYHF�
WRU Y1 LGHQWLÀHV�D�GLUHFWLRQ�LQ�ZKLFK�WKH�VWUHWFKLQJ�HIIHFW�RI A LV�JUHDWHVW� 7KDW�LV� WKH
OHQJWK�RI A[ LV�PD[LPL]HG�ZKHQ [ D Y1� DQG kAY1k D j!1j� E\����� 7KLV�GHVFULSWLRQ�RI
Y1 DQG j!1j KDV�DQ�DQDORJXH�IRU�UHFWDQJXODU�PDWULFHV�WKDW�ZLOO�OHDG�WR�WKH�VLQJXODU�YDOXH
GHFRPSRVLWLRQ�

,IA D
!

4 11 14
8 7 !2

"
� WKHQ�WKH�OLQHDU�WUDQVIRUPDWLRQ [ 7! A[PDSV

WKH�XQLW�VSKHUH f[ W k[k D 1g LQ R3 RQWR�DQ�HOOLSVH�LQ R2� VKRZQ�LQ�)LJ���� )LQG�D�XQLW
YHFWRU [ DW�ZKLFK�WKH�OHQJWK kA[k LV�PD[LPL]HG� DQG�FRPSXWH�WKLV�PD[LPXP�OHQJWK�

x1

x2

x3
Multiplication

by A

x2

(3, –9)

(18, 6)

x1

$ WUDQVIRUPDWLRQ�IURP R3 WR R2�

7KH�TXDQWLW\ kA[k2 LV�PD[LPL]HG�DW�WKH�VDPH [ WKDW�PD[LPL]HV kA[k� DQG
kA[k2 LV�HDVLHU�WR�VWXG\� 2EVHUYH�WKDW

kA[k2 D .A[/T .A[/ D [TATA[ D [T.ATA/[
$OVR� ATA LV�D�V\PPHWULF�PDWUL[� VLQFH .ATA/T D ATAT T D ATA� 6R�WKH�SUREOHP�QRZ
LV�WR�PD[LPL]H�WKH�TXDGUDWLF�IRUP [T .ATA/[ VXEMHFW�WR�WKH�FRQVWUDLQW k[k D 1� %\
7KHRUHP���LQ�6HFWLRQ ���� WKH�PD[LPXP�YDOXH�LV�WKH�JUHDWHVW�HLJHQYDOXH !1 RI ATA�
$OVR� WKH�PD[LPXP�YDOXH�LV�DWWDLQHG�DW�D�XQLW�HLJHQYHFWRU�RI ATA FRUUHVSRQGLQJ�WR !1�

)RU�WKH�PDWUL[ A LQ�WKLV�H[DPSOH�

ATA D

2
4

4 8
11 7
14 !2

3
5
!

4 11 14
8 7 !2

"
D

2
4

80 100 40
100 170 140
40 140 200

3
5

7KH�HLJHQYDOXHV�RIATA DUH !1 D 360� !2 D 90� DQG !3 D 0� &RUUHVSRQGLQJ�XQLW�HLJHQ�
YHFWRUV�DUH� UHVSHFWLYHO\�

Y1 D

2
4

1=3
2=3
2=3

3
5; Y2 D

2
4

!2=3
!1=3

2=3

3
5; Y3 D

2
4

2=3
!2=3

1=3

3
5

7KH�PD[LPXP�YDOXH�RI kA[k2 LV����� DWWDLQHG�ZKHQ [ LV�WKH�XQLW�YHFWRU Y1� 7KH�YHFWRU
AY1 LV�D�SRLQW�RQ�WKH�HOOLSVH�LQ�)LJ����IDUWKHVW�IURP�WKH�RULJLQ� QDPHO\�

AY1 D
!

4 11 14
8 7 !2

"2
4

1=3
2=3
2=3

3
5 D

!
18
6

"

)RU k[k D 1� WKH�PD[LPXP�YDOXH�RI kA[k LV kAY1k D
p

360 D 6
p

10�

([DPSOH���VXJJHVWV�WKDW�WKH�HIIHFW�RI A RQ�WKH�XQLW�VSKHUH�LQ R3 LV�UHODWHG�WR�WKH
TXDGUDWLF�IRUP [T .ATA/[� ,Q�IDFW� WKH�HQWLUH�JHRPHWULF�EHKDYLRU�RI�WKH�WUDQVIRUPDWLRQ
[ 7! A[ LV�FDSWXUHG�E\�WKLV�TXDGUDWLF�IRUP� DV�ZH�VKDOO�VHH�



6\PPHWULF�0DWULFHV�DQG�4XDGUDWLF�)RUPV

7KH�6LQJXODU�9DOXHV�RI�DQP " Q0DWUL[
/HWA EH�DQm " nPDWUL[� 7KHQATA LV�V\PPHWULF�DQG�FDQ�EH�RUWKRJRQDOO\�GLDJRQDOL]HG�
/HW fY1; : : : ; Yng EH�DQ�RUWKRQRUPDO�EDVLV�IRU Rn FRQVLVWLQJ�RI�HLJHQYHFWRUV�RI ATA� DQG
OHW !1; : : : ; !n EH�WKH�DVVRFLDWHG�HLJHQYDOXHV�RI ATA� 7KHQ� IRU 1 % i % n�

kAYi k2 D .AYi /
TAYi D YT

i ATAYi

D YT
i .!iYi / 6LQFH Yi LV�DQ�HLJHQYHFWRU�RI ATA

D !i 6LQFH Yi LV�D�XQLW�YHFWRU ���

6R�WKH�HLJHQYDOXHV�RI ATA DUH�DOO�QRQQHJDWLYH� %\�UHQXPEHULQJ� LI�QHFHVVDU\� ZH�PD\
DVVXPH�WKDW�WKH�HLJHQYDOXHV�DUH�DUUDQJHG�VR�WKDW

!1 $ !2 $ # # # $ !n $ 0

7KH VLQJXODU�YDOXHV RI A DUH�WKH�VTXDUH�URRWV�RI�WKH�HLJHQYDOXHV�RI ATA� GHQRWHG�E\
#1; : : : ; #n� DQG�WKH\�DUH�DUUDQJHG�LQ�GHFUHDVLQJ�RUGHU� 7KDW�LV� #i D

p
!i IRU 1 % i % n�

%\�HTXDWLRQ����� WKH�VLQJXODU�YDOXHV�RI�$ DUH�WKH�OHQJWKV�RI�WKH�YHFWRUV AY1; : : : ; AYn�

/HW A EH�WKH�PDWUL[�LQ�([DPSOH��� 6LQFH�WKH�HLJHQYDOXHV�RI ATA DUH
���� ��� DQG��� WKH�VLQJXODU�YDOXHV�RI A DUH

#1 D
p

360 D 6
p

10; #2 D
p

90 D 3
p

10; #3 D 0

)URP�([DPSOH��� WKH�ÀUVW�VLQJXODU�YDOXH�RI A LV�WKH�PD[LPXP�RI kA[k RYHU�DOO�XQLW
YHFWRUV� DQG�WKH�PD[LPXP�LV�DWWDLQHG�DW�WKH�XQLW�HLJHQYHFWRU Y1� 7KHRUHP���LQ�6HFWLRQ
����VKRZV�WKDW�WKH�VHFRQG�VLQJXODU�YDOXH�RI A LV�WKH�PD[LPXP�RI kA[k RYHU�DOO�XQLW
YHFWRUV�WKDW�DUH RUWKRJRQDO�WR Y1� DQG�WKLV�PD[LPXP�LV�DWWDLQHG�DW�WKH�VHFRQG�XQLW
HLJHQYHFWRU� Y2 �([HUFLVH����� )RU�WKH Y2 LQ�([DPSOH���

AY2 D
!

4 11 14
8 7 !2

"2
4

!2=3
!1=3

2=3

3
5 D

!
3

!9

"

7KLV�SRLQW�LV�RQ�WKH�PLQRU�D[LV�RI�WKH�HOOLSVH�LQ�)LJ���� MXVW�DV AY1 LV�RQ�WKH�PDMRU�D[LV�
�6HH�)LJ� ��� 7KH�ÀUVW�WZR�VLQJXODU�YDOXHV�RI A DUH�WKH�OHQJWKV�RI�WKH�PDMRU�DQG�PLQRU
VHPLD[HV�RI�WKH�HOOLSVH�

Av1

Av2

x2

x1

7KH�IDFW�WKDWAY1 DQGAY2 DUH�RUWKRJRQDO�LQ�)LJ� ��LV�QR�DFFLGHQW� DV�WKH�QH[W�WKHRUHP
VKRZV�

6XSSRVH fY1; : : : ; Yng LV�DQ�RUWKRQRUPDO�EDVLV�RI Rn FRQVLVWLQJ�RI�HLJHQYHFWRUV�RI
ATA� DUUDQJHG�VR�WKDW�WKH�FRUUHVSRQGLQJ�HLJHQYDOXHV�RIATA VDWLVI\ !1 $ # # # $ !n�
DQG � VXSSRVH A KDV r QRQ]HUR � VLQJXODU �YDOXHV� 7KHQ fAY1; : : : ; AYrg LV � DQ
RUWKRJRQDO�EDVLV�IRU &ROA� DQG UDQNA D r �

%HFDXVH Yi DQG !j Yj DUH�RUWKRJRQDO�IRU i ¤ j �

.AYi /
T .AYj / D YT

i ATAYj D YT
i .!j Yj / D 0

7KXV fAY1; : : : ; AYng LV�DQ�RUWKRJRQDO�VHW� )XUWKHUPRUH� VLQFH�WKH�OHQJWKV�RI�WKH�YHF�
WRUV AY1; : : : ; AYn DUH�WKH�VLQJXODU�YDOXHV�RI A� DQG�VLQFH�WKHUH�DUH r QRQ]HUR�VLQJXODU
YDOXHV� AYi ¤ � LI�DQG�RQO\�LI 1 % i % r � 6R AY1; : : : ; AYr DUH�OLQHDUO\�LQGHSHQGHQW



7KH�6LQJXODU�9DOXH�'HFRPSRVLWLRQ

YHFWRUV� DQG�WKH\�DUH�LQ &ROA� )LQDOO\� IRU�DQ\ \ LQ &ROA³VD\� \ D A[³ZH�FDQ�ZULWH
[ D c1Y1 C # # # C cnYn� DQG

\ D A[ D c1AY1 C # # # C crAYr C crC1AYrC1 C # # # C cnAYn

D c1AY1 C # # # C crAYr C 0 C # # # C 0

7KXV \ LV�LQ 6SDQ fAY1; : : : ; AYrg� ZKLFK�VKRZV�WKDW fAY1; : : : ; AYrg LV�DQ��RUWKRJRQDO�
EDVLV�IRU &ROA� +HQFH UDQNA D GLP&ROA D r �

,Q�VRPH�FDVHV� WKH�UDQN�RI A PD\�EH�YHU\�VHQVLWLYH�WR�VPDOO�FKDQJHV�LQ�WKH�HQWULHV
RI A� 7KH�REYLRXV�PHWKRG�RI�FRXQWLQJ�WKH�QXPEHU�RI�SLYRW�FROXPQV�LQ A GRHV
QRW�ZRUN�ZHOO�LI A LV�URZ�UHGXFHG�E\�D�FRPSXWHU� 5RXQGRII�HUURU�RIWHQ�FUHDWHV
DQ�HFKHORQ�IRUP�ZLWK�IXOO�UDQN�

,Q�SUDFWLFH� WKH�PRVW�UHOLDEOH�ZD\�WR�HVWLPDWH�WKH�UDQN�RI�D�ODUJH�PDWUL[ A
LV�WR�FRXQW�WKH�QXPEHU�RI�QRQ]HUR�VLQJXODU�YDOXHV� ,Q�WKLV�FDVH� H[WUHPHO\�VPDOO
QRQ]HUR�VLQJXODU�YDOXHV�DUH�DVVXPHG�WR�EH�]HUR�IRU�DOO�SUDFWLFDO�SXUSRVHV� DQG�WKH
HIIHFWLYH�UDQN RI�WKH�PDWUL[�LV�WKH�QXPEHU�REWDLQHG�E\�FRXQWLQJ�WKH�UHPDLQLQJ
QRQ]HUR�VLQJXODU�YDOXHV��

7KH�6LQJXODU�9DOXH�'HFRPSRVLWLRQ
7KH�GHFRPSRVLWLRQ�RI A LQYROYHV�DQ m " n ´GLDJRQDOµ�PDWUL[ † RI�WKH�IRUP

† D
!

D 0
0 0

"
! m ! r URZV ���

" n ! r FROXPQV

ZKHUH D LV�DQ r " r GLDJRQDO�PDWUL[�IRU�VRPH r QRW�H[FHHGLQJ�WKH�VPDOOHU�RI m DQG n�
�,I r HTXDOV m RU n RU�ERWK� VRPH�RU�DOO�RI�WKH�]HUR�PDWULFHV�GR�QRW�DSSHDU��

/HW A EH�DQ m " n PDWUL[�ZLWK�UDQN r � 7KHQ�WKHUH�H[LVWV�DQ m " n PDWUL[ † DV
LQ�����IRU�ZKLFK�WKH�GLDJRQDO�HQWULHV�LQ D DUH�WKH�ÀUVW r VLQJXODU�YDOXHV�RI A�
#1 $ #2 $ # # # $ #r > 0� DQG�WKHUH�H[LVW�DQ m " m RUWKRJRQDO�PDWUL[ U DQG�DQ
n " n RUWKRJRQDO�PDWUL[ V VXFK�WKDW

A D U †V T

$Q\�IDFWRUL]DWLRQ A D U †V T � ZLWK U DQG V RUWKRJRQDO� † DV�LQ����� DQG�SRVLWLYH
GLDJRQDO�HQWULHV�LQ D� LV�FDOOHG�D VLQJXODU�YDOXH�GHFRPSRVLWLRQ �RU 69'� RI A� 7KH
PDWULFHV U DQG V DUH�QRW�XQLTXHO\�GHWHUPLQHG�E\ A� EXW�WKH�GLDJRQDO�HQWULHV�RI † DUH
QHFHVVDULO\�WKH�VLQJXODU�YDOXHV�RI A� 6HH�([HUFLVH���� 7KH�FROXPQV�RI U LQ�VXFK�D
GHFRPSRVLWLRQ�DUH�FDOOHG OHIW�VLQJXODU�YHFWRUV RI A� DQG�WKH�FROXPQV�RI V DUH�FDOOHG
ULJKW�VLQJXODU�YHFWRUV RI A�

ñ ,Q�JHQHUDO� UDQN�HVWLPDWLRQ�LV�QRW�D�VLPSOH�SUREOHP� )RU�D�GLVFXVVLRQ�RI�WKH�VXEWOH�LVVXHV�LQYROYHG� VHH
3KLOLS�(��*LOO� :DOWHU�0XUUD\� DQG�0DUJDUHW�+��:ULJKW� 1XPHULFDO�/LQHDU�$OJHEUD�DQG�2SWLPL]DWLRQ� YRO���
�5HGZRRG�&LW\� &$��$GGLVRQ�:HVOH\� ������ 6HF������



6\PPHWULF�0DWULFHV�DQG�4XDGUDWLF�)RUPV

/HW !i DQG Yi EH�DV�LQ�7KHRUHP��� VR�WKDW fAY1; : : : ; AYrg LV�DQ�RUWKRJRQDO�EDVLV
IRU &ROA� 1RUPDOL]H�HDFK AYi WR�REWDLQ�DQ�RUWKRQRUPDO�EDVLV fX1; : : : ; Xrg� ZKHUH

Xi D 1

kAYi k
AYi D 1

#i
AYi

DQG
AYi D #iXi .1 % i % r/ ���

1RZ�H[WHQG fX1; : : : ; Xrg WR�DQ�RUWKRQRUPDO�EDVLV fX1; : : : ; Xmg RI Rm� DQG�OHW

U D Œ X1 X2 # # # Xm " DQG V D Œ Y1 Y2 # # # Yn "

%\�FRQVWUXFWLRQ� U DQG V DUH�RUWKRJRQDO�PDWULFHV� $OVR� IURP�����

AV D Œ AY1 # # # AYr � # # # � " D Œ #1X1 # # # #rXr � # # # � "

/HW D EH�WKH�GLDJRQDO�PDWUL[�ZLWK�GLDJRQDO�HQWULHV #1; : : : ; #r � DQG�OHW † EH�DV�LQ
����DERYH� 7KHQ

U † D Œ X1 X2 # # # Xm "

2
666664

#1 0
#2 0

: : :

0 #r

0 0

3
777775

D Œ #1X1 # # # #rXr � # # # � "

D AV

6LQFH V LV�DQ�RUWKRJRQDO�PDWUL[� U †V T D AV V T D A�

7KH�QH[W�WZR�H[DPSOHV�IRFXV�DWWHQWLRQ�RQ�WKH�LQWHUQDO�VWUXFWXUH�RI�D�VLQJXODU�YDOXH
GHFRPSRVLWLRQ� $Q�HIÀFLHQW�DQG�QXPHULFDOO\�VWDEOH�DOJRULWKP�IRU�WKLV�GHFRPSRVLWLRQ
ZRXOG�XVH�D�GLIIHUHQW�DSSURDFK� 6HH�WKH�1XPHULFDO�1RWH�DW�WKH�HQG�RI�WKH�VHFWLRQ�

8VH�WKH�UHVXOWV�RI�([DPSOHV���DQG���WR�FRQVWUXFW�D�VLQJXODU�YDOXH

GHFRPSRVLWLRQ�RI A D
!

4 11 14
8 7 !2

"
�

$ FRQVWUXFWLRQ�FDQ�EH�GLYLGHG�LQWR�WKUHH�VWHSV�

6WHS��� )LQG�DQ�RUWKRJRQDO�GLDJRQDOL]DWLRQ�RI ATA� 7KDW�LV� ÀQG�WKH�HLJHQYDOXHV�RISG
ATA DQG�D�FRUUHVSRQGLQJ�RUWKRQRUPDO�VHW�RI�HLJHQYHFWRUV� ,I A KDG�RQO\�WZR�FROXPQV�
WKH�FDOFXODWLRQV�FRXOG�EH�GRQH�E\�KDQG� /DUJHU�PDWULFHV�XVXDOO\�UHTXLUH�D�PDWUL[�SUR�
JUDP�ò +RZHYHU� IRU�WKH�PDWUL[A KHUH� WKH�HLJHQGDWD�IRUATA DUH�SURYLGHG�LQ�([DPSOH ��
6WHS��� 6HW�XS�9 DQG †� $UUDQJH�WKH�HLJHQYDOXHV�RI ATA LQ�GHFUHDVLQJ�RUGHU� ,Q
([DPSOH��� WKH�HLJHQYDOXHV�DUH�DOUHDG\�OLVWHG�LQ�GHFUHDVLQJ�RUGHU� ���� ��� DQG��� 7KH
FRUUHVSRQGLQJ�XQLW�HLJHQYHFWRUV� Y1� Y2� DQG Y3� DUH�WKH�ULJKW�VLQJXODU�YHFWRUV�RIA� 8VLQJ
([DPSOH��� FRQVWUXFW

V D Œ Y1 Y2 Y3 " D

2
4

1=3 !2=3 2=3
2=3 !1=3 !2=3
2=3 2=3 1=3

3
5

ò6HH�WKH 6WXG\�*XLGH IRU�VRIWZDUH�DQG�JUDSKLQJ�FDOFXODWRU�FRPPDQGV� 0$7/$%��IRU�LQVWDQFH� FDQ�SURGXFH
ERWK�WKH�HLJHQYDOXHV�DQG�WKH�HLJHQYHFWRUV�ZLWK�RQH�FRPPDQG� HLJ�



7KH�6LQJXODU�9DOXH�'HFRPSRVLWLRQ

7KH�VTXDUH�URRWV�RI�WKH�HLJHQYDOXHV�DUH�WKH�VLQJXODU�YDOXHV�

#1 D 6
p

10; #2 D 3
p

10; #3 D 0

7KH�QRQ]HUR�VLQJXODU�YDOXHV�DUH�WKH�GLDJRQDO�HQWULHV�RI D� 7KH�PDWUL[ † LV�WKH�VDPH
VL]H�DV A� ZLWK D LQ�LWV�XSSHU�OHIW�FRUQHU�DQG�ZLWK��·V�HOVHZKHUH�

D D
"

6
p

10 0

0 3
p

10

#
; † D Œ D 0 " D

"
6
p

10 0 0

0 3
p

10 0

#

6WHS��� &RQVWUXFW�8� :KHQ A KDV�UDQN r � WKH�ÀUVW r FROXPQV�RI U DUH�WKH�QRUPDOL]HG
YHFWRUV�REWDLQHG�IURP AY1; : : : ; AYr � ,Q�WKLV�H[DPSOH� A KDV�WZR�QRQ]HUR�VLQJXODU
YDOXHV� VR UDQNA D 2� 5HFDOO�IURP�HTXDWLRQ�����DQG�WKH�SDUDJUDSK�EHIRUH�([DPSOH
��WKDW kAY1k D #1 DQG kAY2k D #2� 7KXV

X1 D 1

#1
AY1 D 1

6
p

10

!
18
6

"
D
"

3=
p

10

1=
p

10

#

X2 D 1

#2
AY2 D 1

3
p

10

!
3

!9

"
D
"

1=
p

10

!3=
p

10

#

1RWH�WKDW fX1; X2g LV�DOUHDG\�D�EDVLV�IRU R2� 7KXV�QR�DGGLWLRQDO�YHFWRUV�DUH�QHHGHG�IRU
U � DQG U D Œ X1 X2 "� 7KH�VLQJXODU�YDOXH�GHFRPSRVLWLRQ�RI A LV

A D
"

3=
p

10 1=
p

10

1=
p

10 !3=
p

10

# "
6
p

10 0 0

0 3
p

10 0

# 2
4

1=3 2=3 2=3
!2=3 !1=3 2=3

2=3 !2=3 1=3

3
5

" " "
U † V T

)LQG�D�VLQJXODU�YDOXH�GHFRPSRVLWLRQ�RI A D

2
4

1 !1
!2 2

2 !2

3
5�

)LUVW� FRPSXWH ATA D
!

9 !9
!9 9

"
� 7KH�HLJHQYDOXHV�RI ATA DUH����DQG���

ZLWK�FRUUHVSRQGLQJ�XQLW�HLJHQYHFWRUV

Y1 D
"

1=
p

2

!1=
p

2

#
; Y2 D

"
1=

p
2

1=
p

2

#

7KHVH�XQLW�YHFWRUV�IRUP�WKH�FROXPQV�RI V �

V D Œ Y1 Y2 " D
"

1=
p

2 1=
p

2

!1=
p

2 1=
p

2

#

7KH�VLQJXODU�YDOXHV�DUH #1 D
p

18 D 3
p

2 DQG #2 D 0� 6LQFH�WKHUH�LV�RQO\�RQH�QRQ]HUR
VLQJXODU�YDOXH� WKH�´PDWUL[µ D PD\�EH�ZULWWHQ�DV�D�VLQJOH�QXPEHU� 7KDW�LV� D D 3

p
2�

7KH�PDWUL[ † LV�WKH�VDPH�VL]H�DV A� ZLWK D LQ�LWV�XSSHU�OHIW�FRUQHU�

† D

2
4

D 0
0 0
0 0

3
5 D

2
4 3

p
2 0

0 0
0 0

3
5

7R�FRQVWUXFW U � ÀUVW�FRQVWUXFW AY1 DQG AY2�

AY1 D

2
64

2=
p

2

!4=
p

2

4=
p

2

3
75; AY2 D

2
4

0
0
0

3
5



6\PPHWULF�0DWULFHV�DQG�4XDGUDWLF�)RUPV

$V�D�FKHFN�RQ�WKH�FDOFXODWLRQV� YHULI\�WKDW kAY1k D #1 D 3
p

2� 2I�FRXUVH� AY2 D �

x3

x1

x1

x2

x2

1

Av1 u1

u2

v1

u3

EHFDXVH kAY2k D #2 D 0� 7KH�RQO\�FROXPQ�IRXQG�IRU U VR�IDU�LV

X1 D 1

3
p

2
AY1 D

2
4

1=3
!2=3

2=3

3
5

7KH�RWKHU�FROXPQV�RI U DUH�IRXQG�E\�H[WHQGLQJ�WKH�VHW fX1g WR�DQ�RUWKRQRUPDO�EDVLV�IRU
R3� ,Q�WKLV�FDVH� ZH�QHHG�WZR�RUWKRJRQDO�XQLW�YHFWRUV X2 DQG X3 WKDW�DUH�RUWKRJRQDO�WR
X1� �6HH�)LJ����� (DFK�YHFWRU�PXVW�VDWLVI\ XT

1 [ D 0� ZKLFK�LV�HTXLYDOHQW�WR�WKH�HTXDWLRQ
x1 ! 2x2 C 2x3 D 0� $ EDVLV�IRU�WKH�VROXWLRQ�VHW�RI�WKLV�HTXDWLRQ�LV

Z1 D

2
4

2
1
0

3
5; Z2 D

2
4

!2
0
1

3
5

�&KHFN�WKDW Z1 DQG Z2 DUH�HDFK�RUWKRJRQDO�WR X1�� $SSO\�WKH�*UDP²6FKPLGW�SURFHVV
�ZLWK�QRUPDOL]DWLRQV��WR fZ1;Z2g� DQG�REWDLQ

X2 D

2
4 2=

p
5

1=
p

5
0

3
5 ; X3 D

2
64

!2=
p

45

4=
p

45

5=
p

45

3
75

)LQDOO\� VHW U D Œ X1 X2 X3 "� WDNH † DQG V T IURP�DERYH� DQG�ZULWH

A D

2
4

1 !1
!2 2

2 !2

3
5 D

2
64

1=3 2=
p

5 !2=
p

45

!2=3 1=
p

5 4=
p

45

2=3 0 5=
p

45

3
75
2
4 3

p
2 0

0 0
0 0

3
5
"

1=
p

2 !1=
p

2

1=
p

2 1=
p

2

#

$SSOLFDWLRQV�RI�WKH�6LQJXODU�9DOXH�'HFRPSRVLWLRQ
7KH�69' LV�RIWHQ�XVHG�WR�HVWLPDWH�WKH�UDQN�RI�D�PDWUL[� DV�QRWHG�DERYH� 6HYHUDO�RWKHU�QX�
PHULFDO�DSSOLFDWLRQV�DUH�GHVFULEHG�EULHÁ\�EHORZ� DQG�DQ�DSSOLFDWLRQ�WR�LPDJH�SURFHVVLQJ
LV�SUHVHQWHG�LQ�6HFWLRQ�����

0RVW�QXPHULFDO�FDOFXODWLRQV�LQYROYLQJ�DQ
HTXDWLRQ A[ D E DUH�DV�UHOLDEOH�DV�SRVVLEOH�ZKHQ�WKH�69' RI A LV�XVHG� 7KH�WZR
RUWKRJRQDO�PDWULFHV U DQG V GR�QRW�DIIHFW�OHQJWKV�RI�YHFWRUV�RU�DQJOHV�EHWZHHQ�YHFWRUV
�7KHRUHP���LQ�6HFWLRQ������ $Q\�SRVVLEOH�LQVWDELOLWLHV�LQ�QXPHULFDO�FDOFXODWLRQV�DUH
LGHQWLÀHG�LQ †� ,I�WKH�VLQJXODU�YDOXHV�RI A DUH�H[WUHPHO\�ODUJH�RU�VPDOO� URXQGRII�HUURUV
DUH�DOPRVW�LQHYLWDEOH� EXW�DQ�HUURU�DQDO\VLV�LV�DLGHG�E\�NQRZLQJ�WKH�HQWULHV�LQ † DQG V �

,I A LV�DQ�LQYHUWLEOH n " n PDWUL[� WKHQ�WKH�UDWLR #1=#n RI�WKH�ODUJHVW�DQG�VPDOOHVW
VLQJXODU�YDOXHV�JLYHV�WKH FRQGLWLRQ�QXPEHU RI A� ([HUFLVHV���²���LQ�6HFWLRQ����
VKRZHG�KRZ�WKH�FRQGLWLRQ�QXPEHU�DIIHFWV�WKH�VHQVLWLYLW\�RI�D�VROXWLRQ�RI A[ D E WR
FKDQJHV��RU�HUURUV��LQ�WKH�HQWULHV�RI A� �$FWXDOO\� D�´FRQGLWLRQ�QXPEHUµ�RI A FDQ�EH
FRPSXWHG�LQ�VHYHUDO�ZD\V� EXW�WKH�GHÀQLWLRQ�JLYHQ�KHUH�LV�ZLGHO\�XVHG�IRU�VWXG\LQJ
A[ D E��

*LYHQ�DQ�69' IRU�DQ m " n
PDWUL[A� OHW X1; : : : ;Xm EH�WKH�OHIW�VLQJXODU�YHFWRUV� Y1; : : : ; Yn WKH�ULJKW�VLQJXODU�YHFWRUV�
DQG #1; : : : ; #n WKH�VLQJXODU�YDOXHV� DQG�OHW r EH�WKH�UDQN�RI A� %\�7KHRUHP���

fX1; : : : ; Xrg ���
LV�DQ�RUWKRQRUPDO�EDVLV�IRU &ROA�



7KH�6LQJXODU�9DOXH�'HFRPSRVLWLRQ

5HFDOO�IURP�7KHRUHP���LQ�6HFWLRQ�����WKDW .&ROA/? D 1XOAT � +HQFH

fXrC1; : : : ; Xmg ���

LV�DQ�RUWKRQRUPDO�EDVLV�IRU 1XOAT �
6LQFH kAYi k D #i IRU 1 % i % n� DQG #i LV���LI�DQG�RQO\�LI i > r � WKH�YHFWRUV

YrC1; : : : ; Yn VSDQ�D�VXEVSDFH�RI 1XOA RI�GLPHQVLRQ n ! r � %\�WKH�5DQN�7KHRUHP�
GLP1XOA D n ! UDQNA� ,W�IROORZV�WKDW

fYrC1; : : : ; Yng ���

LV�DQ�RUWKRQRUPDO�EDVLV�IRU 1XOA� E\�WKH�%DVLV�7KHRUHP��LQ�6HFWLRQ������
)URP�����DQG����� WKH�RUWKRJRQDO�FRPSOHPHQW�RI 1XOAT LV &ROA� ,QWHUFKDQJLQJ A

DQG AT � QRWH�WKDW .1XOA/? D &ROAT D 5RZA� +HQFH� IURP�����

fY1; : : : ; Yrg ���

LV�DQ�RUWKRQRUPDO�EDVLV�IRU 5RZA�
)LJXUH���VXPPDUL]HV����²���� EXW�VKRZV�WKH�RUWKRJRQDO�EDVLV f#1X1; : : : ; #rXrg IRU

&ROA LQVWHDG�RI�WKH�QRUPDOL]HG�EDVLV� WR�UHPLQG�\RX�WKDW AYi D #iXi IRU 1 % i % r �
([SOLFLW�RUWKRQRUPDO�EDVHV�IRU�WKH�IRXU�IXQGDPHQWDO�VXEVSDFHV�GHWHUPLQHG�E\ A DUH
XVHIXO�LQ�VRPH�FDOFXODWLRQV� SDUWLFXODUO\�LQ�FRQVWUDLQHG�RSWLPL]DWLRQ�SUREOHPV�

Nul 
A

Row A

x3

x1

x2

v1

u3

u2

Av1 u1

Col A(Col A)!

7KH�IXQGDPHQWDO�VXEVSDFHV�LQ
([DPSOH���

vr + 1

Col A = Row ATRow A

Multiplication

by A

Nul AT

Nul A vn – 1

vn

um

vr
0 0

ur + 1

σrur 

σ2u2 

σ1u1 v1 
v2

... .. .

...

...

. . .

7KH�IRXU�IXQGDPHQWDO�VXEVSDFHV�DQG�WKH
DFWLRQ�RI A�

7KH�IRXU�IXQGDPHQWDO�VXEVSDFHV�DQG�WKH�FRQFHSW�RI�VLQJXODU�YDOXHV�SURYLGH�WKH�ÀQDO
VWDWHPHQWV�RI�WKH�,QYHUWLEOH�0DWUL[�7KHRUHP� �5HFDOO�WKDW�VWDWHPHQWV�DERXW AT KDYH
EHHQ�RPLWWHG�IURP�WKH�WKHRUHP� WR�DYRLG�QHDUO\�GRXEOLQJ�WKH�QXPEHU�RI�VWDWHPHQWV��
7KH�RWKHU�VWDWHPHQWV�ZHUH�JLYHQ�LQ�6HFWLRQV����� ���� ���� ���� DQG�����

/HW A EH�DQ n " n PDWUL[� 7KHQ�WKH�IROORZLQJ�VWDWHPHQWV�DUH�HDFK�HTXLYDOHQW�WR
WKH�VWDWHPHQW�WKDW A LV�DQ�LQYHUWLEOH�PDWUL[�

X� .&ROA/? D f�g�
Y� .1XOA/? D Rn�
Z� 5RZA D Rn�
[� A KDV n QRQ]HUR�VLQJXODU�YDOXHV�
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:KHQ † FRQWDLQV�URZV�RU
FROXPQV�RI�]HURV� D�PRUH�FRPSDFW�GHFRPSRVLWLRQ�RI A LV�SRVVLEOH� 8VLQJ�WKH�QRWDWLRQ
HVWDEOLVKHG�DERYH� OHW r D UDQNA� DQG�SDUWLWLRQ U DQG V LQWR�VXEPDWULFHV�ZKRVH�ÀUVW
EORFNV�FRQWDLQ r FROXPQV�

U D Œ Ur Um!r "; ZKHUH Ur D Œ X1 # # # Xr "

V D Œ Vr Vn!r "; ZKHUH Vr D Œ Y1 # # # Yr "

7KHQ Ur LV m " r DQG Vr LV n " r � �7R�VLPSOLI\�QRWDWLRQ� ZH�FRQVLGHU Um!r RU Vn!r

HYHQ�WKRXJK�RQH�RI�WKHP�PD\�KDYH�QR�FROXPQV�� 7KHQ�SDUWLWLRQHG�PDWUL[�PXOWLSOLFDWLRQ
VKRZV�WKDW

A D Œ Ur Um!r "

"
D 0

0 0

#"
V T

r

V T
n!r

#
D UrDV T

r ���

7KLV�IDFWRUL]DWLRQ�RI A LV�FDOOHG�D UHGXFHG�VLQJXODU�YDOXH�GHFRPSRVLWLRQ RI A� 6LQFH
WKH�GLDJRQDO�HQWULHV�LQ D DUH�QRQ]HUR� D LV�LQYHUWLEOH� 7KH�IROORZLQJ�PDWUL[�LV�FDOOHG
WKH SVHXGRLQYHUVH �DOVR� WKH0RRUH²3HQURVH�LQYHUVH��RI A�

AC D VrD
!1U T

r ����

6XSSOHPHQWDU\�([HUFLVHV���²���DW�WKH�HQG�RI�WKH�FKDSWHU�H[SORUH�VRPH�RI�WKH�SURSHUWLHV
RI�WKH�UHGXFHG�VLQJXODU�YDOXH�GHFRPSRVLWLRQ�DQG�WKH�SVHXGRLQYHUVH�

*LYHQ�WKH�HTXDWLRQ A[ D E� XVH�WKH�SVHX�
GRLQYHUVH�RI A LQ������WR�GHÀQH

O[ D ACE D VrD
!1U T

r E

7KHQ� IURP�WKH�69' LQ�����

AO[ D .UrDV T
r /.VrD

!1U T
r E/

D Ur''!1U T
r E %HFDXVH V T

r Vr D Ir

D UrU
T
r E

,W�IROORZV�IURP�����WKDW UrU
T
r E LV�WKH�RUWKRJRQDO�SURMHFWLRQ OE RI E RQWR &ROA� �6HH

7KHRUHP����LQ�6HFWLRQ������ 7KXV O[ LV�D�OHDVW�VTXDUHV�VROXWLRQ�RI A[ D E� ,Q�IDFW� WKLV O[
KDV�WKH�VPDOOHVW�OHQJWK�DPRQJ�DOO�OHDVW�VTXDUHV�VROXWLRQV�RIA[ D E� 6HH�6XSSOHPHQWDU\
([HUFLVH����

([DPSOHV��²��DQG�WKH�H[HUFLVHV�LOOXVWUDWH�WKH�FRQFHSW�RI�VLQJXODU�YDOXHV�DQG
VXJJHVW�KRZ�WR�SHUIRUP�FDOFXODWLRQV�E\�KDQG� ,Q�SUDFWLFH� WKH�FRPSXWDWLRQ�RI
ATA VKRXOG�EH�DYRLGHG� VLQFH�DQ\�HUURUV�LQ�WKH�HQWULHV�RI A DUH�VTXDUHG�LQ�WKH
HQWULHV�RIATA� 7KHUH�H[LVW�IDVW�LWHUDWLYH�PHWKRGV�WKDW�SURGXFH�WKH�VLQJXODU�YDOXHV
DQG�VLQJXODU�YHFWRUV�RI A DFFXUDWHO\�WR�PDQ\�GHFLPDO�SODFHV�

)XUWKHU�5HDGLQJ
+RUQ� 5RJHU�$�� DQG�&KDUOHV�5��-RKQVRQ� 0DWUL[�$QDO\VLV �&DPEULGJH� &DPEULGJH
8QLYHUVLW\�3UHVV� ������

/RQJ� &OLII� ´9LVXDOL]DWLRQ�RI�0DWUL[�6LQJXODU�9DOXH�'HFRPSRVLWLRQ�µ 0DWKHPDWLFV
0DJD]LQH �� ������� SS� ���²����



7KH�6LQJXODU�9DOXH�'HFRPSRVLWLRQ

0ROHU� &��%�� DQG�'��0RUULVRQ� ´6LQJXODU�9DOXH�$QDO\VLV�RI�&U\SWRJUDPV�µ $PHU��0DWK�
0RQWKO\ �� ������� SS� ��²���

6WUDQJ� *LOEHUW� /LQHDU�$OJHEUD�DQG�,WV�$SSOLFDWLRQV� �WK�HG� �%HOPRQW� &$��%URRNV�
&ROH� ������

:DWNLQV� 'DYLG�6�� )XQGDPHQWDOV�RI�0DWUL[�&RPSXWDWLRQV �1HZ�<RUN� :LOH\� ������
SS� ���²���� ���²����

*LYHQ�D�VLQJXODU�YDOXH�GHFRPSRVLWLRQ� A D U †V T � ÀQG�DQ�69' RI AT � +RZ�DUH�WKHWEB
VLQJXODU�YDOXHV�RI A DQG AT UHODWHG"

)LQG�WKH�VLQJXODU�YDOXHV�RI�WKH�PDWULFHV�LQ�([HUFLVHV��²��

��
!

1 0
0 !3

"
��

!
!5 0

0 0

"

��
!p

6 1

0
p

6

"
��

!p
3 2

0
p

3

"

)LQG � DQ �69' RI � HDFK �PDWUL[ � LQ �([HUFLVHV ��²��� >+LQW� ,Q

([HUFLVH ��� RQH�FKRLFH�IRU U LV

2
4

!1=3 2=3 2=3
2=3 !1=3 2=3
2=3 2=3 !1=3

3
5� ,Q

([HUFLVH ��� RQH�FROXPQ�RI U FDQ�EH

2
64

1=
p

6

!2=
p

6

1=
p

6

3
75�@

��
!

!3 0
0 0

"
��

!
!2 0

0 !1

"

��
!

2 !1
2 2

"
��

!
2 3
0 2

"

��

2
4

7 1
0 0
5 5

3
5 ���

2
4

4 !2
2 !1
0 0

3
5

���

2
4

!3 1
6 !2
6 !2

3
5 ���

2
4

1 1
0 1

!1 1

3
5

��� )LQG�WKH�69' RI A D
!

3 2 2
2 3 !2

"
>+LQW� :RUN�ZLWK AT �@

��� ,Q�([HUFLVH��� ÀQG�D�XQLW�YHFWRU [ DW�ZKLFK A[ KDV�PD[LPXP
OHQJWK�

��� 6XSSRVH�WKH�IDFWRUL]DWLRQ�EHORZ�LV�DQ�69' RI�D�PDWUL[ A�
ZLWK�WKH�HQWULHV�LQ U DQG V URXQGHG�WR�WZR�GHFLPDO�SODFHV�

A D

2
4

:40 !:78 :47
:37 !:33 !:87

!:84 !:52 !:16

3
5
2
4

7:10 0 0
0 3:10 0
0 0 0

3
5

"

2
4

:30 !:51 !:81
:76 :64 !:12
:58 !:58 :58

3
5

D� :KDW�LV�WKH�UDQN�RI A"
E� 8VH�WKLV�GHFRPSRVLWLRQ�RI A� ZLWK�QR�FDOFXODWLRQV� WR

ZULWH�D�EDVLV�IRU &ROA DQG�D�EDVLV�IRU 1XOA� >+LQW� )LUVW
ZULWH�WKH�FROXPQV�RI V �@

��� 5HSHDW�([HUFLVH����IRU�WKH�IROORZLQJ�69' RI�D 3 " 4 PDWUL[
A�

A D

2
4

!:86 !:11 !:50
:31 :68 !:67
:41 !:73 !:55

3
5
2
4

12:48 0 0 0
0 6:34 0 0
0 0 0 0

3
5

"

2
664

:66 !:03 !:35 :66
!:13 !:90 !:39 !:13

:65 :08 !:16 !:73
!:34 :42 !:84 !:08

3
775

,Q�([HUFLVHV���²��� A LV�DQ m " n PDWUL[�ZLWK�D�VLQJXODU�YDOXH
GHFRPSRVLWLRQ A D U †V T � ZKHUH U LV�DQ m " m RUWKRJRQDO
PDWUL[� † LV�DQ m " n ´GLDJRQDOµ�PDWUL[�ZLWK r SRVLWLYH�HQWULHV
DQG�QR�QHJDWLYH�HQWULHV� DQG V LV�DQ n " n RUWKRJRQDO�PDWUL[�
-XVWLI\�HDFK�DQVZHU�

��� 6XSSRVH A LV�VTXDUH�DQG�LQYHUWLEOH� )LQG�D�VLQJXODU�YDOXH
GHFRPSRVLWLRQ�RI A!1�

��� 6KRZ�WKDW�LI A LV�VTXDUH� WKHQ j GHWAj LV�WKH�SURGXFW�RI�WKH
VLQJXODU�YDOXHV�RI A�

��� 6KRZ�WKDW�WKH�FROXPQV�RI V DUH�HLJHQYHFWRUV�RI ATA� WKH
FROXPQV�RI U DUH�HLJHQYHFWRUV�RI AAT � DQG�WKH�GLDJRQDO
HQWULHV�RI † DUH�WKH�VLQJXODU�YDOXHV�RI A� >+LQW� 8VH�WKH
69' WR�FRPSXWH ATA DQG AAT �@

��� 6KRZ�WKDW�LI A LV�DQ n " n SRVLWLYH�GHÀQLWH�PDWUL[� WKHQ�DQ
RUWKRJRQDO�GLDJRQDOL]DWLRQ A D 3'3T LV�D�VLQJXODU�YDOXH
GHFRPSRVLWLRQ�RI A�
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��� 6KRZ�WKDW�LI P LV�DQ�RUWKRJRQDO m " m PDWUL[� WKHQ PA KDV
WKH�VDPH�VLQJXODU�YDOXHV�DV A�

��� -XVWLI\�WKH�VWDWHPHQW�LQ�([DPSOH���WKDW�WKH�VHFRQG�VLQJXODU
YDOXH�RI�D�PDWUL[ A LV�WKH�PD[LPXP�RI kA[k DV [ YDULHV
RYHU�DOO�XQLW�YHFWRUV�RUWKRJRQDO�WR Y1� ZLWK Y1 D�ULJKW�VLQJXODU
YHFWRU�FRUUHVSRQGLQJ�WR�WKH�ÀUVW�VLQJXODU�YDOXH�RI A� >+LQW�
8VH�7KHRUHP���LQ�6HFWLRQ�����@

��� /HWU D Œ X1 # # # Xm " DQG V D Œ Y1 # # # Yn "� ZKHUH�WKH
Xi DQG Yi DUH�DV�LQ�7KHRUHP ��� 6KRZ�WKDW

A D #1X1YT
1 C #2X2YT

2 C # # # C #rXrYT
r :

��� 8VLQJ�WKH�QRWDWLRQ�RI�([HUFLVH���� VKRZ�WKDW AT Xj D #j Yj

IRU 1 % j % r D UDQNA�

��� /HW T W Rn ! Rm EH�D�OLQHDU�WUDQVIRUPDWLRQ� 'HVFULEH�KRZ
WR�ÀQG�D�EDVLV B IRU Rn DQG�D�EDVLV C IRU Rm VXFK�WKDW�WKH
PDWUL[�IRU T UHODWLYH�WR B DQG C LV�DQ m " n ´GLDJRQDOµ
PDWUL[�

>0@ &RPSXWH�DQ�69' RI�HDFK�PDWUL[�LQ�([HUFLVHV����DQG����
5HSRUW�WKH�ÀQDO�PDWUL[�HQWULHV�DFFXUDWH�WR�WZR�GHFLPDO�SODFHV� 8VH
WKH�PHWKRG�RI�([DPSOHV���DQG���

��� A D

2
664

!18 13 !4 4
2 19 !4 12

!14 11 !12 8
!2 21 4 8

3
775

��� A D

2
664

6 !8 !4 5 !4
2 7 !5 !6 4
0 !1 !8 2 2

!1 !2 4 4 !8

3
775

��� >0@ &RPSXWH � WKH � VLQJXODU � YDOXHV �RI � WKH 4 " 4 PDWUL[ � LQ
([HUFLVH���LQ�6HFWLRQ����� DQG�FRPSXWH�WKH�FRQGLWLRQ�QXPEHU
#1=#4�

��� >0@ &RPSXWH�WKH�VLQJXODU�YDOXHV�RI�WKH 5 " 5 PDWUL[�LQ�([�
HUFLVH����LQ�6HFWLRQ����� DQG�FRPSXWH�WKH�FRQGLWLRQ�QXPEHU
#1=#5�

,I A D U †V T � ZKHUH † LV m " n� WKHQ AT D .V T /T †T U T D V †T U T � 7KLV�LV�DQ
69' RI AT EHFDXVH V DQG U DUH�RUWKRJRQDO�PDWULFHV�DQG †T LV�DQ n " m ´GLDJRQDOµ
PDWUL[� 6LQFH † DQG †T KDYH�WKH�VDPH�QRQ]HUR�GLDJRQDO�HQWULHV� A DQG AT KDYH�WKH
VDPH�QRQ]HUR�VLQJXODU�YDOXHV� >1RWH� ,I A LV 2 " n� WKHQ AAT LV�RQO\ 2 " 2 DQG�LWV
HLJHQYDOXHV�PD\�EH�HDVLHU�WR�FRPSXWH��E\�KDQG��WKDQ�WKH�HLJHQYDOXHV�RI ATA�@

7KH�VDWHOOLWH�SKRWRJUDSKV�LQ�WKLV�FKDSWHU·V�LQWURGXFWLRQ�SURYLGH�DQ�H[DPSOH�RI�PXOWLGL�
PHQVLRQDO� RU PXOWLYDULDWH� GDWD³LQIRUPDWLRQ�RUJDQL]HG�VR�WKDW�HDFK�GDWXP�LQ�WKH�GDWD
VHW�LV�LGHQWLÀHG�ZLWK�D�SRLQW��YHFWRU��LQ Rn� 7KH�PDLQ�JRDO�RI�WKLV�VHFWLRQ�LV�WR�H[SODLQ�D
WHFKQLTXH� FDOOHG SULQFLSDO�FRPSRQHQW�DQDO\VLV� XVHG�WR�DQDO\]H�VXFK�PXOWLYDULDWH�GDWD�
7KH�FDOFXODWLRQV�ZLOO�LOOXVWUDWH�WKH�XVH�RI�RUWKRJRQDO�GLDJRQDOL]DWLRQ�DQG�WKH�VLQJXODU
YDOXH�GHFRPSRVLWLRQ�

3ULQFLSDO�FRPSRQHQW�DQDO\VLV�FDQ�EH�DSSOLHG�WR�DQ\�GDWD�WKDW�FRQVLVW�RI�OLVWV�RI
PHDVXUHPHQWV�PDGH�RQ�D�FROOHFWLRQ�RI�REMHFWV�RU�LQGLYLGXDOV� )RU�LQVWDQFH� FRQVLGHU�D
FKHPLFDO�SURFHVV�WKDW�SURGXFHV�D�SODVWLF�PDWHULDO� 7R�PRQLWRU�WKH�SURFHVV� ����VDPSOHV
DUH�WDNHQ�RI�WKH�PDWHULDO�SURGXFHG� DQG�HDFK�VDPSOH�LV�VXEMHFWHG�WR�D�EDWWHU\�RI�HLJKW
WHVWV� VXFK�DV�PHOWLQJ�SRLQW� GHQVLW\� GXFWLOLW\� WHQVLOH�VWUHQJWK� DQG�VR�RQ� 7KH�ODERUDWRU\
UHSRUW�IRU�HDFK�VDPSOH�LV�D�YHFWRU�LQ R8� DQG�WKH�VHW�RI�VXFK�YHFWRUV�IRUPV�DQ 8 " 300
PDWUL[� FDOOHG�WKH PDWUL[�RI�REVHUYDWLRQV�

/RRVHO\�VSHDNLQJ� ZH�FDQ�VD\�WKDW�WKH�SURFHVV�FRQWURO�GDWD�DUH�HLJKW�GLPHQVLRQDO�
7KH�QH[W�WZR�H[DPSOHV�GHVFULEH�GDWD�WKDW�FDQ�EH�YLVXDOL]HG�JUDSKLFDOO\�

$Q�H[DPSOH�RI�WZR�GLPHQVLRQDO�GDWD�LV�JLYHQ�E\�D�VHW�RI�ZHLJKWV�DQG
KHLJKWV�RI N FROOHJH�VWXGHQWV� /HW;j GHQRWH�WKH REVHUYDWLRQ�YHFWRU LQ R2 WKDW�OLVWV�WKH
ZHLJKW�DQG�KHLJKW�RI�WKH j WK�VWXGHQW� ,I w GHQRWHV�ZHLJKW�DQG h KHLJKW� WKHQ�WKH�PDWUL[



$SSOLFDWLRQV�WR�,PDJH�3URFHVVLQJ�DQG�6WDWLVWLFV

RI�REVHUYDWLRQV�KDV�WKH�IRUP !
w1 w2 # # # wN

h1 h2 # # # hN

"

" " "
;1 ;2 ;N

7KH�VHW�RI�REVHUYDWLRQ�YHFWRUV�FDQ�EH�YLVXDOL]HG�DV�D�WZR�GLPHQVLRQDO VFDWWHU�SORW� 6HH
)LJ����

h

w

$ VFDWWHU�SORW�RI�REVHUYDWLRQ
YHFWRUV ;1; : : : ;;N �

7KH�ÀUVW�WKUHH�SKRWRJUDSKV�RI�5DLOURDG�9DOOH\� 1HYDGD� VKRZQ�LQ�WKH
FKDSWHU�LQWURGXFWLRQ� FDQ�EH�YLHZHG�DV RQH LPDJH�RI�WKH�UHJLRQ� ZLWK WKUHH�VSHFWUDO
FRPSRQHQWV� EHFDXVH�VLPXOWDQHRXV�PHDVXUHPHQWV�RI�WKH�UHJLRQ�ZHUH�PDGH�DW�WKUHH
VHSDUDWH�ZDYHOHQJWKV� (DFK�SKRWRJUDSK�JLYHV�GLIIHUHQW�LQIRUPDWLRQ�DERXW�WKH�VDPH
SK\VLFDO�UHJLRQ� )RU�LQVWDQFH� WKH�ÀUVW�SL[HO�LQ�WKH�XSSHU�OHIW�FRUQHU�RI�HDFK�SKRWRJUDSK
FRUUHVSRQGV�WR�WKH�VDPH�SODFH�RQ�WKH�JURXQG��DERXW����PHWHUV�E\����PHWHUV�� 7R�HDFK
SL[HO�WKHUH�FRUUHVSRQGV�DQ�REVHUYDWLRQ�YHFWRU�LQ R3 WKDW�OLVWV�WKH�VLJQDO�LQWHQVLWLHV�IRU
WKDW�SL[HO�LQ�WKH�WKUHH�VSHFWUDO�EDQGV�

7\SLFDOO\� WKH�LPDJH�LV 2000 " 2000 SL[HOV� VR�WKHUH�DUH���PLOOLRQ�SL[HOV�LQ�WKH
LPDJH� 7KH�GDWD�IRU�WKH�LPDJH�IRUP�D�PDWUL[�ZLWK���URZV�DQG���PLOOLRQ�FROXPQV
�ZLWK�FROXPQV�DUUDQJHG�LQ�DQ\�FRQYHQLHQW�RUGHU�� ,Q�WKLV�FDVH� WKH�´PXOWLGLPHQVLRQDOµ
FKDUDFWHU�RI�WKH�GDWD�UHIHUV�WR�WKH�WKUHH VSHFWUDO GLPHQVLRQV�UDWKHU�WKDQ�WKH�WZR VSDWLDO
GLPHQVLRQV�WKDW�QDWXUDOO\�EHORQJ�WR�DQ\�SKRWRJUDSK� 7KH�GDWD�FDQ�EH�YLVXDOL]HG�DV�D
FOXVWHU�RI���PLOOLRQ�SRLQWV�LQ R3� SHUKDSV�DV�LQ�)LJ� ��

x3 x2

x1

$ VFDWWHU�SORW�RI�VSHFWUDO�GDWD�IRU�D
VDWHOOLWH�LPDJH�

0HDQ�DQG�&RYDULDQFH
7R�SUHSDUH�IRU�SULQFLSDO�FRPSRQHQW�DQDO\VLV� OHW Œ ;1 # # # ;N " EH�D p " N PDWUL[�RI
REVHUYDWLRQV� VXFK�DV�GHVFULEHG�DERYH� 7KH VDPSOH�PHDQ�0� RI�WKH�REVHUYDWLRQ�YHFWRUV
;1; : : : ;;N LV�JLYHQ�E\

0 D 1

N
.;1 C # # # C ;N /

)RU�WKH�GDWD�LQ�)LJ� �� WKH�VDPSOH�PHDQ�LV�WKH�SRLQW�LQ�WKH�´FHQWHUµ�RI�WKH�VFDWWHU�SORW�
)RU k D 1; : : : ; N � OHW

O;k D ;k ! 0

7KH�FROXPQV�RI�WKH p " N PDWUL[

B D Œ O;1
O;2 # # # O;N "

KDYH�D�]HUR�VDPSOH�PHDQ� DQG B LV�VDLG�WR�EH�LQ PHDQ�GHYLDWLRQ�IRUP� :KHQ�WKH
VDPSOH�PHDQ�LV�VXEWUDFWHG�IURP�WKH�GDWD�LQ�)LJ���� WKH�UHVXOWLQJ�VFDWWHU�SORW�KDV�WKH�IRUP
LQ�)LJ� ��

ĥ

ŵ

:HLJKW²KHLJKW�GDWD�LQ
PHDQ�GHYLDWLRQ�IRUP�
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7KH��VDPSOH� FRYDULDQFH�PDWUL[ LV�WKH p " p PDWUL[ S GHÀQHG�E\

S D 1

N ! 1
BBT

6LQFH�DQ\�PDWUL[�RI�WKH�IRUP BBT LV�SRVLWLYH�VHPLGHÀQLWH� VR�LV S � �6HH�([HUFLVH����LQ
6HFWLRQ�����ZLWK B DQG BT LQWHUFKDQJHG��

7KUHH�PHDVXUHPHQWV�DUH�PDGH�RQ�HDFK�RI�IRXU�LQGLYLGXDOV�LQ�D�UDQGRP
VDPSOH�IURP�D�SRSXODWLRQ� 7KH�REVHUYDWLRQ�YHFWRUV�DUH

;1 D

2
4

1
2
1

3
5; ;2 D

2
4

4
2

13

3
5; ;3 D

2
4

7
8
1

3
5; ;4 D

2
4

8
4
5

3
5

&RPSXWH�WKH�VDPSOH�PHDQ�DQG�WKH�FRYDULDQFH�PDWUL[�

7KH�VDPSOH�PHDQ�LV

0 D 1

4

0
@
2
4

1
2
1

3
5C

2
4

4
2

13

3
5C

2
4

7
8
1

3
5C

2
4

8
4
5

3
5
1
A D 1

4

2
4

20
16
20

3
5 D

2
4

5
4
5

3
5

6XEWUDFW�WKH�VDPSOH�PHDQ�IURP ;1; : : : ;;4 WR�REWDLQ

O;1 D

2
4

!4
!2
!4

3
5; O;2 D

2
4

!1
!2

8

3
5; O;3 D

2
4

2
4

!4

3
5; O;4 D

2
4

3
0
0

3
5

DQG

B D

2
4

!4 !1 2 3
!2 !2 4 0
!4 8 !4 0

3
5

7KH�VDPSOH�FRYDULDQFH�PDWUL[�LV

S D 1

3

2
4

!4 !1 2 3
!2 !2 4 0
!4 8 !4 0

3
5
2
664

!4 !2 !4
!1 !2 8

2 4 !4
3 0 0

3
775

D 1

3

2
4

30 18 0
18 24 !24
0 !24 96

3
5 D

2
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7R�GLVFXVV�WKH�HQWULHV�LQ S D Œsij "� OHW ; UHSUHVHQW�D�YHFWRU�WKDW�YDULHV�RYHU�WKH�VHW
RI�REVHUYDWLRQ�YHFWRUV�DQG�GHQRWH�WKH�FRRUGLQDWHV�RI ; E\ x1; : : : ; xp � 7KHQ x1� IRU
H[DPSOH� LV�D�VFDODU�WKDW�YDULHV�RYHU�WKH�VHW�RI�ÀUVW�FRRUGLQDWHV�RI ;1; : : : ;;N � )RU
j D 1; : : : ; p� WKH�GLDJRQDO�HQWU\ sjj LQ S LV�FDOOHG�WKH YDULDQFH RI xj �

7KH�YDULDQFH�RI xj PHDVXUHV�WKH�VSUHDG�RI�WKH�YDOXHV�RI xj � �6HH�([HUFLVH����� ,Q
([DPSOH��� WKH�YDULDQFH�RI x1 LV����DQG�WKH�YDULDQFH�RI x3 LV���� 7KH�IDFW�WKDW����LV�PRUH
WKDQ����LQGLFDWHV�WKDW�WKH�VHW�RI�WKLUG�HQWULHV�LQ�WKH�UHVSRQVH�YHFWRUV�FRQWDLQV�D�ZLGHU
VSUHDG�RI�YDOXHV�WKDQ�WKH�VHW�RI�ÀUVW�HQWULHV�

7KH WRWDO�YDULDQFH RI�WKH�GDWD�LV�WKH�VXP�RI�WKH�YDULDQFHV�RQ�WKH�GLDJRQDO�RI S � ,Q
JHQHUDO� WKH�VXP�RI�WKH�GLDJRQDO�HQWULHV�RI�D�VTXDUH�PDWUL[ S LV�FDOOHG�WKH WUDFH RI�WKH
PDWUL[� ZULWWHQ WU.S/� 7KXV

fWRWDO�YDULDQFHg D WU.S/



$SSOLFDWLRQV�WR�,PDJH�3URFHVVLQJ�DQG�6WDWLVWLFV

7KH�HQWU\ sij LQ S IRU i ¤ j LV�FDOOHG�WKH FRYDULDQFH RI xi DQG xj � 2EVHUYH�WKDW
LQ�([DPSOH��� WKH�FRYDULDQFH�EHWZHHQ x1 DQG x3 LV���EHFDXVH�WKH .1; 3/�HQWU\�LQ S LV
�� 6WDWLVWLFLDQV�VD\�WKDW x1 DQG x3 DUH XQFRUUHODWHG� $QDO\VLV�RI�WKH�PXOWLYDULDWH�GDWD
LQ ;1; : : : ;;N LV�JUHDWO\�VLPSOLÀHG�ZKHQ�PRVW�RU�DOO�RI�WKH�YDULDEOHV x1; : : : ; xp DUH
XQFRUUHODWHG� WKDW�LV� ZKHQ�WKH�FRYDULDQFH�PDWUL[�RI ;1; : : : ;;N LV�GLDJRQDO�RU�QHDUO\
GLDJRQDO�

3ULQFLSDO�&RPSRQHQW�$QDO\VLV
)RU�VLPSOLFLW\� DVVXPH�WKDW�WKH�PDWUL[ Œ ;1 # # # ;N " LV�DOUHDG\�LQ�PHDQ�GHYLDWLRQ
IRUP� 7KH�JRDO�RI�SULQFLSDO�FRPSRQHQW�DQDO\VLV�LV�WR�ÀQG�DQ�RUWKRJRQDO p " p PDWUL[
P D Œ X1 # # # Xp " WKDW�GHWHUPLQHV�D�FKDQJH�RI�YDULDEOH� ; D P<� RU2

6664

x1

x2

:::
xp

3
7775 D

#
X1 X2 # # # Xp

$
2
6664

y1

y2

:::
yp

3
7775

ZLWK�WKH�SURSHUW\�WKDW�WKH�QHZ�YDULDEOHV y1; : : : ; yp DUH�XQFRUUHODWHG�DQG�DUH�DUUDQJHG�LQ
RUGHU�RI�GHFUHDVLQJ�YDULDQFH�

7KH�RUWKRJRQDO�FKDQJH�RI�YDULDEOH ; D P< PHDQV�WKDW�HDFK�REVHUYDWLRQ�YHFWRU
;k UHFHLYHV�D�´QHZ�QDPH�µ <k � VXFK�WKDW ;k D P<k � 1RWLFH�WKDW <k LV�WKH�FRRUGL�
QDWH�YHFWRU�RI ;k ZLWK�UHVSHFW�WR�WKH�FROXPQV�RI P � DQG <k D P!1;k D P T;k IRU
k D 1; : : : ; N �

,W�LV�QRW�GLIÀFXOW�WR�YHULI\�WKDW�IRU�DQ\�RUWKRJRQDO P � WKH�FRYDULDQFH�PDWUL[�RI
<1; : : : ;<N LV P TSP �([HUFLVH����� 6R�WKH�GHVLUHG�RUWKRJRQDO�PDWUL[ P LV�RQH�WKDW
PDNHV P TSP GLDJRQDO� /HW D EH�D�GLDJRQDO�PDWUL[�ZLWK�WKH�HLJHQYDOXHV !1; : : : ; !p

RI S RQ� WKH �GLDJRQDO� DUUDQJHG�VR � WKDW !1 $ !2 $ # # # $ !p $ 0� DQG � OHW P EH�DQ
RUWKRJRQDO�PDWUL[�ZKRVH�FROXPQV�DUH�WKH�FRUUHVSRQGLQJ�XQLW�HLJHQYHFWRUV X1; : : : ;Xp �
7KHQ S D 3'3T DQG P TSP D D�

7KH�XQLW�HLJHQYHFWRUV X1; : : : ;Xp RI�WKH�FRYDULDQFH�PDWUL[S DUH�FDOOHG�WKH SULQFLSDO
FRPSRQHQWV RI�WKH�GDWD��LQ�WKH�PDWUL[�RI�REVHUYDWLRQV�� 7KH ÀUVW�SULQFLSDO�FRPSRQHQW
LV�WKH�HLJHQYHFWRU�FRUUHVSRQGLQJ�WR�WKH�ODUJHVW�HLJHQYDOXH�RI S � WKH VHFRQG�SULQFLSDO
FRPSRQHQW LV�WKH�HLJHQYHFWRU�FRUUHVSRQGLQJ�WR�WKH�VHFRQG�ODUJHVW�HLJHQYDOXH� DQG�VR
RQ�

7KH�ÀUVW�SULQFLSDO�FRPSRQHQW X1 GHWHUPLQHV�WKH�QHZ�YDULDEOH y1 LQ�WKH�IROORZLQJ
ZD\� /HW c1; : : : ; cp EH�WKH�HQWULHV�LQ X1� 6LQFH XT

1 LV�WKH�ÀUVW�URZ�RI P T � WKH�HTXDWLRQ
< D P T; VKRZV�WKDW

y1 D XT
1 ; D c1x1 C c2x2 C # # # C cpxp

7KXV y1 LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RULJLQDO�YDULDEOHV x1; : : : ; xp � XVLQJ�WKH�HQWULHV�LQ
WKH�HLJHQYHFWRU X1 DV�ZHLJKWV� ,Q�D�VLPLODU�IDVKLRQ� X2 GHWHUPLQHV�WKH�YDULDEOH y2� DQG
VR�RQ�

7KH�LQLWLDO�GDWD�IRU�WKH�PXOWLVSHFWUDO�LPDJH�RI�5DLOURDG�9DOOH\��([�
DPSOH����FRQVLVWHG�RI���PLOOLRQ�YHFWRUV�LQ R3� 7KH�DVVRFLDWHG�FRYDULDQFH�PDWUL[�LVñ
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ñ'DWD�IRU�([DPSOH���DQG�([HUFLVHV���DQG���ZHUH�SURYLGHG�E\�(DUWK�6DWHOOLWH�&RUSRUDWLRQ� 5RFNYLOOH�
0DU\ODQG�
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)LQG�WKH�SULQFLSDO�FRPSRQHQWV�RI�WKH�GDWD� DQG�OLVW�WKH�QHZ�YDULDEOH�GHWHUPLQHG�E\�WKH
ÀUVW�SULQFLSDO�FRPSRQHQW�

7KH�HLJHQYDOXHV�RI S DQG�WKH�DVVRFLDWHG�SULQFLSDO�FRPSRQHQWV��WKH�XQLW
HLJHQYHFWRUV��DUH

!1 D 7614:23 !2 D 427:63 !3 D 98:10
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8VLQJ�WZR�GHFLPDO�SODFHV�IRU�VLPSOLFLW\� WKH�YDULDEOH�IRU�WKH�ÀUVW�SULQFLSDO�FRPSRQHQW
LV

y1 D :54x1 C :63x2 C :56x3

7KLV�HTXDWLRQ�ZDV�XVHG�WR�FUHDWH�SKRWRJUDSK��G�� LQ�WKH�FKDSWHU� LQWURGXFWLRQ� 7KH
YDULDEOHV x1� x2� x3 DUH�WKH�VLJQDO�LQWHQVLWLHV�LQ�WKH�WKUHH�VSHFWUDO�EDQGV� 7KH�YDOXHV�RI x1�
FRQYHUWHG�WR�D�JUD\�VFDOH�EHWZHHQ�EODFN�DQG�ZKLWH� SURGXFHG�SKRWRJUDSK��D�� 6LPLODUO\�
WKH�YDOXHV�RI x2 DQG x3 SURGXFHG�SKRWRJUDSKV��E��DQG��F�� UHVSHFWLYHO\� $W�HDFK�SL[HO�LQ
SKRWRJUDSK��G�� WKH�JUD\�VFDOH�YDOXH�LV�FRPSXWHG�IURP y1� D�ZHLJKWHG�OLQHDU�FRPELQDWLRQ
RI x1; x2; x3� ,Q�WKLV�VHQVH� SKRWRJUDSK��G��´GLVSOD\Vµ�WKH�ÀUVW�SULQFLSDO�FRPSRQHQW�RI
WKH�GDWD�

,Q�([DPSOH��� WKH�FRYDULDQFH�PDWUL[�IRU�WKH�WUDQVIRUPHG�GDWD� XVLQJ�YDULDEOHV y1�
y2� y3� LV
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$OWKRXJK D LV�REYLRXVO\�VLPSOHU�WKDQ�WKH�RULJLQDO�FRYDULDQFH�PDWUL[ S � WKH�PHULW�RI
FRQVWUXFWLQJ�WKH�QHZ�YDULDEOHV�LV�QRW�\HW�DSSDUHQW� +RZHYHU� WKH�YDULDQFHV�RI�WKH
YDULDEOHV y1� y2� y3 DSSHDU�RQ�WKH�GLDJRQDO�RI D� DQG�REYLRXVO\�WKH�ÀUVW�YDULDQFH�LQ
D LV�PXFK�ODUJHU�WKDQ�WKH�RWKHU�WZR� $V�ZH�VKDOO�VHH� WKLV�IDFW�ZLOO�SHUPLW�XV�WR�YLHZ
WKH�GDWD�DV�HVVHQWLDOO\�RQH�GLPHQVLRQDO�UDWKHU�WKDQ�WKUHH�GLPHQVLRQDO�

5HGXFLQJ�WKH�'LPHQVLRQ�RI�0XOWLYDULDWH�'DWD
3ULQFLSDO�FRPSRQHQW�DQDO\VLV�LV�SRWHQWLDOO\�YDOXDEOH�IRU�DSSOLFDWLRQV�LQ�ZKLFK�PRVW�RI
WKH�YDULDWLRQ� RU�G\QDPLF�UDQJH� LQ�WKH�GDWD�LV�GXH�WR�YDULDWLRQV�LQ RQO\�D�IHZ RI�WKH�QHZ
YDULDEOHV� y1; : : : ; yp �

,W�FDQ�EH�VKRZQ�WKDW�DQ�RUWKRJRQDO�FKDQJH�RI�YDULDEOHV� ; D P<� GRHV�QRW�FKDQJH
WKH�WRWDO�YDULDQFH�RI�WKH�GDWD� �5RXJKO\�VSHDNLQJ� WKLV�LV�WUXH�EHFDXVH�OHIW�PXOWLSOLFDWLRQ
E\ P GRHV�QRW�FKDQJH�WKH�OHQJWKV�RI�YHFWRUV�RU�WKH�DQJOHV�EHWZHHQ�WKHP� 6HH�([HUFLVH
���� 7KLV�PHDQV�WKDW�LI S D 3'3T � WKHQ

'
WRWDO�YDULDQFH
RI x1; : : : ; xp

(
D
'
WRWDO�YDULDQFH
RI y1; : : : ; yp

(
D WU.D/ D !1 C # # # C !p

7KH�YDULDQFH�RI yj LV !j � DQG�WKH�TXRWLHQW !j = WU.S/ PHDVXUHV�WKH�IUDFWLRQ�RI�WKH�WRWDO
YDULDQFH�WKDW�LV�´H[SODLQHGµ�RU�´FDSWXUHGµ�E\ yj �

&RPSXWH�WKH�YDULRXV�SHUFHQWDJHV�RI�YDULDQFH�RI�WKH�5DLOURDG�9DOOH\
PXOWLVSHFWUDO�GDWD�WKDW�DUH�GLVSOD\HG�LQ�WKH�SULQFLSDO�FRPSRQHQW�SKRWRJUDSKV� �G�²�I��
VKRZQ�LQ�WKH�FKDSWHU�LQWURGXFWLRQ�



$SSOLFDWLRQV�WR�,PDJH�3URFHVVLQJ�DQG�6WDWLVWLFV

7KH�WRWDO�YDULDQFH�RI�WKH�GDWD�LV

WU.D/ D 7614:23 C 427:63 C 98:10 D 8139:96

>9HULI\�WKDW� WKLV�QXPEHU�DOVR�HTXDOV WU.S/�@ 7KH�SHUFHQWDJHV�RI� WKH�WRWDO �YDULDQFH
H[SODLQHG�E\�WKH�SULQFLSDO�FRPSRQHQWV�DUH

)LUVW�FRPSRQHQW 6HFRQG�FRPSRQHQW 7KLUG�FRPSRQHQW

7614:23

8139:96
D 93:5�

427:63

8139:96
D 5:3�

98:10

8139:96
D 1:2�

,Q�D�VHQVH� ������RI�WKH�LQIRUPDWLRQ�FROOHFWHG�E\�/DQGVDW�IRU�WKH�5DLOURDG�9DOOH\�UHJLRQ
LV�GLVSOD\HG�LQ�SKRWRJUDSK��G�� ZLWK������LQ��H��DQG�RQO\������UHPDLQLQJ�IRU��I��

7KH�FDOFXODWLRQV�LQ�([DPSOH���VKRZ�WKDW�WKH�GDWD�KDYH�SUDFWLFDOO\�QR�YDULDQFH�LQ
WKH�WKLUG��QHZ��FRRUGLQDWH� 7KH�YDOXHV�RI y3 DUH�DOO�FORVH�WR�]HUR� *HRPHWULFDOO\� WKH
GDWD�SRLQWV�OLH�QHDUO\�LQ�WKH�SODQH y3 D 0� DQG�WKHLU�ORFDWLRQV�FDQ�EH�GHWHUPLQHG�IDLUO\
DFFXUDWHO\�E\�NQRZLQJ�RQO\�WKH�YDOXHV�RI y1 DQG y2� ,Q�IDFW� y2 DOVR�KDV�UHODWLYHO\�VPDOO
YDULDQFH� ZKLFK�PHDQV�WKDW�WKH�SRLQWV�OLH�DSSUR[LPDWHO\�DORQJ�D�OLQH� DQG�WKH�GDWD�DUH
HVVHQWLDOO\�RQH�GLPHQVLRQDO� 6HH�)LJ���� LQ�ZKLFK�WKH�GDWD�UHVHPEOH�D�SRSVLFOH�VWLFN�

&KDUDFWHUL]DWLRQV�RI�3ULQFLSDO�&RPSRQHQW�9DULDEOHV
,I y1; : : : ; yp DULVH�IURP�D�SULQFLSDO�FRPSRQHQW�DQDO\VLV�RI�D p " N PDWUL[�RI�REVHU�
YDWLRQV� WKHQ�WKH�YDULDQFH�RI y1 LV�DV�ODUJH�DV�SRVVLEOH�LQ�WKH�IROORZLQJ�VHQVH� ,I X LV
DQ\�XQLW�YHFWRU�DQG�LI y D XT;� WKHQ�WKH�YDULDQFH�RI�WKH�YDOXHV�RI y DV ; YDULHV�RYHU
WKH�RULJLQDO�GDWD ;1; : : : ;;N WXUQV�RXW�WR�EH XT SX� %\�7KHRUHP���LQ�6HFWLRQ����� WKH
PD[LPXP�YDOXH�RI XT SX� RYHU�DOO�XQLW�YHFWRUV X� LV�WKH�ODUJHVW�HLJHQYDOXH !1 RI S � DQG
WKLV�YDULDQFH�LV�DWWDLQHG�ZKHQ X LV�WKH�FRUUHVSRQGLQJ�HLJHQYHFWRU X1� ,Q�WKH�VDPH�ZD\�
7KHRUHP���VKRZV�WKDW y2 KDV�PD[LPXP�SRVVLEOH�YDULDQFH�DPRQJ�DOO�YDULDEOHV y D XT;
WKDW�DUH XQFRUUHODWHG ZLWK y1� /LNHZLVH� y3 KDV�PD[LPXP�SRVVLEOH�YDULDQFH�DPRQJ�DOO
YDULDEOHV�XQFRUUHODWHG�ZLWK�ERWK y1 DQG y2� DQG�VR�RQ�

7KH�VLQJXODU�YDOXH�GHFRPSRVLWLRQ�LV�WKH�PDLQ�WRRO�IRU�SHUIRUPLQJ�SULQFLSDO�FRP�
SRQHQW�DQDO\VLV�LQ�SUDFWLFDO�DSSOLFDWLRQV� ,I B LV�D p " N PDWUL[�RI�REVHUYDWLRQV
LQ�PHDQ�GHYLDWLRQ�IRUP� DQG�LI A D

)
1=

p
N ! 1

*
BT � WKHQ ATA LV�WKH�FRYDULDQFH

PDWUL[� S � 7KH�VTXDUHV�RI�WKH�VLQJXODU�YDOXHV�RI A DUH�WKH p HLJHQYDOXHV�RI S �
DQG�WKH�ULJKW�VLQJXODU�YHFWRUV�RI A DUH�WKH�SULQFLSDO�FRPSRQHQWV�RI�WKH�GDWD�

$V�PHQWLRQHG�LQ�6HFWLRQ����� LWHUDWLYH�FDOFXODWLRQ�RI�WKH�69' RI A LV�IDVWHU
DQG�PRUH�DFFXUDWH�WKDQ�DQ�HLJHQYDOXH�GHFRPSRVLWLRQ�RI S � 7KLV�LV�SDUWLFXODUO\
WUXH� IRU�LQVWDQFH� LQ�WKH�K\SHUVSHFWUDO�LPDJH�SURFHVVLQJ��ZLWK p D 224��PHQ�
WLRQHG�LQ�WKH�FKDSWHU�LQWURGXFWLRQ� 3ULQFLSDO�FRPSRQHQW�DQDO\VLV�LV�FRPSOHWHG�LQ
VHFRQGV�RQ�VSHFLDOL]HG�ZRUNVWDWLRQV�

)XUWKHU�5HDGLQJ
/LOOHVDQG� 7KRPDV�0�� DQG�5DOSK�:��.LHIHU� 5HPRWH�6HQVLQJ�DQG�,PDJH�,QWHUSUHWDWLRQ�
�WK�HG� �1HZ�<RUN� -RKQ�:LOH\� ������
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7KH�IROORZLQJ�WDEOH�OLVWV�WKH�ZHLJKWV�DQG�KHLJKWV�RI�ÀYH�ER\V�

%R\ �� �� �� �� ��
:HLJKW��OE� ��� ��� ��� ��� ���
+HLJKW��LQ�� �� �� �� �� ��

�� )LQG�WKH�FRYDULDQFH�PDWUL[�IRU�WKH�GDWD�
�� 0DNH�D�SULQFLSDO�FRPSRQHQW�DQDO\VLV�RI�WKH�GDWD�WR�ÀQG�D�VLQJOH VL]H�LQGH[ WKDW

H[SODLQV�PRVW�RI�WKH�YDULDWLRQ�LQ�WKH�GDWD�

,Q�([HUFLVHV���DQG��� FRQYHUW�WKH�PDWUL[�RI�REVHUYDWLRQV�WR�PHDQ�
GHYLDWLRQ�IRUP� DQG�FRQVWUXFW�WKH�VDPSOH�FRYDULDQFH�PDWUL[�

��
!

19 22 6 3 2 20
12 6 9 15 13 5

"

��
!

1 5 2 6 7 3
3 11 6 8 15 11

"

�� )LQG�WKH�SULQFLSDO�FRPSRQHQWV�RI�WKH�GDWD�IRU�([HUFLVH���

�� )LQG�WKH�SULQFLSDO�FRPSRQHQWV�RI�WKH�GDWD�IRU�([HUFLVH���

�� >0@ $ /DQGVDW�LPDJH�ZLWK�WKUHH�VSHFWUDO�FRPSRQHQWV�ZDV
PDGH�RI �+RPHVWHDG�$LU �)RUFH�%DVH� LQ �)ORULGD � �DIWHU � WKH
EDVH�ZDV�KLW�E\�KXUULFDQH�$QGUHZ�LQ������� 7KH�FRYDULDQFH
PDWUL[�RI�WKH�GDWD�LV�VKRZQ�EHORZ� )LQG�WKH�ÀUVW�SULQFLSDO
FRPSRQHQW�RI�WKH�GDWD� DQG�FRPSXWH�WKH�SHUFHQWDJH�RI�WKH
WRWDO�YDULDQFH�WKDW�LV�FRQWDLQHG�LQ�WKLV�FRPSRQHQW�

S D
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4

164:12 32:73 81:04
32:73 539:44 249:13
81:04 249:13 189:11
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�� >0@ 7KH � FRYDULDQFH �PDWUL[ � EHORZ �ZDV � REWDLQHG � IURP � D
/DQGVDW�LPDJH�RI�WKH�&ROXPELD�5LYHU�LQ�:DVKLQJWRQ� XVLQJ
GDWD�IURP�WKUHH�VSHFWUDO�EDQGV� /HW x1� x2� x3 GHQRWH�WKH
VSHFWUDO �FRPSRQHQWV �RI �HDFK�SL[HO � LQ � WKH � LPDJH� )LQG�D
QHZ�YDULDEOH�RI�WKH�IRUP y1 D c1x1 C c2x2 C c3x3 WKDW�KDV
PD[LPXP�SRVVLEOH�YDULDQFH� VXEMHFW�WR�WKH�FRQVWUDLQW�WKDW
c2

1 C c2
2 C c2

3 D 1� :KDW�SHUFHQWDJH�RI�WKH�WRWDO�YDULDQFH�LQ
WKH�GDWD�LV�H[SODLQHG�E\ y1"

S D

2
4
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5:00 14:06 29:21
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�� /HW x1; x2 GHQRWH � WKH � YDULDEOHV � IRU � WKH � WZR�GLPHQVLRQDO
GDWD � LQ �([HUFLVH ��� )LQG�D �QHZ�YDULDEOH y1 RI� WKH�IRUP
y1 D c1x1 C c2x2� ZLWK c2

1 C c2
2 D 1� VXFK�WKDW y1 KDV�PD[�

LPXP�SRVVLEOH�YDULDQFH�RYHU�WKH�JLYHQ�GDWD� +RZ�PXFK�RI
WKH�YDULDQFH�LQ�WKH�GDWD�LV�H[SODLQHG�E\ y1"

�� 5HSHDW�([HUFLVH���IRU�WKH�GDWD�LQ�([HUFLVH���

�� 6XSSRVH�WKUHH�WHVWV�DUH�DGPLQLVWHUHG�WR�D�UDQGRP�VDPSOH
RI�FROOHJH�VWXGHQWV� /HW ;1; : : : ;;N EH�REVHUYDWLRQ�YHFWRUV
LQ R3 WKDW � OLVW � WKH � WKUHH � VFRUHV �RI � HDFK � VWXGHQW� DQG � IRU
j D 1; 2; 3� OHW xj GHQRWH�D�VWXGHQW·V�VFRUH�RQ�WKH j WK�H[DP�
6XSSRVH�WKH�FRYDULDQFH�PDWUL[�RI�WKH�GDWD�LV

S D

2
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/HW y EH � DQ � ´LQGH[µ �RI � VWXGHQW �SHUIRUPDQFH� ZLWK y D
c1x1 C c2x2 C c3x3 DQG c2

1 C c2
2 C c2

3 D 1� &KRRVH c1; c2; c3

VR�WKDW � WKH�YDULDQFH�RI y RYHU�WKH�GDWD�VHW � LV �DV� ODUJH�DV
SRVVLEOH� >+LQW� 7KH�HLJHQYDOXHV�RI�WKH�VDPSOH�FRYDULDQFH
PDWUL[�DUH ! D 3; 6� DQG���@

��� >0@ 5HSHDW�([HUFLVH���ZLWK S D

2
4

5 4 2
4 11 4
2 4 5

3
5�

��� *LYHQ � PXOWLYDULDWH � GDWD ;1; : : : ;;N �LQ Rp/ LQ � PHDQ�
GHYLDWLRQ � IRUP� OHW P EH � D p " p PDWUL[� DQG � GHÀQH
<k D P T ;k IRU k D 1; : : : ; N �
D� 6KRZ�WKDW<1; : : : ;<N DUH�LQ�PHDQ�GHYLDWLRQ�IRUP� >+LQW�

/HW Z EH�WKH�YHFWRU�LQ RN ZLWK�D���LQ�HDFK�HQWU\� 7KHQ
Œ ;1 # # # ;N "Z D � �WKH�]HUR�YHFWRU�LQ Rp/�@

E� 6KRZ�WKDW�LI�WKH�FRYDULDQFH�PDWUL[�RI ;1; : : : ;;N LV S �
WKHQ�WKH�FRYDULDQFH�PDWUL[�RI <1; : : : ;<N LV P TSP �

��� /HW; GHQRWH�D�YHFWRU�WKDW�YDULHV�RYHU�WKH�FROXPQV�RI�Dp " N
PDWUL[�RI�REVHUYDWLRQV� DQG�OHW P EH�D p " p RUWKRJRQDO
PDWUL[� 6KRZ�WKDW�WKH�FKDQJH�RI�YDULDEOH ; D P< GRHV�QRW
FKDQJH�WKH�WRWDO�YDULDQFH�RI�WKH�GDWD� >+LQW� %\�([HUFLVH����
LW�VXIÀFHV�WR�VKRZ�WKDW WU .P T SP / D WU .S/� 8VH�D�SURSHUW\
RI�WKH�WUDFH�PHQWLRQHG�LQ�([HUFLVH����LQ�6HFWLRQ�����@

��� 7KH�VDPSOH�FRYDULDQFH�PDWUL[�LV�D�JHQHUDOL]DWLRQ�RI�D�IRUPXOD
IRU�WKH�YDULDQFH�RI�D�VDPSOH�RI N VFDODU�PHDVXUHPHQWV� VD\�
t1; : : : ; tN � ,I m LV�WKH�DYHUDJH�RI t1; : : : ; tN � WKHQ�WKH VDPSOH
YDULDQFH LV�JLYHQ�E\

1

N ! 1

nX
kD1

.tk ! m/2 .1/



$SSOLFDWLRQV�WR�,PDJH�3URFHVVLQJ�DQG�6WDWLVWLFV

6KRZ�KRZ�WKH�VDPSOH�FRYDULDQFH�PDWUL[� S � GHÀQHG�SULRU
WR �([DPSOH ��� PD\ �EH �ZULWWHQ � LQ � D � IRUP�VLPLODU � WR � ����
>+LQW� 8VH�SDUWLWLRQHG�PDWUL[�PXOWLSOLFDWLRQ�WR�ZULWH S DV

1=.N ! 1/ WLPHV�WKH�VXP�RI N PDWULFHV�RI�VL]H p " p� )RU
1 % k % N � ZULWH ;k ! 0 LQ�SODFH�RI O;k �@

�� )LUVW�DUUDQJH�WKH�GDWD�LQ�PHDQ�GHYLDWLRQ�IRUP� 7KH�VDPSOH�PHDQ�YHFWRU�LV�HDVLO\

VHHQ�WR�EH 0 D
!

130
65

"
� 6XEWUDFW 0 IURP�WKH�REVHUYDWLRQ�YHFWRUV��WKH�FROXPQV�LQ

WKH�WDEOH��DQG�REWDLQ

B D
!

!10 !5 !5 5 15
!4 !5 !1 3 7

"

7KHQ�WKH�VDPSOH�FRYDULDQFH�PDWUL[�LV

S D 1

5 ! 1

!
!10 !5 !5 5 15
!4 !5 !1 3 7

"
2
66664

!10 !4
!5 !5
!5 !1

5 3
15 7

3
77775

D 1

4

!
400 190
190 100

"
D
!

100:0 47:5
47:5 25:0

"

�� 7KH�HLJHQYDOXHV�RI S DUH��WR�WZR�GHFLPDO�SODFHV�

!1 D 123:02 DQG !2 D 1:98

7KH�XQLW�HLJHQYHFWRU�FRUUHVSRQGLQJ�WR !1 LV X D
!

:900
:436

"
� �6LQFH S LV 2 " 2� WKH

FRPSXWDWLRQV�FDQ�EH�GRQH�E\�KDQG�LI�D�PDWUL[�SURJUDP�LV�QRW�DYDLODEOH�� )RU�WKH VL]H
LQGH[� VHW

y D :900 Ow C :436 Oh
ZKHUH Ow DQG Oh DUH�ZHLJKW�DQG�KHLJKW� UHVSHFWLYHO\� LQ�PHDQ�GHYLDWLRQ�IRUP� 7KH
YDULDQFH�RI�WKLV�LQGH[�RYHU�WKH�GDWD�VHW�LV�������� %HFDXVH�WKH�WRWDO�YDULDQFH�LV
WU.S/ D 100 C 25 D 125� WKH�VL]H�LQGH[�DFFRXQWV�IRU�SUDFWLFDOO\�DOO���������RI�WKH
YDULDQFH�RI�WKH�GDWD�

7KH�RULJLQDO�GDWD�IRU�3UDFWLFH�3UREOHP���DQG�WKH�OLQH�GHWHUPLQHG�E\�WKH�ÀUVW
SULQFLSDO�FRPSRQHQW X DUH�VKRZQ�LQ�)LJ� �� �,Q�SDUDPHWULF�YHFWRU�IRUP� WKH�OLQH�LV
[ D 0 C tX�� ,W�FDQ�EH�VKRZQ�WKDW�WKH�OLQH�LV�WKH�EHVW�DSSUR[LPDWLRQ�WR�WKH�GDWD�

h

120

55

60

65

70

75

130 140 150
w

Pounds

Inches

$Q�RUWKRJRQDO�UHJUHVVLRQ�OLQH�GHWHUPLQHG�E\�WKH
ÀUVW�SULQFLSDO�FRPSRQHQW�RI�WKH�GDWD�



6\PPHWULF�0DWULFHV�DQG�4XDGUDWLF�)RUPV

LQ�WKH�VHQVH�WKDW�WKH�VXP�RI�WKH�VTXDUHV�RI�WKH RUWKRJRQDO GLVWDQFHV�WR�WKH�OLQH�LV
PLQLPL]HG� ,Q�IDFW� SULQFLSDO�FRPSRQHQW�DQDO\VLV�LV�HTXLYDOHQW�WR�ZKDW�LV�WHUPHG
RUWKRJRQDO�UHJUHVVLRQ� EXW�WKDW�LV�D�VWRU\�IRU�DQRWKHU�GD\� 3HUKDSV�ZH·OO�PHHW�DJDLQ�

�� 0DUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\�HDFK�DQVZHU� ,Q
HDFK�SDUW� A UHSUHVHQWV�DQ n " n PDWUL[�
D� ,I A LV�RUWKRJRQDOO\�GLDJRQDOL]DEOH� WKHQ A LV�V\PPHWULF�
E� ,I A LV�DQ�RUWKRJRQDO�PDWUL[� WKHQ A LV�V\PPHWULF�
F� ,I A LV�DQ�RUWKRJRQDO�PDWUL[� WKHQ kA[k D k[k IRU�DOO [

LQ Rn�
G� 7KH�SULQFLSDO�D[HV�RI�D�TXDGUDWLF�IRUP [TA[ FDQ�EH�WKH

FROXPQV�RI�DQ\�PDWUL[ P WKDW�GLDJRQDOL]HV A�
H� ,I P LV�DQ n " n PDWUL[�ZLWK�RUWKRJRQDO�FROXPQV� WKHQ

P T D P!1�
I� ,I�HYHU\�FRHIÀFLHQW�LQ�D�TXDGUDWLF�IRUP�LV�SRVLWLYH� WKHQ

WKH�TXDGUDWLF�IRUP�LV�SRVLWLYH�GHÀQLWH�
J� ,I [TA[ > 0 IRU�VRPH [� WKHQ�WKH�TXDGUDWLF�IRUP [TA[ LV

SRVLWLYH�GHÀQLWH�
K� %\�D�VXLWDEOH�FKDQJH�RI�YDULDEOH� DQ\�TXDGUDWLF�IRUP�FDQ

EH�FKDQJHG�LQWR�RQH�ZLWK�QR�FURVV�SURGXFW�WHUP�
L� 7KH�ODUJHVW�YDOXH�RI�D�TXDGUDWLF�IRUP [TA[� IRU k[k D 1�

LV�WKH�ODUJHVW�HQWU\�RQ�WKH�GLDJRQDO�RI A�
M� 7KH�PD[LPXP�YDOXH�RI�D�SRVLWLYH�GHÀQLWH�TXDGUDWLF�IRUP

[TA[ LV�WKH�JUHDWHVW�HLJHQYDOXH�RI A�
N� $ SRVLWLYH�GHÀQLWH�TXDGUDWLF�IRUP�FDQ�EH�FKDQJHG�LQWR

D�QHJDWLYH�GHÀQLWH�IRUP�E\�D�VXLWDEOH�FKDQJH�RI�YDULDEOH
[ D PX� IRU�VRPH�RUWKRJRQDO�PDWUL[ P �

O� $Q�LQGHÀQLWH�TXDGUDWLF�IRUP�LV�RQH�ZKRVH�HLJHQYDOXHV
DUH�QRW�GHÀQLWH�

P� ,I P LV�DQ n " n RUWKRJRQDO�PDWUL[� WKHQ�WKH�FKDQJH�RI
YDULDEOH [ D PX WUDQVIRUPV [TA[ LQWR�D�TXDGUDWLF�IRUP
ZKRVH�PDWUL[�LV P!1$3�

Q� ,I U LV m " n ZLWK�RUWKRJRQDO�FROXPQV� WKHQ U U T [ LV
WKH�RUWKRJRQDO�SURMHFWLRQ�RI [ RQWR &ROU �

R� ,IB LVm " n DQG [ LV�D�XQLW�YHFWRU�LQRn� WKHQ kB[k % #1�
ZKHUH #1 LV�WKH�ÀUVW�VLQJXODU�YDOXH�RI B �

S� $ VLQJXODU�YDOXH�GHFRPSRVLWLRQ�RI�DQ m " n PDWUL[ B
FDQ�EH �ZULWWHQ �DV B D P †Q� ZKHUH P LV �DQ m " m
RUWKRJRQDO�PDWUL[� Q LV�DQ n " n RUWKRJRQDO�PDWUL[� DQG
† LV�DQ m " n ´GLDJRQDOµ�PDWUL[�

T� ,I A LV n " n� WKHQ A DQG ATA KDYH�WKH�VDPH�VLQJXODU
YDOXHV�

�� /HW fX1; : : : ; Xng EH�DQ�RUWKRQRUPDO�EDVLV �IRU Rn� DQG�OHW
!1; : : : ; !n EH�DQ\�UHDO�VFDODUV� 'HÀQH

A D !1X1XT
1 C # # # C !nXnXT

n

D� 6KRZ�WKDW A LV�V\PPHWULF�

E� 6KRZ�WKDW !1; : : : ; !n DUH�WKH�HLJHQYDOXHV�RI A�

�� /HW A EH�DQ n " n V\PPHWULF�PDWUL[�RI�UDQN r � ([SODLQ�ZK\
WKH�VSHFWUDO�GHFRPSRVLWLRQ�RI A UHSUHVHQWV A DV�WKH�VXP�RI
r UDQN 1 PDWULFHV�

�� /HW A EH�DQ n " n V\PPHWULF�PDWUL[�
D� 6KRZ�WKDW .&ROA/? D 1XOA� >+LQW� 6HH�6HFWLRQ�����@
E� 6KRZ�WKDW�HDFK \ LQ Rn FDQ�EH�ZULWWHQ�LQ�WKH�IRUP \ D

O\ C ]� ZLWK O\ LQ &ROA DQG ] LQ 1XOA�

�� 6KRZ�WKDW�LI Y LV�DQ�HLJHQYHFWRU�RI�DQ n " n PDWUL[ A DQG Y
FRUUHVSRQGV�WR�D�QRQ]HUR�HLJHQYDOXH�RI A� WKHQ Y LV�LQ &ROA�
>+LQW� 8VH�WKH�GHÀQLWLRQ�RI�DQ�HLJHQYHFWRU�@

�� /HW A EH�DQ n " n V\PPHWULF�PDWUL[� 8VH�([HUFLVH���DQG
DQ�HLJHQYHFWRU�EDVLV�IRU Rn WR�JLYH�D�VHFRQG�SURRI�RI�WKH
GHFRPSRVLWLRQ�LQ�([HUFLVH���E��

�� 3URYH�WKDW�DQ n " n PDWUL[ A LV�SRVLWLYH�GHÀQLWH�LI�DQG�RQO\
LI A DGPLWV�D &KROHVN\�IDFWRUL]DWLRQ� QDPHO\� A D RTR IRU
VRPH�LQYHUWLEOH�XSSHU�WULDQJXODU�PDWUL[ R ZKRVH�GLDJRQDO
HQWULHV�DUH�DOO�SRVLWLYH� >+LQW� 8VH�D�45 IDFWRUL]DWLRQ�DQG
([HUFLVH����LQ�6HFWLRQ�����@

�� 8VH�([HUFLVH���WR�VKRZ�WKDW�LI A LV�SRVLWLYH�GHÀQLWH� WKHQ
A KDV�DQ�/8 IDFWRUL]DWLRQ� A D LU � ZKHUH U KDV�SRVLWLYH
SLYRWV�RQ�LWV�GLDJRQDO� �7KH�FRQYHUVH�LV�WUXH� WRR��

,I A LV m " n� WKHQ�WKH�PDWUL[ G D ATA LV�FDOOHG�WKH *UDP�PDWUL[
RI A� ,Q�WKLV�FDVH� WKH�HQWULHV�RI G DUH�WKH�LQQHU�SURGXFWV�RI�WKH
FROXPQV�RI A� �6HH�([HUFLVHV���DQG�����

�� 6KRZ� WKDW � WKH �*UDP�PDWUL[ �RI � DQ\ �PDWUL[ A LV �SRVLWLYH
VHPLGHÀQLWH� ZLWK�WKH�VDPH�UDQN�DV A� �6HH�WKH�([HUFLVHV
LQ�6HFWLRQ������

��� 6KRZ�WKDW�LI�DQ n " n PDWUL[ G LV�SRVLWLYH�VHPLGHÀQLWH�DQG
KDV UDQN r � WKHQ G LV�WKH�*UDP�PDWUL[�RI�VRPH r " n PDWUL[
A� 7KLV�LV�FDOOHG�D UDQN�UHYHDOLQJ�IDFWRUL]DWLRQ RI G� >+LQW�
&RQVLGHU�WKH�VSHFWUDO�GHFRPSRVLWLRQ�RI G� DQG�ÀUVW�ZULWH G
DV BBT IRU�DQ n " r PDWUL[ B �@

��� 3URYH�WKDW�DQ\ n " n PDWUL[ A DGPLWV�D SRODU�GHFRPSRVLWLRQ
RI�WKH�IRUP A D PQ� ZKHUH P LV�DQ n " n SRVLWLYH�VHPLGHÀ�
QLWH�PDWUL[�ZLWK�WKH�VDPH�UDQN�DV A DQG�ZKHUH Q LV�DQ n " n
RUWKRJRQDO�PDWUL[� >+LQW� 8VH�D�VLQJXODU�YDOXH�GHFRPSRVL�
WLRQ� A D U †V T � DQG�REVHUYH�WKDW A D .U †U T /.UV T /�@
7KLV�GHFRPSRVLWLRQ�LV�XVHG� IRU�LQVWDQFH� LQ�PHFKDQLFDO�HQ�
JLQHHULQJ�WR�PRGHO�WKH�GHIRUPDWLRQ�RI�D�PDWHULDO� 7KH�PDWUL[
P GHVFULEHV�WKH�VWUHWFKLQJ�RU�FRPSUHVVLRQ�RI�WKH�PDWHULDO��LQ
WKH�GLUHFWLRQV�RI�WKH�HLJHQYHFWRUV�RI P �� DQG Q GHVFULEHV�WKH
URWDWLRQ�RI�WKH�PDWHULDO�LQ�VSDFH�



&KDSWHU���6XSSOHPHQWDU\�([HUFLVHV

([HUFLVHV���²���FRQFHUQ�DQ m " n PDWUL[ A ZLWK�D�UHGXFHG�VLQ�
JXODU�YDOXH�GHFRPSRVLWLRQ� A D UrDV T

r � DQG�WKH�SVHXGRLQYHUVH
AC D VrD

!1U T
r �

��� 9HULI\�WKH�SURSHUWLHV�RI AC�
D� )RU�HDFK \ LQ Rm� AAC\ LV�WKH�RUWKRJRQDO�SURMHFWLRQ�RI

\ RQWR &ROA�
E� )RU�HDFK [ LQ Rn� ACA[ LV�WKH�RUWKRJRQDO�SURMHFWLRQ�RI [

RQWR 5RZA�
F� AACA D A DQG ACAAC D AC�

��� 6XSSRVH � WKH � HTXDWLRQ A[ D E LV � FRQVLVWHQW� DQG � OHW
[C D ACE� %\�([HUFLVH����LQ�6HFWLRQ����� WKHUH�LV�H[DFWO\
RQH�YHFWRU S LQ 5RZA VXFK�WKDW AS D E� 7KH�IROORZLQJ
VWHSV �SURYH � WKDW [C D S DQG [C LV � WKH PLQLPXP� OHQJWK
VROXWLRQ RI A[ D E�
D� 6KRZ�WKDW [C LV�LQ 5RZA� >+LQW� :ULWH E DVA[ IRU�VRPH

[� DQG�XVH�([HUFLVH����@
E� 6KRZ�WKDW [C LV�D�VROXWLRQ�RI A[ D E�
F� 6KRZ � WKDW � LI X LV � DQ\ � VROXWLRQ � RI A[ D E� WKHQ

k[Ck % kXk� ZLWK�HTXDOLW\�RQO\�LI X D [C�

��� *LYHQ�DQ\ E LQRm� DGDSW�([HUFLVH����WR�VKRZ�WKDWACE LV�WKH
OHDVW�VTXDUHV�VROXWLRQ�RI�PLQLPXP�OHQJWK� >+LQW� &RQVLGHU
WKH�HTXDWLRQ A[ D OE� ZKHUH OE LV�WKH�RUWKRJRQDO�SURMHFWLRQ�RI
E RQWR &ROA�@

>0@ ,Q�([HUFLVHV����DQG���� FRQVWUXFW�WKH�SVHXGRLQYHUVH�RIA� %H�
JLQ�E\�XVLQJ�D�PDWUL[�SURJUDP�WR�SURGXFH�WKH�69' RIA� RU� LI�WKDW
LV�QRW�DYDLODEOH� EHJLQ�ZLWK�DQ�RUWKRJRQDO�GLDJRQDOL]DWLRQ�RI ATA�
8VH�WKH�SVHXGRLQYHUVH�WR�VROYH A[ D E� IRU E D .6; !1; !4; 6/�
DQG�OHW O[ EH�WKH�VROXWLRQ� 0DNH�D�FDOFXODWLRQ�WR�YHULI\�WKDW O[
LV�LQ 5RZA� )LQG�D�QRQ]HUR�YHFWRU X LQ 1XOA� DQG�YHULI\�WKDW
kO[k < kO[ C Xk� ZKLFK�PXVW�EH�WUXH�E\�([HUFLVH ���F��

��� A D

2
664

!3 !3 !6 6 1
!1 !1 !1 1 !2

0 0 !1 1 !1
0 0 !1 1 !1

3
775

��� A D

2
664

4 0 !1 !2 0
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7KH�*HRPHWU\�RI
9HFWRU�6SDFHV

7KH�3ODWRQLF�6ROLGV
,Q�WKH�FLW\�RI�$WKHQV�LQ���� %�&�� WKH�*UHHN�SKLORVRSKHU
3ODWR�IRXQGHG�DQ�$FDGHP\� VRPHWLPHV�UHIHUUHG�WR�DV�WKH
ZRUOG·V�ÀUVW�XQLYHUVLW\� :KLOH�WKH�FXUULFXOXP�LQFOXGHG
DVWURQRP\� ELRORJ\� SROLWLFDO�WKHRU\� DQG�SKLORVRSK\� WKH
VXEMHFW�FORVHVW�WR�KLV�KHDUW�ZDV�JHRPHWU\� ,QGHHG� LQVFULEHG
RYHU�WKH�GRRUV�RI�KLV�DFDGHP\�ZHUH�WKHVH�ZRUGV� ´/HW�QR
RQH�GHVWLWXWH�RI�JHRPHWU\�HQWHU�P\�GRRUV�µ

7KH�*UHHNV�ZHUH�JUHDWO\�LPSUHVVHG�E\�JHRPHWULF
SDWWHUQV�VXFK�DV�WKH�UHJXODU�VROLGV� $ SRO\KHGURQ�LV�FDOOHG
UHJXODU�LI�LWV�IDFHV�DUH�FRQJUXHQW�UHJXODU�SRO\JRQV�DQG�DOO
WKH�DQJOHV�DW�WKH�YHUWLFHV�DUH�HTXDO� $V�HDUO\�DV�����\HDUV
EHIRUH�(XFOLG� WKH�3\WKDJRUHDQV�NQHZ�DW�OHDVW�WKUHH�RI�WKH
UHJXODU�VROLGV� WKH�WHWUDKHGURQ����WULDQJXODU�IDFHV�� WKH�FXEH
���VTXDUH�IDFHV�� DQG�WKH�RFWDKHGURQ����WULDQJXODU�IDFHV��
�6HH�)LJ� ��� 7KHVH�VKDSHV�RFFXU�QDWXUDOO\�DV�FU\VWDOV�RI
FRPPRQ�PLQHUDOV� 7KHUH�DUH�RQO\�ÀYH�VXFK�UHJXODU�VROLGV�
WKH�UHPDLQLQJ�WZR�EHLQJ�WKH�GRGHFDKHGURQ�����SHQWDJRQDO
IDFHV��DQG�WKH�LFRVDKHGURQ�����WULDQJXODU�IDFHV��

3ODWR�GLVFXVVHG�WKH�EDVLF�WKHRU\�RI�WKHVH�ÀYH�VROLGV
LQ�%RRN�;,,, RI�KLV (OHPHQWV� DQG�VLQFH�WKHQ�WKH\�KDYH
FDUULHG�KLV�QDPH� WKH�3ODWRQLF�VROLGV�

)RU�FHQWXULHV�WKHUH�ZDV�QR�QHHG�WR�HQYLVLRQ�JHRPHWULF
REMHFWV�LQ�PRUH�WKDQ�WKUHH�GLPHQVLRQV� %XW�QRZDGD\V
PDWKHPDWLFLDQV�UHJXODUO\�GHDO�ZLWK�REMHFWV�LQ�YHFWRU�VSDFHV

KDYLQJ�IRXU� ÀYH� RU�HYHQ�KXQGUHGV�RI�GLPHQVLRQV� ,W�LV�QRW
QHFHVVDULO\�FOHDU�ZKDW�JHRPHWULFDO�SURSHUWLHV�RQH�PLJKW
DVFULEH�WR�WKHVH�REMHFWV�LQ�KLJKHU�GLPHQVLRQV�

)RU�H[DPSOH� ZKDW�SURSHUWLHV�GR�OLQHV�KDYH�LQ���
VSDFH�DQG�SODQHV�KDYH�LQ���VSDFH�WKDW�ZRXOG�EH�XVHIXO
LQ�KLJKHU�GLPHQVLRQV" +RZ�FDQ�RQH�FKDUDFWHUL]H�VXFK
REMHFWV" 6HFWLRQV�����DQG�����SURYLGH�VRPH�DQVZHUV�
7KH�K\SHUSODQHV�RI�6HFWLRQ�����ZLOO�EH�LPSRUWDQW�IRU
XQGHUVWDQGLQJ�WKH�PXOWL�GLPHQVLRQDO�QDWXUH�RI�WKH�OLQHDU
SURJUDPPLQJ�SUREOHPV�LQ�&KDSWHU���

:KDW�ZRXOG�WKH�DQDORJXH�RI�D�SRO\KHGURQ�´ORRN
OLNHµ�LQ�PRUH�WKDQ�WKUHH�GLPHQVLRQV" $ SDUWLDO�DQVZHU
LV�SURYLGHG�E\�WZR�GLPHQVLRQDO�SURMHFWLRQV�RI�WKH�IRXU�
GLPHQVLRQDO�REMHFW� FUHDWHG�LQ�D�PDQQHU�DQDORJRXV�WR�WZR�
GLPHQVLRQDO�SURMHFWLRQV�RI�D�WKUHH�GLPHQVLRQDO�REMHFW�
6HFWLRQ�����LOOXVWUDWHV�WKLV�LGHD�IRU�WKH�IRXU�GLPHQVLRQDO
´FXEHµ�DQG�WKH�IRXU�GLPHQVLRQDO�´VLPSOH[�µ

7KH�VWXG\�RI�JHRPHWU\�LQ�KLJKHU�GLPHQVLRQV�QRW
RQO\�SURYLGHV�QHZ�ZD\V�RI�YLVXDOL]LQJ�DEVWUDFW�DOJHEUDLF
FRQFHSWV� EXW�DOVR�FUHDWHV�WRROV�WKDW�PD\�EH�DSSOLHG�LQ R3�
)RU�LQVWDQFH� 6HFWLRQV�����DQG�����LQFOXGH�DSSOLFDWLRQV�WR
FRPSXWHU�JUDSKLFV� DQG�6HFWLRQ�����RXWOLQHV�D�SURRI��LQ
([HUFLVH�����WKDW�WKHUH�DUH�RQO\�ÀYH�UHJXODU�SRO\KHGUD�LQ
R3�



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

7KH�ÀYH�3ODWRQLF�VROLGV�

0RVW�DSSOLFDWLRQV�LQ�HDUOLHU�FKDSWHUV�LQYROYHG�DOJHEUDLF�FDOFXODWLRQV�ZLWK�VXEVSDFHV
DQG�OLQHDU�FRPELQDWLRQV�RI�YHFWRUV� 7KLV�FKDSWHU�VWXGLHV�VHWV�RI�YHFWRUV�WKDW�FDQ�EH
YLVXDOL]HG�DV�JHRPHWULF�REMHFWV�VXFK�DV�OLQH�VHJPHQWV� SRO\JRQV� DQG�VROLG�REMHFWV�
,QGLYLGXDO�YHFWRUV�DUH�YLHZHG�DV�SRLQWV� 7KH�FRQFHSWV�LQWURGXFHG�KHUH�DUH�XVHG�LQ
FRPSXWHU�JUDSKLFV� OLQHDU�SURJUDPPLQJ��LQ�&KDSWHU���� DQG�RWKHU�DUHDV�RI�PDWKHPDWLFV�ñ

7KURXJKRXW�WKH�FKDSWHU� VHWV�RI�YHFWRUV�DUH�GHVFULEHG�E\�OLQHDU�FRPELQDWLRQV� EXW
ZLWK�YDULRXV�UHVWULFWLRQV�RQ�WKH�ZHLJKWV�XVHG�LQ�WKH�FRPELQDWLRQV� )RU�LQVWDQFH� LQ
6HFWLRQ����� WKH�VXP�RI�WKH�ZHLJKWV�LV��� ZKLOH�LQ�6HFWLRQ����� WKH�ZHLJKWV�DUH�SRVLWLYH
DQG�VXP�WR��� 7KH�YLVXDOL]DWLRQV�DUH�LQ R2 RU R3� RI�FRXUVH� EXW�WKH�FRQFHSWV�DOVR�DSSO\
WR Rn DQG�RWKHU�YHFWRU�VSDFHV�

$Q�DIÀQH�FRPELQDWLRQ�RI�YHFWRUV�LV�D�VSHFLDO�NLQG�RI�OLQHDU�FRPELQDWLRQ� *LYHQ�YHFWRUV
�RU�´SRLQWVµ� Y1; Y2; : : : ; Yp LQ Rn DQG�VFDODUV c1; : : : ; cp � DQ DIÀQH�FRPELQDWLRQ RI
Y1; Y2; : : : ; Yp LV�D�OLQHDU�FRPELQDWLRQ

c1Y1 C ! ! ! C cpYp

VXFK�WKDW�WKH�ZHLJKWV�VDWLVI\ c1 C ! ! ! C cp D 1�

ñ6HH�)ROH\� YDQ�'DP� )HLQHU� DQG�+XJKHV� &RPSXWHU�*UDSKLFV³3ULQFLSOHV�DQG�3UDFWLFH� �QG�HGLWLRQ
�%RVWRQ� $GGLVRQ�:HVOH\� ������ SS������²����� 7KDW�PDWHULDO�DOVR�GLVFXVVHV�FRRUGLQDWH�IUHH�´DIÀQH
VSDFHV�µ



$IILQH�&RPELQDWLRQV

7KH�VHW�RI�DOO�DIÀQH�FRPELQDWLRQV�RI�SRLQWV�LQ�D�VHW S LV�FDOOHG�WKH DIÀQH�KXOO �RU
DIÀQH�VSDQ��RI S � GHQRWHG�E\ DIIS �

7KH�DIÀQH�KXOO�RI�D�VLQJOH�SRLQW Y1 LV�MXVW�WKH�VHW fY1g� VLQFH�LW�KDV�WKH�IRUP c1Y1 ZKHUH
c1 D 1� 7KH�DIÀQH�KXOO�RI�WZR�GLVWLQFW�SRLQWV�LV�RIWHQ�ZULWWHQ�LQ�D�VSHFLDO�ZD\� 6XSSRVH
\ D c1Y1 C c2Y2 ZLWK c1 C c2 D 1� :ULWH t LQ�SODFH�RI c2� VR�WKDW c1 D 1 " c2 D 1 " t �
7KHQ�WKH�DIÀQH�KXOO�RI fY1; Y2g LV�WKH�VHW

\ D .1 " t /Y1 C tY2; ZLWK t LQ R ���

7KLV�VHW�RI�SRLQWV�LQFOXGHV Y1 �ZKHQ t D 0��DQG Y2 �ZKHQ t D 1�� ,I Y2 D Y1� WKHQ����
DJDLQ�GHVFULEHV�MXVW�RQH�SRLQW� 2WKHUZLVH� ����GHVFULEHV�WKH OLQH WKURXJK Y1 DQG Y2� 7R
VHH�WKLV� UHZULWH�����LQ�WKH�IRUP

\ D Y1 C t .Y2 " Y1/ D S C tX; ZLWK t LQ R

ZKHUH S LV Y1 DQG X LV Y2 " Y1� 7KH�VHW�RI�DOO�PXOWLSOHV�RI X LV 6SDQ fXg� WKH�OLQH�WKURXJK
X DQG�WKH�RULJLQ� $GGLQJ S WR�HDFK�SRLQW�RQ�WKLV�OLQH�WUDQVODWHV 6SDQ fXg LQWR�WKH�OLQH
WKURXJK S SDUDOOHO�WR�WKH�OLQH�WKURXJK X DQG�WKH�RULJLQ� 6HH�)LJ� �� �&RPSDUH�WKLV�ÀJXUH
ZLWK�)LJ� ��LQ�6HFWLRQ������

tu

p + tu

p

u

)LJXUH���XVHV�WKH�RULJLQDO�SRLQWV Y1 DQG Y2� DQG�GLVSOD\V DII fY1; Y2g DV�WKH�OLQH
WKURXJK Y1 DQG Y2�

v2
t(v2 – v1)

aff{v1, v2}

y = v1 + t(v2 – v1)

v1

v2 – v1

1RWLFH�WKDW�ZKLOH�WKH�SRLQW \ LQ�)LJ� ��LV�DQ�DIÀQH�FRPELQDWLRQ�RI Y1 DQG Y2� WKH�SRLQW
\ " Y1 HTXDOV t.Y2 " Y1/� ZKLFK�LV�D�OLQHDU�FRPELQDWLRQ��LQ�IDFW� D�PXOWLSOH��RI Y2 " Y1�
7KLV�UHODWLRQ�EHWZHHQ \ DQG \ " Y1 KROGV�IRU�DQ\�DIÀQH�FRPELQDWLRQ�RI�SRLQWV� DV�WKH
IROORZLQJ�WKHRUHP�VKRZV�

$ SRLQW \ LQ Rn LV�DQ�DIÀQH�FRPELQDWLRQ�RI Y1; : : : ; Yp LQ Rn LI�DQG�RQO\�LI \ " Y1

LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�WUDQVODWHG�SRLQWV Y2 " Y1; : : : ; Yp " Y1:



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

,I \ " Y1 LV�D�OLQHDU�FRPELQDWLRQ�RI Y2 " Y1; : : : ; Yp " Y1; WKHUH�H[LVW�ZHLJKWV
c2; : : : ; cp VXFK�WKDW

\ " Y1 D c2.Y2 " Y1/ C ! ! ! C cp.Yp " Y1/ ���

7KHQ
\ D .1 " c2 " ! ! ! " cp/Y1 C c2Y2 C ! ! ! C cpYp ���

DQG�WKH�ZHLJKWV�LQ�WKLV�OLQHDU�FRPELQDWLRQ�VXP�WR��� 6R \ LV�DQ�DIÀQH�FRPELQDWLRQ�RI
Y1; : : : ; Yp � &RQYHUVHO\� VXSSRVH

\ D c1Y1 C c2Y2 C ! ! ! C cpYp ���

ZKHUH c1 C ! ! ! C cp D 1� 6LQFH c1 D 1 " c2 " ! ! ! " cp � HTXDWLRQ�����PD\�EH�ZULWWHQ
DV�LQ����� DQG�WKLV�OHDGV�WR����� ZKLFK�VKRZV�WKDW \ " Y1 LV�D�OLQHDU�FRPELQDWLRQ�RI
Y2 " Y1; : : : ; Yp " Y1:

,Q�WKH�VWDWHPHQW�RI�7KHRUHP��� WKH�SRLQW Y1 FRXOG�EH�UHSODFHG�E\�DQ\�RI�WKH�RWKHU
SRLQWV�LQ�WKH�OLVW Y1; : : : ; Yp: 2QO\�WKH�QRWDWLRQ�LQ�WKH�SURRI�ZRXOG�FKDQJH�

/HW Y1 D
!

1
2

"
� Y2 D

!
2
5

"
� Y3 D

!
1
3

"
� Y4 D

!
"2

2

"
� DQG \ D

!
4
1

"
�

,I�SRVVLEOH� ZULWH \ DV�DQ�DIÀQH�FRPELQDWLRQ�RI Y1; Y2; Y3� DQG Y4�

&RPSXWH�WKH�WUDQVODWHG�SRLQWV

Y2 " Y1 D
!

1
3

"
; Y3 " Y1 D

!
0
1

"
; Y4 " Y1 D

!
"3

0

"
; \ " Y1 D

!
3

"1

"

7R�ÀQG�VFDODUV c2� c3� DQG c4 VXFK�WKDW

c2.Y2 " Y1/ C c3.Y3 " Y1/ C c4.Y4 " Y1/ D \ " Y1 ���

URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�KDYLQJ�WKHVH�SRLQWV�DV�FROXPQV�
!

1 0 "3 3
3 1 0 "1

"
#
!

1 0 "3 3
0 1 9 "10

"

7KLV�VKRZV�WKDW�HTXDWLRQ�����LV�FRQVLVWHQW� DQG�WKH�JHQHUDO�VROXWLRQ�LV c2 D 3c4 C 3�
c3 D "9c4 " 10� ZLWK c4 IUHH� :KHQ c4 D 0�

\ " Y1 D 3.Y2 " Y1/ " 10.Y3 " Y1/ C 0.Y4 " Y1/

DQG
\ D 8Y1 C 3Y2 " 10Y3

$V�DQRWKHU�H[DPSOH� WDNH c4 D 1� 7KHQ c2 D 6 DQG c3 D "19� VR

\ " Y1 D 6.Y2 " Y1/ " 19.Y3 " Y1/ C 1.Y4 " Y1/

DQG
\ D 13Y1 C 6Y2 " 19Y3 C Y4

:KLOH�WKH�SURFHGXUH�LQ�([DPSOH���ZRUNV�IRU�DUELWUDU\�SRLQWV Y1; Y2; : : : ; Yp LQ Rn�
WKH�TXHVWLRQ�FDQ�EH�DQVZHUHG�PRUH�GLUHFWO\�LI�WKH�FKRVHQ�SRLQWV Yi DUH�D�EDVLV�IRU Rn�
)RU�H[DPSOH� OHW B D fE1; : : : ;Eng EH�VXFK�D�EDVLV� 7KHQ�DQ\ \ LQ Rn LV�D�XQLTXH OLQHDU
FRPELQDWLRQ�RI E1; : : : ; En� 7KLV�FRPELQDWLRQ�LV�DQ�DIÀQH�FRPELQDWLRQ�RI�WKH E·V�LI�DQG
RQO\�LI�WKH�ZHLJKWV�VXP�WR��� �7KHVH�ZHLJKWV�DUH�MXVW�WKHB�FRRUGLQDWHV�RI \� DV�LQ�6HFWLRQ
�����
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/HW E1 D

2
4

4
0
3

3
5� E2 D

2
4

0
4
2

3
5� E3 D

2
4

5
2
4

3
5� S1 D

2
4

2
0
0

3
5� DQG S2 D

2
4

1
2
2

3
5�

7KH�VHW B D fE1; E2; E3g LV�D�EDVLV�IRU R3� 'HWHUPLQH�ZKHWKHU�WKH�SRLQWV S1 DQG S2 DUH
DIÀQH�FRPELQDWLRQV�RI�WKH�SRLQWV�LQ B�

)LQG�WKH B�FRRUGLQDWHV�RI S1 DQG S2� 7KHVH�WZR�FDOFXODWLRQV�FDQ�EH�FRP�
ELQHG�E\�URZ�UHGXFLQJ�WKH�PDWUL[ Œ E1 E2 E3 S1 S2 !� ZLWK�WZR�DXJPHQWHG�FROXPQV�

2
4

4 0 5 2 1
0 4 2 0 2
3 2 4 0 2

3
5 #

2
6664

1 0 0 "2 2
3

0 1 0 "1 2
3

0 0 1 2 " 1
3

3
7775

5HDG�FROXPQ���WR�EXLOG S1� DQG�UHDG�FROXPQ���WR�EXLOG S2�

S1 D "2E1 " E2 C 2E3 DQG S2 D 2
3
E1 C 2

3
E2 " 1

3
E3

7KH�VXP�RI�WKH�ZHLJKWV�LQ�WKH�OLQHDU�FRPELQDWLRQ�IRU S1 LV "1� QRW 1� VR S1 LV QRW DQ
DIÀQH�FRPELQDWLRQ�RI�WKH E·V� +RZHYHU� S2 LV DQ�DIÀQH�FRPELQDWLRQ�RI�WKH E·V� EHFDXVH
WKH�VXP�RI�WKH�ZHLJKWV�IRU S2 LV 1�

$ VHW S LV DIÀQH LI S;T 2 S LPSOLHV�WKDW .1 " t/S C tT 2 S IRU�HDFK�UHDO�QXPEHU t �

*HRPHWULFDOO\� D�VHW�LV�DIÀQH�LI�ZKHQHYHU�WZR�SRLQWV�DUH�LQ�WKH�VHW� WKH�HQWLUH�OLQH
WKURXJK�WKHVH�SRLQWV�LV�LQ�WKH�VHW� �,I S FRQWDLQV�RQO\�RQH�SRLQW� S� WKHQ�WKH�OLQH�WKURXJK
S DQG S LV�MXVW�D�SRLQW� D�´GHJHQHUDWHµ�OLQH�� $OJHEUDLFDOO\� IRU�D�VHW S WR�EH�DIÀQH�
WKH�GHÀQLWLRQ�UHTXLUHV�WKDW�HYHU\�DIÀQH�FRPELQDWLRQ�RI�WZR�SRLQWV�RI S EHORQJ�WR S �
5HPDUNDEO\� WKLV�LV�HTXLYDOHQW�WR�UHTXLULQJ�WKDW S FRQWDLQ�HYHU\�DIÀQH�FRPELQDWLRQ�RI
DQ�DUELWUDU\�QXPEHU�RI�SRLQWV�RI S �

$ VHW S LV�DIÀQH�LI�DQG�RQO\�LI�HYHU\�DIÀQH�FRPELQDWLRQ�RI�SRLQWV�RI S OLHV�LQ S �
7KDW�LV� S LV�DIÀQH�LI�DQG�RQO\�LI S D DIIS �

6XSSRVH�WKDW S LV�DIÀQH�DQG�XVH�LQGXFWLRQ�RQ�WKH�QXPEHU m RI�SRLQWV�RI S
RFFXUULQJ�LQ�DQ�DIÀQH�FRPELQDWLRQ� :KHQm LV���RU��� DQ�DIÀQH�FRPELQDWLRQ�RIm SRLQWV
RI S OLHV�LQ S � E\�WKH�GHÀQLWLRQ�RI�DQ�DIÀQH�VHW� 1RZ� DVVXPH�WKDW�HYHU\�DIÀQH�FRPELQD�
WLRQ�RI k RU�IHZHU�SRLQWV�RI S \LHOGV�D�SRLQW�LQ S � DQG�FRQVLGHU�D�FRPELQDWLRQ�RI k C 1
SRLQWV� 7DNH Yi LQ S IRU i D 1; : : : ; k C 1� DQG�OHW \ D c1Y1 C ! ! ! C ckYk C ckC1YkC1�
ZKHUH c1 C ! ! ! C ckC1 D 1� 6LQFH�WKH ci ·V�VXP�WR��� DW�OHDVW�RQH�RI�WKHP�PXVW�QRW�EH
HTXDO�WR��� %\�UH�LQGH[LQJ�WKH Yi DQG ci � LI�QHFHVVDU\� ZH�PD\�DVVXPH�WKDW ckC1 ¤ 1�
/HW t D c1 C ! ! ! C ck � 7KHQ t D 1 " ckC1 ¤ 0� DQG

\ D .1 " ckC1/
#c1

t
Y1 C ! ! ! C ck

t
Yk

$
C ckC1YkC1 ���

%\�WKH�LQGXFWLRQ�K\SRWKHVLV� WKH�SRLQW ] D .c1=t/Y1 C ! ! ! C .ck=t/Yk LV�LQ S � VLQFH�WKH
FRHIÀFLHQWV�VXP�WR��� 7KXV�����GLVSOD\V \ DV�DQ�DIÀQH�FRPELQDWLRQ�RI�WZR�SRLQWV�LQ S �
DQG�VR \ 2 S � %\�WKH�SULQFLSOH�RI�LQGXFWLRQ� HYHU\�DIÀQH�FRPELQDWLRQ�RI�VXFK�SRLQWV�OLHV
LQ S � 7KDW�LV� DIIS $ S � %XW�WKH�UHYHUVH�LQFOXVLRQ� S $ DIIS � DOZD\V�DSSOLHV� 7KXV�
ZKHQ S LV�DIÀQH� S D DIIS � &RQYHUVHO\� LI S D DIIS � WKHQ�DIÀQH�FRPELQDWLRQV�RI�WZR
�RU�PRUH��SRLQWV�RI S OLH�LQ S � VR S LV�DIÀQH�



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

7KH�QH[W�GHÀQLWLRQ�SURYLGHV�WHUPLQRORJ\�IRU�DIÀQH�VHWV�WKDW�HPSKDVL]HV�WKHLU�FORVH
FRQQHFWLRQ�ZLWK�VXEVSDFHV�RI Rn�

$ WUDQVODWH�RI�D�VHWS LQRn E\�D�YHFWRU S LV�WKH�VHWS C S D fV C S W V 2 Sg�� $ ÁDW
LQ Rn LV�D�WUDQVODWH�RI�D�VXEVSDFH�RI Rn� 7ZR�ÁDWV�DUH SDUDOOHO LI�RQH�LV�D�WUDQVODWH
RI�WKH�RWKHU� 7KH GLPHQVLRQ�RI�D�ÁDW LV�WKH�GLPHQVLRQ�RI�WKH�FRUUHVSRQGLQJ�SDUDOOHO
VXEVSDFH� 7KH GLPHQVLRQ�RI�D�VHW S � ZULWWHQ�DV�GLP S � LV�WKH�GLPHQVLRQ�RI�WKH
VPDOOHVW�ÁDW�FRQWDLQLQJ S � $ OLQH LQ Rn LV�D�ÁDW�RI�GLPHQVLRQ��� $ K\SHUSODQH LQ
Rn LV�D�ÁDW�RI�GLPHQVLRQ n " 1�

,Q R3� WKH�SURSHU�VXEVSDFHVó FRQVLVW�RI�WKH�RULJLQ �� WKH�VHW�RI�DOO�OLQHV�WKURXJK
�� DQG�WKH�VHW�RI�DOO�SODQHV�WKURXJK �� 7KXV�WKH�SURSHU�ÁDWV�LQ R3 DUH�SRLQWV��]HUR�
GLPHQVLRQDO�� OLQHV��RQH�GLPHQVLRQDO�� DQG�SODQHV��WZR�GLPHQVLRQDO�� ZKLFK�PD\�RU
PD\�QRW�SDVV�WKURXJK�WKH�RULJLQ�

7KH�QH[W�WKHRUHP�VKRZV�WKDW�WKHVH�JHRPHWULF�GHVFULSWLRQV�RI�OLQHV�DQG�SODQHV�LQ R3

�DV�WUDQVODWHV�RI�VXEVSDFHV��DFWXDOO\�FRLQFLGH�ZLWK�WKHLU�HDUOLHU�DOJHEUDLF�GHVFULSWLRQV�DV
VHWV�RI�DOO�DIÀQH�FRPELQDWLRQV�RI�WZR�RU�WKUHH�SRLQWV� UHVSHFWLYHO\�

$ QRQHPSW\�VHW S LV�DIÀQH�LI�DQG�RQO\�LI�LW�LV�D�ÁDW�

6XSSRVH�WKDW S LV�DIÀQH� /HW S EH�DQ\�À[HG�SRLQW�LQ S DQG�OHW W D S C ."S/�
VR�WKDW S D W C S� 7R�VKRZ�WKDW S LV�D�ÁDW� LW�VXIÀFHV�WR�VKRZ�WKDW W LV�D�VXEVSDFH�RI
Rn� 6LQFH S LV�LQ S � WKH�]HUR�YHFWRU�LV�LQ W � 7R�VKRZ�WKDW W LV�FORVHG�XQGHU�VXPV�DQG
VFDODU�PXOWLSOHV� LW�VXIÀFHV�WR�VKRZ�WKDW�LI X1 DQG X2 DUH�HOHPHQWV�RI W� WKHQ X1 C tX2

LV�LQ W IRU�HYHU\�UHDO t � 6LQFH X1 DQG X2 DUH�LQ W � WKHUH�H[LVW V1 DQG V2 LQ S VXFK�WKDW
X1 D V1 " S DQG X2 D V2 " S� 6R� IRU�HDFK�UHDO t �

X1 C tX2 D .V1 " S/ C t .V2 " S/

D .1 " t/V1 C t .V1 C V2 " S/ " S

/HW \ D V1 C V2 " S� 7KHQ \ LV�DQ�DIÀQH�FRPELQDWLRQ�RI�SRLQWV�LQ S � 6LQFH S LV�DIÀQH�
\ LV�LQ S �E\�7KHRUHP���� %XW�WKHQ .1 " t /V1 C t\ LV�DOVR�LQ S � 6R X1 C tX2 LV�LQ
"S C S D W � 7KLV�VKRZV�WKDW W LV�D�VXEVSDFH�RI Rn� 7KXV S LV�D�ÁDW� EHFDXVH
S D W C S�

&RQYHUVHO\� VXSSRVH S LV�D�ÁDW� 7KDW�LV� S D W C S IRU�VRPH S 2 Rn DQG�VRPH
VXEVSDFH W � 7R�VKRZ�WKDW S LV�DIÀQH� LW�VXIÀFHV�WR�VKRZ�WKDW�IRU�DQ\�SDLU V1 DQG V2 RI
SRLQWV�LQ S � WKH�OLQH�WKURXJK V1 DQG V2 OLHV�LQ S � %\�GHÀQLWLRQ�RI W � WKHUH�H[LVW X1 DQG
X2 LQ W VXFK�WKDW V1 D X1 C S DQG V2 D X2 C S� 6R� IRU�HDFK�UHDO t �

.1 " t /V1 C tV2 D .1 " t /.X1 C S/ C t .X2 C S/

D .1 " t /X1 C tX2 C S

6LQFH W LV�D�VXEVSDFH� .1 " t/X1 C tX2 2 W DQG�VR .1 " t/V1 C tV2 2 W C S D S �
7KXV S LV�DIÀQH�

ò ,I S D �� WKHQ�WKH�WUDQVODWH�LV�MXVW S LWVHOI� 6HH�)LJ� ��LQ�6HFWLRQ�����
ó$ VXEVHW A RI�D�VHW B LV�FDOOHG�D SURSHU VXEVHW�RI B LI A 6D B � 7KH�VDPH�FRQGLWLRQ�DSSOLHV�WR�SURSHU
VXEVSDFHV�DQG�SURSHU�ÁDWV�LQ Rn� WKH\�DUH�QRW�HTXDO�WR Rn�
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7KHRUHP���SURYLGHV�D�JHRPHWULF�ZD\�WR�YLHZ�WKH�DIÀQH�KXOO�RI�D�VHW� LW�LV�WKH�ÁDW�WKDW

b1p2

b3

x3

x1

b2

p1

5

5

0

FRQVLVWV�RI�DOO�WKH�DIÀQH�FRPELQDWLRQV�RI�SRLQWV�LQ�WKH�VHW� )RU�LQVWDQFH� )LJ� ��VKRZV
WKH�SRLQWV�VWXGLHG�LQ�([DPSOH��� $OWKRXJK�WKH�VHW�RI�DOO OLQHDU FRPELQDWLRQV�RI E1� E2�
DQG E3 LV�DOO�RI R3� WKH�VHW�RI�DOO DIÀQH FRPELQDWLRQV�LV�RQO\�WKH�SODQH�WKURXJK E1� E2�
DQG E3� 1RWH�WKDW S2 �IURP�([DPSOH����LV�LQ�WKH�SODQH�WKURXJK E1� E2� DQG E3� ZKLOH S1

LV�QRW�LQ�WKDW�SODQH� $OVR� VHH�([HUFLVH����
7KH�QH[W�H[DPSOH�WDNHV�D�IUHVK�ORRN�DW�D�IDPLOLDU�VHW³WKH�VHW�RI�DOO�VROXWLRQV�RI�D

V\VWHP A[ D E�

6XSSRVH�WKDW�WKH�VROXWLRQV�RI�DQ�HTXDWLRQ A[ D E DUH�DOO�RI�WKH�IRUP

[ D x3X C S� ZKHUH X D

2
4

2
"3

1

3
5 DQG S D

2
4

4
0

"3

3
5� 5HFDOO�IURP�6HFWLRQ ����WKDW�WKLV

VHW�LV�SDUDOOHO�WR�WKH�VROXWLRQ�VHW�RI A[ D �� ZKLFK�FRQVLVWV�RI�DOO�SRLQWV�RI�WKH�IRUP x3X�
)LQG�SRLQWV Y1 DQG Y2 VXFK�WKDW�WKH�VROXWLRQ�VHW�RI A[ D E LV DII fY1; Y2g�

7KH�VROXWLRQ�VHW�LV�D�OLQH�WKURXJK S LQ�WKH�GLUHFWLRQ�RI X� DV�LQ�)LJ� �� 6LQFH
DII fY1; Y2g LV�D�OLQH�WKURXJK Y1 DQG Y2� LGHQWLI\�WZR�SRLQWV�RQ�WKH�OLQH [ D x3X C S� 7ZR
VLPSOH�FKRLFHV�DSSHDU�ZKHQ x3 D 0 DQG x3 D 1� 7KDW�LV� WDNH Y1 D S DQG Y2 D X C S�
VR�WKDW

Y2 D X C S D

2
4

2
"3

1

3
5C

2
4

4
0

"3

3
5 D

2
4

6
"3
"2

3
5:

,Q�WKLV�FDVH� WKH�VROXWLRQ�VHW�LV�GHVFULEHG�DV�WKH�VHW�RI�DOO�DIÀQH�FRPELQDWLRQV�RI�WKH�IRUP

[ D .1 " x3/

2
4

4
0

"3

3
5C x3

2
4

6
"3
"2

3
5:

(DUOLHU� 7KHRUHP���GLVSOD\HG�DQ�LPSRUWDQW�FRQQHFWLRQ�EHWZHHQ�DIÀQH�FRPELQDWLRQV
DQG�OLQHDU�FRPELQDWLRQV� 7KH�QH[W�WKHRUHP�SURYLGHV�DQRWKHU�YLHZ�RI�DIÀQH�FRPELQD�
WLRQV� ZKLFK�IRU R2 DQG R3 LV�FORVHO\�FRQQHFWHG�WR�DSSOLFDWLRQV�LQ�FRPSXWHU�JUDSKLFV�
GLVFXVVHG�LQ�WKH�QH[W�VHFWLRQ��DQG�LQ�6HFWLRQ������

)RU Y LQ Rn� WKH�VWDQGDUG KRPRJHQHRXV�IRUP RI Y LV�WKH�SRLQW QY D
!
Y
1

"
LQ RnC1�

$ SRLQW \ LQ Rn LV�DQ�DIÀQH�FRPELQDWLRQ�RI Y1; : : : ; Yp LQ Rn LI�DQG�RQO\�LI�WKH
KRPRJHQHRXV�IRUP�RI \ LV�LQ 6SDQ fQY1; : : : ; QYpg� ,Q�IDFW� \ D c1Y1 C ! ! ! C cpYp �
ZLWK c1 C ! ! ! C cp D 1� LI�DQG�RQO\�LI Q\ D c1 QY1 C ! ! ! C cp QYp �
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5RZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�IRU�WKH�HTXDWLRQ

x1 QY1 C x2 QY2 C x3 QY3 D QS
7R�VLPSOLI\�WKH�DULWKPHWLF� PRYH�WKH�IRXUWK�URZ�RI 1·V�WR�WKH�WRS��HTXLYDOHQW�WR�WKUHH
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,Q�([HUFLVHV��²�� ZULWH \ DV�DQ�DIÀQH�FRPELQDWLRQ�RI�WKH�RWKHU
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)LQG�SRLQWV Y1 DQG Y2 VXFK�WKDW�WKH�VROXWLRQ�VHW�RI A[ D E LV
DII fY1; Y2g�
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)LQG�SRLQWV Y1 DQG Y2 VXFK�WKDW�WKH�VROXWLRQ�VHW�RI A[ D E LV
DII fY1; Y2g�

,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

��� D� 7KH�VHW�RI�DOO�DIÀQH�FRPELQDWLRQV�RI�SRLQWV�LQ�D�VHW S LV
FDOOHG�WKH�DIÀQH�KXOO�RI S �

E� ,I fE1; : : : ; Ekg LV�D�OLQHDUO\�LQGHSHQGHQW�VXEVHW�RI Rn DQG
LI S LV�D�OLQHDU�FRPELQDWLRQ�RI E1; : : : ; Ek � WKHQ S LV�DQ
DIÀQH�FRPELQDWLRQ�RI E1; : : : ; Ek �

F� 7KH�DIÀQH�KXOO�RI�WZR�GLVWLQFW�SRLQWV�LV�FDOOHG�D�OLQH�
G� $ ÁDW�LV�D�VXEVSDFH�
H� $ SODQH�LQ R3 LV�D�K\SHUSODQH�

��� D� ,I S D f[g� WKHQ DIIS LV�WKH�HPSW\�VHW�
E� $ VHW�LV�DIÀQH�LI�DQG�RQO\�LI�LW�FRQWDLQV�LWV�DIÀQH�KXOO�
F� $ ÁDW�RI�GLPHQVLRQ���LV�FDOOHG�D�OLQH�
G� $ ÁDW�RI�GLPHQVLRQ���LV�FDOOHG�D�K\SHUSODQH�
H� $ ÁDW�WKURXJK�WKH�RULJLQ�LV�D�VXEVSDFH�

��� 6XSSRVH fY1; Y2; Y3g LV � D � EDVLV � IRU R3� 6KRZ � WKDW
6SDQ fY2 " Y1; Y3 " Y1g LV�D�SODQH�LQ R3� >+LQW� :KDW�FDQ
\RX�VD\�DERXW X DQG Y ZKHQ 6SDQ fX; Yg LV�D�SODQH"@

��� 6KRZ�WKDW�LI fY1; Y2; Y3g LV�D�EDVLV�IRU R3� WKHQ DII fY1; Y2; Y3g
LV�WKH�SODQH�WKURXJK Y1� Y2� DQG Y3�

��� /HW A EH�DQ m % n PDWUL[�DQG� JLYHQ E LQ Rm� VKRZ�WKDW�WKH
VHW S RI�DOO�VROXWLRQV�RI A[ D E LV�DQ�DIÀQH�VXEVHW�RI Rn�

��� /HW Y 2 Rn DQG�OHW k 2 R� 3URYH�WKDWS D f[ 2 Rn W [ !Y D kg
LV�DQ�DIÀQH�VXEVHW�RI Rn�

��� &KRRVH�D�VHW S RI�WKUHH�SRLQWV�VXFK�WKDW DIIS LV�WKH�SODQH�LQ
R3 ZKRVH�HTXDWLRQ�LV x3 D 5� -XVWLI\�\RXU�ZRUN�

��� &KRRVH�D�VHW S RI�IRXU�GLVWLQFW�SRLQWV�LQ R3 VXFK�WKDW DIIS LV
WKH�SODQH 2x1 C x2 " 3x3 D 12� -XVWLI\�\RXU�ZRUN�

��� /HW S EH�DQ�DIÀQH�VXEVHW�RI Rn� VXSSRVH f W Rn ! Rm LV�D
OLQHDU�WUDQVIRUPDWLRQ� DQG�OHW f .S/ GHQRWH�WKH�VHW�RI�LPDJHV
ff .[/ W [ 2 Sg� 3URYH�WKDW f .S/ LV�DQ�DIÀQH�VXEVHW�RI Rm�

��� /HW f W Rn ! Rm EH�D�OLQHDU�WUDQVIRUPDWLRQ� OHW T EH�DQ
DIÀQH�VXEVHW�RIRm� DQG�OHW S D f[ 2 Rn W f .[/ 2 T g� 6KRZ
WKDW S LV�DQ�DIÀQH�VXEVHW�RI Rn�

,Q�([HUFLVHV���²��� SURYH�WKH�JLYHQ�VWDWHPHQW�DERXW�VXEVHWV A
DQG B RI Rn� RU�SURYLGH�WKH�UHTXLUHG�H[DPSOH�LQ R2� $ SURRI
IRU�DQ�H[HUFLVH�PD\�XVH�UHVXOWV�IURP�HDUOLHU�H[HUFLVHV��DV�ZHOO�DV
WKHRUHPV�DOUHDG\�DYDLODEOH�LQ�WKH�WH[W��

��� ,I A $ B DQG B LV�DIÀQH� WKHQ DIIA $ B �
��� ,I A $ B � WKHQ DIIA $ DIIB �
��� Œ.DIIA/ [ .DIIB/! $ DII .A [ B/� >+LQW� 7R � VKRZ � WKDW

D [ E $ F � VKRZ�WKDW D $ F DQG E $ F �@
��� )LQG�DQ�H[DPSOH�LQ R2 WR�VKRZ�WKDW�HTXDOLW\�QHHG�QRW�KROG�LQ

WKH�VWDWHPHQW�RI�([HUFLVH���� >+LQW� &RQVLGHU�VHWV A DQG B �
HDFK�RI�ZKLFK�FRQWDLQV�RQO\�RQH�RU�WZR�SRLQWV�@

��� DII .A \ B/ $ .DIIA \ DIIB/�
��� )LQG�DQ�H[DPSOH�LQ R2 WR�VKRZ�WKDW�HTXDOLW\�QHHG�QRW�KROG�LQ

WKH�VWDWHPHQW�RI�([HUFLVH����
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7KLV�VKRZV�WKDW S D " 3
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7KLV�VHFWLRQ�FRQWLQXHV�WR�H[SORUH�WKH�UHODWLRQ�EHWZHHQ�OLQHDU�FRQFHSWV�DQG�DIÀQH�FRQ�
FHSWV� &RQVLGHU�ÀUVW�D�VHW�RI�WKUHH�YHFWRUV�LQ R3� VD\ S D fY1; Y2; Y3g� ,I S LV�OLQHDUO\
GHSHQGHQW� WKHQ�RQH�RI�WKH�YHFWRUV�LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�WZR�YHFWRUV� :KDW
KDSSHQV�ZKHQ�RQH�RI�WKH�YHFWRUV�LV�DQ DIÀQH FRPELQDWLRQ�RI�WKH�RWKHUV" )RU�LQVWDQFH�
VXSSRVH�WKDW

Y3 D .1 " t/Y1 C tY2; IRU�VRPH t LQ R�

7KHQ
.1 " t/Y1 C tY2 " Y3 D �:

7KLV�LV�D�OLQHDU�GHSHQGHQFH�UHODWLRQ�EHFDXVH�QRW�DOO�WKH�ZHLJKWV�DUH�]HUR� %XW�PRUH�LV
WUXH³WKH�ZHLJKWV�LQ�WKH�GHSHQGHQFH�UHODWLRQ�VXP�WR���

.1 " t/ C t C ."1/ D 0:

7KLV�LV�WKH�DGGLWLRQDO�SURSHUW\�QHHGHG�WR�GHÀQH DIÀQH�GHSHQGHQFH�

$Q�LQGH[HG�VHW�RI�SRLQWV fY1; : : : ; Ypg LQ Rn LV DIÀQHO\�GHSHQGHQW LI�WKHUH�H[LVW
UHDO�QXPEHUV c1; : : : ; cp � QRW�DOO�]HUR� VXFK�WKDW

c1 C ! ! ! C cp D 0 DQG c1Y1 C ! ! ! C cpYp D � ���

2WKHUZLVH� WKH�VHW�LV DIÀQHO\�LQGHSHQGHQW�



$IILQH�,QGHSHQGHQFH

$Q�DIÀQH�FRPELQDWLRQ�LV�D�VSHFLDO�W\SH�RI�OLQHDU�FRPELQDWLRQ� DQG�DIÀQH�GHSHQ�
GHQFH�LV�D�UHVWULFWHG�W\SH�RI�OLQHDU�GHSHQGHQFH� 7KXV� HDFK�DIÀQHO\�GHSHQGHQW�VHW�LV
DXWRPDWLFDOO\�OLQHDUO\�GHSHQGHQW�

$ VHW fY1g RI�RQO\�RQH�SRLQW��HYHQ�WKH�]HUR�YHFWRU��PXVW�EH�DIÀQHO\�LQGHSHQGHQW
EHFDXVH�WKH�UHTXLUHG�SURSHUWLHV�RI�WKH�FRHIÀFLHQWV ci FDQQRW�EH�VDWLVÀHG�ZKHQ�WKHUH�LV
RQO\�RQH�FRHIÀFLHQW� )RU fY1g� WKH�ÀUVW�HTXDWLRQ�LQ�����LV�MXVW c1 D 0� DQG�\HW�DW�OHDVW�RQH
�WKH�RQO\�RQH��FRHIÀFLHQW�PXVW�EH�QRQ]HUR�

([HUFLVH����DVNV�\RX�WR�VKRZ�WKDW�DQ�LQGH[HG�VHW fY1; Y2g LV�DIÀQHO\�GHSHQGHQW�LI
DQG�RQO\�LI Y1 D Y2� 7KH�IROORZLQJ�WKHRUHP�KDQGOHV�WKH�JHQHUDO�FDVH�DQG�VKRZV�KRZ
WKH�FRQFHSW�RI�DIÀQH�GHSHQGHQFH�LV�DQDORJRXV�WR�WKDW�RI�OLQHDU�GHSHQGHQFH� 3DUWV��F�
DQG��G��JLYH�XVHIXO�PHWKRGV�IRU�GHWHUPLQLQJ�ZKHWKHU�D�VHW�LV�DIÀQHO\�GHSHQGHQW� 5HFDOO
IURP�6HFWLRQ�����WKDW�LI Y LV�LQ Rn� WKHQ�WKH�YHFWRU QY LQ RnC1 GHQRWHV�WKH�KRPRJHQHRXV
IRUP�RI Y�

*LYHQ�DQ�LQGH[HG�VHW S D fY1; : : : ; Ypg LQ Rn� ZLWK p & 2� WKH�IROORZLQJ�VWDWH�
PHQWV�DUH�ORJLFDOO\�HTXLYDOHQW� 7KDW�LV� HLWKHU�WKH\�DUH�DOO�WUXH�VWDWHPHQWV�RU�WKH\
DUH�DOO�IDOVH�

D� S LV�DIÀQHO\�GHSHQGHQW�
E� 2QH�RI�WKH�SRLQWV�LQ S LV�DQ�DIÀQH�FRPELQDWLRQ�RI�WKH�RWKHU�SRLQWV�LQ S �
F� 7KH�VHW fY2 " Y1; : : : ; Yp " Y1g LQ Rn LV�OLQHDUO\�GHSHQGHQW�
G� 7KH�VHW fQY1; : : : ; QYpg RI�KRPRJHQHRXV�IRUPV�LQ RnC1 LV�OLQHDUO\�GHSHQGHQW�

6XSSRVH�VWDWHPHQW��D��LV�WUXH� DQG�OHW c1; : : : ; cp VDWLVI\����� %\�UHQDPLQJ�WKH
SRLQWV�LI�QHFHVVDU\� RQH�PD\�DVVXPH�WKDW c1 ¤ 0 DQG�GLYLGH�ERWK�HTXDWLRQV�LQ�����E\ c1�
VR�WKDW 1 C .c2=c1/ C ! ! ! C .cp=c1/ D 0 DQG

Y1 D ."c2=c1/Y2 C ! ! ! C ."cp=c1/Yp ���

1RWH�WKDW�WKH�FRHIÀFLHQWV�RQ�WKH�ULJKW�VLGH�RI�����VXP�WR��� 7KXV��D��LPSOLHV��E�� 1RZ�
VXSSRVH�WKDW��E��LV�WUXH� %\�UHQDPLQJ�WKH�SRLQWV�LI�QHFHVVDU\� RQH�PD\�DVVXPH�WKDW
Y1 D c2Y2 C ! ! ! C cpYp � ZKHUH c2 C ! ! ! C cp D 1� 7KHQ

.c2 C ! ! ! C cp/Y1 D c2Y2 C ! ! ! C cpYp ���

DQG
c2.Y2 " Y1/ C ! ! ! C cp.Yp " Y1/ D � ���

1RW�DOO�RI c2; : : : ; cp FDQ�EH�]HUR�EHFDXVH�WKH\�VXP�WR��� 6R��E��LPSOLHV��F��
1H[W� LI��F��LV�WUXH� WKHQ�WKHUH�H[LVW�ZHLJKWV c2; : : : ; cp � QRW�DOO�]HUR� VXFK�WKDW����

KROGV� 5HZULWH�����DV�����DQG�VHW c1 D ".c2 C ! ! ! C cp/� 7KHQ c1 C ! ! ! C cp D 0� 7KXV
����VKRZV�WKDW�����LV�WUXH� 6R��F��LPSOLHV��D�� ZKLFK�SURYHV�WKDW��D�� �E�� DQG��F��DUH
ORJLFDOO\�HTXLYDOHQW� )LQDOO\� �G��LV�HTXLYDOHQW�WR��D��EHFDXVH�WKH�WZR�HTXDWLRQV�LQ����
DUH�HTXLYDOHQW�WR�WKH�IROORZLQJ�HTXDWLRQ�LQYROYLQJ�WKH�KRPRJHQHRXV�IRUPV�RI�WKH�SRLQWV
LQ S �
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,Q�VWDWHPHQW��F��RI�7KHRUHP��� Y1 FRXOG�EH�UHSODFHG�E\�DQ\�RI�WKH�RWKHU�SRLQWV�LQ
WKH�OLVW Y1; : : : ; Yp � 2QO\�WKH�QRWDWLRQ�LQ�WKH�SURRI�ZRXOG�FKDQJH� 6R� WR�WHVW�ZKHWKHU�D
VHW�LV�DIÀQHO\�GHSHQGHQW� VXEWUDFW�RQH�SRLQW�LQ�WKH�VHW�IURP�WKH�RWKHU�SRLQWV� DQG�FKHFN
ZKHWKHU�WKH�WUDQVODWHG�VHW�RI p " 1 SRLQWV�LV�OLQHDUO\�GHSHQGHQW�
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'HWHUPLQH�ZKHWKHU S LV�DIÀQHO\�LQGHSHQGHQW�

&RPSXWH Y2 " Y1 D

2
4

1
4

":5

3
5 DQG Y3 " Y1 D

2
4

"1
1
0

3
5� 7KHVH�WZR�SRLQWV

DUH�QRW�PXOWLSOHV�DQG�KHQFH�IRUP�D�OLQHDUO\�LQGHSHQGHQW�VHW� S 0� 6R�DOO�VWDWHPHQWV�LQ
7KHRUHP���DUH�IDOVH� DQG S LV�DIÀQHO\�LQGHSHQGHQW� )LJXUH���VKRZV S DQG�WKH�WUDQVODWHG
VHW S 0� 1RWLFH�WKDW 6SDQS 0 LV�D�SODQH�WKURXJK�WKH�RULJLQ�DQG DIIS LV�D�SDUDOOHO�SODQH
WKURXJK Y1� Y2� DQG Y3� �2QO\�D�SRUWLRQ�RI�HDFK�SODQH�LV�VKRZQ�KHUH� RI�FRXUVH��

x3

v3

v2 – v1

v2

x2

v1

x1

aff{v1 , v2 , v3}

Span{v2 – v1 , v3 – v1}

v3 – v1

$Q�DIÀQHO\�LQGHSHQGHQW�VHW fY1; Y2; Y3g�

/HW Y1 D

2
4

1
3
7

3
5� Y2 D

2
4

2
7

6:5

3
5� Y3 D

2
4

0
4
7

3
5� DQG Y4 D

2
4

0
14
6

3
5� DQG�OHW

S D fY1; : : : ; Y4g� ,V S DIÀQHO\�GHSHQGHQW"

&RPSXWH Y2 " Y1 D

2
4

1
4

":5

3
5� Y3 " Y1 D

2
4

"1
1
0

3
5� DQG Y4 " Y1 D

2
4

"1
11
"1

3
5�

DQG�URZ�UHGXFH�WKH�PDWUL[�2
4

1 "1 "1
4 1 11

":5 0 "1

3
5 #

2
4

1 "1 "1
0 5 15
0 ":5 "1:5

3
5 #

2
4

1 "1 "1
0 5 15
0 0 0

3
5

5HFDOO�IURP�6HFWLRQ������RU�6HFWLRQ������WKDW�WKH�FROXPQV�DUH�OLQHDUO\�GHSHQGHQW�EH�
FDXVH�QRW�HYHU\�FROXPQ�LV�D�SLYRW�FROXPQ� VR Y2 " Y1; Y3 " Y1� DQG Y4 " Y1 DUH�OLQHDUO\
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GHSHQGHQW� %\�VWDWHPHQW��F��LQ�7KHRUHP��� fY1; Y2; Y3; Y4g LV�DIÀQHO\�GHSHQGHQW� 7KLV
GHSHQGHQFH�FDQ�DOVR�EH�HVWDEOLVKHG�XVLQJ��G��LQ�7KHRUHP���LQVWHDG�RI��F��

7KH�FDOFXODWLRQV�LQ�([DPSOH���VKRZ�WKDW Y4 " Y1 LV�D�OLQHDU�FRPELQDWLRQ�RI Y2 " Y1

DQG Y3 " Y1� ZKLFK�PHDQV�WKDW Y4 " Y1 LV�LQ 6SDQ fY2 " Y1; Y3 " Y1g� %\�7KHRUHP���LQ
6HFWLRQ����� Y4 LV�LQ DII fY1; Y2; Y3g� ,Q�IDFW� FRPSOHWH�URZ�UHGXFWLRQ�RI�WKH�PDWUL[�LQ
([DPSOH���ZRXOG�VKRZ�WKDW

Y4 " Y1 D 2.Y2 " Y1/ C 3.Y3 " Y1/ ���
Y4 D "4Y1 C 2Y2 C 3Y3 ���

6HH�)LJ� ��

x3

v3 v4

v2 – v1

v2

x2

v1

x1

aff{v1 , v2 , v3}

v4 – v1v3 – v1

Y4 LV�LQ�WKH�SODQH DII fY1; Y2; Y3g�

)LJXUH���VKRZV�JULGV�RQ�ERWK 6SDQfY2 " Y1; Y3 " Y1g DQG DII fY1; Y2; Y3g� 7KH�JULG
RQ DII fY1; Y2; Y3g LV�EDVHG�RQ����� $QRWKHU�´FRRUGLQDWH�V\VWHPµ�FDQ�EH�EDVHG�RQ����� LQ
ZKLFK�WKH�FRHIÀFLHQWV "4� �� DQG���DUH�FDOOHG DIÀQH RU EDU\FHQWULF FRRUGLQDWHV�RI Y4�

%DU\FHQWULF�&RRUGLQDWHV
7KH�GHÀQLWLRQ�RI�EDU\FHQWULF�FRRUGLQDWHV�GHSHQGV�RQ�WKH�IROORZLQJ�DIÀQH�YHUVLRQ�RI�WKH
8QLTXH�5HSUHVHQWDWLRQ�7KHRUHP�LQ�6HFWLRQ����� 6HH�([HUFLVH����LQ�WKLV�VHFWLRQ�IRU�WKH
SURRI�

/HW S D fY1; : : : ; Ykg EH�DQ�DIÀQHO\�LQGHSHQGHQW�VHW�LQ Rn� 7KHQ�HDFK S LQ DIIS
KDV�D�XQLTXH�UHSUHVHQWDWLRQ�DV�DQ�DIÀQH�FRPELQDWLRQ�RI Y1; : : : ; Yk � 7KDW�LV� IRU
HDFK S WKHUH�H[LVWV�D�XQLTXH�VHW�RI�VFDODUV c1; : : : ; ck VXFK�WKDW

S D c1Y1 C ! ! ! C ckYk DQG c1 C ! ! ! C ck D 1 ���

/HW S D fY1; : : : ; Ykg EH�DQ�DIÀQHO\�LQGHSHQGHQW�VHW� 7KHQ�IRU�HDFK�SRLQW S LQ
DIIS � WKH�FRHIÀFLHQWV c1; : : : ; cp LQ�WKH�XQLTXH�UHSUHVHQWDWLRQ�����RI S DUH�FDOOHG
WKH EDU\FHQWULF �RU� VRPHWLPHV� DIÀQH� FRRUGLQDWHV RI S�

2EVHUYH�WKDW�����LV�HTXLYDOHQW�WR�WKH�VLQJOH�HTXDWLRQ!
S
1

"
D c1

!
Y1

1

"
C ! ! ! C ck

!
Yk

1

"
���

LQYROYLQJ�WKH�KRPRJHQHRXV�IRUPV�RI�WKH�SRLQWV� 5RZ�UHGXFWLRQ�RI�WKH�DXJPHQWHG�PDWUL['
QY1 ! ! ! QYk QS

(
IRU�����SURGXFHV�WKH�EDU\FHQWULF�FRRUGLQDWHV�RI S�
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/HW D D
!

1
7

"
� E D

!
3
0

"
� F D

!
9
3

"
� DQG S D

!
5
3

"
� )LQG�WKH�EDU\FHQ�

WULF�FRRUGLQDWHV�RI S GHWHUPLQHG�E\�WKH�DIÀQHO\�LQGHSHQGHQW�VHW fD; E; Fg�
5RZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�RI�SRLQWV�LQ�KRPRJHQHRXV�IRUP� PRYLQJ

WKH�ODVW�URZ�RI�RQHV�WR�WKH�WRS�WR�VLPSOLI\�WKH�DULWKPHWLF�

'
QD QE QF QS

(
D

2
4

1 3 9 5
7 0 3 3
1 1 1 1

3
5 #

2
4

1 1 1 1
1 3 9 5
7 0 3 3

3
5

#

2
664

1 0 0 1
4

0 1 0 1
3

0 0 1 5
12

3
775

7KH�FRRUGLQDWHV�DUH 1
4
� 1

3
� DQG 5

12
� VR S D 1

4
D C 1

3
E C 5

12
F�

%DU\FHQWULF�FRRUGLQDWHV�KDYH�ERWK�SK\VLFDO�DQG�JHRPHWULF�LQWHUSUHWDWLRQV� 7KH\
ZHUH�RULJLQDOO\�GHÀQHG�E\�$� )� 0RHELXV�LQ������IRU�D�SRLQW S LQVLGH�D�WULDQJXODU
UHJLRQ�ZLWK�YHUWLFHV D� E� DQG F� +H�ZURWH�WKDW�WKH�EDU\FHQWULF�FRRUGLQDWHV�RI S DUH
WKUHH�QRQQHJDWLYH�QXPEHUV mD; mE� DQG mF VXFK�WKDW S LV�WKH�FHQWHU�RI�PDVV�RI�D�V\VWHP
FRQVLVWLQJ�RI�WKH�WULDQJOH��ZLWK�QR�PDVV��DQG�PDVVHVmD�mE� DQGmF DW�WKH�FRUUHVSRQGLQJ
YHUWLFHV� 7KH�PDVVHV�DUH�XQLTXHO\�GHWHUPLQHG�E\�UHTXLULQJ�WKDW�WKHLU�VXP�EH��� 7KLV
YLHZ�LV�VWLOO�XVHIXO�LQ�SK\VLFV�WRGD\�ñ

)LJXUH���JLYHV�D�JHRPHWULF�LQWHUSUHWDWLRQ�WR�WKH�EDU\FHQWULF�FRRUGLQDWHV�LQ�([DPSOH
�� VKRZLQJ�WKH�WULDQJOH "DEF DQG�WKUHH�VPDOO�WULDQJOHV "SEF� "DSF� DQG "DES� 7KH
DUHDV�RI�WKH�VPDOO�WULDQJOHV�DUH�SURSRUWLRQDO�WR�WKH�EDU\FHQWULF�FRRUGLQDWHV�RI S� ,Q�IDFW�

DUHD."SEF/ D 1

4
! DUHD."DEF/

DUHD."DSF/ D 1

3
! DUHD."DEF/

DUHD."DES/ D 5

12
! DUHD."DEF/

���

area = r · area(∆abc)

area = s · area(∆abc)

area = t · area(∆abc)

a

b

c
p

S D rD C sE C tF� +HUH� r D 1
4
�

s D 1
3
� t D 5

12
�

7KH�IRUPXODV�LQ�)LJ� ��DUH�YHULÀHG�LQ�([HUFLVHV���²��� $QDORJRXV�HTXDOLWLHV�IRU
YROXPHV�RI�WHWUDKHGURQV�KROG�IRU�WKH�FDVH�ZKHQ S LV�D�SRLQW�LQVLGH�D�WHWUDKHGURQ�LQ R3�
ZLWK�YHUWLFHV D� E� F� DQG G�

ñ6HH�([HUFLVH����LQ�6HFWLRQ����� ,Q�DVWURQRP\� KRZHYHU� ´EDU\FHQWULF�FRRUGLQDWHVµ�XVXDOO\�UHIHU�WR�RUGLQDU\
R3 FRRUGLQDWHV�RI�SRLQWV�LQ�ZKDW�LV�QRZ�FDOOHG�WKH ,QWHUQDWLRQDO�&HOHVWLDO�5HIHUHQFH�6\VWHP� D�&DUWHVLDQ
FRRUGLQDWH�V\VWHP�IRU�RXWHU�VSDFH� ZLWK�WKH�RULJLQ�DW�WKH�FHQWHU�RI�PDVV��WKH�EDU\FHQWHU��RI�WKH�VRODU�V\VWHP�
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:KHQ�D�SRLQW�LV�QRW�LQVLGH�WKH�WULDQJOH��RU�WHWUDKHGURQ�� VRPH�RU�DOO�RI�WKH�EDU\FHQWULF
FRRUGLQDWHV�ZLOO�EH�QHJDWLYH� 7KH�FDVH�RI�D�WULDQJOH�LV�LOOXVWUDWHG�LQ�)LJ� �� IRU�YHUWLFHV D�
E� F� DQG�FRRUGLQDWH�YDOXHV r; s; t � DV�DERYH� 7KH�SRLQWV�RQ�WKH�OLQH�WKURXJK E DQG F� IRU
LQVWDQFH� KDYH r D 0 EHFDXVH�WKH\�DUH�DIÀQH�FRPELQDWLRQV�RI�RQO\ E DQG F� 7KH�SDUDOOHO
OLQH�WKURXJK D LGHQWLÀHV�SRLQWV�ZLWK r D 1�

a

b

cp

r = 1

r = 0

s = 1

s = 0

%DU\FHQWULF�FRRUGLQDWHV
IRU�SRLQWV�LQ DII fD;E; Fg�

%DU\FHQWULF�&RRUGLQDWHV�LQ�&RPSXWHU�*UDSKLFV
:KHQ�ZRUNLQJ�ZLWK�JHRPHWULF�REMHFWV�LQ�D�FRPSXWHU�JUDSKLFV�SURJUDP� D�GHVLJQHU�PD\
XVH�D�´ZLUH�IUDPHµ�DSSUR[LPDWLRQ�WR�DQ�REMHFW�DW�FHUWDLQ�NH\�SRLQWV�LQ�WKH�SURFHVV
RI�FUHDWLQJ�D�UHDOLVWLF�ÀQDO�LPDJH�ò )RU�LQVWDQFH� LI�WKH�VXUIDFH�RI�SDUW�RI�DQ�REMHFW
FRQVLVWV�RI�VPDOO�ÁDW�WULDQJXODU�VXUIDFHV� WKHQ�D�JUDSKLFV�SURJUDP�FDQ�HDVLO\�DGG�FRORU�
OLJKWLQJ� DQG�VKDGLQJ�WR�HDFK�VPDOO�VXUIDFH�ZKHQ�WKDW�LQIRUPDWLRQ�LV�NQRZQ�RQO\�DW�WKH
YHUWLFHV� %DU\FHQWULF�FRRUGLQDWHV�SURYLGH�WKH�WRRO�IRU�VPRRWKO\�LQWHUSRODWLQJ�WKH�YHUWH[
LQIRUPDWLRQ�RYHU�WKH�LQWHULRU�RI�D�WULDQJOH� 7KH�LQWHUSRODWLRQ�DW�D�SRLQW�LV�VLPSO\�WKH
OLQHDU�FRPELQDWLRQ�RI�WKH�YHUWH[�YDOXHV�XVLQJ�WKH�EDU\FHQWULF�FRRUGLQDWHV�DV�ZHLJKWV�

&RORUV�RQ�D�FRPSXWHU�VFUHHQ�DUH�RIWHQ�GHVFULEHG�E\�5*% FRRUGLQDWHV� $ WULSOH
.r; g; b/ LQGLFDWHV�WKH�DPRXQW�RI�HDFK�FRORU³UHG� JUHHQ� DQG�EOXH³ZLWK�WKH�SDUDPHWHUV
YDU\LQJ�IURP 0 WR 1� )RU�H[DPSOH� SXUH�UHG�LV .1; 0; 0/� ZKLWH�LV .1; 1; 1/� DQG�EODFN�LV
.0; 0; 0/�

/HW Y1 D

2
4

3
1
5

3
5� Y2 D

2
4

4
3
4

3
5� Y3 D

2
4

1
5
1

3
5� DQG S D

2
4

3
3

3:5

3
5� 7KH�FRO�

RUV�DW�WKH�YHUWLFHV Y1� Y2� DQG Y3 RI�D�WULDQJOH�DUH�PDJHQWD .1; 0; 1/� OLJKW�PDJHQWD
.1; :4; 1/� DQG�SXUSOH .:6; 0; 1/� UHVSHFWLYHO\� )LQG�WKH�LQWHUSRODWHG�FRORU�DW S� 6HH�)LJ� ��

v2

v3

v1

,QWHUSRODWHG�FRORUV�

ò7KH�,QWURGXFWRU\�([DPSOH�IRU�&KDSWHU���VKRZV�D�ZLUH�IUDPH�PRGHO�RI�D�%RHLQJ�����DLUSODQH� XVHG�WR
YLVXDOL]H�WKH�ÁRZ�RI�DLU�RYHU�WKH�VXUIDFH�RI�WKH�SODQH�
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)LUVW� ÀQG�WKH�EDU\FHQWULF�FRRUGLQDWHV�RI S� +HUH�LV�WKH�FDOFXODWLRQ�XVLQJ
KRPRJHQHRXV�IRUPV�RI�WKH�SRLQWV� ZLWK�WKH�ÀUVW�VWHS�PRYLQJ�URZ���WR�URZ ��

'
QY1 QY2 QY3 QS

(
#

2
664

1 1 1 1
3 4 1 3
1 3 5 3
5 4 1 3:5

3
775 #

2
664

1 0 0 :25
0 1 0 :50
0 0 1 :25
0 0 0 0

3
775

6R S D :25Y1 C :5Y2 C :25Y3� 8VH�WKH�EDU\FHQWULF�FRRUGLQDWHV�RI S WR�PDNH�D�OLQHDU
FRPELQDWLRQ�RI�WKH�FRORU�GDWD� 7KH�5*% YDOXHV�IRU S DUH

:25

2
4

1
0
1

3
5C :50

2
4

1
:4
1

3
5C :25

2
4

:6
0
1

3
5 D

2
4

:9
:2
1

3
5

UHG
JUHHQ
EOXH

2QH�RI�WKH�ODVW�VWHSV�LQ�SUHSDULQJ�D�JUDSKLFV�VFHQH�IRU�GLVSOD\�RQ�D�FRPSXWHU�VFUHHQ
LV�WR�UHPRYH�´KLGGHQ�VXUIDFHVµ�WKDW�VKRXOG�QRW�EH�YLVLEOH�RQ�WKH�VFUHHQ� ,PDJLQH�WKH
YLHZLQJ�VFUHHQ�DV�FRQVLVWLQJ�RI� VD\� D�PLOOLRQ�SL[HOV� DQG�FRQVLGHU�D�UD\�RU�´OLQH�RI
VLJKWµ�IURP�WKH�YLHZHU·V�H\H�WKURXJK�D�SL[HO�DQG�LQWR�WKH�FROOHFWLRQ�RI�REMHFWV�WKDW�PDNH
XS�WKH��' GLVSOD\� 7KH�FRORU�DQG�RWKHU�LQIRUPDWLRQ�GLVSOD\HG�LQ�WKH�SL[HO�RQ�WKH�VFUHHQ
VKRXOG�FRPH�IURP�WKH�REMHFW�WKDW�WKH�UD\�ÀUVW�LQWHUVHFWV� 6HH�)LJ� �� :KHQ�WKH�REMHFWV�LQ
WKH�JUDSKLFV�VFHQH�DUH�DSSUR[LPDWHG�E\�ZLUH�IUDPHV�ZLWK�WULDQJXODU�SDWFKHV� WKH�KLGGHQ
VXUIDFH�SUREOHP�FDQ�EH�VROYHG�XVLQJ�EDU\FHQWULF�FRRUGLQDWHV�

$ UD\�IURP�WKH�H\H�WKURXJK�WKH�VFUHHQ�WR
WKH�QHDUHVW�REMHFW�

7KH�PDWKHPDWLFV�IRU�ÀQGLQJ�WKH�UD\�WULDQJOH�LQWHUVHFWLRQV�FDQ�DOVR�EH�XVHG�WR�SHU�
IRUP�H[WUHPHO\�UHDOLVWLF�VKDGLQJ�RI�REMHFWV� &XUUHQWO\� WKLV UD\�WUDFLQJ PHWKRG�LV�WRR
VORZ�IRU�UHDO�WLPH�UHQGHULQJ� EXW�UHFHQW�DGYDQFHV�LQ�KDUGZDUH�LPSOHPHQWDWLRQ�PD\
FKDQJH�WKDW�LQ�WKH�IXWXUH�ó

/HW

Y1 D

2
4

1
1

"6

3
5; Y2 D

2
4

8
1

"4

3
5; Y3 D

2
4

5
11
"2

3
5; D D

2
4

0
0

10

3
5; E D

2
4

:7
:4

"3

3
5;

DQG [.t/ D D C tE IRU t & 0� )LQG�WKH�SRLQW�ZKHUH�WKH�UD\ [.t/ LQWHUVHFWV�WKH�SODQH�WKDW
FRQWDLQV�WKH�WULDQJOH�ZLWK�YHUWLFHV Y1� Y2� DQG Y3� ,V�WKLV�SRLQW�LQVLGH�WKH�WULDQJOH"

ó6HH�-RVKXD�)HQGHU�DQG�-RQDWKDQ�5RVH� ´$ +LJK�6SHHG�5D\�7UDFLQJ�(QJLQH�%XLOW�RQ�D�)LHOG�3URJUDPPDEOH
6\VWHP�µ LQ 3URF� ,QW� &RQI�RQ�)LHOG�3URJUDPPDEOH�7HFKQRORJ\� ,((( ������� �$ VLQJOH�SURFHVVRU�FDQ
FDOFXODWH�����PLOOLRQ�UD\�WULDQJOH�LQWHUVHFWLRQV�SHU�VHFRQG��
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7KH�SODQH�LV DII fY1; Y2; Y3g� $ W\SLFDO�SRLQW�LQ�WKLV�SODQH�PD\�EH�ZULWWHQ
DV .1 " c2 " c3/Y1 C c2Y2 C c3Y3 IRU�VRPH c2 DQG c3� �7KH�ZHLJKWV�LQ�WKLV�FRPELQDWLRQ
VXP�WR���� 7KH�UD\ [.t/ LQWHUVHFWV�WKH�SODQH�ZKHQ c2� c3� DQG t VDWLVI\

.1 " c2 " c3/Y1 C c2Y2 C c3Y3 D D C tE

5HDUUDQJH�WKLV�DV c2.Y2 " Y1/ C c3.Y3 " Y1/ C t ."E/ D D " Y1� ,Q�PDWUL[�IRUP�

'
Y2 " Y1 Y3 " Y1 "E

(
2
4

c2

c3

t

3
5 D D " Y1

)RU�WKH�VSHFLÀF�SRLQWV�JLYHQ�KHUH�

Y2 " Y1 D

2
4

7
0
2

3
5; Y3 " Y1 D

2
4

4
10
4

3
5; D " Y1 D

2
4

"1
"1
16

3
5

5RZ�UHGXFWLRQ�RI�WKH�DXJPHQWHG�PDWUL[�DERYH�SURGXFHV
2
4

7 4 ":7 "1
0 10 ":4 "1
2 4 3 16

3
5 #

2
4

1 0 0 :3
0 1 0 :1
0 0 1 5

3
5

7KXV c2 D :3� c3 D :1� DQG t D 5� 7KHUHIRUH� WKH�LQWHUVHFWLRQ�SRLQW�LV

[.5/ D D C 5E D

2
4

0
0

10

3
5C 5

2
4

:7
:4

"3

3
5 D

2
4

3:5
2:0

"5:0

3
5

$OVR�

[.5/ D .1 " :3 " :1/Y1 C :3Y2 C :1Y3

D :6

2
4

1
1

"6

3
5C :3

2
4

8
1

"4

3
5C :1

2
4

5
11
"2

3
5 D

2
4

3:5
2:0

"5:0

3
5

7KH�LQWHUVHFWLRQ�SRLQW�LV�LQVLGH�WKH�WULDQJOH�EHFDXVH�WKH�EDU\FHQWULF�ZHLJKWV�IRU [.5/ DUH
DOO�SRVLWLYH�

�� 'HVFULEH�D�IDVW�ZD\�WR�GHWHUPLQH�ZKHQ�WKUHH�SRLQWV�DUH�FROOLQHDU�

�� 7KH�SRLQWV Y1 D
!

4
1

"
� Y2 D

!
1
0

"
� Y3 D

!
5
4

"
� DQG Y4 D

!
1
2

"
IRUP�DQ�DIÀQHO\�GH�

SHQGHQW�VHW� )LQG�ZHLJKWV c1; : : : ; c4 WKDW�SURGXFH DQ DIÀQH�GHSHQGHQFH�UHODWLRQ
c1Y1 C ! ! ! C c4Y4 D �� ZKHUH c1 C ! ! ! C c4 D 0 DQG�QRW�DOO ci DUH�]HUR� >+LQW� 6HH
WKH�HQG�RI�WKH�SURRI�RI�7KHRUHP���@
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,Q�([HUFLVHV��²�� GHWHUPLQH�LI�WKH�VHW�RI�SRLQWV�LV�DIÀQHO\�GH�
SHQGHQW� �6HH�3UDFWLFH�3UREOHP���� ,I�VR� FRQVWUXFW�DQ�DIÀQH
GHSHQGHQFH�UHODWLRQ�IRU�WKH�SRLQWV�

��
!

3
"3

"
�
!

0
6

"
�
!

2
0

"
��

!
2
1

"
�
!

5
4

"
�
!

"3
"2

"

��

2
4

1
2

"1

3
5�
2
4

"2
"4

8

3
5�
2
4

2
"1
11

3
5�
2
4

0
15
"9

3
5

��

2
4

"2
5
3

3
5�
2
4

0
"3

7

3
5�
2
4

1
"2
"6

3
5�
2
4

"2
7

"3

3
5

��

2
4

1
0

"2

3
5�
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,Q�([HUFLVHV���DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

�� D� ,I Y1; : : : ; Yp DUH�LQRn DQG�LI�WKH�VHW fY1 " Y2; Y3 " Y2; : : : ;
Yp " Y2g LV � OLQHDUO\ � GHSHQGHQW� WKHQ fY1; : : : ; Ypg LV
DIÀQHO\�GHSHQGHQW� �5HDG�WKLV�FDUHIXOO\��

E� ,I Y1; : : : Yp DUH� LQ Rn DQG� LI � WKH�VHW �RI �KRPRJHQHRXV
IRUPV fQY1; : : : ; QYpg LQ RnC1 LV�OLQHDUO\�LQGHSHQGHQW� WKHQ
fY1; : : : ; Ypg LV�DIÀQHO\�GHSHQGHQW�

F� $ ÀQLWH�VHW�RI�SRLQWV fY1; : : : ; Ykg LV�DIÀQHO\�GHSHQGHQW�LI
WKHUH�H[LVW�UHDO�QXPEHUV c1; : : : ; ck � QRW�DOO�]HUR� VXFK�WKDW
c1 C ! ! ! C ck D 1 DQG c1Y1 C ! ! ! C ckYk D ��

G� ,I S D fY1; : : : ; Ypg LV�DQ�DIÀQHO\�LQGHSHQGHQW�VHW�LQ Rn

DQG � LI S LQ Rn KDV �D �QHJDWLYH �EDU\FHQWULF �FRRUGLQDWH
GHWHUPLQHG�E\ S � WKHQ S LV�QRW�LQ DIIS �

H� ,I Y1; Y2; Y3; D� DQG E DUH�LQ R3 DQG�LI�D�UD\ D C tE IRU
t & 0 LQWHUVHFWV�WKH�WULDQJOH�ZLWK�YHUWLFHV Y1� Y2� DQG Y3�
WKHQ�WKH�EDU\FHQWULF�FRRUGLQDWHV�RI�WKH�LQWHUVHFWLRQ�SRLQW
DUH�DOO�QRQQHJDWLYH�

��� D� ,I fY1; : : : Ypg LV�DQ�DIÀQHO\�GHSHQGHQW�VHW�LQ Rn� WKHQ�WKH
VHW fQY1; : : : ; QYpg LQ RnC1 RI�KRPRJHQHRXV�IRUPV�PD\�EH
OLQHDUO\�LQGHSHQGHQW�

E� ,I Y1� Y2� Y3� DQG Y4 DUH � LQ R3 DQG � LI � WKH � VHW
fY2 " Y1; Y3 " Y1; Y4 " Y1g LV�OLQHDUO\�LQGHSHQGHQW� WKHQ
fY1; : : : ; Y4g LV�DIÀQHO\�LQGHSHQGHQW�

F� *LYHQ S D fE1; : : : ; Ekg LQ Rn� HDFK S LQ DIIS KDV
D � XQLTXH � UHSUHVHQWDWLRQ � DV � DQ � DIÀQH � FRPELQDWLRQ � RI
E1; : : : ; Ek �

G� :KHQ�FRORU�LQIRUPDWLRQ�LV�VSHFLÀHG�DW�HDFK�YHUWH[ Y1� Y2�
Y3 RI�D�WULDQJOH�LQ R3� WKHQ�WKH�FRORU�PD\�EH�LQWHUSRODWHG
DW�D�SRLQW S LQ DII fY1; Y2; Y3g XVLQJ�WKH�EDU\FHQWULF�FRRU�
GLQDWHV�RI S�

H� ,I T LV�D�WULDQJOH�LQ R2 DQG�LI�D�SRLQW S LV�RQ�DQ�HGJH�RI
WKH�WULDQJOH� WKHQ�WKH�EDU\FHQWULF�FRRUGLQDWHV�RI S �IRU�WKLV
WULDQJOH��DUH�QRW�DOO�SRVLWLYH�

��� ([SODLQ�ZK\�DQ\�VHW�RI�ÀYH�RU�PRUH�SRLQWV�LQ R3 PXVW�EH
DIÀQHO\�GHSHQGHQW�

��� 6KRZ�WKDW�D�VHW fY1; : : : ; Ypg LQRn LV�DIÀQHO\�GHSHQGHQW�ZKHQ
p & n C 2�

��� 8VH�RQO\�WKH�GHÀQLWLRQ�RI�DIÀQH�GHSHQGHQFH�WR�VKRZ�WKDW�DQ
LQGH[HG�VHW fY1; Y2g LQ Rn LV�DIÀQHO\�GHSHQGHQW�LI�DQG�RQO\�LI
Y1 D Y2�

��� 7KH�FRQGLWLRQV�IRU�DIÀQH�GHSHQGHQFH�DUH�VWURQJHU�WKDQ�WKRVH
IRU�OLQHDU�GHSHQGHQFH� VR�DQ�DIÀQHO\�GHSHQGHQW�VHW�LV�DXWR�
PDWLFDOO\�OLQHDUO\�GHSHQGHQW� $OVR� D�OLQHDUO\�LQGHSHQGHQW�VHW
FDQQRW�EH�DIÀQHO\�GHSHQGHQW�DQG�WKHUHIRUH�PXVW�EH�DIÀQHO\
LQGHSHQGHQW� &RQVWUXFW�WZR�OLQHDUO\�GHSHQGHQW�LQGH[HG�VHWV
S1 DQG S2 LQ R2 VXFK�WKDW S1 LV�DIÀQHO\�GHSHQGHQW�DQG S2

LV�DIÀQHO\�LQGHSHQGHQW� ,Q�HDFK�FDVH� WKH�VHW�VKRXOG�FRQWDLQ
HLWKHU�RQH� WZR� RU�WKUHH�QRQ]HUR�SRLQWV�

��� /HW Y1 D
!

"1
2

"
� Y2 D

!
0
4

"
� Y3 D

!
2
0

"
� DQG � OHW S D

fY1; Y2; Y3g�
D� 6KRZ�WKDW�WKH�VHW S LV�DIÀQHO\�LQGHSHQGHQW�

E� )LQG � WKH � EDU\FHQWULF � FRRUGLQDWHV � RI S1 D
!

2
3

"
�

S2 D
!

1
2

"
� S3 D

!
"2

1

"
� S4 D

!
1

"1

"
� DQG S5 D

!
1
1

"
�

ZLWK�UHVSHFW�WR S �
F� /HW T EH�WKH�WULDQJOH�ZLWK�YHUWLFHV Y1� Y2� DQG Y3� :KHQ

WKH�VLGHV�RI T DUH�H[WHQGHG� WKH�OLQHV�GLYLGHR2 LQWR�VHYHQ
UHJLRQV� 6HH�)LJ� �� 1RWH�WKH�VLJQV�RI�WKH�EDU\FHQWULF
FRRUGLQDWHV�RI�WKH�SRLQWV�LQ�HDFK�UHJLRQ� )RU�H[DPSOH� S5

LV�LQVLGH�WKH�WULDQJOH T DQG�DOO�LWV�EDU\FHQWULF�FRRUGLQDWHV
DUH�SRVLWLYH� 3RLQW S1 KDV�FRRUGLQDWHV ."; C; C/� ,WV
WKLUG�FRRUGLQDWH�LV�SRVLWLYH�EHFDXVH S1 LV�RQ�WKH Y3 VLGH
RI � WKH � OLQH � WKURXJK Y1 DQG Y2� ,WV �ÀUVW �FRRUGLQDWH � LV
QHJDWLYH�EHFDXVH S1 LV�RSSRVLWH�WKH Y1 VLGH�RI�WKH�OLQH
WKURXJK Y2 DQG Y3� 3RLQW S2 LV�RQ�WKH Y2Y3 HGJH�RI T � ,WV
FRRUGLQDWHV�DUH .0; C; C/� :LWKRXW�FDOFXODWLQJ�WKH�DFWXDO
YDOXHV� GHWHUPLQH�WKH�VLJQV�RI�WKH�EDU\FHQWULF�FRRUGLQDWHV
RI�SRLQWV S6� S7� DQG S8 DV�VKRZQ�LQ�)LJ� ��
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"
� DQG S D fY1; Y2; Y3g�

D� 6KRZ�WKDW�WKH�VHW S LV�DIÀQHO\�LQGHSHQGHQW�
E� )LQG�WKH�EDU\FHQWULF�FRRUGLQDWHV�RI S1� S2� DQG S3 ZLWK

UHVSHFW�WR S �
F� 2Q�JUDSK�SDSHU� VNHWFK�WKH�WULDQJOH T ZLWK�YHUWLFHV Y1�

Y2� DQG Y3� H[WHQG�WKH�VLGHV�DV�LQ�)LJ� �� DQG�SORW�WKH
SRLQWV S4� S5� S6� DQG S7� :LWKRXW�FDOFXODWLQJ�WKH�DFWXDO
YDOXHV� GHWHUPLQH�WKH�VLJQV�RI�WKH�EDU\FHQWULF�FRRUGLQDWHV
RI�SRLQWV S4� S5� S6� DQG S7�

��� 3URYH � 7KHRUHP � � � IRU � DQ � DIÀQHO\ � LQGHSHQGHQW � VHW
S D fY1; : : : ; Ykg LQ Rn� >+LQW� 2QH�PHWKRG�LV�WR�PLPLF
WKH�SURRI�RI�7KHRUHP���LQ�6HFWLRQ�����@

��� /HW T EH�D�WHWUDKHGURQ�LQ�´VWDQGDUGµ�SRVLWLRQ� ZLWK�WKUHH
HGJHV�DORQJ�WKH�WKUHH�SRVLWLYH�FRRUGLQDWH�D[HV�LQ R3� DQG
VXSSRVH � WKH � YHUWLFHV � DUH aH1� bH2� cH3� DQG �� ZKHUH
Œ H1 H2 H3 ! D I3� )LQG�IRUPXODV�IRU�WKH�EDU\FHQWULF�FR�
RUGLQDWHV�RI�DQ�DUELWUDU\�SRLQW S LQ R3�

��� /HW fS1;S2; S3g EH�DQ�DIÀQHO\�GHSHQGHQW�VHW�RI�SRLQWV�LQ Rn

DQG�OHW f W Rn ! Rm EH�D�OLQHDU�WUDQVIRUPDWLRQ� 6KRZ�WKDW
ff .S1/; f .S2/; f .S3/g LV�DIÀQHO\�GHSHQGHQW�LQ Rm�

��� 6XSSRVH�WKDW fS1; S2;S3g LV�DQ�DIÀQHO\�LQGHSHQGHQW�VHW�LQ Rn

DQG T LV�DQ�DUELWUDU\�SRLQW�LQ Rn� 6KRZ�WKDW�WKH�WUDQVODWHG�VHW
fS1 C T;S2 C T;S3 C Tg LV�DOVR�DIÀQHO\�LQGHSHQGHQW�

,Q�([HUFLVHV���²��� D� E� DQG F DUH�QRQFROOLQHDU�SRLQWV�LQ R2 DQG
S LV�DQ\�RWKHU�SRLQW�LQ R2� /HW "DEF GHQRWH�WKH�FORVHG�WULDQJXODU
UHJLRQ�GHWHUPLQHG�E\ D;E� DQG F� DQG�OHW "SEF EH�WKH�UHJLRQ
GHWHUPLQHG�E\ S� E� DQG F� )RU�FRQYHQLHQFH� DVVXPH�WKDW D� E�
DQG F DUH�DUUDQJHG�VR�WKDW GHW Œ QD QE QF ! LV�SRVLWLYH� ZKHUH QD� QE�
DQG QF DUH�WKH�VWDQGDUG�KRPRJHQHRXV�IRUPV�IRU�WKH�SRLQWV�
��� 6KRZ�WKDW � WKH�DUHD�RI "DEF LV GHW Œ QD QE QF !=2� >+LQW�

&RQVXOW�6HFWLRQV�����DQG����� LQFOXGLQJ�WKH�([HUFLVHV�@

��� /HW S EH�D�SRLQW�RQ�WKH�OLQH�WKURXJK D DQG E� 6KRZ�WKDW
GHW Œ QD QE QS ! D 0�

��� /HW S EH�DQ\�SRLQW�LQ�WKH�LQWHULRU�RI "DEF� ZLWK�EDU\FHQWULF
FRRUGLQDWHV .r; s; t/� VR�WKDW

'
QD QE QF

(
2
4

r
s
t

3
5 D QS

8VH�([HUFLVH����DQG�D�IDFW�DERXW�GHWHUPLQDQWV��&KDSWHU����WR
VKRZ�WKDW

r D �DUHD�RI "SEF/=�DUHD�RI "DEF/
s D �DUHD�RI "DSF/=�DUHD�RI "DEF/
t D �DUHD�RI "DES/=�DUHD�RI "DEF/

��� 7DNH T RQ�WKH�OLQH�VHJPHQW�IURP E WR F DQG�FRQVLGHU�WKH�OLQH
WKURXJK T DQG D� ZKLFK�PD\�EH�ZULWWHQ�DV S D .1 " x/T C xD
IRU �DOO � UHDO x� 6KRZ�WKDW� IRU �HDFK x� GHW Œ QS QE QF ! D
x ! GHW Œ QD QE QF !� )URP�WKLV �DQG�HDUOLHU �ZRUN� FRQFOXGH
WKDW�WKH�SDUDPHWHU x LV�WKH�ÀUVW�EDU\FHQWULF�FRRUGLQDWH�RI S�
+RZHYHU� E\�FRQVWUXFWLRQ� WKH�SDUDPHWHU x DOVR�GHWHUPLQHV
WKH�UHODWLYH�GLVWDQFH�EHWZHHQ S DQG T DORQJ�WKH�VHJPHQW�IURP
T WR D� �:KHQ x D 1� S D D�� :KHQ�WKLV�IDFW�LV�DSSOLHG�WR
([DPSOH��� LW�VKRZV�WKDW�WKH�FRORUV�DW�YHUWH[ D DQG�WKH�SRLQW T
DUH�VPRRWKO\�LQWHUSRODWHG�DV S PRYHV�DORQJ�WKH�OLQH�EHWZHHQ
D DQG T�

�� )URP�([DPSOH��� WKH�SUREOHP�LV�WR�GHWHUPLQH�LI�WKH�SRLQWV�DUH�DIÀQHO\�GHSHQGHQW�
8VH�WKH�PHWKRG�RI�([DPSOH���DQG�VXEWUDFW�RQH�SRLQW�IURP�WKH�RWKHU�WZR� ,I�RQH�RI
WKHVH�WZR�QHZ�SRLQWV�LV�D�PXOWLSOH�RI�WKH�RWKHU� WKH�RULJLQDO�WKUHH�SRLQWV�OLH�RQ�D�OLQH�

�� 7KH�SURRI�RI�7KHRUHP���HVVHQWLDOO\�SRLQWV�RXW�WKDW�DQ�DIÀQH�GHSHQGHQFH�UHODWLRQ
DPRQJ�SRLQWV�FRUUHVSRQGV�WR�D�OLQHDU�GHSHQGHQFH�UHODWLRQ�DPRQJ�WKH�KRPRJHQHRXV



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

IRUPV�RI�WKH�SRLQWV� XVLQJ�WKH VDPH ZHLJKWV� 6R� URZ�UHGXFH�

'
QY1 QY2 QY3 QY4

(
D

2
4

4 1 5 1
1 0 4 2
1 1 1 1

3
5 #

2
4

1 1 1 1
4 1 5 1
1 0 4 2

3
5

#

2
4

1 0 0 "1
0 1 0 1:25
0 0 1 :75

3
5

9LHZ�WKLV�PDWUL[�DV�WKH�FRHIÀFLHQW�PDWUL[�IRU A[ D � ZLWK�IRXU�YDULDEOHV� 7KHQ x4

LV�IUHH� x1 D x4� x2 D "1:25x4� DQG x3 D ":75x4� 2QH�VROXWLRQ�LV x1 D x4 D 4�
x2 D "5� DQG x3 D "3� $ OLQHDU�GHSHQGHQFH�DPRQJ�WKH�KRPRJHQHRXV�IRUPV�LV
4QY1 " 5QY2 " 3QY3 C 4QY4 D �� 6R 4Y1 " 5Y2 " 3Y3 C 4Y4 D ��

$QRWKHU�VROXWLRQ�PHWKRG�LV�WR�WUDQVODWH�WKH�SUREOHP�WR�WKH�RULJLQ�E\�VXEWUDFWLQJ
Y1 IURP�WKH�RWKHU�SRLQWV� ÀQG�D�OLQHDU�GHSHQGHQFH�UHODWLRQ�DPRQJ�WKH�WUDQVODWHG
SRLQWV� DQG�WKHQ�UHDUUDQJH�WKH�WHUPV� 7KH�DPRXQW�RI�DULWKPHWLF�LQYROYHG�LV�DERXW
WKH�VDPH�DV�LQ�WKH�DSSURDFK�VKRZQ�DERYH�

6HFWLRQ�����FRQVLGHUHG�VSHFLDO�OLQHDU�FRPELQDWLRQV�RI�WKH�IRUP
c1Y1 C c2Y2 C ! ! ! C ckYk; ZKHUH c1 C c2 C ! ! ! C ck D 1

7KLV�VHFWLRQ�IXUWKHU�UHVWULFWV�WKH�ZHLJKWV�WR�EH�QRQQHJDWLYH�

$ FRQYH[�FRPELQDWLRQ RI�SRLQWV Y1; Y2; : : : ; Yk LQ Rn LV�D�OLQHDU�FRPELQDWLRQ�RI
WKH�IRUP

c1Y1 C c2Y2 C ! ! ! C ckYk

VXFK�WKDW c1 C c2 C ! ! ! C ck D 1 DQG ci & 0 IRU�DOO i � 7KH�VHW�RI�DOO �FRQYH[
FRPELQDWLRQV�RI�SRLQWV�LQ�D�VHWS LV�FDOOHG�WKH FRQYH[�KXOO RIS � GHQRWHG�E\ FRQYS �

7KH�FRQYH[�KXOO�RI�D�VLQJOH�SRLQW Y1 LV�MXVW�WKH�VHW fY1g� WKH�VDPH�DV�WKH�DIÀQH�KXOO�
,Q�RWKHU�FDVHV� WKH�FRQYH[�KXOO�LV�SURSHUO\�FRQWDLQHG�LQ�WKH�DIÀQH�KXOO� 5HFDOO�WKDW�WKH
DIÀQH�KXOO�RI�GLVWLQFW�SRLQWV Y1 DQG Y2 LV�WKH�OLQH

\ D .1 " t /Y1 C tY2; ZLWK t LQ R

%HFDXVH�WKH�ZHLJKWV�LQ�D�FRQYH[�FRPELQDWLRQ�DUH�QRQQHJDWLYH� WKH�SRLQWV�LQ FRQY fY1; Y2g
PD\�EH�ZULWWHQ�DV

\ D .1 " t/Y1 C tY2; ZLWK 0 ' t ' 1

ZKLFK�LV�WKH OLQH�VHJPHQW EHWZHHQ Y1 DQG Y2� KHUHDIWHU�GHQRWHG�E\ Y1Y2�
,I�D�VHW S LV�DIÀQHO\�LQGHSHQGHQW�DQG�LI S 2 DIIS � WKHQ S 2 FRQYS LI�DQG�RQO\�LI�WKH

EDU\FHQWULF�FRRUGLQDWHV�RI S DUH�QRQQHJDWLYH� ([DPSOH���VKRZV�D�VSHFLDO�VLWXDWLRQ�LQ
ZKLFK S LV�PXFK�PRUH�WKDQ�MXVW�DIÀQHO\�LQGHSHQGHQW�

/HW

Y1 D
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&RQYH[�&RPELQDWLRQV

DQG S D fY1; Y2; Y3g� 1RWH�WKDW S LV�DQ�RUWKRJRQDO�VHW� 'HWHUPLQH�ZKHWKHU S1 LV�LQ
6SDQS � DIIS � DQG FRQYS � 7KHQ�GR�WKH�VDPH�IRU S2�

,I S1 LV�DW�OHDVW�D OLQHDU FRPELQDWLRQ�RI�WKH�SRLQWV�LQ S � WKHQ�WKH�ZHLJKWV
DUH�HDVLO\�IRXQG� EHFDXVH S LV�DQ�RUWKRJRQDO�VHW� /HW W EH�WKH�VXEVSDFH�VSDQQHG�E\ S �
$ FDOFXODWLRQ�DV�LQ�6HFWLRQ�����VKRZV�WKDW�WKH�RUWKRJRQDO�SURMHFWLRQ�RI S1 RQWR W LV S1

LWVHOI�

SURMW S1 D S1 !Y1

Y1 !Y1
Y1 C S1 !Y2

Y2 !Y2
Y2 C S1 !Y3

Y3 !Y3
Y3

D 18

54
Y1 C 18

54
Y2 C 18

54
Y3

D 1

3

2
664

3
0
6

"3

3
775C 1

3

2
664

"6
3
3
0

3
775C 1

3

2
664

3
6
0
3

3
775 D

2
664

0
3
3
0

3
775 D S1

7KLV�VKRZV�WKDW S1 LV LQ 6SDQS � $OVR� VLQFH�WKH�FRHIÀFLHQWV�VXP�WR��� S1 LV�LQ DIIS � ,Q
IDFW� S1 LV�LQ FRQYS � EHFDXVH�WKH�FRHIÀFLHQWV�DUH�DOVR�QRQQHJDWLYH�

)RU S2� D�VLPLODU�FDOFXODWLRQ�VKRZV�WKDW SURMW S2 ¤ S2� 6LQFH SURMW S2 LV�WKH�FORVHVW
SRLQW�LQ 6SDQS WR S2� WKH�SRLQW S2 LV�QRW�LQ 6SDQS � ,Q�SDUWLFXODU� S2 FDQQRW�EH�LQ DIIS
RU FRQYS �

5HFDOO�WKDW�D�VHW S LV�DIÀQH�LI�LW�FRQWDLQV�DOO�OLQHV�GHWHUPLQHG�E\�SDLUV�RI�SRLQWV�LQ S �
:KHQ�DWWHQWLRQ�LV�UHVWULFWHG�WR�FRQYH[�FRPELQDWLRQV� WKH�DSSURSULDWH�FRQGLWLRQ�LQYROYHV
OLQH�VHJPHQWV�UDWKHU�WKDQ�OLQHV�

$ VHW S LV FRQYH[ LI�IRU�HDFK S;T 2 S � WKH�OLQH�VHJPHQW ST LV�FRQWDLQHG�LQ S �

,QWXLWLYHO\� D�VHW S LV�FRQYH[�LI�HYHU\�WZR�SRLQWV�LQ�WKH�VHW�FDQ�´VHHµ�HDFK�RWKHU
ZLWKRXW�WKH�OLQH�RI�VLJKW�OHDYLQJ�WKH�VHW� )LJXUH���LOOXVWUDWHV�WKLV�LGHD�

Convex Convex Not convex

7KH�QH[W�UHVXOW�LV�DQDORJRXV�WR�7KHRUHP���IRU�DIÀQH�VHWV�

$ VHW S LV�FRQYH[�LI�DQG�RQO\�LI�HYHU\�FRQYH[�FRPELQDWLRQ�RI�SRLQWV�RI S OLHV�LQ
S � 7KDW�LV� S LV�FRQYH[�LI�DQG�RQO\�LI S D FRQYS �

7KH�DUJXPHQW�LV�VLPLODU�WR�WKH�SURRI�RI�7KHRUHP��� 7KH�RQO\�GLIIHUHQFH�LV
LQ�WKH�LQGXFWLRQ�VWHS� :KHQ�WDNLQJ�D�FRQYH[�FRPELQDWLRQ�RI k C 1 SRLQWV� FRQVLGHU
\ D c1Y1 C ! ! ! C ckYk C ckC1YkC1� ZKHUH c1 C ! ! ! C ckC1 D 1 DQG 0 ' ci ' 1 IRU



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

DOO i � ,I ckC1 D 1� WKHQ \ D YkC1� ZKLFK�EHORQJV�WR S � DQG�WKHUH�LV�QRWKLQJ�IXUWKHU
WR�SURYH� ,I ckC1 < 1� OHW t D c1 C ! ! ! C ck � 7KHQ t D 1 " ckC1 > 0 DQG

\ D .1 " ckC1/
#c1

t
Y1 C ! ! ! C ck

t
Yk

$
C ckC1YkC1 ���

%\�WKH�LQGXFWLRQ�K\SRWKHVLV� WKH�SRLQW ] D .c1=t/Y1 C ! ! ! C .ck=t/Yk LV�LQ S � VLQFH�WKH
QRQQHJDWLYH�FRHIÀFLHQWV�VXP�WR��� 7KXV�HTXDWLRQ�����GLVSOD\V \ DV�D�FRQYH[�FRPELQDWLRQ
RI�WZR�SRLQWV�LQ S � %\�WKH�SULQFLSOH�RI�LQGXFWLRQ� HYHU\�FRQYH[�FRPELQDWLRQ�RI�VXFK
SRLQWV�OLHV�LQ S �

7KHRUHP���EHORZ�SURYLGHV�D�PRUH�JHRPHWULF�FKDUDFWHUL]DWLRQ�RI�WKH�FRQYH[�KXOO
RI�D�VHW� ,W�UHTXLUHV�D�SUHOLPLQDU\�UHVXOW�RQ�LQWHUVHFWLRQV�RI�VHWV� 5HFDOO�IURP�6HFWLRQ
�����([HUFLVH�����WKDW�WKH�LQWHUVHFWLRQ�RI�WZR�VXEVSDFHV�LV�LWVHOI�D�VXEVSDFH� ,Q�IDFW� WKH
LQWHUVHFWLRQ�RI�DQ\�FROOHFWLRQ�RI�VXEVSDFHV�LV�LWVHOI�D�VXEVSDFH� $ VLPLODU�UHVXOW�KROGV
IRU�DIÀQH�VHWV�DQG�FRQYH[�VHWV�

/HW fS˛ W ˛ 2 Ag EH�DQ\�FROOHFWLRQ�RI�FRQYH[�VHWV� 7KHQ \˛2AS˛ LV�FRQYH[� ,I
fTˇ W ˇ 2 Bg LV�DQ\�FROOHFWLRQ�RI�DIÀQH�VHWV� WKHQ \ˇ2BTˇ LV�DIÀQH�

,I S DQG T DUH�LQ \S˛ � WKHQ S DQG T DUH�LQ�HDFK S˛ � 6LQFH�HDFK S˛ LV�FRQYH[�
WKH�OLQH�VHJPHQW�EHWZHHQ S DQG T LV�LQ S˛ IRU�DOO ˛ DQG�KHQFH�WKDW�VHJPHQW�LV�FRQWDLQHG
LQ \S˛ � 7KH�SURRI�RI�WKH�DIÀQH�FDVH�LV�VLPLODU�

)RU�DQ\�VHW S � WKH�FRQYH[�KXOO�RI S LV�WKH�LQWHUVHFWLRQ�RI�DOO�WKH�FRQYH[�VHWV�WKDW
FRQWDLQ S �

/HW T GHQRWH�WKH�LQWHUVHFWLRQ�RI�DOO�WKH�FRQYH[�VHWV�FRQWDLQLQJ S � 6LQFH FRQYS
LV�D�FRQYH[�VHW�FRQWDLQLQJ S � LW�IROORZV�WKDW T $ FRQYS � 2Q�WKH�RWKHU�KDQG� OHW C EH
DQ\�FRQYH[�VHW�FRQWDLQLQJ S � 7KHQ C FRQWDLQV�HYHU\�FRQYH[�FRPELQDWLRQ�RI�SRLQWV
RI C �7KHRUHP���� DQG�KHQFH�DOVR�FRQWDLQV�HYHU\�FRQYH[�FRPELQDWLRQ�RI�SRLQWV�RI�WKH
VXEVHW S � 7KDW�LV� FRQYS $ C � 6LQFH�WKLV�LV�WUXH�IRU�HYHU\�FRQYH[�VHW C FRQWDLQLQJ S �
LW�LV�DOVR�WUXH�IRU�WKH�LQWHUVHFWLRQ�RI�WKHP�DOO� 7KDW�LV� FRQYS $ T �

7KHRUHP���VKRZV�WKDW FRQYS LV�LQ�D�QDWXUDO�VHQVH�WKH�´VPDOOHVWµ�FRQYH[�VHW�FRQ�
WDLQLQJ S � )RU�H[DPSOH� FRQVLGHU�D�VHW S WKDW�OLHV�LQVLGH�VRPH�ODUJH�UHFWDQJOH�LQ R2� DQG
LPDJLQH�VWUHWFKLQJ�D�UXEEHU�EDQG�DURXQG�WKH�RXWVLGH�RI S � $V�WKH�UXEEHU�EDQG�FRQWUDFWV
DURXQG S � LW�RXWOLQHV�WKH�ERXQGDU\�RI�WKH�FRQYH[�KXOO�RI S � 2U�WR�XVH�DQRWKHU�DQDORJ\�
WKH�FRQYH[�KXOO�RI S ÀOOV LQ DOO�WKH�KROHV�LQ�WKH�LQVLGH�RI S DQG�ÀOOV RXW DOO�WKH�GHQWV�LQ
WKH�ERXQGDU\�RI S �

D� 7KH�FRQYH[�KXOOV�RI�VHWV S DQG T LQ R2 DUH�VKRZQ�EHORZ�

S conv S T conv T
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E� /HWS EH�WKH�VHW�FRQVLVWLQJ�RI�WKH�VWDQGDUG�EDVLV�IRUR3; S D fH1; H2; H3g� 7KHQ FRQYS

e1

0

e2

e3 x2

x3

x1

LV�D�WULDQJXODU�VXUIDFH�LQ R3� ZLWK�YHUWLFHV H1� H2� DQG H3� 6HH�)LJ� ��

/HW S D
)!

x
y

"
W x & 0 DQG y D x2

*
� 6KRZ�WKDW�WKH�FRQYH[�KXOO�RI

S LV�WKH�XQLRQ�RI�WKH�RULJLQ�DQG
)!

x
y

"
W x > 0 DQG y & x2

*
� 6HH�)LJ� ��

(YHU\�SRLQW�LQ FRQYS PXVW�OLH�RQ�D�OLQH�VHJPHQW�WKDW�FRQQHFWV�WZR�SRLQWV
RI S � 7KH�GDVKHG�OLQH�LQ�)LJ� ��LQGLFDWHV�WKDW� H[FHSW�IRU�WKH�RULJLQ� WKH�SRVLWLYH y�
D[LV�LV�QRW�LQ FRQYS � EHFDXVH�WKH�RULJLQ�LV�WKH�RQO\�SRLQW�RI S RQ�WKH y�D[LV� ,W�PD\
VHHP�UHDVRQDEOH�WKDW�)LJ� ��GRHV�VKRZ FRQYS � EXW�KRZ�FDQ�\RX�EH�VXUH�WKDW�WKH�SRLQW
.10!2; 104/� IRU�H[DPSOH� LV�RQ�D�OLQH�VHJPHQW�IURP�WKH�RULJLQ�WR�D�SRLQW�RQ�WKH�FXUYH�LQ
S"

&RQVLGHU�DQ\�SRLQW S LQ�WKH�VKDGHG�UHJLRQ�RI�)LJ� �� VD\

x

y
y = x2

S D
!

a
b

"
; ZLWK a > 0 DQG b & a2

7KH�OLQH�WKURXJK � DQG S KDV�WKH�HTXDWLRQ y D .b=a/t IRU t UHDO� 7KDW�OLQH�LQWHUVHFWV
S ZKHUH t VDWLVÀHV .b=a/t D t 2� WKDW�LV� ZKHQ t D b=a� 7KXV� S LV�RQ�WKH�OLQH�VHJPHQW

IURP � WR
!

b=a
b2=a2

"
� ZKLFK�VKRZV�WKDW�)LJ� ��LV�FRUUHFW�

7KH�IROORZLQJ�WKHRUHP�LV�EDVLF�LQ�WKH�VWXG\�RI�FRQYH[�VHWV� ,W�ZDV�ÀUVW�SURYHG�E\
&RQVWDQWLQ�&DUDWKHRGRU\�LQ������ ,I S LV�LQ�WKH�FRQYH[�KXOO�RI S � WKHQ� E\�GHÀQLWLRQ� S
PXVW�EH�D�FRQYH[�FRPELQDWLRQ�RI�SRLQWV�RI S � %XW�WKH�GHÀQLWLRQ�PDNHV�QR�VWLSXODWLRQ
DV�WR�KRZ�PDQ\�SRLQWV�RI S DUH�UHTXLUHG�WR�PDNH�WKH�FRPELQDWLRQ� &DUDWKHRGRU\·V
UHPDUNDEOH�WKHRUHP�VD\V�WKDW�LQ�DQ n�GLPHQVLRQDO�VSDFH� WKH�QXPEHU�RI�SRLQWV�RI S LQ
WKH�FRQYH[�FRPELQDWLRQ�QHYHU�KDV�WR�EH�PRUH�WKDQ n C 1�

,I S LV�D�QRQHPSW\�VXEVHW�RI Rn� WKHQ�HYHU\�SRLQW�LQ FRQYS FDQ
EH�H[SUHVVHG�DV�D�FRQYH[�FRPELQDWLRQ�RI n C 1 RU�IHZHU�SRLQWV�RI S �

*LYHQ S LQ FRQYS � RQH�PD\�ZULWH S D c1Y1 C ! ! ! C ckYk � ZKHUH Yi 2 S;
c1 C ! ! ! C ck D 1� DQG ci & 0� IRU�VRPH k DQG i D 1; : : : ; k� 7KH�JRDO�LV�WR�VKRZ�WKDW
VXFK�DQ�H[SUHVVLRQ�H[LVWV�IRU S ZLWK k ' n C 1�

,I k > n C 1� WKHQ fY1; : : : ; Ykg LV�DIÀQHO\�GHSHQGHQW� E\�([HUFLVH����LQ�6HFWLRQ�����
7KXV�WKHUH�H[LVW�VFDODUV d1; : : : ; dk � QRW�DOO�]HUR� VXFK�WKDW

kX
iD1

diYi D � DQG
kX

iD1

di D 0

&RQVLGHU�WKH�WZR�HTXDWLRQV

c1Y1 C c2Y2 C ! ! ! C ckYk D S

DQG
d1Y1 C d2Y2 C ! ! ! C dkYk D �

%\�VXEWUDFWLQJ�DQ�DSSURSULDWH�PXOWLSOH�RI�WKH�VHFRQG�HTXDWLRQ�IURP�WKH�ÀUVW� ZH�QRZ
HOLPLQDWH�RQH�RI�WKH Yi WHUPV�DQG�REWDLQ�D�FRQYH[�FRPELQDWLRQ�RI�IHZHU�WKDQ k HOHPHQWV
RI S WKDW�LV�HTXDO�WR S�
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6LQFH�QRW�DOO�RI�WKH di FRHIÀFLHQWV�DUH�]HUR� ZH�PD\�DVVXPH��E\�UHRUGHULQJ�VXE�
VFULSWV�LI�QHFHVVDU\��WKDW dk > 0 DQG�WKDW ck=dk ' ci =di IRU�DOO�WKRVH i IRU�ZKLFK di > 0�
)RU i D 1; : : : ; k� OHW bi D ci " .ck=dk/di � 7KHQ bk D 0 DQG

kX
iD1

bi D
kX

iD1

ci " ck

dk

kX
iD1

di D 1 " 0 D 1

)XUWKHUPRUH� HDFK bi & 0� ,QGHHG� LI di ' 0� WKHQ bi & ci & 0� ,I di > 0� WKHQ bi D
di .ci =di " ck=dk/ & 0� %\�FRQVWUXFWLRQ�

k!1X
iD1

biYi D
kX

iD1

biYi D
kX

iD1

+
ci " ck

dk
di

,
Yi

D
kX

iD1

ciYi " ck

dk

kX
iD1

diYi D
kX

iD1

ciYi D S

7KXV S LV�QRZ�D�FRQYH[�FRPELQDWLRQ�RI k " 1 RI�WKH�SRLQWV Y1; : : : ; Yk � 7KLV�SURFHVV
PD\�EH�UHSHDWHG�XQWLO S LV�H[SUHVVHG�DV�D�FRQYH[�FRPELQDWLRQ�RI�DW�PRVW n C 1 RI�WKH
SRLQWV�RI S �

7KH�IROORZLQJ�H[DPSOH�LOOXVWUDWHV�WKH�FDOFXODWLRQV�LQ�WKH�SURRI�DERYH�

/HW

Y1 D
!

1
0

"
; Y2 D

!
2
3

"
; Y3 D

!
5
4

"
; Y4 D

!
3
0

"
; S D

"
10
3
5
2

#
;

DQG S D fY1; Y2; Y3; Y4g� 7KHQ

1
4
Y1 C 1

6
Y2 C 1

2
Y3 C 1

12
Y4 D S ���

8VH�WKH�SURFHGXUH�LQ�WKH�SURRI�RI�&DUDWKHRGRU\·V�7KHRUHP�WR�H[SUHVV S DV�D�FRQYH[
FRPELQDWLRQ�RI�WKUHH�SRLQWV�RI S �

7KH�VHW S LV�DIÀQHO\�GHSHQGHQW� 8VH�WKH�WHFKQLTXH�RI�6HFWLRQ�����WR�REWDLQ
DQ�DIÀQH�GHSHQGHQFH�UHODWLRQ

"5Y1 C 4Y2 " 3Y3 C 4Y4 D � ���

1H[W� FKRRVH�WKH�SRLQWV Y2 DQG Y4 LQ����� ZKRVH�FRHIÀFLHQWV�DUH�SRVLWLYH� )RU�HDFK
SRLQW� FRPSXWH�WKH�UDWLR�RI�WKH�TXRWLHQWV�LQ�HTXDWLRQV�����DQG����� 7KH�UDWLR�IRU Y2 LV
1
6

( 4 D 1
24
� DQG�WKDW�IRU Y4 LV 1

12
( 4 D 1

48
� 7KH�UDWLR�IRU Y4 LV�VPDOOHU� VR�VXEWUDFW 1

48
WLPHV�HTXDWLRQ�����IURP�HTXDWLRQ�����WR�HOLPLQDWH Y4�

%
1
4

C 5
48

&
Y1 C

%
1
6

" 4
48

&
Y2 C

%
1
2

C 3
48

&
Y3 C

%
1
12

" 4
48

&
Y4 D S

17
48
Y1 C 4

48
Y2 C 27

48
Y3 D S

7KLV�UHVXOW�FDQQRW� LQ�JHQHUDO� EH�LPSURYHG�E\�GHFUHDVLQJ�WKH�UHTXLUHG�QXPEHU�RI
SRLQWV� ,QGHHG� JLYHQ�DQ\�WKUHH�QRQ�FROOLQHDU�SRLQWV�LQ R2� WKH�FHQWURLG�RI�WKH�WULDQJOH
IRUPHG�E\�WKHP�LV�LQ�WKH�FRQYH[�KXOO�RI�DOO�WKUHH� EXW�LV�QRW�LQ�WKH�FRQYH[�KXOO�RI�DQ\ WZR�
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�� /HW Y1 D

2
4

6
2
2

3
5� Y2 D

2
4

7
1
5

3
5� Y3 D

2
4

"2
4

"1

3
5� S1 D

2
4

1
3
1

3
5� DQG S2 D

2
4

3
2
1

3
5� DQG�OHW

S D fY1; Y2; Y3g� 'HWHUPLQH�ZKHWKHU S1 DQG S2 DUH�LQ FRQYS �
�� /HW S EH�WKH�VHW�RI�SRLQWV�RQ�WKH�FXUYH y D 1=x IRU x > 0� ([SODLQ�JHRPHWULFDOO\

ZK\ FRQYS FRQVLVWV�RI�DOO�SRLQWV�RQ�DQG�DERYH�WKH�FXUYH S �

�� ,Q R2� OHW S D
)!

0
y

"
W 0 ' y < 1

*S )!
2
0

"*
� 'HVFULEH��RU

VNHWFK��WKH�FRQYH[�KXOO�RI S �

�� 'HVFULEH�WKH�FRQYH[�KXOO�RI�WKH�VHWS RI�SRLQWV
!

x
y

"
LQR2 WKDW

VDWLVI\�WKH�JLYHQ�FRQGLWLRQV� -XVWLI\�\RXU�DQVZHUV� �6KRZ
WKDW�DQ�DUELWUDU\�SRLQW S LQ S EHORQJV�WR FRQYS ��
D� y D 1=x DQG x & 1=2

E� y D VLQ x

F� y D x1=2 DQG x & 0

�� &RQVLGHU�WKH�SRLQWV�LQ�([HUFLVH���LQ�6HFWLRQ����� :KLFK�RI
S1� S2� DQG S3 DUH�LQ FRQYS"

�� &RQVLGHU�WKH�SRLQWV�LQ�([HUFLVH���LQ�6HFWLRQ����� :KLFK�RI
S1� S2� DQG S3 DUH�LQ FRQYS"

�� /HW

Y1 D

2
4

"1
"3

4

3
5; Y2 D

2
4

0
"3

1

3
5; Y3 D

2
4

1
"1

4

3
5; Y4 D

2
4

1
1

"2

3
5;

S1 D

2
4

1
"1

2

3
5; S2 D

2
4

0
"2

2

3
5;

DQG S D fY1; Y2; Y3; Y4g� 'HWHUPLQH�ZKHWKHU S1 DQG S2 DUH�LQ
FRQYS �

�� /HW Y1 D

2
664

2
0

"1
2

3
775� Y2 D

2
664

0
"2

2
1

3
775� Y3 D

2
664

"2
1
0
2

3
775� S1 D

2
6664

"1

2

" 3
2

5
2

3
7775�

S2 D

2
6664

" 1
2

0
1
4

7
4

3
7775� S3 D

2
6664

6

"4

1

"1

3
7775� DQG S4 D

2
664

"1
"2

0
4

3
775� DQG�OHW S EH

WKH�RUWKRJRQDO�VHW fY1; Y2; Y3g� 'HWHUPLQH�ZKHWKHU�HDFK Si LV
LQ 6SDQS � DIIS � RU FRQYS �
D� S1 E� S2 F� S3 G� S4

([HUFLVHV��²���XVH�WKH�WHUPLQRORJ\�IURP�6HFWLRQ�����

�� D� /HW T D
)!

"1
0

"
;

!
2
3

"
;

!
4
1

"*
� DQG�OHW

S1 D
!

2
1

"
; S2 D

!
3
2

"
; S3 D

!
2
0

"
; DQG S4 D

!
0
2

"
:

)LQG�WKH�EDU\FHQWULF�FRRUGLQDWHV�RI S1� S2� S3� DQG S4 ZLWK
UHVSHFW�WR T �

E� 8VH�\RXU�DQVZHUV�LQ�SDUW��D��WR�GHWHUPLQH�ZKHWKHU�HDFK
RI S1; : : : ; S4 LQ�SDUW��D��LV�LQVLGH� RXWVLGH� RU�RQ�WKH�HGJH
RI FRQYT � D�WULDQJXODU�UHJLRQ�

�� 5HSHDW�([HUFLVH���IRU T D
)!

2
0

"
;

!
0
5

"
;

!
"1

1

"*
DQG

S1 D
!

2
1

"
; S2 D

!
1
1

"
; S3 D

"
1
1
3

#
; DQG S4 D

!
1
0

"
:

�� /HW S D fY1; Y2; Y3; Y4g EH�DQ�DIÀQHO\�LQGHSHQGHQW�VHW� &RQ�
VLGHU � WKH �SRLQWV S1; : : : ; S5 ZKRVH�EDU\FHQWULF �FRRUGLQDWHV
ZLWK � UHVSHFW � WR S DUH �JLYHQ �E\ .2; 0; 0; "1/�

%
0; 1

2
; 1

4
; 1

4

&
�%

1
2
; 0; 3

2
; "1

&
�
%

1
3
; 1

4
; 1

4
; 1

6

&
� DQG

%
1
3
; 0; 2

3
; 0
&
� UHVSHFWLYHO\� 'H�

WHUPLQH�ZKHWKHU�HDFK�RI S1; : : : ; S5 LV�LQVLGH� RXWVLGH� RU�RQ
WKH�VXUIDFH�RI FRQYS � D�WHWUDKHGURQ� $UH�DQ\�RI�WKHVH�SRLQWV
RQ�DQ�HGJH�RI FRQYS"

��� 5HSHDW�([HUFLVH���IRU�WKH�SRLQWV T1; : : : ; T5 ZKRVH�EDU\FHQ�
WULF�FRRUGLQDWHV�ZLWK�UHVSHFW�WR S DUH�JLYHQ�E\

%
1
8
; 1

4
; 1

8
; 1

2

&
�%

3
4
; " 1

4
; 0; 1

2

&
�
%
0; 3

4
; 1

4
; 0
&
� .0; "2; 0; 3/� DQG

%
1
3
; 1

3
; 1

3
; 0
&
� UH�

VSHFWLYHO\�

,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

��� D� ,I \ D c1Y1 C c2Y2 C c3Y3 DQG c1 C c2 C c3 D 1� WKHQ \
LV�D�FRQYH[�FRPELQDWLRQ�RI Y1; Y2� DQG Y3�

E� ,I S LV�D�QRQHPSW\�VHW� WKHQ FRQYS FRQWDLQV�VRPH�SRLQWV
WKDW�DUH�QRW�LQ S �

F� ,I S DQG T DUH�FRQYH[�VHWV� WKHQ S [ T LV�DOVR�FRQYH[�

��� D� $ VHW�LV�FRQYH[�LI [� \ 2 S LPSOLHV�WKDW�WKH�OLQH�VHJPHQW
EHWZHHQ [ DQG \ LV�FRQWDLQHG�LQ S �

E� ,I S DQG T DUH�FRQYH[�VHWV� WKHQ S \ T LV�DOVR�FRQYH[�
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F� ,I S LV�D�QRQHPSW\�VXEVHW�RI R5 DQG \ 2 FRQYS � WKHQ
WKHUH�H[LVW�GLVWLQFW�SRLQWV Y1; : : : ; Y6 LQ S VXFK�WKDW \ LV
D�FRQYH[�FRPELQDWLRQ�RI Y1; : : : ; Y6�

��� /HW S EH � D � FRQYH[ � VXEVHW � RI Rn DQG � VXSSRVH � WKDW
f W Rn ! Rm LV�D�OLQHDU�WUDQVIRUPDWLRQ� 3URYH�WKDW�WKH�VHW
f .S/ D ff .[/ W [ 2 Sg LV�D�FRQYH[�VXEVHW�RI Rm�

��� /HW f W Rn ! Rm EH � D � OLQHDU � WUDQVIRUPDWLRQ � DQG � OHW
T EH � D � FRQYH[ � VXEVHW � RI Rm� 3URYH � WKDW � WKH � VHW
S D f[ 2 Rn W f .[/ 2 T g LV�D�FRQYH[�VXEVHW�RI Rn�

��� /HW Y1 D
!

1
0

"
� Y2 D

!
1
2

"
� Y3 D

!
4
2

"
� Y4 D

!
4
0

"
� DQG

S D
!

2
1

"
� &RQÀUP�WKDW

S D 1
3
Y1 C 1

3
Y2 C 1

6
Y3 C 1

6
Y4 DQG Y1 " Y2 C Y3 " Y4 D �:

8VH�WKH�SURFHGXUH�LQ�WKH�SURRI�RI�&DUDWKHRGRU\·V�7KHRUHP�WR
H[SUHVV S DV�D�FRQYH[�FRPELQDWLRQ�RI�WKUHH�RI�WKH Yi ·V� 'R
WKLV�LQ WZR ZD\V�

��� 5HSHDW � ([HUFLVH � � � IRU � SRLQWV Y1 D
!

"1
0

"
� Y2 D

!
0
3

"
�

Y3 D
!

3
1

"
� Y4 D

!
1

"1

"
� DQG S D

!
1
2

"
� JLYHQ�WKDW

S D 1
121

Y1 C 72
121

Y2 C 37
121

Y3 C 1
11
Y4

DQG

10Y1 " 6Y2 C 7Y3 " 11Y4 D �:

,Q�([HUFLVHV���²��� SURYH�WKH�JLYHQ�VWDWHPHQW�DERXW�VXEVHWV A
DQG B RI Rn� $ SURRI�IRU�DQ�H[HUFLVH�PD\�XVH�UHVXOWV�RI�HDUOLHU
H[HUFLVHV�

��� ,I A $ B DQG B LV�FRQYH[� WKHQ FRQYA $ B �
��� ,I A $ B � WKHQ FRQYA $ FRQYB �
��� D� Œ.FRQYA/ [ .FRQYB/! $ FRQY .A [ B/

E� )LQG�DQ�H[DPSOH�LQR2 WR�VKRZ�WKDW�HTXDOLW\�QHHG�QRW�KROG
LQ�SDUW��D��

��� D� FRQY .A \ B/ $ Œ.FRQYA/ \ .FRQYB/!

E� )LQG�DQ�H[DPSOH�LQR2 WR�VKRZ�WKDW�HTXDOLW\�QHHG�QRW�KROG
LQ�SDUW��D��

��� /HW S0� S1� DQG S2 EH � SRLQWV � LQ Rn� DQG � GHÀQH
I0.t/ D .1 " t/S0 C tS1� I1.t/ D .1 " t/S1 C tS2� DQG
J.t/ D .1 " t/I0.t/ C t I1.t/ IRU 0 ' t ' 1� )RU�WKH�SRLQWV
DV�VKRZQ�EHORZ� GUDZ�D�SLFWXUH�WKDW�VKRZV I0

%
1
2

&
� I1

%
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2

&
� DQG

J
%
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2

&
�

p1 p2

p0

��� 5HSHDW�([HUFLVH����IRU I0

%
3
4

&
� I1

%
3
4

&
� DQG J

%
3
4

&
�

��� /HW J.t/ EH�GHÀQHG�DV�LQ�([HUFLVH ��� ,WV�JUDSK�LV�FDOOHG
D TXDGUDWLF�%p]LHU�FXUYH� DQG�LW�LV�XVHG�LQ�VRPH�FRPSXWHU
JUDSKLFV�GHVLJQV� 7KH�SRLQWV S0� S1� DQG S2 DUH�FDOOHG�WKH
FRQWURO�SRLQWV IRU�WKH�FXUYH� &RPSXWH�D�IRUPXOD�IRU J.t/
WKDW�LQYROYHV�RQO\ S0� S1� DQG S2� 7KHQ�VKRZ�WKDW J.t/ LV
LQ FRQY fS0;S1;S2g IRU 0 ' t ' 1�

��� *LYHQ�FRQWURO �SRLQWV S0� S1� S2� DQG S3 LQ Rn� OHW J1.t/
IRU 0 ' t ' 1 EH�WKH�TXDGUDWLF�%p]LHU�FXUYH�IURP�([HUFLVH
�� � GHWHUPLQHG � E\ S0� S1� DQG S2� DQG � OHW J2.t/ EH � GH�
ÀQHG�VLPLODUO\�IRU S1� S2� DQG S3� )RU 0 ' t ' 1� GHÀQH
K.t/ D .1 " t /J1.t/ C tJ2.t/� 6KRZ�WKDW�WKH�JUDSK�RI K.t/
OLHV � LQ � WKH �FRQYH[ �KXOO �RI � WKH � IRXU �FRQWURO �SRLQWV� 7KLV
FXUYH�LV�FDOOHG�D FXELF�%p]LHU�FXUYH� DQG�LWV�GHÀQLWLRQ�KHUH
LV�RQH�VWHS�LQ�DQ�DOJRULWKP�IRU�FRQVWUXFWLQJ�%p]LHU�FXUYHV
�GLVFXVVHG�ODWHU�LQ�6HFWLRQ ����� $ %p]LHU�FXUYH�RI�GHJUHH
k LV�GHWHUPLQHG�E\ k C 1 FRQWURO�SRLQWV� DQG�LWV�JUDSK�OLHV�LQ
WKH�FRQYH[�KXOO�RI�WKHVH�FRQWURO�SRLQWV�

�� 7KH�SRLQWV Y1� Y2� DQG Y3 DUH�QRW�RUWKRJRQDO� VR�FRPSXWH

Y2 " Y1 D

2
4

1
"1

3

3
5; Y3 " Y1 D

2
4

"8
2

"3

3
5; S1 " Y1 D

2
4

"5
1

"1

3
5; DQG S2 " Y1 D

2
4

"3
0

"1

3
5

$XJPHQW�WKH�PDWUL[ Œ Y2 " Y1 Y3 " Y1 ! ZLWK�ERWK S1 " Y1 DQG S2 " Y1� DQG�URZ
UHGXFH�

2
4

1 "8 "5 "3
"1 2 1 0

3 "3 "1 "1

3
5 #

2
664

1 0 1
3

1

0 1 2
3

1
2

0 0 0 " 5
2

3
775

7KH�WKLUG�FROXPQ�VKRZV�WKDW S1 " Y1 D 1
3
.Y2 " Y1/ C 2

3
.Y3 " Y1/� ZKLFK�OHDGV�WR

S1 D 0Y1 C 1
3
Y2 C 2

3
Y3� 7KXV S1 LV�LQ FRQYS � ,Q�IDFW� S1 LV�LQ FRQY fY2; Y3g�
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7KH�ODVW�FROXPQ�RI�WKH�PDWUL[�VKRZV�WKDW S2 " Y1 LV�QRW�D�OLQHDU�FRPELQDWLRQ�RI
Y2 " Y1 DQG Y3 " Y1� 7KXV S2 LV�QRW�DQ�DIÀQH�FRPELQDWLRQ�RI Y1� Y2� DQG Y3� VR S2

FDQQRW�SRVVLEO\�EH�LQ FRQYS �
$Q�DOWHUQDWLYH�PHWKRG�RI�VROXWLRQ�LV�WR�URZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�RI

KRPRJHQHRXV�IRUPV�

'
QY1 QY2 QY3 QS1 QS2

(
#

2
66664

1 0 0 0 0

0 1 0 1
3

0

0 0 1 2
3

0

0 0 0 0 1

3
77775

�� ,I S LV�D�SRLQW�DERYH S � WKHQ�WKH�OLQH�WKURXJK S ZLWK�VORSH "1 ZLOO�LQWHUVHFW S DW�WZR
SRLQWV�EHIRUH�LW�UHDFKHV�WKH�SRVLWLYH x��DQG y�D[HV�

+\SHUSODQHV�SOD\�D�VSHFLDO�UROH�LQ�WKH�JHRPHWU\�RIRn EHFDXVH�WKH\�GLYLGH�WKH�VSDFH�LQWR
WZR�GLVMRLQW�SLHFHV� MXVW�DV�D�SODQH�VHSDUDWHV R3 LQWR�WZR�SDUWV�DQG�D�OLQH�FXWV�WKURXJK
R2� 7KH�NH\�WR�ZRUNLQJ�ZLWK�K\SHUSODQHV�LV�WR�XVH�VLPSOH LPSOLFLW GHVFULSWLRQV� UDWKHU
WKDQ�WKH H[SOLFLW RU�SDUDPHWULF�UHSUHVHQWDWLRQV�RI�OLQHV�DQG�SODQHV�XVHG�LQ�WKH�HDUOLHU
ZRUN�ZLWK�DIÀQH�VHWV�ñ

$Q�LPSOLFLW�HTXDWLRQ�RI�D�OLQH�LQ R2 KDV�WKH�IRUP ax C by D d � $Q�LPSOLFLW�HTXD�
WLRQ�RI�D�SODQH�LQ R3 KDV�WKH�IRUP ax C by C c´ D d � %RWK�HTXDWLRQV�GHVFULEH�WKH
OLQH�RU�SODQH�DV�WKH�VHW�RI�DOO�SRLQWV�DW�ZKLFK�D�OLQHDU�H[SUHVVLRQ��DOVR�FDOOHG�D OLQHDU
IXQFWLRQDO��KDV�D�À[HG�YDOXH� d �

$ OLQHDU�IXQFWLRQDO RQ Rn LV�D�OLQHDU�WUDQVIRUPDWLRQ f IURP Rn LQWR R� )RU�HDFK
VFDODU d LQ R� WKH�V\PERO Œf �d ! GHQRWHV�WKH�VHW�RI�DOO [ LQ Rn DW�ZKLFK�WKH�YDOXH
RI f LV d � 7KDW�LV�

Œf �d ! LV�WKH�VHW f[ 2 Rn W f .[/ D dg
7KH ]HUR IXQFWLRQDO LV�WKH�WUDQVIRUPDWLRQ�VXFK�WKDW f .[/ D 0 IRU�DOO [ LQ Rn� $OO
RWKHU�OLQHDU�IXQFWLRQDOV�RQ Rn DUH�VDLG�WR�EH QRQ]HUR�

,Q R2� WKH�OLQH x " 4y D 13 LV�D�K\SHUSODQH�LQ R2� DQG�LW�LV�WKH�VHW�RI
SRLQWV�DW�ZKLFK�WKH�OLQHDU�IXQFWLRQDO f .x; y/ D x " 4y KDV�WKH�YDOXH���� 7KDW�LV� WKH
OLQH�LV�WKH�VHW Œf �13!�

,QR3� WKH�SODQH 5x " 2y C 3´ D 21 LV�D�K\SHUSODQH� WKH�VHW�RI�SRLQWV
DW�ZKLFK�WKH�OLQHDU�IXQFWLRQDO g.x; y; ´/ D 5x " 2y C 3´ KDV�WKH�YDOXH���� 7KLV�K\SHU�
SODQH�LV�WKH�VHW Œg�21!�

,I f LV�D�OLQHDU�IXQFWLRQDO�RQ Rn� WKHQ�WKH�VWDQGDUG�PDWUL[�RI�WKLV�OLQHDU�WUDQVIRUPD�
WLRQ f LV�D 1 % n PDWUL[ A� VD\ A D Œ a1 a2 ! ! ! an !� 6R

Œf �0! LV�WKH�VDPH�DV f[ 2 Rn W A[ D 0g D 1XOA ���

ñ3DUDPHWULF�UHSUHVHQWDWLRQV�ZHUH�LQWURGXFHG�LQ�6HFWLRQ�����
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,I f LV�D�QRQ]HUR�IXQFWLRQDO� WKHQ UDQNA D 1� DQG�GLP 1XOA D n " 1� E\�WKH�5DQN
7KHRUHP�ò 7KXV� WKH�VXEVSDFH Œf W 0! KDV�GLPHQVLRQ n " 1 DQG�VR�LV�D�K\SHUSODQH� $OVR�
LI d LV�DQ\�QXPEHU�LQ R� WKHQ

Œf �d ! LV�WKH�VDPH�DV f[ 2 Rn W A[ D dg ���

5HFDOO�IURP�7KHRUHP���LQ�6HFWLRQ�����WKDW�WKH�VHW�RI�VROXWLRQV�RIA[ D E LV�REWDLQHG
E\�WUDQVODWLQJ�WKH�VROXWLRQ�VHW�RI A[ D �� XVLQJ�DQ\�SDUWLFXODU�VROXWLRQ S RI A[ D E�
:KHQ A LV�WKH�VWDQGDUG�PDWUL[�RI�WKH�WUDQVIRUPDWLRQ f � WKLV�WKHRUHP�VD\V�WKDW

Œf �d ! D Œf W 0! C S IRU�DQ\ S LQ Œf W d ! ���

7KXV�WKH�VHWV Œf W d ! DUH�K\SHUSODQHV�SDUDOOHO�WR Œf W 0!� 6HH�)LJ� ��

p

[ f :d ]

[ f :0]

3DUDOOHO�K\SHUSODQHV�
ZLWK f .S/ D d �

:KHQ A LV�D 1 % n PDWUL[� WKH�HTXDWLRQ A[ D d PD\�EH�ZULWWHQ�ZLWK�DQ�LQQHU
SURGXFW Q![� XVLQJ Q LQ Rn ZLWK�WKH�VDPH�HQWULHV�DV A� 7KXV� IURP�����

Œf �d ! LV�WKH�VDPH�DV f[ 2 Rn W Q![ D dg ���

7KHQ Œf �0! D f[ 2 Rn W Q![ D 0g� ZKLFK�VKRZV�WKDW Œf �0! LV�WKH�RUWKRJRQDO�FRPSOH�
PHQW�RI�WKH�VXEVSDFH�VSDQQHG�E\ Q� ,Q�WKH�WHUPLQRORJ\�RI�FDOFXOXV�DQG�JHRPHWU\�IRU
R3� Q LV�FDOOHG�D QRUPDO YHFWRU�WR Œf �0!� �$ ´QRUPDOµ�YHFWRU�LQ�WKLV�VHQVH�QHHG�QRW
KDYH�XQLW�OHQJWK�� $OVR� Q LV�VDLG�WR�EH QRUPDO WR�HDFK�SDUDOOHO�K\SHUSODQH Œf �d !� HYHQ
WKRXJK Q![ LV�QRW�]HUR�ZKHQ d ¤ 0�

$QRWKHU�QDPH�IRU Œf �d ! LV�D OHYHO�VHW RI f � DQG Q LV�VRPHWLPHV�FDOOHG�WKH JUDGLHQW
RI f ZKHQ f .[/ D Q![ IRU�HDFK [�

/HW Q D
!

3
4

"
DQG Y D

!
1

"6

"
� DQG�OHW H D f[ W Q![ D 12g� VR H D

Œf �12!� ZKHUH f .x; y/ D 3x C 4y� 7KXV H LV�WKH�OLQH 3x C 4y D 12� )LQG�DQ�LPSOLFLW
GHVFULSWLRQ�RI�WKH�SDUDOOHO�K\SHUSODQH��OLQH� H1 D H C Y�

)LUVW� ÀQG�D�SRLQW S LQ H1� 7R�GR�WKLV� ÀQG�D�SRLQW�LQ H DQG�DGG Y WR�LW�

)RU�LQVWDQFH�
!

0
3

"
LV�LQ H � VR S D

!
1

"6

"
C
!

0
3

"
D
!

1
"3

"
LV�LQ H1� 1RZ� FRPSXWH

Q!S D "9� 7KLV�VKRZV�WKDW H1 D Œf � " 9!� 6HH�)LJ� �� ZKLFK�DOVR�VKRZV�WKH�VXEVSDFH
H0 D f[ W Q![ D 0g�

7KH�QH[W�WKUHH�H[DPSOHV�VKRZ�FRQQHFWLRQV�EHWZHHQ�LPSOLFLW�DQG�H[SOLFLW�GHVFULS�
WLRQV�RI�K\SHUSODQHV� ([DPSOH���EHJLQV�ZLWK�DQ�LPSOLFLW�IRUP�

ò6HH�7KHRUHP����LQ�6HFWLRQ�����RU�7KHRUHP����LQ�6HFWLRQ�����
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n

y

4

4

–4

–4
x

v

v

v

H = [ f : 12]

H0 = [ f : 0]

H1 = [ f : –9]

,Q R2� JLYH�DQ�H[SOLFLW�GHVFULSWLRQ�RI�WKH�OLQH x " 4y D 13 LQ�SDUD�
PHWULF�YHFWRU�IRUP�

7KLV�DPRXQWV�WR�VROYLQJ�D�QRQKRPRJHQHRXV�HTXDWLRQA[ D E� ZKHUH A D
Œ 1 "4 ! DQG E LV�WKH�QXPEHU����LQ R� :ULWH x D 13 C 4y� ZKHUH y LV�D�IUHH�YDULDEOH�
,Q�SDUDPHWULF�IRUP� WKH�VROXWLRQ�LV

[ D
!

x
y

"
D
!

13 C 4y
y

"
D
!

13
0

"
C y

!
4
1

"
D S C yT; y 2 R

&RQYHUWLQJ�DQ�H[SOLFLW�GHVFULSWLRQ�RI�D�OLQH�LQWR�LPSOLFLW�IRUP�LV�PRUH�LQYROYHG� 7KH
EDVLF�LGHD�LV�WR�FRQVWUXFW Œf �0! DQG�WKHQ�ÀQG d IRU Œf �d !�

/HW Y1 D
!

1
2

"
DQG Y2 D

!
6
0

"
� DQG�OHW L1 EH�WKH�OLQH�WKURXJK Y1 DQG

Y2� )LQG�D�OLQHDU�IXQFWLRQDO f DQG�D�FRQVWDQW d VXFK�WKDW L1 D Œf �d !�
7KH�OLQH L1 LV�SDUDOOHO�WR�WKH�WUDQVODWHG�OLQH L0 WKURXJK Y2 " Y1 DQG�WKH

RULJLQ� 7KH�GHÀQLQJ�HTXDWLRQ�IRU L0 KDV�WKH�IRUP

Œ a b !

!
x
y

"
D 0 RU Q![ D 0; ZKHUH Q D

!
a
b

"
���

6LQFH Q LV�RUWKRJRQDO�WR�WKH�VXEVSDFH L0� ZKLFK�FRQWDLQV Y2 " Y1� FRPSXWH

Y2 " Y1 D
!

6
0

"
"
!

1
2

"
D
!

5
"2

"

DQG�VROYH '
a b

(! 5
"2

"
D 0

%\�LQVSHFWLRQ� D�VROXWLRQ�LV Œ a b ! D Œ 2 5 !� /HW f .x; y/ D 2x C 5y� )URP�����
L0 D Œf �0!� DQG L1 D Œf �d ! IRU �VRPH d � 6LQFH Y1 LV �RQ� OLQH L1� d D f .Y1/ D
2.1/ C 5.2/ D 12� 7KXV� WKH�HTXDWLRQ�IRU L1 LV 2x C 5y D 12� $V�D�FKHFN� QRWH�WKDW
f .Y2/ D f .6; 0/ D 2.6/ C 5.0/ D 12� VR Y2 LV�RQ L1� WRR�

/HW Y1 D

2
4

1
1
1

3
5� Y2 D

2
4

2
"1

4

3
5� DQG Y3 D

2
4

3
1
2

3
5� )LQG�DQ�LPSOLFLW�GH�

VFULSWLRQ Œf �d ! RI�WKH�SODQH H1 WKDW�SDVVHV�WKURXJK Y1� Y2� DQG Y3�
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H1 LV�SDUDOOHO�WR�D�SODQH H0 WKURXJK�WKH�RULJLQ�WKDW�FRQWDLQV�WKH�WUDQVODWHG
SRLQWV

Y2 " Y1 D

2
4

1
"2

3

3
5 DQG Y3 " Y1 D

2
4

2
0
1

3
5

6LQFH�WKHVH�WZR�SRLQWV�DUH�OLQHDUO\�LQGHSHQGHQW� H0 D 6SDQ fY2 " Y1; Y3 " Y1g� /HW

Q D

2
4
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c

3
5 EH�WKH�QRUPDO�WR H0� 7KHQ Y2 " Y1 DQG Y3 " Y1 DUH�HDFK�RUWKRJRQDO�WR Q�

7KDW�LV� .Y2 " Y1/!Q D 0 DQG .Y3 " Y1/!Q D 0� 7KHVH�WZR�HTXDWLRQV�IRUP�D�V\VWHP
ZKRVH�DXJPHQWHG�PDWUL[�FDQ�EH�URZ�UHGXFHG�

'
1 "2 3

(
2
4

a
b
c

3
5 D 0;

'
2 0 1

(
2
4

a
b
c

3
5 D 0;

!
1 "2 3 0
2 0 1 0

"

5RZ�RSHUDWLRQV�\LHOG a D ." 2
4
/c� b D . 5

4
/c� ZLWK c IUHH� 6HW c D 4� IRU�LQVWDQFH� 7KHQ

Q D

2
4

"2
5
4

3
5 DQG H0 D Œf �0!� ZKHUH f .[/ D "2x1 C 5x2 C 4x3�

7KH�SDUDOOHO�K\SHUSODQH H1 LV Œf �d !� 7R�ÀQG d � XVH�WKH�IDFW�WKDW Y1 LV�LQ H1� DQG
FRPSXWH d D f .Y1/ D f .1; 1; 1/ D "2.1/ C 5.1/ C 4.1/ D 7� $V�D�FKHFN� FRPSXWH
f .Y2/ D f .2; "1; 4/ D "2.2/ C 5."1/ C 4.4/ D 16 " 9 D 7�

7KH�SURFHGXUH�LQ�([DPSOH���JHQHUDOL]HV�WR�KLJKHU�GLPHQVLRQV� +RZHYHU� IRU�WKH
VSHFLDO�FDVH�RI R3� RQH�FDQ�DOVR�XVH�WKH FURVV�SURGXFW IRUPXOD�WR�FRPSXWH Q� XVLQJ�D
V\PEROLF�GHWHUPLQDQW�DV�D�PQHPRQLF�GHYLFH�

Q D .Y2 " Y1/ % .Y3 " Y1/

D

ˇ̌
ˇ̌
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1 2 L
"2 0 M

3 1 N

ˇ̌
ˇ̌
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ˇ̌
ˇ̌"2 0

3 1

ˇ̌
ˇ̌ L "

ˇ̌
ˇ̌ 1 2
3 1

ˇ̌
ˇ̌ M C

ˇ̌
ˇ̌ 1 2
"2 0

ˇ̌
ˇ̌N

D "2L C 5M C 4N D

2
4

"2
5
4

3
5

,I�RQO\�WKH�IRUPXOD�IRU f LV�QHHGHG� WKH�FURVV�SURGXFW�FDOFXODWLRQ�PD\�EH�ZULWWHQ
DV�DQ�RUGLQDU\�GHWHUPLQDQW�

f .x1; x2; x3/ D

ˇ̌
ˇ̌
ˇ̌

1 2 x1

"2 0 x2

3 1 x3

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌"2 0

3 1

ˇ̌
ˇ̌x1 "

ˇ̌
ˇ̌ 1 2
3 1

ˇ̌
ˇ̌x2 C

ˇ̌
ˇ̌ 1 2
"2 0

ˇ̌
ˇ̌x3

D "2x1 C 5x2 C 4x3

6R�IDU� HYHU\�K\SHUSODQH�H[DPLQHG�KDV�EHHQ�GHVFULEHG�DV Œf �d ! IRU�VRPH�OLQHDU
IXQFWLRQDO f DQG�VRPH d LQ R� RU�HTXLYDOHQWO\�DV f[ 2 Rn W Q![ D dg IRU�VRPH Q LQ Rn�
7KH�IROORZLQJ�WKHRUHP�VKRZV�WKDW HYHU\ K\SHUSODQH�KDV�WKHVH�HTXLYDOHQW�GHVFULSWLRQV�

$ VXEVHW H RI Rn LV�D�K\SHUSODQH�LI�DQG�RQO\�LI H D Œf �d ! IRU�VRPH�QRQ]HUR
OLQHDU�IXQFWLRQDO f DQG�VRPH�VFDODU d LQ R� 7KXV� LI H LV�D�K\SHUSODQH� WKHUH
H[LVW�D�QRQ]HUR�YHFWRU Q DQG�D�UHDO�QXPEHU d VXFK�WKDW H D f[ W Q![ D dg�
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6XSSRVH�WKDW H LV�D�K\SHUSODQH� WDNH S 2 H � DQG�OHW H0 D H " S� 7KHQ H0

LV�DQ .n " 1/�GLPHQVLRQDO�VXEVSDFH� 1H[W� WDNH�DQ\�SRLQW \ WKDW�LV�QRW�LQ H0� %\�WKH
2UWKRJRQDO�'HFRPSRVLWLRQ�7KHRUHP�LQ�6HFWLRQ�����

\ D \1 C Q

ZKHUH \1 LV�D�YHFWRU�LQ H0 DQG Q LV�RUWKRJRQDO�WR�HYHU\�YHFWRU�LQ H0� 7KH�IXQFWLRQ f
GHÀQHG�E\

f .[/ D Q![ IRU [ 2 Rn

LV�D�OLQHDU�IXQFWLRQDO� E\�SURSHUWLHV�RI�WKH�LQQHU�SURGXFW� 1RZ� Œf �0! LV�D�K\SHUSODQH
WKDW�FRQWDLQV H0� E\�FRQVWUXFWLRQ�RI Q� ,W�IROORZV�WKDW

H0 D Œf �0!

>$UJXPHQW� H0 FRQWDLQV�D�EDVLV S RI n " 1 YHFWRUV� DQG�VLQFH S LV�LQ�WKH .n " 1/�
GLPHQVLRQDO�VXEVSDFH Œf �0!� S PXVW�DOVR�EH�D�EDVLV�IRU Œf �0!� E\�WKH�%DVLV�7KHRUHP�@
)LQDOO\� OHW d D f .S/ D Q!S� 7KHQ� DV�LQ�����VKRZQ�HDUOLHU�

Œf �d ! D Œf �0! C S D H0 C S D H

7KH�FRQYHUVH�VWDWHPHQW�WKDW Œf �d ! LV�D�K\SHUSODQH�IROORZV�IURP�����DQG�����DERYH�

0DQ\�LPSRUWDQW�DSSOLFDWLRQV�RI�K\SHUSODQHV�GHSHQG�RQ�WKH�SRVVLELOLW\�RI�´VHSDUDW�
LQJµ�WZR�VHWV�E\�D�K\SHUSODQH� ,QWXLWLYHO\� WKLV�PHDQV�WKDW�RQH�RI�WKH�VHWV�LV�RQ�RQH�VLGH
RI�WKH�K\SHUSODQH�DQG�WKH�RWKHU�VHW�LV�RQ�WKH�RWKHU�VLGH� 7KH�IROORZLQJ�WHUPLQRORJ\�DQG
QRWDWLRQ�ZLOO�KHOS�WR�PDNH�WKLV�LGHD�PRUH�SUHFLVH�

Rn

)RU�DQ\�SRLQW S LQ Rn DQG�DQ\�UHDO ı > 0� WKH RSHQ�EDOO B.S; ı/ ZLWK�FHQWHU S DQG
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V\VWHP�RI�HTXDWLRQV�E\�URZ�UHGXFWLRQ�

!
1 1 "2 "3

"2 1 3 7

"
#
"

1 0 " 5
3

" 10
3

0 1 " 1
3

1
3

#

7KXV x1 D " 10
3

C 5
3
x3� x2 D 1

3
C 1

3
x3� x3 D x3� /HW S D

2
664

" 10
3
1
3

0

3
775 DQG Y D

2
664

5
3
1
3

1

3
775� 7KH

JHQHUDO�VROXWLRQ�FDQ�EH�ZULWWHQ�DV [ D S C x3Y� 7KXV H1 \ H2 LV�WKH�OLQH�WKURXJK S LQ
WKH�GLUHFWLRQ�RI Y� 1RWH�WKDW Y LV�RUWKRJRQDO�WR�ERWK Q1 DQG Q2�

7KLV�VHFWLRQ�VWXGLHV�JHRPHWULF�SURSHUWLHV�RI�DQ�LPSRUWDQW�FODVV�RI�FRPSDFW�FRQYH[�VHWV
FDOOHG�SRO\WRSHV� 7KHVH�VHWV�DULVH�LQ�DOO�VRUWV�RI�DSSOLFDWLRQV� LQFOXGLQJ�JDPH�WKHRU\
�6HFWLRQ������ OLQHDU�SURJUDPPLQJ��6HFWLRQV�����WR������ DQG�PRUH�JHQHUDO�RSWLPL]DWLRQ
SUREOHPV� VXFK�DV�WKH�GHVLJQ�RI�IHHGEDFN�FRQWUROV�IRU�HQJLQHHULQJ�V\VWHPV�
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$ SRO\WRSH LQ Rn LV�WKH�FRQYH[�KXOO�RI�D�ÀQLWH�VHW�RI�SRLQWV� ,Q R2� D�SRO\WRSH
LV�VLPSO\�D�SRO\JRQ� ,Q R3� D�SRO\WRSH�LV�FDOOHG�D�SRO\KHGURQ� ,PSRUWDQW�IHDWXUHV�RI
D�SRO\KHGURQ�DUH�LWV�IDFHV� HGJHV� DQG�YHUWLFHV� )RU�H[DPSOH� WKH�FXEH�KDV���VTXDUH
IDFHV� ���HGJHV� DQG���YHUWLFHV� 7KH�IROORZLQJ�GHÀQLWLRQV�SURYLGH�WHUPLQRORJ\�IRU
KLJKHU�GLPHQVLRQV�DV�ZHOO�DV R2 DQG R3� 5HFDOO�WKDW�WKH�GLPHQVLRQ�RI�D�VHW�LQ Rn LV
WKH�GLPHQVLRQ�RI�WKH�VPDOOHVW�ÁDW�WKDW�FRQWDLQV�LW� $OVR� QRWH�WKDW�D�SRO\WRSH�LV�D�VSHFLDO
W\SH�RI�FRPSDFW�FRQYH[�VHW� EHFDXVH�D�ÀQLWH�VHW�LQ Rn LV�FRPSDFW�DQG�WKH�FRQYH[�KXOO�RI
WKLV�VHW�LV�FRPSDFW� E\�WKH�WKHRUHP�LQ�WKH�WRSRORJ\�WHUPV�DQG�IDFWV�ER[�LQ�6HFWLRQ�����

/HW S EH�D�FRPSDFW�FRQYH[�VXEVHW�RI Rn� $ QRQHPSW\�VXEVHW F RI S LV�FDOOHG
D��SURSHU� IDFH RI S LI F ¤ S DQG�WKHUH�H[LVWV�D�K\SHUSODQH H D Œf �d ! VXFK
WKDW F D S \ H DQG�HLWKHU f .S/ ' d RU f .S/ & d � 7KH�K\SHUSODQH H LV�FDOOHG
D VXSSRUWLQJ�K\SHUSODQH WR S � ,I�WKH�GLPHQVLRQ�RI F LV k� WKHQ F LV�FDOOHG�D
N�IDFH RI S �

,I P LV�D�SRO\WRSH�RI�GLPHQVLRQ k� WKHQ P LV�FDOOHG�D N�SRO\WRSH� $ ��IDFH
RI P LV�FDOOHG�D YHUWH[ �SOXUDO� YHUWLFHV�� D���IDFH�LV�DQ HGJH� DQG�D .k " 1/�
GLPHQVLRQDO�IDFH�LV�D IDFHW RI S �

6XSSRVH S LV�D�FXEH�LQ R3� :KHQ�D�SODQH H LV�WUDQVODWHG�WKURXJK
R3 XQWLO�LW�MXVW�WRXFKHV��VXSSRUWV��WKH�FXEH�EXW�GRHV�QRW�FXW�WKURXJK�WKH�LQWHULRU�RI�WKH
FXEH� WKHUH�DUH�WKUHH�SRVVLELOLWLHV�IRU H \ S � GHSHQGLQJ�RQ�WKH�RULHQWDWLRQ�RI H � �6HH
)LJXUH ���

H \ S PD\�EH�D���GLPHQVLRQDO�VTXDUH�IDFH��IDFHW��RI�WKH�FXEH�
H \ S PD\�EH�D���GLPHQVLRQDO�HGJH�RI�WKH�FXEH�
H \ S PD\�EH�D���GLPHQVLRQDO�YHUWH[�RI�WKH�FXEH�

H ! S is 2-dimensional. H ! S is 1-dimensional. H ! S is 0-dimensional.

S S S

H

H
H

0RVW�DSSOLFDWLRQV�RI�SRO\WRSHV�LQYROYH�WKH�YHUWLFHV�LQ�VRPH�ZD\� EHFDXVH�WKH\�KDYH
D�VSHFLDO�SURSHUW\�WKDW�LV�LGHQWLÀHG�LQ�WKH�IROORZLQJ�GHÀQLWLRQ�

/HW S EH�D�FRQYH[�VHW� $ SRLQW S LQ S LV�FDOOHG�DQ H[WUHPH�SRLQW RI S LI S LV
QRW�LQ�WKH�LQWHULRU�RI�DQ\�OLQH�VHJPHQW�WKDW�OLHV�LQ S � 0RUH�SUHFLVHO\� LI [; \ 2 S
DQG S 2 xy� WKHQ S D [ RU S D \� 7KH�VHW�RI�DOO�H[WUHPH�SRLQWV�RI S LV�FDOOHG�WKH
SURÀOH RI S �
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$ YHUWH[�RI�DQ\�FRPSDFW�FRQYH[�VHW S LV�DXWRPDWLFDOO\�DQ�H[WUHPH�SRLQW�RI S � 7KLV
IDFW�LV�SURYHG�GXULQJ�WKH�SURRI�RI�7KHRUHP���� EHORZ� ,Q�ZRUNLQJ�ZLWK�D�SRO\WRSH� VD\
P D FRQY fY1; : : : ; Ykg IRU Y1; : : : ; Yk LQ Rn� LW�LV�XVXDOO\�KHOSIXO�WR�NQRZ�WKDW Y1; : : : ; Yk

DUH�WKH�H[WUHPH�SRLQWV�RI P � +RZHYHU� VXFK�D�OLVW�PLJKW�FRQWDLQ�H[WUDQHRXV�SRLQWV� )RU
H[DPSOH� VRPH�YHFWRU Yi FRXOG�EH�WKH�PLGSRLQW�RI�DQ�HGJH�RI�WKH�SRO\WRSH� 2I�FRXUVH�
LQ�WKLV�FDVH Yi LV�QRW�UHDOO\�QHHGHG�WR�JHQHUDWH�WKH�FRQYH[�KXOO� 7KH�IROORZLQJ�GHÀQLWLRQ
GHVFULEHV�WKH�SURSHUW\�RI�WKH�YHUWLFHV�WKDW�ZLOO�PDNH�WKHP�DOO�H[WUHPH�SRLQWV�

7KH�VHW fY1; : : : ; Ykg LV�D PLQLPDO�UHSUHVHQWDWLRQ RI�WKH�SRO\WRSH P LI P D
FRQY fY1; : : : ; Ykg DQG�IRU�HDFK i D 1; : : : ; k; Yi 62 FRQY fYj W j ¤ ig�

(YHU\�SRO\WRSH�KDV�D�PLQLPDO�UHSUHVHQWDWLRQ� )RU�LI P D FRQY fY1; : : : ; Ykg DQG�LI
VRPH Yi LV�D�FRQYH[�FRPELQDWLRQ�RI�WKH�RWKHU�SRLQWV� WKHQ Yi PD\�EH�GHOHWHG�IURP�WKH
VHW�RI�SRLQWV�ZLWKRXW�FKDQJLQJ�WKH�FRQYH[�KXOO� 7KLV�SURFHVV�PD\�EH�UHSHDWHG�XQWLO�WKH
PLQLPDO�UHSUHVHQWDWLRQ�LV�OHIW� ,W�FDQ�EH�VKRZQ�WKDW�WKH�PLQLPDO�UHSUHVHQWDWLRQ�LV�XQLTXH�

6XSSRVHM D fY1; : : : ; Ykg LV�WKH�PLQLPDO�UHSUHVHQWDWLRQ�RI�WKH�SRO\WRSHP � 7KHQ
WKH�IROORZLQJ�WKUHH�VWDWHPHQWV�DUH�HTXLYDOHQW�

D� S 2 M �
E� S LV�D�YHUWH[�RI P �
F� S LV�DQ�H[WUHPH�SRLQW�RI P �

�D� ) �E� 6XSSRVH S 2 M DQG�OHW Q D FRQY fY W Y 2 M DQG Y ¤ Sg� ,W�IRO�H H'

p Q

ORZV�IURP�WKH�GHÀQLWLRQ�RI M WKDW S 62 Q� DQG�VLQFH Q LV�FRPSDFW� 7KHRUHP����LPSOLHV
WKH�H[LVWHQFH�RI�D�K\SHUSODQH H 0 WKDW�VWULFWO\�VHSDUDWHV fSg DQG Q� /HW H EH�WKH
K\SHUSODQH�WKURXJK S SDUDOOHO�WR H 0� 6HH�)LJ� ��

7KHQ Q OLHV�LQ�RQH�RI�WKH�FORVHG�KDOI�VSDFHV HC ERXQGHG�E\ H DQG�VR P ) HC�
7KXV H VXSSRUWV P DW S� )XUWKHUPRUH� S LV�WKH�RQO\�SRLQW�RI P WKDW�FDQ�OLH�RQ H � VR
H \ P D fSg DQG S LV�D�YHUWH[�RI P �

�E� ) �F� /HW S EH�D�YHUWH[�RI P � 7KHQ�WKHUH�H[LVWV�D�K\SHUSODQH H D Œf �d ! VXFK
WKDW H \ P D fSg DQG f .P / & d � ,I S ZHUH�QRW�DQ�H[WUHPH�SRLQW� WKHQ�WKHUH�ZRXOG
H[LVW�SRLQWV [ DQG \ LQ P VXFK�WKDW S D .1 " c/[ C c\ ZLWK 0 < c < 1� 7KDW�LV�

c\ D S " .1 " c/[ DQG \ D
+

1

c

,
.S/ "

+
1

c
" 1

,
.[/

,W�IROORZV�WKDW f .\/ D 1

c
f .S/ "

+
1

c
" 1

,
f .[/� %XW f .S/ D d DQG f .[/ & d � VR

f .\/ '
+

1

c

,
.d/ "

+
1

c
" 1

,
.d/ D d

2Q�WKH�RWKHU�KDQG� \ 2 P � VR f .\/ & d � ,W�IROORZV�WKDW f .\/ D d DQG�WKDW \ 2 H \ P �
7KLV�FRQWUDGLFWV�WKH�IDFW�WKDW S LV�D�YHUWH[� 6R S PXVW�EH�DQ�H[WUHPH�SRLQW� �1RWH�WKDW
WKLV�SDUW�RI�WKH�SURRI�GRHV�QRW�GHSHQG�RQ P EHLQJ�D�SRO\WRSH� ,W�KROGV�IRU�DQ\�FRPSDFW
FRQYH[�VHW��

�F� ) �D� ,W�LV�FOHDU�WKDW�DQ\�H[WUHPH�SRLQW�RI P PXVW�EH�D�PHPEHU�RI M �
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5HFDOO�WKDW�WKH�SURÀOH�RI�D�VHW S LV�WKH�VHW�RI�H[WUHPH�SRLQWV�RI S �
7KHRUHP����VKRZV�WKDW�WKH�SURÀOH�RI�D�SRO\JRQ�LQ R2 LV�WKH�VHW�RI�YHUWLFHV� �6HH�)LJ� ���
7KH�SURÀOH�RI�D�FORVHG�EDOO�LV�LWV�ERXQGDU\� $Q�RSHQ�VHW�KDV�QR�H[WUHPH�SRLQWV� VR�LWV
SURÀOH�LV�HPSW\� $ FORVHG�KDOI�VSDFH�KDV�QR�H[WUHPH�SRLQWV� VR�LWV�SURÀOH�LV�HPSW\�

([HUFLVH����DVNV�\RX�WR�VKRZ�WKDW�D�SRLQW S LQ�D�FRQYH[�VHW S LV�DQ�H[WUHPH�SRLQW
RI S LI�DQG�RQO\�LI� ZKHQ S LV�UHPRYHG�IURP S � WKH�UHPDLQLQJ�SRLQWV�VWLOO�IRUP�D�FRQYH[
VHW� ,W�IROORZV�WKDW�LI S" LV�DQ\�VXEVHW�RI S VXFK�WKDW FRQYS" LV�HTXDO�WR S � WKHQ S" PXVW
FRQWDLQ�WKH�SURÀOH�RI S � 7KH�VHWV�LQ�([DPSOH���VKRZ�WKDW�LQ�JHQHUDO S" PD\�KDYH�WR�EH
ODUJHU�WKDQ�WKH�SURÀOH�RI S � ,W�LV�WUXH� KRZHYHU� WKDW�ZKHQ S LV�FRPSDFW�ZH�PD\�DFWXDOO\
WDNH S" WR�EH�WKH�SURÀOH�RI S � DV�7KHRUHP����ZLOO�VKRZ� 7KXV�HYHU\�QRQHPSW\�FRPSDFW
VHW S KDV�DQ�H[WUHPH�SRLQW� DQG�WKH�VHW�RI�DOO�H[WUHPH�SRLQWV�LV�WKH�VPDOOHVW�VXEVHW�RI S
ZKRVH�FRQYH[�KXOO�LV�HTXDO�WR S �

/HW S EH�D�QRQHPSW\�FRPSDFW�FRQYH[�VHW� 7KHQ S LV�WKH�FRQYH[�KXOO�RI�LWV�SURÀOH
�WKH�VHW�RI�H[WUHPH�SRLQWV�RI S��

7KH�SURRI�LV�E\�LQGXFWLRQ�RQ�WKH�GLPHQVLRQ�RI�WKH�VHW S �ñ

2QH�LPSRUWDQW�DSSOLFDWLRQ�RI�7KHRUHP����LV�WKH�IROORZLQJ�WKHRUHP� ,W�LV�RQH�RI�WKH
NH\�WKHRUHWLFDO�UHVXOWV�LQ�WKH�GHYHORSPHQW�RI�OLQHDU�SURJUDPPLQJ� /LQHDU�IXQFWLRQDOV
DUH�FRQWLQXRXV� DQG�FRQWLQXRXV�IXQFWLRQV�DOZD\V�DWWDLQ�WKHLU�PD[LPXP�DQG�PLQLPXP
RQ�D�FRPSDFW�VHW� 7KH�VLJQLÀFDQFH�RI�7KHRUHP����LV�WKDW�IRU�FRPSDFW�FRQYH[�VHWV� WKH
PD[LPXP��DQG�PLQLPXP��LV�DFWXDOO\�DWWDLQHG�DW�DQ�H[WUHPH�SRLQW�RI S �

/HW f EH�D�OLQHDU�IXQFWLRQDO�GHÀQHG�RQ�D�QRQHPSW\�FRPSDFW�FRQYH[�VHW S � 7KHQ
WKHUH�H[LVW�H[WUHPH�SRLQWV OY DQG OZ RI S VXFK�WKDW

f .OY/ D PD[Y2S
f .Y/ DQG f . OZ/ D PLQY2S

f .Y/

$VVXPH�WKDW f DWWDLQV�LWV�PD[LPXP m RQ S DW�VRPH�SRLQW Y0 LQ S � 7KDW�LV�
f .Y0/ D m� :H�ZLVK�WR�VKRZ�WKDW�WKHUH�H[LVWV�DQ�H[WUHPH�SRLQW�LQ S ZLWK�WKH�VDPH
SURSHUW\� %\�7KHRUHP���� Y0 LV�D�FRQYH[�FRPELQDWLRQ�RI�WKH�H[WUHPH�SRLQWV�RI S � 7KDW
LV� WKHUH�H[LVW�H[WUHPH�SRLQWV Y1; : : : ; Yk RI S DQG�QRQQHJDWLYH c1; : : : ; ck VXFK�WKDW

Y0 D c1Y1 C ! ! ! C ckYk ZLWK c1 C ! ! ! C ck D 1

,I�QRQH�RI�WKH�H[WUHPH�SRLQWV�RI S VDWLVÀHV f .Y/ D m� WKHQ

f .Yi / < m IRU i D 1; : : : ; k

ñ7KH�GHWDLOV�PD\�EH�IRXQG�LQ�6WHYHQ�5��/D\� &RQYH[�6HWV�DQG�7KHLU�$SSOLFDWLRQV �1HZ�<RUN� -RKQ�:LOH\�	
6RQV� ����� 0LQHROD� 1<��'RYHU�3XEOLFDWLRQV� ����� S� ���
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VLQFH m LV�WKH�PD[LPXP�RI f RQ S � %XW�WKHQ� EHFDXVH f LV�OLQHDU�

m D f .Y0/ D f .c1Y1 C ! ! ! C ckYk/

D c1f .Y1/ C ! ! ! C ckf .Yk/

< c1m C ! ! ! C ckm D m.c1 C ! ! ! C ck/ D m

7KLV�FRQWUDGLFWLRQ�LPSOLHV�WKDW�VRPH�H[WUHPH�SRLQW OY RI S PXVW�VDWLVI\ f .OY/ D m�
7KH�SURRI�IRU OZ LV�VLPLODU�

*LYHQ�SRLQWV S1 D
!

"1
0

"
� S2 D

!
3
1

"
� DQG S3 D

!
1
2

"
LQ R2� OHW S D

FRQY fS1; S2;S3g� )RU�HDFK�OLQHDU�IXQFWLRQDO f � ÀQG�WKH�PD[LPXP�YDOXH m RI f RQ�WKH
VHW S � DQG�ÀQG�DOO�SRLQWV [ LQ S DW�ZKLFK f .[/ D m�

D� f1.x1; x2/ D x1 C x2 E� f2.x1; x2/ D "3x1 C x2 F� f3.x1; x2/ D x1 C 2x2

%\�7KHRUHP���� WKH�PD[LPXP�YDOXH�LV�DWWDLQHG�DW�RQH�RI�WKH�H[WUHPH�SRLQWV
RI S � 6R�WR�ÀQG m� HYDOXDWH f DW�HDFK�H[WUHPH�SRLQW�DQG�VHOHFW�WKH�ODUJHVW�YDOXH�

D� f1.S1/ D "1� f1.S2/ D 4� DQG f1.S3/ D 3� VR m1 D 4� *UDSK�WKH�OLQH f1.x1; x2/ D
m1� WKDW�LV� x1 C x2 D 4� DQG�QRWH�WKDW [ D S2 LV�WKH�RQO\�SRLQW�LQ S DW�ZKLFK f1.[/ D
4� 6HH�)LJ� ��D��

E� f2.S1/ D 3� f2.S2/ D "8� DQG f2.S3/ D "1� VRm1 D 3� *UDSK�WKH�OLQH f2.x1; x2/ D
m2� WKDW�LV� "3x1 C x2 D 3� DQG�QRWH�WKDW [ D S1 LV�WKH�RQO\�SRLQW�LQ S DW�ZKLFK
f2.[/ D 3� 6HH�)LJ� ��E��

F� f3.S1/ D "1� f3.S2/ D 5� DQG f3.S3/ D 5� VR m1 D 5� *UDSK�WKH�OLQH f3.x1; x2/ D
m3� WKDW�LV� x1 C 2x2 D 5� +HUH� f3 DWWDLQV�LWV�PD[LPXP�YDOXH�DW S2� DW S3� DQG�DW
HYHU\�SRLQW�LQ�WKH�FRQYH[�KXOO�RI S2 DQG S3� 6HH�)LJ� ��F��

(a) x1 + x2 = 4 (b) –3x1 + x2 = 3 (c) x1 + 2x2 = 5

p3

p1

p2

2–2 4

2

4

x1

x2

2–2 4

2

4

x1

x2

2–2 4

2

4

x1

x2

S

p3

p1

p2S

p3

p1

p2S

7KH�VLWXDWLRQ�LOOXVWUDWHG�LQ�([DPSOH ��IRUR2 DOVR�DSSOLHV�LQ�KLJKHU�GLPHQVLRQV� 7KH
PD[LPXP�YDOXH�RI�D�OLQHDU�IXQFWLRQDO f RQ�D�SRO\WRSH P RFFXUV�DW�WKH�LQWHUVHFWLRQ�RI
D�VXSSRUWLQJ�K\SHUSODQH�DQG P � 7KLV�LQWHUVHFWLRQ�LV�HLWKHU�D�VLQJOH�H[WUHPH�SRLQW�RI P �
RU�WKH�FRQYH[�KXOO�RI���RU�PRUH�H[WUHPH�SRLQWV�RI P � ,Q�HLWKHU�FDVH� WKH�LQWHUVHFWLRQ�LV
D�SRO\WRSH� DQG�LWV�H[WUHPH�SRLQWV�IRUP�D�VXEVHW�RI�WKH�H[WUHPH�SRLQWV�RI P �

%\�GHÀQLWLRQ� D�SRO\WRSH�LV�WKH�FRQYH[�KXOO�RI�D�ÀQLWH�VHW�RI�SRLQWV� 7KLV�LV�DQ
H[SOLFLW�UHSUHVHQWDWLRQ�RI�WKH�SRO\WRSH�VLQFH�LW�LGHQWLÀHV�SRLQWV�LQ�WKH�VHW� $ SRO\WRSH
PD\�DOVR�EH�UHSUHVHQWHG�LPSOLFLWO\�DV�WKH�LQWHUVHFWLRQ�RI�D�ÀQLWH�QXPEHU�RI�FORVHG�KDOI�
VSDFHV� ([DPSOH ��LOOXVWUDWHV�WKLV�LQ R2�
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/HW

S1 D
!

0
1

"
; S2 D

!
1
0

"
; DQG S3 D

!
3
2

"

LQ R2� DQG�OHW S D FRQY fS1; S2;S3g� 6LPSOH�DOJHEUD�VKRZV�WKDW�WKH�OLQH�WKURXJK S1 DQG
S2 LV�JLYHQ�E\ x1 C x2 D 1� DQG S LV�RQ�WKH�VLGH�RI�WKLV�OLQH�ZKHUH

x1 C x2 & 1 RU� HTXLYDOHQWO\� " x1 " x2 ' "1:

6LPLODUO\� WKH�OLQH�WKURXJK S2 DQG S3 LV x1 " x2 D 1� DQG S LV�RQ�WKH�VLGH�ZKHUH

x1 " x2 ' 1

$OVR� WKH�OLQH�WKURXJK S3 DQG S1 LV "x1 C 3x2 D 3� DQG S LV�RQ�WKH�VLGH�ZKHUH

"x1 C 3x2 ' 3:

6HH�)LJXUH��� ,W�IROORZV�WKDW S FDQ�EH�GHVFULEHG�DV�WKH�VROXWLRQ�VHW�RI�WKH�V\VWHP�RI
OLQHDU�LQHTXDOLWLHV

"x1 " x2 ' "1

x1 " x2 ' 1

"x1 C 3x2 ' 3

7KLV�V\VWHP�PD\�EH�ZULWWHQ�DV A[ ' E� ZKHUH

A D

2
4

"1 "1
1 "1

"1 3

3
5; [ D

!
x1

x2

"
; DQG E D

2
4

"1
1
3

3
5:

1RWH�WKDW�DQ�LQHTXDOLW\�EHWZHHQ�WZR�YHFWRUV� VXFK�DV A[ DQG E� DSSOLHV�WR�HDFK�RI�WKH
FRUUHVSRQGLQJ�FRRUGLQDWHV�LQ�WKRVH�YHFWRUV�

–x1 + 3x2 = 3

x1 + x2 = 1

x1 – x2 = 1

p3

p2

p1 S

42–2

x2

x1

4

2

,Q�&KDSWHU��� LW�ZLOO�EH�QHFHVVDU\�WR�UHSODFH�DQ�LPSOLFLW�GHVFULSWLRQ�RI�D�SRO\WRSH�E\
D�PLQLPDO�UHSUHVHQWDWLRQ�RI�WKH�SRO\WRSH� OLVWLQJ�DOO�WKH�H[WUHPH�SRLQWV�RI�WKH�SRO\WRSH�
,Q�VLPSOH�FDVHV� D�JUDSKLFDO�VROXWLRQ�LV�IHDVLEOH� 7KH�IROORZLQJ�H[DPSOH�VKRZV�KRZ�WR
KDQGOH�WKH�VLWXDWLRQ�ZKHQ�VHYHUDO�SRLQWV�RI�LQWHUHVW�DUH�WRR�FORVH�WR�LGHQWLI\�HDVLO\�RQ�D
JUDSK�

/HW P EH�WKH�VHW�RI�SRLQWV�LQ R2 WKDW�VDWLVI\ A[ ' E� ZKHUH

A D

2
4

1 3
1 1
3 2

3
5 DQG E D

2
4

18
8

21

3
5

DQG [ & �� )LQG�WKH�PLQLPDO�UHSUHVHQWDWLRQ�RI P �
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7KH�FRQGLWLRQ [ & � SODFHV P LQ�WKH�ÀUVW�TXDGUDQW�RI R2� D�W\SLFDO�FRQGL�
WLRQ�LQ�OLQHDU�SURJUDPPLQJ�SUREOHPV� 7KH�WKUHH�LQHTXDOLWLHV�LQ A[ ' E LQYROYH�WKUHH
ERXQGDU\�OLQHV�

.1/ x1 C 3x2 D 18 .2/ x1 C x2 D 8 .3/ 3x1 C 2x2 D 21

$OO�WKUHH�OLQHV�KDYH�QHJDWLYH�VORSHV� VR�D�JHQHUDO�LGHD�RI�WKH�VKDSH�RI P LV�HDV\�WR
YLVXDOL]H� (YHQ�D�URXJK�VNHWFK�RI�WKH�JUDSKV�RI�WKHVH�OLQHV�ZLOO�UHYHDO�WKDW .0; 0/� .7; 0/�
DQG .0; 6/ DUH�YHUWLFHV�RI�WKH�SRO\WRSH P �

:KDW�DERXW�WKH�LQWHUVHFWLRQV�RI�WKH�OLQHV����� ���� DQG����" 6RPHWLPHV�LW�LV�FOHDU
IURP�WKH�JUDSK�ZKLFK�LQWHUVHFWLRQV�WR�LQFOXGH� %XW�LI�QRW� WKHQ�WKH�IROORZLQJ�DOJHEUDLF
SURFHGXUH�ZLOO�ZRUN�ZHOO�

:KHQ�DQ�LQWHUVHFWLRQ�SRLQW�LV�IRXQG�WKDW�FRUUHVSRQGV�WR�WZR�LQHTXDOLWLHV� WHVW�LW
LQ�WKH�RWKHU�LQHTXDOLWLHV�WR�VHH�ZKHWKHU�WKH�SRLQW�LV�LQ�WKH�SRO\WRSH�

7KH�LQWHUVHFWLRQ�RI�����DQG�����LV S12 D .3; 5/� %RWK�FRRUGLQDWHV�DUH�QRQQHJDWLYH�
VR S12 VDWLVÀHV�DOO�LQHTXDOLWLHV�H[FHSW�SRVVLEO\�WKH�WKLUG�LQHTXDOLW\� 7HVW�WKLV�

3.3/ C 2.5/ D 19 < 21

7KLV�LQWHUVHFWLRQ�SRLQW�VDWLVÀHV�WKH�LQHTXDOLW\�IRU����� VR S12 LV�LQ�WKH�SRO\WRSH�
7KH�LQWHUVHFWLRQ�RI�����DQG�����LV S23 D .5; 3/� 7KLV�VDWLVÀHV�DOO�LQHTXDOLWLHV�H[FHSW

SRVVLEO\�WKH�LQHTXDOLW\�IRU����� 7HVW�WKLV�

1.5/ C 3.3/ D 14 < 18

7KLV�VKRZV�WKDW S23 LV�LQ�WKH�SRO\WRSH�
)LQDOO\� WKH�LQWHUVHFWLRQ�RI�����DQG�����LV S13 D

%
27
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7
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� 7HVW�WKLV�LQ�WKH�LQHTXDOLW\

IRU�����
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* 8:6 > 8

7KXV S13 GRHV QRW VDWLVI\�WKH�VHFRQG�LQHTXDOLW\� ZKLFK�VKRZV�WKDW S13 LV QRW LQ P � ,Q
FRQFOXVLRQ� WKH�PLQLPDO�UHSUHVHQWDWLRQ�RI�WKH�SRO\WRSH P LV

)!
0
0

"
;

!
7
0

"
;

!
3
5

"
;

!
5
3

"
;

!
0
6

"*
:

7KH�UHPDLQGHU�RI�WKLV�VHFWLRQ�GLVFXVVHV�WKH�FRQVWUXFWLRQ�RI�WZR�EDVLF�SRO\WRSHV
LQ R3 �DQG�KLJKHU�GLPHQVLRQV�� 7KH�ÀUVW�DSSHDUV�LQ�OLQHDU�SURJUDPPLQJ�SUREOHPV�
WKH�VXEMHFW�RI�&KDSWHU��� %RWK�SRO\WRSHV�SURYLGH�RSSRUWXQLWLHV�WR�YLVXDOL]H R4 LQ�D
UHPDUNDEOH�ZD\�

6LPSOH[
$ VLPSOH[ LV�WKH�FRQYH[�KXOO�RI�DQ�DIÀQHO\�LQGHSHQGHQW�ÀQLWH�VHW�RI�YHFWRUV� 7R�FRQVWUXFW
D k�GLPHQVLRQDO�VLPSOH[��RU k�VLPSOH[�� SURFHHG�DV�IROORZV�

��VLPSOH[ S0� D�VLQJOH�SRLQW fY1g
��VLPSOH[ S1� FRQY.S0 [ fY2g/� ZLWK Y2 QRW�LQ DIIS0

��VLPSOH[ S2� FRQY.S1 [ fY3g/� ZLWK Y3 QRW�LQ DIIS1

:::

k�VLPSOH[ Sk � FRQY.Sk!1 [ fYkC1g/; ZLWK YkC1 QRW�LQ DIISk!1

7KH�VLPSOH[ S1 LV�D�OLQH�VHJPHQW� 7KH�WULDQJOH S2 FRPHV�IURP�FKRRVLQJ�D�SRLQW Y3

WKDW�LV�QRW�LQ�WKH�OLQH�FRQWDLQLQJ S1 DQG�WKHQ�IRUPLQJ�WKH�FRQYH[�KXOO�ZLWK S2� �6HH



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

S 0

v1

v1 v1 v1 v4

v2 v2 v3 v2 v3

S 1 S 2 S 3

)LJ� ��� 7KH�WHWUDKHGURQ S3 LV�SURGXFHG�E\�FKRRVLQJ�D�SRLQW Y4 QRW�LQ�WKH�SODQH�RI S2

DQG�WKHQ�IRUPLQJ�WKH�FRQYH[�KXOO�ZLWK S2�
%HIRUH�FRQWLQXLQJ� FRQVLGHU�VRPH�RI�WKH�SDWWHUQV�WKDW�DUH�DSSHDULQJ� 7KH�WULDQJOH

S2 KDV�WKUHH�HGJHV� (DFK�RI�WKHVH�HGJHV�LV�D�OLQH�VHJPHQW�OLNH S1� :KHUH�GR�WKHVH
WKUHH�OLQH�VHJPHQWV�FRPH�IURP" 2QH�RI�WKHP�LV S1� 2QH�RI�WKHP�FRPHV�E\�MRLQLQJ�WKH
HQGSRLQW Y2 WR�WKH�QHZ�SRLQW Y3� 7KH�WKLUG�FRPHV�IURP�MRLQLQJ�WKH�RWKHU�HQGSRLQW Y1 WR
Y3� <RX�PLJKW�VD\�WKDW�HDFK�HQGSRLQW�LQ S1 LV�VWUHWFKHG�RXW�LQWR�D�OLQH�VHJPHQW�LQ S2�

7KH�WHWUDKHGURQ S3 LQ�)LJ� ��KDV�IRXU�WULDQJXODU�IDFHV� 2QH�RI�WKHVH�LV�WKH�RULJLQDO
WULDQJOH S2� DQG�WKH�RWKHU�WKUHH�FRPH�IURP�VWUHWFKLQJ�WKH�HGJHV�RI S2 RXW�WR�WKH�QHZ
SRLQW Y4� 1RWLFH�WRR�WKDW�WKH�YHUWLFHV�RI S2 JHW�VWUHWFKHG�RXW�LQWR�HGJHV�LQ S3� 7KH
RWKHU�HGJHV�LQ S3 FRPH�IURP�WKH�HGJHV�LQ S2� 7KLV�VXJJHVWV�KRZ�WR�´YLVXDOL]Hµ�WKH
IRXU�GLPHQVLRQDO S4�

7KH�FRQVWUXFWLRQ�RI S4� FDOOHG�D�SHQWDWRSH� LQYROYHV�IRUPLQJ�WKH�FRQYH[�KXOO�RI S3

ZLWK�D�SRLQW Y5 QRW�LQ�WKH���VSDFH�RI S3� $ FRPSOHWH�SLFWXUH�LV�LPSRVVLEOH� RI�FRXUVH�
EXW�)LJ� ��LV�VXJJHVWLYH� S4 KDV�ÀYH�YHUWLFHV� DQG�DQ\�IRXU�RI�WKH�YHUWLFHV�GHWHUPLQH�D
IDFHW�LQ�WKH�VKDSH�RI�D�WHWUDKHGURQ� )RU�H[DPSOH� WKH�ÀJXUH�HPSKDVL]HV�WKH�IDFHW�ZLWK
YHUWLFHV Y1� Y2� Y4� DQG Y5 DQG�WKH�IDFHW�ZLWK�YHUWLFHV Y2� Y3� Y4� DQG Y5� 7KHUH�DUH�ÀYH

v4

v3

v5

v2

v1

v4

v3

v5

v2

v1 v4

v3

v5

v2

v1

7KH 4�GLPHQVLRQDO�VLPSOH[ S4 SURMHFWHG�RQWR R2� ZLWK�WZR
WHWUDKHGUDO�IDFHWV�HPSKDVL]HG�
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VXFK�IDFHWV� )LJXUH���LGHQWLÀHV�DOO�WHQ�HGJHV�RI S4� DQG�WKHVH�FDQ�EH�XVHG�WR�YLVXDOL]H
WKH�WHQ�WULDQJXODU�IDFHV�

)LJXUH���VKRZV�DQRWKHU�UHSUHVHQWDWLRQ�RI�WKH���GLPHQVLRQDO�VLPSOH[ S4� 7KLV�WLPH
WKH�ÀIWK�YHUWH[�DSSHDUV�´LQVLGHµ�WKH�WHWUDKHGURQ S3� 7KH�KLJKOLJKWHG�WHWUDKHGUDO�IDFHWV
DOVR�DSSHDU�WR�EH�´LQVLGHµ S3�

v1 v3

v2
v5

v4

v1 v3

v2
v5

v4

v1 v3

v2

v4

v1 v3

v2
v5

v4

7KH�ÀIWK�YHUWH[�RI S4 LV�´LQVLGHµ S3�

+\SHUFXEH
/HW Ii D �Hi EH�WKH�OLQH�VHJPHQW�IURP�WKH�RULJLQ � WR�WKH�VWDQGDUG�EDVLV�YHFWRU Hi LQ Rn�
7KHQ�IRU k VXFK�WKDW 1 ' k ' n� WKH�YHFWRU�VXPò

C k D I1 C I2 C ! ! ! C Ik

LV�FDOOHG�D k�GLPHQVLRQDO K\SHUFXEH�
7R�YLVXDOL]H�WKH�FRQVWUXFWLRQ�RI C k � VWDUW�ZLWK�WKH�VLPSOH�FDVHV� 7KH�K\SHUFXEH C 1

LV�WKH�OLQH�VHJPHQW I1� ,I C 1 LV�WUDQVODWHG�E\ H2� WKH�FRQYH[�KXOO�RI�LWV�LQLWLDO�DQG�ÀQDO
SRVLWLRQV�GHVFULEHV�D�VTXDUH C 2� �6HH�)LJ� ��RQ�SDJH ����� 7UDQVODWLQJ C 2 E\ H3 FUHDWHV
WKH�FXEH C 3� $ VLPLODU�WUDQVODWLRQ�RI C 3 E\�WKH�YHFWRU H4 \LHOGV�WKH���GLPHQVLRQDO
K\SHUFXEH C 4�

$JDLQ� WKLV�LV�KDUG�WR�YLVXDOL]H� EXW�)LJ� ���VKRZV�D���GLPHQVLRQDO�SURMHFWLRQ�RIC 4�
(DFK�RI�WKH�HGJHV�RI C 3 LV�VWUHWFKHG�LQWR�D�VTXDUH�IDFH�RI C 4� $QG�HDFK�RI�WKH�VTXDUH
IDFHV�RI C 3 LV�VWUHWFKHG�LQWR�D�FXELF�IDFH�RI C 4� )LJXUH����VKRZV�WKUHH�IDFHWV�RI C 4�
3DUW��D��KLJKOLJKWV�WKH�FXEH�WKDW�FRPHV�IURP�WKH�OHIW�VTXDUH�IDFH�RI C 3� 3DUW��E��VKRZV
WKH�FXEH�WKDW�FRPHV�IURP�WKH�IURQW�VTXDUH�IDFH�RI C 3� $QG�SDUW��F��HPSKDVL]HV�WKH�FXEH
WKDW�FRPHV�IURP�WKH�WRS�VTXDUH�IDFH�RI C 3�

ò7KH�YHFWRU�VXP�RI�WZR�VHWV A DQG B LV�GHÀQHG�E\ AC B D fF W F D DC E IRU�VRPH D 2 A DQG E 2 Bg�



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

C 1 C 2 C 3

&RQVWUXFWLQJ�WKH�FXEH C 3�

C 4 SURMHFWHG�RQWR R2�

(a) (b) (c)

7KUHH�RI�WKH�FXELF�IDFHWV�RI C 4�

)LJXUH����VKRZV�DQRWKHU�UHSUHVHQWDWLRQ�RIC 4 LQ�ZKLFK�WKH�WUDQVODWHG�FXEH�LV�SODFHG
´LQVLGHµ C 3� 7KLV�PDNHV�LW�HDVLHU�WR�YLVXDOL]H�WKH�FXELF�IDFHWV�RI C 4� VLQFH�WKHUH�LV�OHVV
GLVWRUWLRQ�

7KH�WUDQVODWHG�LPDJH�RI
C 3 LV�SODFHG�´LQVLGHµ C 3 WR�REWDLQ C 4�

$OWRJHWKHU� WKH���GLPHQVLRQDO�FXEH C 4 KDV�HLJKW�FXELF�IDFHV� 7ZR�FRPH�IURP�WKH
RULJLQDO�DQG�WUDQVODWHG�LPDJHV�RI C 3� DQG�VL[�FRPH�IURP�WKH�VTXDUH�IDFHV�RI C 3 WKDW�DUH
VWUHWFKHG�LQWR�FXEHV� 7KH�VTXDUH���GLPHQVLRQDO�IDFHV�RI C 4 FRPH�IURP�WKH�VTXDUH�IDFHV
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RI C 3 DQG�LWV�WUDQVODWH� DQG�WKH�HGJHV�RI C 3 WKDW�DUH�VWUHWFKHG�LQWR�VTXDUHV� 7KXV�WKHUH
DUH 2 % 6 C 12 D 24 VTXDUH�IDFHV� 7R�FRXQW�WKH�HGJHV� WDNH���WLPHV�WKH�QXPEHU�RI�HGJHV
LQ C 3 DQG�DGG�WKH�QXPEHU�RI�YHUWLFHV�LQ C 3� 7KLV�PDNHV 2 % 12 C 8 D 32 HGJHV�LQ C 4�
7KH�YHUWLFHV�LQ C 4 DOO�FRPH�IURP C 3 DQG�LWV�WUDQVODWH� VR�WKHUH�DUH 2 % 8 D 16 YHUWLFHV�

2QH�RI�WKH�WUXO\�UHPDUNDEOH�UHVXOWV�LQ�WKH�VWXG\�RI�SRO\WRSHV�LV�WKH�IROORZLQJ�IRU�
PXOD� ÀUVW�SURYHG�E\�/HRQDUG�(XOHU������²������ ,W�HVWDEOLVKHV�D�VLPSOH�UHODWLRQVKLS
EHWZHHQ�WKH�QXPEHU�RI�IDFHV�RI�GLIIHUHQW�GLPHQVLRQV�LQ�D�SRO\WRSH� 7R�VLPSOLI\�WKH
VWDWHPHQW�RI�WKH�IRUPXOD� OHW fk.P / GHQRWH�WKH�QXPEHU�RI k�GLPHQVLRQDO�IDFHV�RI�DQ
n�GLPHQVLRQDO�SRO\WRSH P �ó

(XOHU·V�IRUPXOD�
n!1X
kD0

."1/kfk.P / D 1 C ."1/n!1

,Q�SDUWLFXODU� ZKHQ n D 3; v " e C f D 2� ZKHUH v� e� DQG f GHQRWH�WKH�QXPEHU�RI
YHUWLFHV� HGJHV� DQG�IDFHWV��UHVSHFWLYHO\��RI P �

�� )LQG�WKH�PLQLPDO�UHSUHVHQWDWLRQ�RI�WKH�SRO\WRSHP GHÀQHG�E\�WKH�LQHTXDOLWLHVA[ ' E

DQG [ & �� ZKHQ A D

2
4

1 3
1 2
2 1

3
5 DQG E D

2
4

12
9

12

3
5�

�� *LYHQ�SRLQWV S1 D
!

1
0

"
� S2 D

!
2
3

"
� DQG S3 D

!
"1

2

"
LQR2�

OHW S D FRQY fS1;S2;S3g� )RU�HDFK�OLQHDU�IXQFWLRQDO f � ÀQG
WKH�PD[LPXP�YDOXH m RI f RQ�WKH�VHW S � DQG�ÀQG�DOO�SRLQWV
[ LQ S DW�ZKLFK f .[/ D m�
D� f .x1; x2/ D x1 " x2 E� f .x1; x2/ D x1 C x2

F� f .x1; x2/ D "3x1 C x2

�� *LYHQ�SRLQWV S1 D
!

0
"1

"
� S2 D

!
2
1

"
� DQG S3 D

!
1
2

"
LQR2�

OHW S D FRQY fS1;S2;S3g� )RU�HDFK�OLQHDU�IXQFWLRQDO f � ÀQG
WKH�PD[LPXP�YDOXH m RI f RQ�WKH�VHW S � DQG�ÀQG�DOO�SRLQWV
[ LQ S DW�ZKLFK f .[/ D m�
D� f .x1; x2/ D x1 C x2 E� f .x1; x2/ D x1 " x2

F� f .x1; x2/ D "2x1 C x2

�� 5HSHDW�([HUFLVH���ZKHUH m LV�WKH PLQLPXP YDOXH�RI f RQ S
LQVWHDG�RI�WKH�PD[LPXP�YDOXH�

�� 5HSHDW�([HUFLVH���ZKHUH m LV�WKH PLQLPXP YDOXH�RI f RQ S
LQVWHDG�RI�WKH�PD[LPXP�YDOXH�

,Q�([HUFLVHV��²�� ÀQG�WKH�PLQLPDO�UHSUHVHQWDWLRQ�RI�WKH�SRO\WRSH
GHÀQHG�E\�WKH�LQHTXDOLWLHV A[ ' E DQG [ & ��

�� A D
!

1 2
3 1

"
� E D

!
10
15

"

�� A D
!

2 3
4 1

"
� E D

!
18
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"

�� A D

2
4

1 3
1 1
4 1

3
5� E D

2
4

18
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28

3
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�� A D

2
4

2 1
1 1
1 2

3
5� E D

2
4

8
6
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3
5

�� /HW S D f.x; y/ W x2 C .y " 1/2 ' 1g [ f.3; 0/g� ,V�WKH�RUL�
JLQ�DQ�H[WUHPH�SRLQW�RI FRQYS" ,V�WKH�RULJLQ�D�YHUWH[�RI
FRQYS"

��� )LQG�DQ�H[DPSOH�RI�D�FORVHG�FRQYH[�VHW S LQ R2 VXFK�WKDW�LWV
SURÀOH P LV�QRQHPSW\�EXW FRQYP ¤ S �

��� )LQG�DQ�H[DPSOH�RI�D�ERXQGHG�FRQYH[�VHW S LQ R2 VXFK�WKDW
LWV�SURÀOH P LV�QRQHPSW\�EXW FRQYP ¤ S �

��� D� 'HWHUPLQH�WKH�QXPEHU�RI k�IDFHV�RI�WKH���GLPHQVLRQDO
VLPSOH[ S5 IRU k D 0; 1; : : : ; 4� 9HULI\�WKDW�\RXU�DQVZHU
VDWLVÀHV�(XOHU·V�IRUPXOD�

E� 0DNH�D�FKDUW�RI�WKH�YDOXHV�RI fk.Sn/ IRU n D 1; : : : ; 5 DQG
k D 0; 1; : : : ; 4� &DQ�\RX�VHH�D�SDWWHUQ" *XHVV�D�JHQHUDO
IRUPXOD�IRU fk.Sn/�

ó$ SURRI�LV�SUHVHQWHG�LQ�6WHYHQ�5��/D\� &RQYH[�6HWV�DQG�7KHLU�$SSOLFDWLRQV �1HZ�<RUN� -RKQ�:LOH\�	
6RQV� ����� 0LQHROD� 1<��'RYHU�3XEOLFDWLRQV� ������ S� ����



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

��� D� 'HWHUPLQH�WKH�QXPEHU�RI k�IDFHV�RI�WKH���GLPHQVLRQDO
K\SHUFXEH C 5 IRU k D 0; 1; : : : ; 4� 9HULI\�WKDW�\RXU�DQ�
VZHU�VDWLVÀHV�(XOHU·V�IRUPXOD�

E� 0DNH�D�FKDUW�RI�WKH�YDOXHV�RI fk.C n/ IRU n D 1; : : : ; 5 DQG
k D 0; 1; : : : ; 4� &DQ�\RX�VHH�D�SDWWHUQ" *XHVV�D�JHQHUDO
IRUPXOD�IRU fk.C n/�

��� 6XSSRVH Y1; : : : ; Yk DUH � OLQHDUO\ � LQGHSHQGHQW � YHFWRUV � LQ
Rn .1 ' k ' n/� 7KHQ�WKH�VHW Xk D FRQY f˙Y1; : : : ; ˙Ykg
LV�FDOOHG�D N�FURVVSRO\WRSH�
D� 6NHWFK X1 DQG X2�
E� 'HWHUPLQH�WKH�QXPEHU�RI k�IDFHV�RI�WKH���GLPHQVLRQDO

FURVVSRO\WRSH X3 IRU k D 0; 1; 2� :KDW�LV�DQRWKHU�QDPH
IRU X3"

F� 'HWHUPLQH�WKH�QXPEHU�RI k�IDFHV�RI�WKH���GLPHQVLRQDO
FURVVSRO\WRSH X4 IRU k D 0; 1; 2; 3� 9HULI\ � WKDW �\RXU
DQVZHU�VDWLVÀHV�(XOHU·V�IRUPXOD�

G� )LQG�D�IRUPXOD�IRU fk.Xn/� WKH�QXPEHU�RI k�IDFHV�RI Xn�
IRU 0 ' k ' n " 1�

��� $ N�S\UDPLG P k LV�WKH�FRQYH[�KXOO�RI�D .k " 1/�SRO\WRSH
Q DQG�D�SRLQW [ 62 DIIQ� )LQG�D�IRUPXOD�IRU�HDFK�RI�WKH
IROORZLQJ�LQ�WHUPV�RI fj .Q/; j D 0; : : : ; n " 1�
D� 7KH�QXPEHU�RI�YHUWLFHV�RI P n� f0.P

n/�
E� 7KH�QXPEHU�RI k�IDFHV�RIP n�fk.P n/� IRU 1 ' k ' n " 2�
F� 7KH � QXPEHU � RI .n " 1/�GLPHQVLRQDO � IDFHWV � RI P n�

fn!1.P
n/�

,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

��� D� $ SRO\WRSH�LV�WKH�FRQYH[�KXOO�RI�D�ÀQLWH�VHW�RI�SRLQWV�
E� /HW S EH�DQ�H[WUHPH�SRLQW�RI�D�FRQYH[�VHW S � ,I X; Y 2 S �

S 2 XY� DQG S ¤ X� WKHQ S D Y�
F� ,I S LV�D�QRQHPSW\�FRQYH[�VXEVHW�RI Rn� WKHQ S LV�WKH

FRQYH[�KXOO�RI�LWV�SURÀOH�
G� 7KH���GLPHQVLRQDO�VLPSOH[ S4 KDV�H[DFWO\�ÀYH�IDFHWV�

HDFK�RI�ZKLFK�LV�D���GLPHQVLRQDO�WHWUDKHGURQ�

��� D� $ FXEH�LQ R3 KDV�ÀYH�IDFHWV�
E� $ SRLQW S LV�DQ�H[WUHPH�SRLQW�RI�D�SRO\WRSH P LI�DQG�RQO\

LI S LV�D�YHUWH[�RI P �
F� ,I S LV �D �QRQHPSW\ �FRPSDFW �FRQYH[ �VHW �DQG �D � OLQHDU

IXQFWLRQDO�DWWDLQV�LWV�PD[LPXP�DW�D�SRLQW S� WKHQ S LV�DQ
H[WUHPH�SRLQW�RI S �

G� $ ��GLPHQVLRQDO�SRO\WRSH�DOZD\V�KDV�WKH�VDPH�QXPEHU
RI�YHUWLFHV�DQG�HGJHV�

��� /HW Y EH�DQ�HOHPHQW�RI�WKH�FRQYH[�VHW S � 3URYH�WKDW Y LV�DQ
H[WUHPH�SRLQW�RI S LI�DQG�RQO\�LI�WKH�VHW f[ 2 S W [ ¤ Yg LV
FRQYH[�

��� ,I c 2 R DQG S LV�D�VHW� GHÀQH cS D fc[ W [ 2 Sg� /HW S
EH�D�FRQYH[�VHW�DQG�VXSSRVH c > 0 DQG d > 0� 3URYH�WKDW
cS C dS D .c C d/S �

��� )LQG�DQ�H[DPSOH�WR�VKRZ�WKDW�WKH�FRQYH[LW\�RI S LV�QHFHVVDU\
LQ�([HUFLVH ���

��� ,I A DQG B DUH�FRQYH[�VHWV� SURYH�WKDW A C B LV�FRQYH[�

��� $ SRO\KHGURQ����SRO\WRSH��LV�FDOOHG UHJXODU LI�DOO�LWV�IDFHWV
DUH �FRQJUXHQW � UHJXODU �SRO\JRQV �DQG �DOO � WKH �DQJOHV �DW � WKH
YHUWLFHV�DUH�HTXDO� 6XSSO\�WKH�GHWDLOV�LQ�WKH�IROORZLQJ�SURRI
WKDW�WKHUH�DUH�RQO\�ÀYH�UHJXODU�SRO\KHGUD�
D� 6XSSRVH�WKDW�D�UHJXODU�SRO\KHGURQ�KDV r IDFHWV� HDFK�RI

ZKLFK� LV �D k�VLGHG�UHJXODU �SRO\JRQ� DQG� WKDW s HGJHV
PHHW�DW�HDFK�YHUWH[� /HWWLQJ v DQG e GHQRWH�WKH�QXPEHUV
RI�YHUWLFHV�DQG�HGJHV� LQ� WKH�SRO\KHGURQ� H[SODLQ�ZK\
kr D 2e DQG sv D 2e�

E� 8VH�(XOHU·V�IRUPXOD�WR�VKRZ�WKDW
1

s
C 1

k
D 1

2
C 1

e
�

F� )LQG �DOO � WKH � LQWHJUDO � VROXWLRQV �RI � WKH �HTXDWLRQ � LQ �SDUW
�E��WKDW�VDWLVI\�WKH�JHRPHWULF�FRQVWUDLQWV�RI�WKH�SUREOHP�
�+RZ�VPDOO�FDQ k DQG s EH"�

)RU�\RXU�LQIRUPDWLRQ� WKH�ÀYH�UHJXODU�SRO\KHGUD�DUH�WKH�WHWUD�
KHGURQ���� �� ��� WKH�FXEH���� ��� ��� WKH�RFWDKHGURQ���� ��� ���
WKH�GRGHFDKHGURQ����� ��� ���� DQG�WKH�LFRVDKHGURQ����� ���
���� �7KH�QXPEHUV�LQ�SDUHQWKHVHV�LQGLFDWH�WKH�QXPEHUV�RI
YHUWLFHV� HGJHV� DQG�IDFHV� UHVSHFWLYHO\��

�� 7KH�PDWUL[�LQHTXDOLW\ A[ ' E \LHOGV�WKH�IROORZLQJ�V\VWHP�RI�LQHTXDOLWLHV�

�D� x1 C 3x2 ' 12

�E� x1 C 2x2 ' 9

�F� 2x1 C x2 ' 12

7KH�FRQGLWLRQ [ & �� SODFHV�WKH�SRO\WRSH�LQ�WKH�ÀUVW�TXDGUDQW�RI�WKH�SODQH� 2QH
YHUWH[�LV .0; 0/� 7KH x1�LQWHUFHSWV�RI�WKH�WKUHH�OLQHV��ZKHQ x2 D 0��DUH���� �� DQG���
VR .6; 0/ LV�D�YHUWH[� 7KH x2�LQWHUFHSWV�RI�WKH�WKUHH�OLQHV��ZKHQ x1 D 0��DUH��� ����
DQG���� VR .0; 4/ LV�D�YHUWH[�



&XUYHV�DQG�6XUIDFHV

+RZ�GR�WKH�WKUHH�ERXQGDU\�OLQHV�LQWHUVHFW�IRU�SRVLWLYH�YDOXHV�RI x1 DQG x2" 7KH
LQWHUVHFWLRQ�RI��D��DQG��E��LV�DW SDE D .3; 3/� 7HVWLQJ SDE LQ��F��JLYHV 2.3/ C 1.3/ D
9 < 12� VR SDE LV�LQ P � 7KH�LQWHUVHFWLRQ�RI��E��DQG��F��LV�DW SEF D .5; 2/� 7HVWLQJ SEF
LQ��D��JLYHV 1.5/ C 3.2/ D 11 < 12� VR SEF LV�LQ P � 7KH�LQWHUVHFWLRQ�RI��D��DQG��F�
LV�DW SDF D .4:8; 2:4/� 7HVWLQJ SDF LQ��E��JLYHV 1.4:8/ C 2.2:4/ D 9:6 > 9� 6R SDF LV
QRW�LQ P �

)LQDOO\� WKH�WKUHH�YHUWLFHV��H[WUHPH�SRLQWV��RI�WKH�SRO\WRSHV�DUH .0; 0/� .6; 0/�
.5; 2/ .3; 3/� DQG .0; 4/� 7KHVH�SRLQWV�IRUP�WKH�PLQLPDO�UHSUHVHQWDWLRQ�RI P � 7KLV�LV
GLVSOD\HG�JUDSKLFDOO\�LQ�)LJ� ���

(a)

(c)

(b)

P

4 8 12

4

8

12

x2

x1

)RU�WKRXVDQGV�RI�\HDUV� EXLOGHUV�XVHG�ORQJ�WKLQ�VWULSV�RI�ZRRG�WR�FUHDWH�WKH�KXOO�RI�D�ERDW�
,Q�PRUH�UHFHQW�WLPHV� GHVLJQHUV�XVHG�ORQJ� ÁH[LEOH�PHWDO�VWULSV�WR�OD\�RXW�WKH�VXUIDFHV�RI
FDUV�DQG�DLUSODQHV� :HLJKWV�DQG�SHJV�VKDSHG�WKH�VWULSV�LQWR�VPRRWK�FXUYHV�FDOOHG QDWXUDO
FXELF�VSOLQHV� 7KH�FXUYH�EHWZHHQ�WZR�VXFFHVVLYH�FRQWURO�SRLQWV��SHJV�RU�ZHLJKWV��KDV
D�SDUDPHWULF�UHSUHVHQWDWLRQ�XVLQJ�FXELF�SRO\QRPLDOV� 8QIRUWXQDWHO\� VXFK�FXUYHV�KDYH
WKH�SURSHUW\�WKDW�PRYLQJ�RQH�FRQWURO�SRLQW�DIIHFWV�WKH�VKDSH�RI�WKH�HQWLUH�FXUYH� EHFDXVH
RI�SK\VLFDO�IRUFHV�WKDW�WKH�SHJV�DQG�ZHLJKWV�H[HUW�RQ�WKH�VWULS� 'HVLJQ�HQJLQHHUV�KDG
ORQJ�ZDQWHG�ORFDO�FRQWURO�RI�WKH�FXUYH³LQ�ZKLFK�PRYHPHQW�RI�RQH�FRQWURO�SRLQW�ZRXOG
DIIHFW�RQO\�D�VPDOO�SRUWLRQ�RI�WKH�FXUYH� ,Q������ D�)UHQFK�DXWRPRWLYH�HQJLQHHU� 3LHUUH
%p]LHU� VROYHG�WKLV�SUREOHP�E\�DGGLQJ�H[WUD�FRQWURO�SRLQWV�DQG�XVLQJ�D�FODVV�RI�FXUYHV
QRZ�FDOOHG�E\�KLV�QDPH�

%p]LHU�&XUYHV
7KH�FXUYHV�GHVFULEHG�EHORZ�SOD\�DQ�LPSRUWDQW�UROH�LQ�FRPSXWHU�JUDSKLFV�DV�ZHOO�DV
HQJLQHHULQJ� )RU�H[DPSOH� WKH\�DUH�XVHG�LQ�$GREH�,OOXVWUDWRU�DQG�0DFURPHGLD�)UHHKDQG�
DQG�LQ�DSSOLFDWLRQ�SURJUDPPLQJ�ODQJXDJHV�VXFK�DV�2SHQ*/��7KHVH�FXUYHV�SHUPLW�D
SURJUDP�WR�VWRUH�H[DFW�LQIRUPDWLRQ�DERXW�FXUYHG�VHJPHQWV�DQG�VXUIDFHV�LQ�D�UHODWLYHO\
VPDOO�QXPEHU�RI�FRQWURO�SRLQWV� $OO�JUDSKLFV�FRPPDQGV�IRU�WKH�VHJPHQWV�DQG�VXUIDFHV
KDYH�RQO\�WR�EH�FRPSXWHG�IRU�WKH�FRQWURO�SRLQWV� 7KH�VSHFLDO�VWUXFWXUH�RI�WKHVH�FXUYHV
DOVR�VSHHGV�XS�RWKHU�FDOFXODWLRQV�LQ�WKH�´JUDSKLFV�SLSHOLQHµ�WKDW�FUHDWHV�WKH�ÀQDO�GLVSOD\
RQ�WKH�YLHZLQJ�VFUHHQ�

([HUFLVHV�LQ�6HFWLRQ�����LQWURGXFHG�TXDGUDWLF�%p]LHU�FXUYHV�DQG�VKRZHG�RQH�PHWKRG
IRU�FRQVWUXFWLQJ�%p]LHU�FXUYHV�RI�KLJKHU�GHJUHH� 7KH�GLVFXVVLRQ�KHUH�IRFXVHV�RQ�TXDGUDWLF
DQG�FXELF�%p]LHU�FXUYHV� ZKLFK�DUH�GHWHUPLQHG�E\�WKUHH�RU�IRXU�FRQWURO�SRLQWV� GHQRWHG



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

E\ S0� S1� S2� DQG S3� 7KHVH�SRLQWV�FDQ�EH�LQ R2 RU R3� RU�WKH\�FDQ�EH�UHSUHVHQWHG�E\
KRPRJHQHRXV�IRUPV�LQ R3 RU R4� 7KH�VWDQGDUG�SDUDPHWULF�GHVFULSWLRQV�RI�WKHVH�FXUYHV�
IRU 0 ' t ' 1� DUH

Z.t/ D .1 " t/2S0 C 2t.1 " t/S1 C t 2S2 ���
[.t/ D .1 " t/3S0 C 3t.1 " t/2S1 C 3t2.1 " t/S2 C t 3S3 ���

)LJXUH���VKRZV�WZR�W\SLFDO�FXUYHV� 8VXDOO\� WKH�FXUYHV�SDVV�WKURXJK�RQO\�WKH�LQLWLDO�DQG
WHUPLQDO�FRQWURO�SRLQWV� EXW�D�%p]LHU�FXUYH�LV�DOZD\V�LQ�WKH�FRQYH[�KXOO�RI�LWV�FRQWURO
SRLQWV� �6HH�([HUFLVHV���²���LQ�6HFWLRQ������

p1 p2

p0

p1 p2

p0 p3

4XDGUDWLF�DQG�FXELF�%p]LHU�FXUYHV�

%p]LHU�FXUYHV�DUH�XVHIXO�LQ�FRPSXWHU�JUDSKLFV�EHFDXVH�WKHLU�HVVHQWLDO�SURSHUWLHV�DUH
SUHVHUYHG�XQGHU�WKH�DFWLRQ�RI�OLQHDU�WUDQVIRUPDWLRQV�DQG�WUDQVODWLRQV� )RU�LQVWDQFH� LI
A LV�D�PDWUL[�RI�DSSURSULDWH�VL]H� WKHQ�IURP�WKH�OLQHDULW\�RI�PDWUL[�PXOWLSOLFDWLRQ� IRU
0 ' t ' 1�

A[.t/ D AŒ.1 " t/3S0 C 3t.1 " t/2S1 C 3t2.1 " t/S2 C t 3S3!

D .1 " t/3AS0 C 3t.1 " t/2AS1 C 3t2.1 " t /AS2 C t 3AS3

7KH�QHZ�FRQWURO�SRLQWV�DUH AS0; : : : ; AS3� 7UDQVODWLRQV�RI�%p]LHU�FXUYHV�DUH�FRQVLGHUHG
LQ�([HUFLVH���

7KH�FXUYHV�LQ�)LJ� ��VXJJHVW�WKDW�WKH�FRQWURO�SRLQWV�GHWHUPLQH�WKH�WDQJHQW�OLQHV�WR
WKH�FXUYHV�DW�WKH�LQLWLDO�DQG�WHUPLQDO�FRQWURO�SRLQWV� 5HFDOO�IURP�FDOFXOXV�WKDW�IRU�DQ\
SDUDPHWULF�FXUYH� VD\ \.t/� WKH�GLUHFWLRQ�RI�WKH�WDQJHQW�OLQH�WR�WKH�FXUYH�DW�D�SRLQW \.t/
LV�JLYHQ�E\�WKH�GHULYDWLYH \0.t/� FDOOHG�WKH WDQJHQW�YHFWRU RI�WKH�FXUYH� �7KLV�GHULYDWLYH
LV�FRPSXWHG�HQWU\�E\�HQWU\��

'HWHUPLQH�KRZ�WKH�WDQJHQW�YHFWRU�RI�WKH�TXDGUDWLF�%p]LHU�FXUYH Z.t/
LV�UHODWHG�WR�WKH�FRQWURO�SRLQWV�RI�WKH�FXUYH� DW t D 0 DQG t D 1�

:ULWH�WKH�ZHLJKWV�LQ�HTXDWLRQ�����DV�VLPSOH�SRO\QRPLDOV

Z.t/ D .1 " 2t C t 2/S0 C .2t " 2t2/S1 C t 2S2

7KHQ� EHFDXVH�GLIIHUHQWLDWLRQ�LV�D�OLQHDU�WUDQVIRUPDWLRQ�RQ�IXQFWLRQV�

Z0.t/ D ."2 C 2t/S0 C .2 " 4t/S1 C 2tS2

6R

Z0.0/ D "2S0 C 2S1 D 2.S1 " S0/

Z0.1/ D "2S1 C 2S2 D 2.S2 " S1/

7KH�WDQJHQW�YHFWRU�DW S0� IRU�LQVWDQFH� SRLQWV�IURP S0 WR S1� EXW�LW�LV�WZLFH�DV�ORQJ
DV�WKH�VHJPHQW�IURP S0 WR S1� 1RWLFH�WKDW Z0.0/ D � ZKHQ S1 D S0� ,Q�WKLV�FDVH�
Z.t/ D .1 " t 2/S1 C t 2S2� DQG � WKH � JUDSK � RI Z.t/ LV � WKH � OLQH � VHJPHQW � IURP S1

WR S2�
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&RQQHFWLQJ�7ZR�%p]LHU�&XUYHV
7ZR�EDVLF�%p]LHU�FXUYHV�FDQ�EH�MRLQHG�HQG�WR�HQG� ZLWK�WKH�WHUPLQDO�SRLQW�RI�WKH�ÀUVW
FXUYH [.t/ EHLQJ�WKH�LQLWLDO�SRLQW S2 RI�WKH�VHFRQG�FXUYH \.t/� 7KH�FRPELQHG�FXUYH�LV
VDLG�WR�KDYH G0 JHRPHWULF�FRQWLQXLW\ �DW S2��EHFDXVH�WKH�WZR�VHJPHQWV�MRLQ�DW S2� ,I�WKH
WDQJHQW�OLQH�WR�FXUYH 1 DW S2 KDV�D�GLIIHUHQW�GLUHFWLRQ�WKDQ�WKH�WDQJHQW�OLQH�WR�FXUYH 2�
WKHQ�D�´FRUQHU�µ RU�DEUXSW�FKDQJH�RI�GLUHFWLRQ� PD\�EH�DSSDUHQW�DW S2� 6HH�)LJ� ��

p2

p3 p4

p1

p0

G0 FRQWLQXLW\�DW S2�

7R�DYRLG�D�VKDUS�EHQG� LW�XVXDOO\�VXIÀFHV�WR�DGMXVW�WKH�FXUYHV�WR�KDYH�ZKDW�LV�FDOOHG
G1 JHRPHWULF�FRQWLQXLW\� ZKHUH�ERWK�WDQJHQW�YHFWRUV�DW S2 SRLQW�LQ�WKH�VDPH�GLUHFWLRQ�
7KDW�LV� WKH�GHULYDWLYHV [0.1/ DQG \0.0/ SRLQW�LQ�WKH�VDPH�GLUHFWLRQ� HYHQ�WKRXJK�WKHLU
PDJQLWXGHV�PD\�EH�GLIIHUHQW� :KHQ�WKH�WDQJHQW�YHFWRUV�DUH�DFWXDOO\�HTXDO�DW S2� WKH
WDQJHQW�YHFWRU�LV�FRQWLQXRXV�DW S2� DQG�WKH�FRPELQHG�FXUYH�LV�VDLG�WR�KDYHC 1 FRQWLQXLW\�
RU C 1 SDUDPHWULF�FRQWLQXLW\� )LJXUH���VKRZV G1 FRQWLQXLW\�LQ��D��DQG C 1 FRQWLQXLW\
LQ �E��

2

0
20 4 6 8 10 12 14

(a) (b)

p1

p0

p2 p3

p4

p1

p0

p2 p3

p4

�D� G1 FRQWLQXLW\�DQG��E� C 1 FRQWLQXLW\�

/HW [.t/ DQG \.t/ GHWHUPLQH�WZR�TXDGUDWLF�%p]LHU�FXUYHV� ZLWK�FRQWURO
SRLQWV fS0; S1; S2g DQG fS2; S3; S4g� UHVSHFWLYHO\� 7KH�FXUYHV�DUH�MRLQHG�DW S2 D [.1/ D
\.0/�

D� 6XSSRVH�WKH�FRPELQHG�FXUYH�KDV G1 FRQWLQXLW\��DW S2�� :KDW�DOJHEUDLF�UHVWULFWLRQ
GRHV�WKLV�FRQGLWLRQ�LPSRVH�RQ�WKH�FRQWURO�SRLQWV" ([SUHVV�WKLV�UHVWULFWLRQ�LQ�JHRPHW�
ULF�ODQJXDJH�

E� 5HSHDW�SDUW��D��IRU C 1 FRQWLQXLW\�

D� )URP�([DPSOH��� [0.1/ D 2.S2 " S1/� $OVR� XVLQJ�WKH�FRQWURO�SRLQWV�IRU \.t/ LQ
SODFH�RI Z.t/� ([DPSOH���VKRZV�WKDW \0.0/ D 2.S3 " S2/� G1 FRQWLQXLW\�PHDQV�WKDW
\0.0/ D k[0.1/ IRU�VRPH�SRVLWLYH�FRQVWDQW k� (TXLYDOHQWO\�

S3 " S2 D k.S2 " S1/; ZLWK k > 0 ���
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*HRPHWULFDOO\� ���� LPSOLHV� WKDW S2 OLHV�RQ�WKH�OLQH�VHJPHQW�IURP S1 WR S3� 7R
SURYH� WKLV� OHW t D .k C 1/!1� DQG�QRWH � WKDW 0 < t < 1� 6ROYH�IRU k WR �REWDLQ
k D .1 " t/=t � :KHQ�WKLV�H[SUHVVLRQ�LV�XVHG�IRU k LQ����� D�UHDUUDQJHPHQW�VKRZV
WKDW S2 D .1 " t/S1 C tS3� ZKLFK�YHULÀHV�WKH�DVVHUWLRQ�DERXW S2�

E� C 1 FRQWLQXLW\ � PHDQV � WKDW \0.0/ D [0.1/� 7KXV 2.S3 " S2/ D 2.S2 " S1/� VR
S3 " S2 D S2 " S1� DQG S2 D .S1 C S3/=2� *HRPHWULFDOO\� S2 LV�WKH�PLGSRLQW�RI
WKH�OLQH�VHJPHQW�IURP S1 WR S3� 6HH�)LJ� ��

)LJXUH���VKRZV C 1 FRQWLQXLW\�IRU�WZR�FXELF�%p]LHU�FXUYHV� 1RWLFH�KRZ�WKH�SRLQW
MRLQLQJ�WKH�WZR�VHJPHQWV�OLHV�LQ�WKH�PLGGOH�RI�WKH�OLQH�VHJPHQW�EHWZHHQ�WKH�DGMDFHQW
FRQWURO�SRLQWV�

p1

p0

x(t)
y(t)

p2

p3
p4

p5

p6

7ZR�FXELF�%p]LHU�FXUYHV�

7ZR�FXUYHV�KDYH C 2 �SDUDPHWULF��FRQWLQXLW\�ZKHQ�WKH\�KDYH C 1 FRQWLQXLW\�DQG�WKH
VHFRQG GHULYDWLYHV [00.1/ DQG \00.0/ DUH�HTXDO� 7KLV�LV�SRVVLEOH�IRU�FXELF�%p]LHU�FXUYHV�
EXW�LW�VHYHUHO\�OLPLWV�WKH�SRVLWLRQV�RI�WKH�FRQWURO�SRLQWV� $QRWKHU�FODVV�RI�FXELF�FXUYHV�
FDOOHG B�VSOLQHV� DOZD\V�KDYH C 2 FRQWLQXLW\�EHFDXVH�HDFK�SDLU�RI�FXUYHV�VKDUH�WKUHH
FRQWURO�SRLQWV�UDWKHU�WKDQ�RQH� *UDSKLFV�ÀJXUHV�XVLQJ�%�VSOLQHV�KDYH�PRUH�FRQWURO�SRLQWV
DQG�FRQVHTXHQWO\�UHTXLUH�PRUH�FRPSXWDWLRQV� 6RPH�H[HUFLVHV�IRU�WKLV�VHFWLRQ�H[DPLQH
WKHVH�FXUYHV�

6XUSULVLQJO\� LI [.t/ DQG \.t/ MRLQ�DW S3� WKH�DSSDUHQW�VPRRWKQHVV�RI�WKH�FXUYH�DW
S3 LV�XVXDOO\�WKH�VDPH�IRU�ERWK G1 FRQWLQXLW\�DQG C 1 FRQWLQXLW\� 7KLV�LV�EHFDXVH�WKH
PDJQLWXGH�RI [0.t/ LV�QRW�UHODWHG�WR�WKH�SK\VLFDO�VKDSH�RI�WKH�FXUYH� 7KH�PDJQLWXGH
UHÁHFWV�RQO\�WKH�PDWKHPDWLFDO�SDUDPHWHUL]DWLRQ�RI�WKH�FXUYH� )RU�LQVWDQFH� LI�D�QHZ
YHFWRU�IXQFWLRQ ].t/ HTXDOV [.2t/� WKHQ�WKH�SRLQW ].t/ WUDYHUVHV�WKH�FXUYH�IURP S0 WR S3

WZLFH�DV�IDVW�DV�WKH�RULJLQDO�YHUVLRQ� EHFDXVH 2t UHDFKHV 1 ZKHQ t LV :5� %XW� E\�WKH�FKDLQ
UXOH�RI�FDOFXOXV� ]0.t/ D 2 ! [0.2t/� VR�WKH�WDQJHQW�YHFWRU�WR ].t/ DW S3 LV�WZLFH�WKH�WDQJHQW
YHFWRU�WR [.t/ DW S3�

,Q�SUDFWLFH� PDQ\�VLPSOH�%p]LHU�FXUYHV�DUH�MRLQHG�WR�FUHDWH�JUDSKLFV�REMHFWV� 7\SH�
VHWWLQJ�SURJUDPV�SURYLGH�RQH�LPSRUWDQW�DSSOLFDWLRQ� EHFDXVH�PDQ\�OHWWHUV�LQ�D�W\SH�IRQW
LQYROYH�FXUYHG�VHJPHQWV� (DFK�OHWWHU�LQ�D�3RVW6FULSW� IRQW� IRU�H[DPSOH� LV�VWRUHG�DV�D
VHW�RI�FRQWURO�SRLQWV� DORQJ�ZLWK�LQIRUPDWLRQ�RQ�KRZ�WR�FRQVWUXFW�WKH�´RXWOLQHµ�RI�WKH
OHWWHU�XVLQJ�OLQH�VHJPHQWV�DQG�%p]LHU�FXUYHV� (QODUJLQJ�VXFK�D�OHWWHU�EDVLFDOO\�UHTXLUHV
PXOWLSO\LQJ�WKH�FRRUGLQDWHV�RI�HDFK�FRQWURO�SRLQW�E\�RQH�FRQVWDQW�VFDOH�IDFWRU� 2QFH�WKH
RXWOLQH�RI�WKH�OHWWHU�KDV�EHHQ�FRPSXWHG� WKH�DSSURSULDWH�VROLG�SDUWV�RI�WKH�OHWWHU�DUH�ÀOOHG
LQ� )LJXUH���LOOXVWUDWHV�WKLV�IRU�D�FKDUDFWHU�LQ�D�3RVW6FULSW�IRQW� 1RWH�WKH�FRQWURO�SRLQWV�
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Q
$ 3RVW6FULSW�FKDUDFWHU�

0DWUL[�(TXDWLRQV�IRU�%p]LHU�&XUYHV
6LQFH�D�%p]LHU�FXUYH�LV�D�OLQHDU�FRPELQDWLRQ�RI�FRQWURO�SRLQWV�XVLQJ�SRO\QRPLDOV�DV
ZHLJKWV� WKH�IRUPXOD�IRU [.t/ PD\�EH�ZULWWHQ�DV

[.t/ D
'
S0 S1 S2 S3

(
2
664

.1 " t/3

3t.1 " t /2

3t2.1 " t /
t 3

3
775

D
'
S0 S1 S2 S3

(
2
664

1 " 3t C 3t2 " t 3

3t " 6t2 C 3t3

3t2 " 3t3

t3

3
775

D
'
S0 S1 S2 S3

(
2
664

1 "3 3 "1
0 3 "6 3
0 0 3 "3
0 0 0 1

3
775

2
664

1
t
t2

t3

3
775

7KH�PDWUL[�ZKRVH�FROXPQV�DUH�WKH�IRXU�FRQWURO�SRLQWV�LV�FDOOHG�D JHRPHWU\�PDWUL[� G�
7KH 4 % 4 PDWUL[�RI�SRO\QRPLDO�FRHIÀFLHQWV�LV�WKH %p]LHU�EDVLV�PDWUL[� MB � ,I X.t/ LV
WKH�FROXPQ�YHFWRU�RI�SRZHUV�RI t � WKHQ�WKH�%p]LHU�FXUYH�LV�JLYHQ�E\

[.t/ D GMBX.t/ ���

2WKHU�SDUDPHWULF�FXELF�FXUYHV�LQ�FRPSXWHU�JUDSKLFV�DUH�ZULWWHQ�LQ�WKLV�IRUP� WRR�
)RU�LQVWDQFH� LI�WKH�HQWULHV�LQ�WKH�PDWUL[ MB DUH�FKDQJHG�DSSURSULDWHO\� WKH�UHVXOWLQJ
FXUYHV�DUH�%�VSOLQHV� 7KH\�DUH�´VPRRWKHUµ�WKDQ�%p]LHU�FXUYHV� EXW�WKH\�GR�QRW�SDVV
WKURXJK�DQ\�RI�WKH�FRQWURO�SRLQWV� $ +HUPLWH FXELF�FXUYH�DULVHV�ZKHQ�WKH�PDWUL[ MB

LV�UHSODFHG�E\�D�+HUPLWH�EDVLV�PDWUL[� ,Q�WKLV�FDVH� WKH�FROXPQV�RI�WKH�JHRPHWU\�PDWUL[
FRQVLVW�RI�WKH�VWDUWLQJ�DQG�HQGLQJ�SRLQWV�RI�WKH�FXUYHV�DQG�WKH�WDQJHQW�YHFWRUV�WR�WKH
FXUYHV�DW�WKRVH�SRLQWV�ñ

7KH�%p]LHU�FXUYH�LQ�HTXDWLRQ�����FDQ�DOVR�EH�´IDFWRUHGµ�LQ�DQRWKHU�ZD\� WR�EH�XVHG
LQ�WKH�GLVFXVVLRQ�RI�%p]LHU�VXUIDFHV� )RU�FRQYHQLHQFH�ODWHU� WKH�SDUDPHWHU t LV�UHSODFHG

ñ7KH�WHUP EDVLV�PDWUL[ FRPHV�IURP�WKH�URZV�RI�WKH�PDWUL[�WKDW�OLVW�WKH�FRHIÀFLHQWV�RI�WKH EOHQGLQJ SRO\�
QRPLDOV�XVHG�WR�GHÀQH�WKH�FXUYH� )RU�D�FXELF�%p]LHU�FXUYH� WKH�IRXU�SRO\QRPLDOV�DUH .1! t /3� 3t.1! t/2�
3t2.1! t/� DQG t 3� 7KH\�IRUP�D�EDVLV�IRU�WKH�VSDFH P3 RI�SRO\QRPLDOV�RI�GHJUHH 3 RU�OHVV� (DFK�HQWU\�LQ�WKH
YHFWRU [.t/ LV�D�OLQHDU�FRPELQDWLRQ�RI�WKHVH�SRO\QRPLDOV� 7KH�ZHLJKWV�FRPH�IURP�WKH�URZV�RI�WKH�JHRPHWU\
PDWUL[ G LQ�����
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7KLV�IRUPXOD�LV�QRW�TXLWH�WKH�VDPH�DV�WKH�WUDQVSRVH�RI�WKH�SURGXFW�RQ�WKH�ULJKW�RI
���� EHFDXVH [.s/ DQG�WKH�FRQWURO�SRLQWV�DSSHDU�LQ�����ZLWKRXW�WUDQVSRVH�V\PEROV� 7KH
PDWUL[�RI�FRQWURO�SRLQWV�LQ�����LV�FDOOHG�D JHRPHWU\�YHFWRU� 7KLV�VKRXOG�EH�YLHZHG�DV�D
4 % 1 EORFN��SDUWLWLRQHG��PDWUL[�ZKRVH�HQWULHV�DUH�FROXPQ�YHFWRUV� 7KH�PDWUL[�WR�WKH�OHIW
RI�WKH�JHRPHWU\�YHFWRU� LQ�WKH�VHFRQG�SDUW�RI����� FDQ�EH�YLHZHG�DV�D�EORFN�PDWUL[� WRR�
ZLWK�D�VFDODU�LQ�HDFK�EORFN� 7KH�SDUWLWLRQHG�PDWUL[�PXOWLSOLFDWLRQ�PDNHV�VHQVH� EHFDXVH
HDFK��YHFWRU��HQWU\�LQ�WKH�JHRPHWU\�YHFWRU�FDQ�EH�OHIW�PXOWLSOLHG�E\�D�VFDODU�DV�ZHOO�DV
E\�D�PDWUL[� 7KXV� WKH�FROXPQ�YHFWRU [.s/ LV�UHSUHVHQWHG�E\�����

%p]LHU�6XUIDFHV
$�' ELFXELF�VXUIDFH�SDWFK�FDQ�EH�FRQVWUXFWHG�IURP�D�VHW�RI�IRXU�%p]LHU�FXUYHV� &RQVLGHU
WKH�IRXU�JHRPHWU\�PDWULFHV

'
S11 S12 S13 S14

(
'
S21 S22 S23 S24

(
'
S31 S32 S33 S34

(
'
S41 S42 S43 S44

(

DQG�UHFDOO�IURP�HTXDWLRQ�����WKDW�D�%p]LHU�FXUYH�LV�SURGXFHG�ZKHQ�DQ\�RQH�RI�WKHVH
PDWULFHV�LV�PXOWLSOLHG�RQ�WKH�ULJKW�E\�WKH�IROORZLQJ�YHFWRU�RI�ZHLJKWV�

MBX.t/ D

2
664

.1 " t/3

3t.1 " t /2

3t2.1 " t /
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3
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/HW G EH�WKH�EORFN��SDUWLWLRQHG� 4 % 4 PDWUL[�ZKRVH�HQWULHV�DUH�WKH�FRQWURO�SRLQWV Sij

GLVSOD\HG�DERYH� 7KHQ�WKH�IROORZLQJ�SURGXFW�LV�D�EORFN 4 % 1 PDWUL[� DQG�HDFK�HQWU\�LV
D�%p]LHU�FXUYH�
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GMBX.t/ D
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3
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&XUYHV�DQG�6XUIDFHV

1RZ�À[ t � 7KHQ GMBX.t/ LV�D�FROXPQ�YHFWRU�WKDW�FDQ�EH�XVHG�DV�D�JHRPHWU\�YHFWRU
LQ�HTXDWLRQ ����IRU�D�%p]LHU�FXUYH�LQ�DQRWKHU�YDULDEOH s� 7KLV�REVHUYDWLRQ�SURGXFHV�WKH
%p]LHU�ELFXELF�VXUIDFH�

[.s; t/ D X.s/T M T
B GMBX.t/; ZKHUH 0 ' s; t ' 1 ���

7KH�IRUPXOD�IRU [.s; t/ LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�VL[WHHQ�FRQWURO�SRLQWV� ,I�RQH
LPDJLQHV�WKDW�WKHVH�FRQWURO�SRLQWV�DUH�DUUDQJHG�LQ�D�IDLUO\�XQLIRUP�UHFWDQJXODU�DUUD\� DV
LQ�)LJ� �� WKHQ�WKH�%p]LHU�VXUIDFH�LV�FRQWUROOHG�E\�D�ZHE�RI�HLJKW�%p]LHU�FXUYHV� IRXU
LQ�WKH�´s�GLUHFWLRQµ�DQG�IRXU�LQ�WKH�´t �GLUHFWLRQ�µ 7KH�VXUIDFH�DFWXDOO\�SDVVHV�WKURXJK
WKH�IRXU�FRQWURO�SRLQWV�DW�LWV�´FRUQHUV�µ :KHQ�LW�LV�LQ�WKH�PLGGOH�RI�D�ODUJHU�VXUIDFH� WKH
VL[WHHQ�SRLQW�VXUIDFH�VKDUHV�LWV�WZHOYH�ERXQGDU\�FRQWURO�SRLQWV�ZLWK�LWV�QHLJKERUV�

p41

p31

p21 p11
p12

p13

p14p24

p34

p44

p43

p42

p32

p33

p23

p22

6L[WHHQ�FRQWURO�SRLQWV�IRU�D�%p]LHU
ELFXELF�VXUIDFH�SDWFK�

$SSUR[LPDWLRQV�WR�&XUYHV�DQG�6XUIDFHV
,Q�&$' SURJUDPV�DQG�LQ�SURJUDPV�XVHG�WR�FUHDWH�UHDOLVWLF�FRPSXWHU�JDPHV� WKH�GHVLJQHU
RIWHQ�ZRUNV�DW�D�JUDSKLFV�ZRUNVWDWLRQ�WR�FRPSRVH�D�´VFHQHµ�LQYROYLQJ�YDULRXV�JHRPHWULF
VWUXFWXUHV� 7KLV�SURFHVV�UHTXLUHV�LQWHUDFWLRQ�EHWZHHQ�WKH�GHVLJQHU�DQG�WKH�JHRPHWULF
REMHFWV� (DFK�VOLJKW�UHSRVLWLRQLQJ�RI�DQ�REMHFW�UHTXLUHV�QHZ�PDWKHPDWLFDO�FRPSXWDWLRQV
E\�WKH�JUDSKLFV�SURJUDP� %p]LHU�FXUYHV�DQG�VXUIDFHV�FDQ�EH�XVHIXO�LQ�WKLV�SURFHVV
EHFDXVH�WKH\�LQYROYH�IHZHU�FRQWURO�SRLQWV�WKDQ�REMHFWV�DSSUR[LPDWHG�E\�PDQ\�SRO\JRQV�
7KLV�GUDPDWLFDOO\�UHGXFHV�WKH�FRPSXWDWLRQ�WLPH�DQG�VSHHGV�XS�WKH�GHVLJQHU·V�ZRUN�

$IWHU�WKH�VFHQH�FRPSRVLWLRQ� KRZHYHU� WKH�ÀQDO�LPDJH�SUHSDUDWLRQ�KDV�GLIIHUHQW
FRPSXWDWLRQDO�GHPDQGV�WKDW�DUH�PRUH�HDVLO\�PHW�E\�REMHFWV�FRQVLVWLQJ�RI�ÁDW�VXUIDFHV
DQG�VWUDLJKW�HGJHV� VXFK�DV�SRO\KHGUD� 7KH�GHVLJQHU�QHHGV�WR UHQGHU WKH�VFHQH� E\�LQ�
WURGXFLQJ�OLJKW�VRXUFHV� DGGLQJ�FRORU�DQG�WH[WXUH�WR�VXUIDFHV� DQG�VLPXODWLQJ�UHÁHFWLRQV
IURP�WKH�VXUIDFHV�

&RPSXWLQJ�WKH�GLUHFWLRQ�RI�D�UHÁHFWHG�OLJKW�DW�D�SRLQW S RQ�D�VXUIDFH� IRU�LQVWDQFH�
UHTXLUHV�NQRZLQJ�WKH�GLUHFWLRQV�RI�ERWK�WKH�LQFRPLQJ�OLJKW�DQG�WKH VXUIDFH�QRUPDO³WKH
YHFWRU�SHUSHQGLFXODU�WR�WKH�WDQJHQW�SODQH�DW S� &RPSXWLQJ�VXFK�QRUPDO�YHFWRUV�LV�PXFK
HDVLHU�RQ�D�VXUIDFH�FRPSRVHG�RI� VD\� WLQ\�ÁDW�SRO\JRQV�WKDQ�RQ�D�FXUYHG�VXUIDFH�ZKRVH
QRUPDO�YHFWRU�FKDQJHV�FRQWLQXRXVO\�DV S PRYHV� ,I S1� S2� DQG S3 DUH�DGMDFHQW�YHU�
WLFHV�RI�D�ÁDW�SRO\JRQ� WKHQ�WKH�VXUIDFH�QRUPDO�LV�MXVW�SOXV�RU�PLQXV�WKH�FURVV�SURGXFW
.S2 " S1/ % .S2 " S3/� :KHQ�WKH�SRO\JRQ�LV�VPDOO� RQO\�RQH�QRUPDO�YHFWRU�LV�QHHGHG�IRU
UHQGHULQJ�WKH�HQWLUH�SRO\JRQ� $OVR� WZR�ZLGHO\�XVHG�VKDGLQJ�URXWLQHV� *RXUDXG�VKDGLQJ
DQG�3KRQJ�VKDGLQJ� ERWK�UHTXLUH�D�VXUIDFH�WR�EH�GHÀQHG�E\�SRO\JRQV�

$V�D�UHVXOW�RI�WKHVH�QHHGV�IRU�ÁDW�VXUIDFHV� WKH�%p]LHU�FXUYHV�DQG�VXUIDFHV�IURP�WKH
VFHQH�FRPSRVLWLRQ�VWDJH�QRZ�DUH�XVXDOO\�DSSUR[LPDWHG�E\�VWUDLJKW�OLQH�VHJPHQWV�DQG



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

SRO\KHGUDO�VXUIDFHV� 7KH�EDVLF�LGHD�IRU�DSSUR[LPDWLQJ�D�%p]LHU�FXUYH�RU�VXUIDFH�LV�WR
GLYLGH�WKH�FXUYH�RU�VXUIDFH�LQWR�VPDOOHU�SLHFHV� ZLWK�PRUH�DQG�PRUH�FRQWURO�SRLQWV�

5HFXUVLYH�6XEGLYLVLRQ�RI�%p]LHU�&XUYHV�DQG�6XUIDFHV
)LJXUH���VKRZV�WKH�IRXU�FRQWURO�SRLQWV S0; : : : ;S3 IRU�D�%p]LHU�FXUYH� DORQJ�ZLWK�FRQWURO
SRLQWV�IRU�WZR�QHZ�FXUYHV� HDFK�FRLQFLGLQJ�ZLWK�KDOI�RI�WKH�RULJLQDO�FXUYH� 7KH�´OHIWµ
FXUYH�EHJLQV�DW T0 D S0 DQG�HQGV�DW T3� DW�WKH�PLGSRLQW�RI�WKH�RULJLQDO�FXUYH� 7KH�´ULJKWµ
FXUYH�EHJLQV�DW U0 D T3 DQG�HQGV�DW U3 D S3�

p0 = q0

q3 = r0

p3 = r3

p1 p2
r1

r2q1

q2

6XEGLYLVLRQ�RI�D�%p]LHU�FXUYH�

)LJXUH���VKRZV�KRZ�WKH�QHZ�FRQWURO�SRLQWV�HQFORVH�UHJLRQV�WKDW�DUH�´WKLQQHUµ�WKDQ
WKH�UHJLRQ�HQFORVHG�E\�WKH�RULJLQDO�FRQWURO�SRLQWV� $V�WKH�GLVWDQFHV�EHWZHHQ�WKH�FRQWURO
SRLQWV�GHFUHDVH� WKH�FRQWURO�SRLQWV�RI�HDFK�FXUYH�VHJPHQW�DOVR�PRYH�FORVHU�WR�D�OLQH
VHJPHQW� 7KLV YDULDWLRQ�GLPLQLVKLQJ�SURSHUW\ RI�%p]LHU�FXUYHV�GHSHQGV�RQ�WKH�IDFW�WKDW
D�%p]LHU�FXUYH�DOZD\V�OLHV�LQ�WKH�FRQYH[�KXOO�RI�WKH�FRQWURO�SRLQWV�

p0 = q0

q3 = r0

p3 = r3

p1 p2
r1

r2q1

q2

&RQYH[�KXOOV�RI�WKH�FRQWURO�SRLQWV�

7KH�QHZ�FRQWURO�SRLQWV�DUH�UHODWHG�WR�WKH�RULJLQDO�FRQWURO�SRLQWV�E\�VLPSOH�IRUPXODV�
2I�FRXUVH� T0 D S0 DQG U3 D S3� 7KH�PLGSRLQW�RI�WKH�RULJLQDO�FXUYH [.t/ RFFXUV�DW [.:5/
ZKHQ [.t/ KDV�WKH�VWDQGDUG�SDUDPHWHUL]DWLRQ�

[.t/ D .1 " 3t C 3t2 " t 3/S0 C .3t " 6t2 C 3t3/S1 C .3t2 " 3t3/S2 C t 3S3 ���

IRU 0 ' t ' 1� 7KXV� WKH�QHZ�FRQWURO�SRLQWV T3 DQG U0 DUH�JLYHQ�E\

T3 D U0 D [.:5/ D 1
8
.S0 C 3S1 C 3S2 C S3/ ���

7KH�IRUPXODV�IRU�WKH�UHPDLQLQJ�´LQWHULRUµ�FRQWURO�SRLQWV�DUH�DOVR�VLPSOH� EXW�WKH�GHULYD�
WLRQ�RI�WKH�IRUPXODV�UHTXLUHV�VRPH�ZRUN�LQYROYLQJ�WKH�WDQJHQW�YHFWRUV�RI�WKH�FXUYHV� %\
GHÀQLWLRQ� WKH�WDQJHQW�YHFWRU�WR�D�SDUDPHWHUL]HG�FXUYH [.t/ LV�WKH�GHULYDWLYH [0.t/� 7KLV
YHFWRU�VKRZV�WKH�GLUHFWLRQ�RI�WKH�OLQH�WDQJHQW�WR�WKH�FXUYH�DW [.t/� )RU�WKH�%p]LHU�FXUYH
LQ�����

[0.t/ D ."3 C 6t " 3t2/S0 C .3 " 12t C 9t2/S1 C .6t " 9t2/S2 C 3t2S3

IRU 0 ' t ' 1� ,Q�SDUWLFXODU�

[0.0/ D 3.S1 " S0/ DQG [0.1/ D 3.S3 " S2/ ���



&XUYHV�DQG�6XUIDFHV

*HRPHWULFDOO\� S1 LV�RQ�WKH�OLQH�WDQJHQW�WR�WKH�FXUYH�DW S0� DQG S2 LV�RQ�WKH�OLQH�WDQJHQW
WR�WKH�FXUYH�DW S3� 6HH�)LJ� �� $OVR� IURP [0.t/� FRPSXWH

[0.:5/ D 3
4
."S0 " S1 C S2 C S3/ ����

/HW \.t/ EH�WKH�%p]LHU�FXUYH�GHWHUPLQHG�E\ T0; : : : ; T3� DQG�OHW ].t/ EH�WKH�%p]LHU�FXUYH
GHWHUPLQHG�E\ U0; : : : ; U3� 6LQFH \.t/ WUDYHUVHV�WKH�VDPH�SDWK�DV [.t/ EXW�RQO\�JHWV�WR
[.:5/ DV t JRHV�IURP 0 WR 1� \.t/ D [.:5t/ IRU 0 ' t ' 1� 6LPLODUO\� VLQFH ].t/ VWDUWV�DW
[.:5/ ZKHQ t D 0� ].t/ D [.:5 C :5t/ IRU 0 ' t ' 1� %\�WKH�FKDLQ�UXOH�IRU�GHULYDWLYHV�

\0.t/ D :5[0.:5t/ DQG ]0.t/ D :5[0.:5 C :5t/ IRU 0 ' t ' 1 ����

)URP�����ZLWK \0.0/ LQ�SODFH�RI [0.0/� IURP������ZLWK t D 0� DQG�IURP����� WKH�FRQWURO
SRLQWV�IRU \.t/ VDWLVI\

3.T1 " T0/ D \0.0/ D :5[0.0/ D 3
2
.S1 " S0/ ����

)URP�����ZLWK \0.1/ LQ�SODFH�RI [0.1/� IURP������ZLWK t D 1� DQG�IURP������

3.T3 " T2/ D \0.1/ D :5[0.:5/ D 3
8
."S0 " S1 C S2 C S3/ ����

(TXDWLRQV����� ���� ����� ����� DQG������FDQ�EH�VROYHG�WR�SURGXFH�WKH�IRUPXODV�IRU T0; : : : ;
T3 VKRZQ�LQ�([HUFLVH���� *HRPHWULFDOO\� WKH�IRUPXODV�DUH�GLVSOD\HG�LQ�)LJ� �� 7KH
LQWHULRU�FRQWURO�SRLQWV T1 DQG U2 DUH�WKH�PLGSRLQWV� UHVSHFWLYHO\� RI�WKH�VHJPHQW�IURP S0

WR S1 DQG�WKH�VHJPHQW�IURP S2 WR S3� :KHQ�WKH�PLGSRLQW�RI�WKH�VHJPHQW�IURP S1 WR S2

LV�FRQQHFWHG�WR T1� WKH�UHVXOWLQJ�OLQH�VHJPHQW�KDV T2 LQ�WKH�PLGGOH�

q0 = p0

q3 = r0

p3 = r3

p1 p2
r1

r2q1

q2

(p1 + p2)1
2

*HRPHWULF�VWUXFWXUH�RI�QHZ�FRQWURO�SRLQWV�

7KLV�FRPSOHWHV�RQH�VWHS�RI�WKH�VXEGLYLVLRQ�SURFHVV� 7KH�´UHFXUVLRQµ�EHJLQV� DQG
ERWK�QHZ�FXUYHV�DUH�VXEGLYLGHG� 7KH�UHFXUVLRQ�FRQWLQXHV�WR�D�GHSWK�DW�ZKLFK�DOO�FXUYHV
DUH�VXIÀFLHQWO\�VWUDLJKW� $OWHUQDWLYHO\� DW�HDFK�VWHS�WKH�UHFXUVLRQ�FDQ�EH�´DGDSWLYHµ�DQG
QRW�VXEGLYLGH�RQH�RI�WKH�WZR�QHZ�FXUYHV�LI�WKDW�FXUYH�LV�VXIÀFLHQWO\�VWUDLJKW� 2QFH�WKH
VXEGLYLVLRQ�FRPSOHWHO\�VWRSV� WKH�HQGSRLQWV�RI�HDFK�FXUYH�DUH�MRLQHG�E\�OLQH�VHJPHQWV�
DQG�WKH�VFHQH�LV�UHDG\�IRU�WKH�QH[W�VWHS�LQ�WKH�ÀQDO�LPDJH�SUHSDUDWLRQ�

$ %p]LHU�ELFXELF�VXUIDFH�KDV�WKH�VDPH�YDULDWLRQ�GLPLQLVKLQJ�SURSHUW\�DV�WKH�%p]LHU
FXUYHV�WKDW�PDNH�XS�HDFK�FURVV�VHFWLRQ�RI�WKH�VXUIDFH� VR�WKH�SURFHVV�GHVFULEHG�DERYH
FDQ�EH�DSSOLHG�LQ�HDFK�FURVV�VHFWLRQ� :LWK�WKH�GHWDLOV�RPLWWHG� KHUH�LV�WKH�EDVLF�VWUDWHJ\�
&RQVLGHU�WKH�IRXU�´SDUDOOHOµ�%p]LHU�FXUYHV�ZKRVH�SDUDPHWHU�LV s� DQG�DSSO\�WKH�VXEGLYL�
VLRQ�SURFHVV�WR�HDFK�RI�WKHP� 7KLV�SURGXFHV�IRXU�VHWV�RI�HLJKW�FRQWURO�SRLQWV� HDFK�VHW
GHWHUPLQHV�D�FXUYH�DV s YDULHV�IURP���WR��� $V t YDULHV� KRZHYHU� WKHUH�DUH�HLJKW�FXUYHV�
HDFK�ZLWK�IRXU�FRQWURO�SRLQWV� $SSO\�WKH�VXEGLYLVLRQ�SURFHVV�WR�HDFK�RI�WKHVH�VHWV�RI
IRXU�SRLQWV� FUHDWLQJ�D�WRWDO�RI����FRQWURO�SRLQWV� $GDSWLYH�UHFXUVLRQ�LV�SRVVLEOH�LQ�WKLV
VHWWLQJ� WRR� EXW�WKHUH�DUH�VRPH�VXEWOHWLHV�LQYROYHG�ò

ò6HH�)ROH\� YDQ�'DP� )HLQHU� DQG�+XJKHV� &RPSXWHU�*UDSKLFV³3ULQFLSOHV�DQG�3UDFWLFH� �QG�(G� �%RVWRQ�
$GGLVRQ�:HVOH\� ������ SS� ���²����
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$ VSOLQH XVXDOO\�UHIHUV�WR�D�FXUYH�WKDW�SDVVHV�WKURXJK�VSHFLÀHG�SRLQWV� $ %�VSOLQH�
KRZHYHU� XVXDOO\�GRHV�QRW�SDVV�WKURXJK�LWV�FRQWURO�SRLQWV� $ VLQJOH�VHJPHQW�KDV�WKH
SDUDPHWULF�IRUP

[.t/ D 1
6

'
.1 " t /3S0 C .3t3 " 6t2 C 4/S1

C ."3t3 C 3t2 C 3t C 1/S2 C t 3S3

( ����

IRU 0 ' t ' 1� ZKHUH S0� S1� S2� DQG S3 DUH�WKH�FRQWURO�SRLQWV� :KHQ t YDULHV�IURP���WR���
[.t/ FUHDWHV�D�VKRUW�FXUYH�WKDW�OLHV�FORVH�WR S1S2� %DVLF�DOJHEUD�VKRZV�WKDW�WKH�%�VSOLQH
IRUPXOD�FDQ�DOVR�EH�ZULWWHQ�DV

[.t/ D 1
6

'
.1 " t /3S0 C .3t.1 " t/2 " 3t C 4/S1

C .3t2.1 " t/ C 3t C 1/S2 C t 3S3

( ����

7KLV�VKRZV�WKH�VLPLODULW\�ZLWK�WKH�%p]LHU�FXUYH� ([FHSW�IRU�WKH 1=6 IDFWRU�DW�WKH�IURQW�
WKH S0 DQG S3 WHUPV�DUH�WKH�VDPH� 7KH S1 FRPSRQHQW�KDV�EHHQ�LQFUHDVHG�E\ "3t C 4
DQG�WKH S2 FRPSRQHQW�KDV�EHHQ�LQFUHDVHG�E\ 3t C 1� 7KHVH�FRPSRQHQWV�PRYH�WKH�FXUYH
FORVHU�WR S1S2 WKDQ�WKH�%p]LHU�FXUYH� 7KH 1=6 IDFWRU�LV�QHFHVVDU\�WR�NHHS�WKH�VXP�RI�WKH
FRHIÀFLHQWV�HTXDO�WR��� )LJXUH ���FRPSDUHV�D�%�VSOLQH�ZLWK�D�%p]LHU�FXUYH�WKDW�KDV�WKH
VDPH�FRQWURO�SRLQWV�

$ %�VSOLQH�VHJPHQW�DQG�D�%p]LHU�FXUYH�

�� 6KRZ�WKDW�WKH�%�VSOLQH�GRHV�QRW�EHJLQ�DW S0� EXW [.0/ LV�LQ FRQY fS0; S1; S2g� $VVXP�
LQJ�WKDW S0� S1� DQG S2 DUH�DIÀQHO\�LQGHSHQGHQW� ÀQG�WKH�DIÀQH�FRRUGLQDWHV�RI [.0/
ZLWK�UHVSHFW�WR fS0; S1; S2g�

�� 6KRZ�WKDW�WKH�%�VSOLQH�GRHV�QRW�HQG�DW S3� EXW [.1/ LV�LQ FRQY fS1; S2; S3g� $VVXPLQJ
WKDW S1� S2� DQG S3 DUH�DIÀQHO\�LQGHSHQGHQW� ÀQG�WKH�DIÀQH�FRRUGLQDWHV�RI [.1/ ZLWK
UHVSHFW�WR fS1;S2; S3g�

�� 6XSSRVH�D�%p]LHU�FXUYH�LV�WUDQVODWHG�WR [.t/ C E� 7KDW�LV� IRU
0 ' t ' 1� WKH�QHZ�FXUYH�LV

[.t/ D .1 " t/3S0 C 3t.1 " t/2S1

C 3t2.1 " t /S2 C t 3S3 C E

6KRZ�WKDW�WKLV�QHZ�FXUYH�LV�DJDLQ�D�%p]LHU�FXUYH� >+LQW�
:KHUH�DUH�WKH�QHZ�FRQWURO�SRLQWV"@

�� 7KH�SDUDPHWULF�YHFWRU�IRUP�RI�D�%�VSOLQH�FXUYH�ZDV�GHÀQHG
LQ�WKH�3UDFWLFH�3UREOHPV�DV

[.t/ D 1
6

'
.1 " t/3S0 C .3t.1 " t/ " 3t C 4/S1

C.3t2.1 " t/ C 3t C 1/S2 C t 3S3

(
IRU 0 ' t ' 1�

ZKHUH S0� S1� S2� DQG S3 DUH�WKH�FRQWURO�SRLQWV�

D� 6KRZ�WKDW�IRU 0 ' t ' 1� [.t/ LV�LQ�WKH�FRQYH[�KXOO�RI�WKH
FRQWURO�SRLQWV�

E� 6XSSRVH � WKDW � D � %�VSOLQH � FXUYH [.t/ LV � WUDQVODWHG � WR
[.t/ C E �DV�LQ�([HUFLVH ��� 6KRZ�WKDW�WKLV�QHZ�FXUYH
LV�DJDLQ�D�%�VSOLQH�

�� /HW [.t/ EH�D�FXELF�%p]LHU�FXUYH�GHWHUPLQHG�E\�SRLQWV S0� S1�
S2� DQG S3�
D� &RPSXWH�WKH WDQJHQW YHFWRU [0.t/� 'HWHUPLQH�KRZ [0.0/

DQG [0.1/ DUH � UHODWHG � WR � WKH � FRQWURO � SRLQWV� DQG �JLYH
JHRPHWULF�GHVFULSWLRQV�RI�WKH GLUHFWLRQV RI�WKHVH�WDQJHQW
YHFWRUV� ,V�LW�SRVVLEOH�WR�KDYH [0.1/ D �"

E� &RPSXWH�WKH�VHFRQG�GHULYDWLYH [00.t/ DQG�GHWHUPLQH�KRZ
[00.0/ DQG [00.1/ DUH�UHODWHG�WR�WKH�FRQWURO�SRLQWV� 'UDZ



&XUYHV�DQG�6XUIDFHV

D�ÀJXUH�EDVHG�RQ�)LJ� ��� DQG�FRQVWUXFW�D�OLQH�VHJPHQW
WKDW�SRLQWV�LQ�WKH�GLUHFWLRQ�RI [00.0/� >+LQW� 8VH S1 DV�WKH
RULJLQ�RI�WKH�FRRUGLQDWH�V\VWHP�@

�� /HW [.t/ EH�WKH�%�VSOLQH�LQ�([HUFLVH��� ZLWK�FRQWURO�SRLQWV S0�
S1� S2� DQG S3�
D� &RPSXWH � WKH � WDQJHQW �YHFWRU [0.t/ DQG �GHWHUPLQH �KRZ

WKH�GHULYDWLYHV [0.0/ DQG [0.1/ DUH�UHODWHG�WR�WKH�FRQWURO
SRLQWV� *LYH�JHRPHWULF�GHVFULSWLRQV�RI�WKH GLUHFWLRQV RI
WKHVH�WDQJHQW�YHFWRUV� ([SORUH�ZKDW�KDSSHQV�ZKHQ�ERWK
[0.0/ DQG [0.1/ HTXDO �� -XVWLI\�\RXU�DVVHUWLRQV�

E� &RPSXWH�WKH�VHFRQG�GHULYDWLYH [00.t/ DQG�GHWHUPLQH�KRZ
[00.0/ DQG [00.1/ DUH�UHODWHG�WR�WKH�FRQWURO�SRLQWV� 'UDZ
D�ÀJXUH�EDVHG�RQ�)LJ� ��� DQG�FRQVWUXFW�D�OLQH�VHJPHQW
WKDW�SRLQWV�LQ�WKH�GLUHFWLRQ�RI [00.1/� >+LQW� 8VH S2 DV�WKH
RULJLQ�RI�WKH�FRRUGLQDWH�V\VWHP�@

�� /HW [.t/ DQG \.t/ EH�FXELF�%p]LHU�FXUYHV�ZLWK�FRQWURO�SRLQWV
fS0;S1;S2;S3g DQG fS3;S4;S5;S6g� UHVSHFWLYHO\� VR�WKDW [.t/
DQG \.t/ DUH�MRLQHG�DW S3� 7KH�IROORZLQJ�TXHVWLRQV�UHIHU�WR
WKH�FXUYH�FRQVLVWLQJ�RI [.t/ IROORZHG�E\ \.t/� )RU�VLPSOLFLW\�
DVVXPH�WKDW�WKH�FXUYH�LV�LQ R2�
D� :KDW�FRQGLWLRQ�RQ�WKH�FRQWURO�SRLQWV�ZLOO�JXDUDQWHH�WKDW

WKH�FXUYH�KDV C 1 FRQWLQXLW\�DW S3" -XVWLI\�\RXU�DQVZHU�
E� :KDW�KDSSHQV�ZKHQ [0.1/ DQG \0.0/ DUH�ERWK�WKH�]HUR

YHFWRU"

�� $ %�VSOLQH�LV�EXLOW�RXW�RI�%�VSOLQH�VHJPHQWV� GHVFULEHG�LQ
([HUFLVH��� /HW S0; : : : ; S4 EH�FRQWURO�SRLQWV� )RU 0 ' t ' 1�
OHW [.t/ DQG \.t/ EH�GHWHUPLQHG�E\�WKH�JHRPHWU\�PDWULFHV
Œ S0 S1 S2 S3 ! DQG Œ S1 S2 S3 S4 !� UHVSHFWLYHO\�
1RWLFH �KRZ�WKH � WZR�VHJPHQWV �VKDUH � WKUHH �FRQWURO �SRLQWV�
7KH�WZR�VHJPHQWV�GR�QRW�RYHUODS� KRZHYHU³WKH\�MRLQ�DW�D
FRPPRQ�HQGSRLQW� FORVH�WR S2�
D� 6KRZ�WKDW�WKH�FRPELQHG�FXUYH�KDVG0 FRQWLQXLW\³WKDW�LV�

[.1/ D \.0/�
E� 6KRZ�WKDW�WKH�FXUYH�KDV C 1 FRQWLQXLW\�DW�WKH�MRLQ�SRLQW�

[.1/� 7KDW�LV� VKRZ�WKDW [0.1/ D \0.0/�

�� /HW [.t/ DQG \.t/ EH�%p]LHU�FXUYHV�IURP�([HUFLVH��� DQG�VXS�
SRVH�WKH�FRPELQHG�FXUYH�KDV C 2 FRQWLQXLW\��ZKLFK�LQFOXGHV
C 1 FRQWLQXLW\��DW S3� 6HW [00.1/ D \00.0/ DQG�VKRZ�WKDW S5 LV
FRPSOHWHO\�GHWHUPLQHG�E\ S1� S2� DQG S3� 7KXV� WKH�SRLQWV
S0; : : : ; S3 DQG�WKH C 2 FRQGLWLRQ�GHWHUPLQH�DOO�EXW�RQH�RI�WKH
FRQWURO�SRLQWV�IRU \.t/�

�� /HW [.t/ DQG \.t/ EH�VHJPHQWV�RI�D�%�VSOLQH�DV�LQ�([HUFLVH
�� 6KRZ�WKDW�WKH�FXUYH�KDV C 2 FRQWLQXLW\��DV�ZHOO�DV C 1

FRQWLQXLW\��DW [.1/� 7KDW�LV� VKRZ�WKDW [00.1/ D \00.0/� 7KLV
KLJKHU�RUGHU�FRQWLQXLW\�LV�GHVLUDEOH�LQ�&$' DSSOLFDWLRQV�VXFK
DV�DXWRPRWLYH�ERG\�GHVLJQ� VLQFH�WKH�FXUYHV�DQG�VXUIDFHV
DSSHDU�PXFK�VPRRWKHU� +RZHYHU� %�VSOLQHV�UHTXLUH�WKUHH
WLPHV�WKH�FRPSXWDWLRQ�RI�%p]LHU�FXUYHV� IRU�FXUYHV�RI�FRP�
SDUDEOH�OHQJWK� )RU�VXUIDFHV� %�VSOLQHV�UHTXLUH�QLQH�WLPHV�WKH
FRPSXWDWLRQ�RI�%p]LHU�VXUIDFHV� 3URJUDPPHUV�RIWHQ�FKRRVH
%p]LHU�VXUIDFHV�IRU�DSSOLFDWLRQV��VXFK�DV�DQ�DLUSODQH�FRFNSLW
VLPXODWRU��WKDW�UHTXLUH�UHDO�WLPH�UHQGHULQJ�

�� $ TXDUWLF�%p]LHU�FXUYH�LV�GHWHUPLQHG�E\�ÀYH�FRQWURO�SRLQWV�
S0� S1� S2;S3� DQG S4�

[.t/ D .1 " t/4S0 C 4t.1 " t/3S1 C 6t2.1 " t/2S2

C 4t3.1 " t /S3 C t 4S4 IRU 0 ' t ' 1

&RQVWUXFW�WKH�TXDUWLF�EDVLV�PDWUL[ MB IRU [.t/�

��� 7KH�´%µ LQ�%�VSOLQH�UHIHUV�WR�WKH�IDFW�WKDW�D�VHJPHQW [.t/PD\
EH�ZULWWHQ�LQ�WHUPV�RI�D�EDVLV�PDWUL[� MS � LQ�D�IRUP�VLPLODU
WR�D�%p]LHU�FXUYH� 7KDW�LV�

[.t/ D GMSX.t/ IRU 0 ' t ' 1

ZKHUHG LV�WKH�JHRPHWU\�PDWUL[ Œ S0 S1 S2 S3 ! DQG X.t/
LV�WKH�FROXPQ�YHFWRU .1; t; t 2; t 3/� ,Q�D XQLIRUP %�VSOLQH� HDFK
VHJPHQW�XVHV�WKH�VDPH�EDVLV�PDWUL[� EXW�WKH�JHRPHWU\�PDWUL[
FKDQJHV� &RQVWUXFW�WKH�EDVLV�PDWUL[ MS IRU [.t/�

,Q�([HUFLVHV����DQG���� PDUN�HDFK�VWDWHPHQW�7UXH�RU�)DOVH� -XVWLI\
HDFK�DQVZHU�

��� D� 7KH�FXELF�%p]LHU�FXUYH�LV�EDVHG�RQ�IRXU�FRQWURO�SRLQWV�
E� *LYHQ�D�TXDGUDWLF�%p]LHU�FXUYH [.t/ ZLWK�FRQWURO�SRLQWV

S0� S1� DQG S2� WKH�GLUHFWHG�OLQH�VHJPHQW S1 " S0 �IURP S0

WR S1��LV�WKH�WDQJHQW�YHFWRU�WR�WKH�FXUYH�DW S0�
F� :KHQ�WZR�TXDGUDWLF�%p]LHU�FXUYHV�ZLWK�FRQWURO�SRLQWV

fS0;S1;S2g DQG fS2;S3;S4g DUH�MRLQHG�DW S2� WKH�FRPELQHG
%p]LHU�FXUYH�ZLOO�KDYH C 1 FRQWLQXLW\�DW S2 LI S2 LV�WKH
PLGSRLQW�RI�WKH�OLQH�VHJPHQW�EHWZHHQ S1 DQG S3�

��� D� 7KH�HVVHQWLDO�SURSHUWLHV�RI�%p]LHU�FXUYHV�DUH�SUHVHUYHG
XQGHU�WKH�DFWLRQ�RI�OLQHDU�WUDQVIRUPDWLRQV� EXW�QRW�WUDQV�
ODWLRQV�

E� :KHQ�WZR�%p]LHU�FXUYHV [.t/ DQG \.t/ DUH�MRLQHG�DW�WKH
SRLQW �ZKHUH [.1/ D \.0/� WKH�FRPELQHG�FXUYH�KDV G0

FRQWLQXLW\�DW�WKDW�SRLQW�
F� 7KH�%p]LHU�EDVLV�PDWUL[�LV�D�PDWUL[�ZKRVH�FROXPQV�DUH

WKH�FRQWURO�SRLQWV�RI�WKH�FXUYH�

([HUFLVHV���²���FRQFHUQ�WKH�VXEGLYLVLRQ�RI�D�%p]LHU�FXUYH�VKRZQ
LQ �)LJ� �� /HW [.t/ EH� WKH �%p]LHU �FXUYH� ZLWK �FRQWURO �SRLQWV
S0; : : : ; S3� DQG�OHW \.t/ DQG ].t/ EH�WKH�VXEGLYLGLQJ�%p]LHU�FXUYHV
DV�LQ�WKH�WH[W� ZLWK�FRQWURO�SRLQWV T0; : : : ; T3 DQG U0; : : : ; U3� UHVSHF�
WLYHO\�

��� D� 8VH�HTXDWLRQ������WR�VKRZ�WKDW T1 LV�WKH�PLGSRLQW�RI�WKH
VHJPHQW�IURP S0 WR S1�

E� 8VH�HTXDWLRQ������WR�VKRZ�WKDW

8T2 D 8T3 C S0 C S1 " S2 " S3:

F� 8VH �SDUW � �E�� HTXDWLRQ � ���� DQG �SDUW � �D� � WR � VKRZ� WKDW
T2 LV � WKH � PLGSRLQW � RI � WKH � VHJPHQW � IURP T1 WR � WKH
PLGSRLQW � RI � WKH � VHJPHQW � IURP S1 WR S2� 7KDW � LV�
T2 D 1

2
ŒT1 C 1

2
.S1 C S2/!�

��� D� -XVWLI\�HDFK�HTXDOV�VLJQ�

3.U3 " U2/ D ]0.1/ D :5[0.1/ D 3
2
.S3 " S2/:



7KH�*HRPHWU\�RI�9HFWRU�6SDFHV

E� 6KRZ�WKDW U2 LV�WKH�PLGSRLQW�RI�WKH�VHJPHQW�IURP S2 WR
S3�

F� -XVWLI\�HDFK�HTXDOV�VLJQ� 3.U1 " U0/ D ]0.0/ D :5[0.:5/�
G� 8VH � SDUW � �F� � WR � VKRZ � WKDW 8U1 D "S0 " S1 C S2 C S3

C 8U0�
H� 8VH�SDUW��G�� HTXDWLRQ����� DQG�SDUW��D��WR�VKRZ�WKDW U1 LV

WKH�PLGSRLQW�RI�WKH�VHJPHQW�IURP U2 WR�WKH�PLGSRLQW�RI�WKH
VHJPHQW�IURP S1 WR S2� 7KDW�LV� U1 D 1

2
ŒU2 C 1

2
.S1 C S2/!�

��� 6RPHWLPHV�RQO\�RQH�KDOI�RI�D�%p]LHU�FXUYH�QHHGV�IXUWKHU
VXEGLYLGLQJ� )RU�H[DPSOH� VXEGLYLVLRQ�RI � WKH�´OHIWµ �VLGH
LV�DFFRPSOLVKHG�ZLWK�SDUWV��D��DQG��F��RI�([HUFLVH����DQG
HTXDWLRQ����� :KHQ�ERWK�KDOYHV�RI�WKH�FXUYH [.t/ DUH�GLYLGHG�
LW�LV�SRVVLEOH�WR�RUJDQL]H�FDOFXODWLRQV�HIÀFLHQWO\�WR�FDOFXODWH
ERWK�OHIW�DQG�ULJKW�FRQWURO�SRLQWV�FRQFXUUHQWO\� ZLWKRXW�XVLQJ
HTXDWLRQ ����GLUHFWO\�
D� 6KRZ�WKDW�WKH�WDQJHQW�YHFWRUV \0.1/ DQG ]0.0/ DUH�HTXDO�
E� 8VH�SDUW ��D� � WR�VKRZ�WKDW T3 �ZKLFK�HTXDOV U0/ LV � WKH

PLGSRLQW�RI�WKH�VHJPHQW�IURP T2 WR U1�
F� 8VLQJ�SDUW��E��DQG�WKH�UHVXOWV�RI�([HUFLVHV����DQG���� ZULWH

DQ�DOJRULWKP�WKDW�FRPSXWHV�WKH�FRQWURO�SRLQWV�IRU�ERWK
\.t/ DQG ].t/ LQ�DQ�HIÀFLHQW�PDQQHU� 7KH�RQO\�RSHUDWLRQV
QHHGHG�DUH�VXPV�DQG�GLYLVLRQ�E\���

��� ([SODLQ�ZK\�D�FXELF�%p]LHU�FXUYH�LV�FRPSOHWHO\�GHWHUPLQHG
E\ [.0/� [0.0/� [.1/� DQG [0.1/�

��� 7UXH7\SH� IRQWV� FUHDWHG�E\�$SSOH�&RPSXWHU�DQG�$GREH
6\VWHPV� XVH �TXDGUDWLF �%p]LHU �FXUYHV� ZKLOH �3RVW6FULSW�
IRQWV� FUHDWHG�E\�0LFURVRIW� XVH�FXELF�%p]LHU�FXUYHV� 7KH
FXELF�FXUYHV�SURYLGH�PRUH�ÁH[LELOLW\�IRU�W\SHIDFH�GHVLJQ�
EXW�LW � LV�LPSRUWDQW�WR�0LFURVRIW�WKDW�HYHU\�W\SHIDFH�XVLQJ
TXDGUDWLF�FXUYHV�FDQ�EH�WUDQVIRUPHG�LQWR�RQH�WKDW�XVHV�FXELF
FXUYHV� 6XSSRVH�WKDW Z.t/ LV�D�TXDGUDWLF�FXUYH� ZLWK�FRQWURO
SRLQWV S0� S1� DQG S2�
D� )LQG�FRQWURO�SRLQWV U0� U1� U2� DQG U3 VXFK�WKDW�WKH�FXELF

%p]LHU�FXUYH [.t/ ZLWK�WKHVH�FRQWURO�SRLQWV�KDV�WKH�SURS�
HUW\�WKDW [.t/ DQG Z.t/ KDYH�WKH�VDPH�LQLWLDO�DQG�WHUPLQDO
SRLQWV�DQG�WKH�VDPH�WDQJHQW�YHFWRUV�DW t D 0 DQG t D 1�
�6HH�([HUFLVH�����

E� 6KRZ � WKDW � LI [.t/ LV � FRQVWUXFWHG � DV � LQ � SDUW � �D�� WKHQ
[.t/ D Z.t/ IRU 0 ' t ' 1�

��� 8VH�SDUWLWLRQHG�PDWUL[�PXOWLSOLFDWLRQ�WR�FRPSXWH�WKH�IROORZ�
LQJ�PDWUL[�SURGXFW� ZKLFK�DSSHDUV�LQ�WKH�DOWHUQDWLYH�IRUPXOD
����IRU�D�%p]LHU�FXUYH�
2
664

1 0 0 0
"3 3 0 0

3 "6 3 0
"1 3 "3 1

3
775

2
664
S0

S1

S2

S3

3
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�� )URP�HTXDWLRQ������ZLWK t D 0� [.0/ 6D S0 EHFDXVH

[.0/ D 1
6
ŒS0 C 4S1 C S2! D 1

6
S0 C 2

3
S1 C 1

6
S2:

7KH�FRHIÀFLHQWV�DUH�QRQQHJDWLYH�DQG�VXP�WR��� VR [.0/ LV�LQ FRQY fS0; S1; S2g� DQG
WKH�DIÀQH�FRRUGLQDWHV�ZLWK�UHVSHFW�WR fS0; S1; S2g DUH

%
1
6
; 2

3
; 1

6

&
�

�� )URP�HTXDWLRQ������ZLWK t D 1� [.1/ 6D S3 EHFDXVH

[.1/ D 1
6
ŒS1 C 4S2 C S3! D 1

6
S1 C 2

3
S2 C 1

6
S3:

7KH�FRHIÀFLHQWV�DUH�QRQQHJDWLYH�DQG�VXP�WR��� VR [.1/ LV�LQ FRQY fS1; S2; S3g� DQG
WKH�DIÀQH�FRRUGLQDWHV�ZLWK�UHVSHFW�WR fS1; S2; S3g DUH
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8QLTXHQHVV�RI�WKH�5HGXFHG
(FKHORQ�)RUP

(DFK m ! n PDWUL[ A LV�URZ�HTXLYDOHQW�WR�D�XQLTXH�UHGXFHG�HFKHORQ�PDWUL[ U �

7KH�SURRI�XVHV�WKH�LGHD�IURP�6HFWLRQ ����WKDW�WKH�FROXPQV�RI�URZ�HTXLYDOHQW
PDWULFHV�KDYH�H[DFWO\�WKH�VDPH�OLQHDU�GHSHQGHQFH�UHODWLRQV�

7KH�URZ�UHGXFWLRQ�DOJRULWKP�VKRZV�WKDW�WKHUH�H[LVWV�DW�OHDVW�RQH�VXFK�PDWUL[ U �
6XSSRVH�WKDW A LV�URZ�HTXLYDOHQW�WR�PDWULFHV U DQG V LQ�UHGXFHG�HFKHORQ�IRUP� 7KH
OHIWPRVW�QRQ]HUR�HQWU\�LQ�D�URZ�RI U LV�D�´OHDGLQJ�O�µ &DOO�WKH�ORFDWLRQ�RI�VXFK�D�OHDGLQJ
��D�SLYRW�SRVLWLRQ� DQG�FDOO�WKH�FROXPQ�WKDW�FRQWDLQV�LW�D�SLYRW�FROXPQ� �7KLV�GHÀQLWLRQ
XVHV�RQO\�WKH�HFKHORQ�QDWXUH�RI U DQG V DQG�GRHV�QRW�DVVXPH�WKH�XQLTXHQHVV�RI�WKH
UHGXFHG�HFKHORQ�IRUP��

7KH�SLYRW�FROXPQV�RI U DQG V DUH�SUHFLVHO\�WKH�QRQ]HUR�FROXPQV�WKDW�DUH QRW
OLQHDUO\�GHSHQGHQW�RQ�WKH�FROXPQV�WR�WKHLU�OHIW� �7KLV�FRQGLWLRQ�LV�VDWLVÀHG�DXWRPDWLFDOO\
E\�D ÀUVW FROXPQ�LI�LW�LV�QRQ]HUR�� 6LQFH U DQG V DUH�URZ�HTXLYDOHQW��ERWK�EHLQJ�URZ
HTXLYDOHQW�WR A�� WKHLU�FROXPQV�KDYH�WKH�VDPH�OLQHDU�GHSHQGHQFH�UHODWLRQV� +HQFH� WKH
SLYRW�FROXPQV�RI U DQG V DSSHDU�LQ�WKH�VDPH�ORFDWLRQV� ,I�WKHUH�DUH r VXFK�FROXPQV�
WKHQ�VLQFH U DQG V DUH�LQ�UHGXFHG�HFKHORQ�IRUP� WKHLU�SLYRW�FROXPQV�DUH�WKH�ÀUVW r
FROXPQV�RI�WKH m ! m LGHQWLW\�PDWUL[� 7KXV� FRUUHVSRQGLQJ�SLYRW�FROXPQV�RI U DQG V
DUH�HTXDO�

)LQDOO\� FRQVLGHU�DQ\�QRQSLYRW�FROXPQ�RI U � VD\�FROXPQ j � 7KLV�FROXPQ�LV�HLWKHU
]HUR�RU�D�OLQHDU�FRPELQDWLRQ�RI�WKH�SLYRW�FROXPQV�WR�LWV�OHIW��EHFDXVH�WKRVH�SLYRW�FROXPQV
DUH�D�EDVLV�IRU�WKH�VSDFH�VSDQQHG�E\�WKH�FROXPQV�WR�WKH�OHIW�RI�FROXPQ j �� (LWKHU�FDVH
FDQ�EH�H[SUHVVHG�E\�ZULWLQJ U [ D � IRU�VRPH [ ZKRVH j WK�HQWU\�LV��� 7KHQ V [ D ��
WRR� ZKLFK�VD\V�WKDW�FROXPQ j RI V LV�HLWKHU�]HUR�RU�WKH VDPH OLQHDU�FRPELQDWLRQ�RI�WKH
SLYRW�FROXPQV�RI V WR LWV OHIW� 6LQFH�FRUUHVSRQGLQJ�SLYRW�FROXPQV�RI U DQG V DUH�HTXDO�
FROXPQV j RI U DQG V DUH�DOVR�HTXDO� 7KLV�KROGV�IRU�DOO�QRQSLYRW�FROXPQV� VR V D U �
ZKLFK�SURYHV�WKDW U LV�XQLTXH�



&RPSOH[�1XPEHUV

$ FRPSOH[�QXPEHU LV�D�QXPEHU�ZULWWHQ�LQ�WKH�IRUP

´ D a C bi

ZKHUH a DQG b DUH�UHDO�QXPEHUV�DQG i LV�D�IRUPDO�V\PERO�VDWLVI\LQJ�WKH�UHODWLRQ i 2 D !1�
7KH�QXPEHU a LV�WKH UHDO�SDUW RI ´� GHQRWHG�E\ 5H ´� DQG b LV�WKH LPDJLQDU\�SDUW RI
´� GHQRWHG�E\ ,P ´� 7ZR�FRPSOH[�QXPEHUV�DUH�FRQVLGHUHG�HTXDO�LI�DQG�RQO\�LI�WKHLU
UHDO�DQG�LPDJLQDU\�SDUWV�DUH�HTXDO� )RU�H[DPSOH� LI ´ D 5 C .!2/i � WKHQ 5H ´ D 5 DQG
,P ´ D !2� )RU�VLPSOLFLW\� ZH�ZULWH ´ D 5 ! 2i �

$ UHDO�QXPEHU a LV�FRQVLGHUHG�DV�D�VSHFLDO�W\SH�RI�FRPSOH[�QXPEHU� E\�LGHQWLI\LQJ
a ZLWK a C 0i � )XUWKHUPRUH� DULWKPHWLF�RSHUDWLRQV�RQ�UHDO�QXPEHUV�FDQ�EH�H[WHQGHG�WR
WKH�VHW�RI�FRPSOH[�QXPEHUV�

7KH FRPSOH[�QXPEHU�V\VWHP� GHQRWHG�E\ C� LV�WKH�VHW�RI�DOO�FRPSOH[�QXPEHUV�
WRJHWKHU�ZLWK�WKH�IROORZLQJ�RSHUDWLRQV�RI�DGGLWLRQ�DQG�PXOWLSOLFDWLRQ�

.a C bi/ C .c C di/ D .a C c/ C .b C d/i ���

.a C bi/.c C di/ D .ac ! bd/ C .ad C bc/i ���

7KHVH�UXOHV�UHGXFH�WR�RUGLQDU\�DGGLWLRQ�DQG�PXOWLSOLFDWLRQ�RI�UHDO�QXPEHUV�ZKHQ
b DQG d DUH�]HUR�LQ�����DQG����� ,W�LV�UHDGLO\�FKHFNHG�WKDW�WKH�XVXDO�ODZV�RI�DULWKPHWLF
IRU R DOVR�KROG�IRU C� )RU�WKLV�UHDVRQ� PXOWLSOLFDWLRQ�LV�XVXDOO\�FRPSXWHG�E\�DOJHEUDLF
H[SDQVLRQ� DV�LQ�WKH�IROORZLQJ�H[DPSOH�

.5 ! 2i/.3 C 4i/ D 15 C 20i ! 6i ! 8i2

D 15 C 14i ! 8.!1/

D 23 C 14i

7KDW�LV� PXOWLSO\�HDFK�WHUP�RI 5 ! 2i E\�HDFK�WHUP�RI 3 C 4i � XVH i 2 D !1� DQG�ZULWH
WKH�UHVXOW�LQ�WKH�IRUP a C bi �

6XEWUDFWLRQ�RI�FRPSOH[�QXPEHUV ´1 DQG ´2 LV�GHÀQHG�E\

´1 ! ´2 D ´1 C .!1/´2

,Q�SDUWLFXODU� ZH�ZULWH !´ LQ�SODFH�RI .!1/´�



&RPSOH[�1XPEHUV

7KH FRQMXJDWH RI ´ D a C bi LV�WKH�FRPSOH[�QXPEHU ´ �UHDG�DV�´´ EDUµ�� GHÀQHG
E\

´ D a ! bi

2EWDLQ ´ IURP ´ E\�UHYHUVLQJ�WKH�VLJQ�RI�WKH�LPDJLQDU\�SDUW�

7KH�FRQMXJDWH�RI !3 C 4i LV !3 ! 4i � ZULWH !3 C 4i D !3 ! 4i �

2EVHUYH�WKDW�LI ´ D a C bi � WKHQ

´´ D .a C bi/.a ! bi/ D a2 ! abi C bai ! b2i2 D a2 C b2 ���

6LQFH ´´ LV�UHDO�DQG�QRQQHJDWLYH� LW�KDV�D�VTXDUH�URRW� 7KH DEVROXWH�YDOXH �RUPRGXOXV�
RI ´ LV�WKH�UHDO�QXPEHU j´j GHÀQHG�E\

j´j D
p

´´ D
p

a2 C b2

,I ´ LV�D�UHDO�QXPEHU� WKHQ ´ D a C 0i � DQG j´j D
p

a2� ZKLFK�HTXDOV�WKH�RUGLQDU\
DEVROXWH�YDOXH�RI a�

6RPH�XVHIXO�SURSHUWLHV�RI�FRQMXJDWHV�DQG�DEVROXWH�YDOXH�DUH�OLVWHG�EHORZ� w DQG ´
GHQRWH�FRPSOH[�QXPEHUV�

�� ´ D ´ LI�DQG�RQO\�LI ´ LV�D�UHDO�QXPEHU�
�� w C ´ D w C ´�
�� w´ D w ´� LQ�SDUWLFXODU� r´ D r´ LI r LV�D�UHDO�QXPEHU�
�� ´´ D j´j2 " 0�
�� jw´j D jwjj´j�
�� jw C ´j # jwj C j´j�

,I ´ ¤ 0� WKHQ j´j > 0 DQG ´ KDV�D�PXOWLSOLFDWLYH�LQYHUVH� GHQRWHG�E\ 1=´ RU ´!1

DQG�JLYHQ�E\

1

´
D ´!1 D ´

j´j2

2I�FRXUVH� D�TXRWLHQW w=´ VLPSO\�PHDQV w $ .1=´/�

/HW w D 3 C 4i DQG ´ D 5 ! 2i � &RPSXWH ´´� j´j� DQG w=´�

)URP�HTXDWLRQ�����

´´ D 52 C .!2/2 D 25 C 4 D 29

)RU�WKH�DEVROXWH�YDOXH� j´j D
p

´´ D
p

29� 7R�FRPSXWH w=´� ÀUVW�PXOWLSO\�ERWK�WKH
QXPHUDWRU�DQG�WKH�GHQRPLQDWRU�E\ ´� WKH�FRQMXJDWH�RI�WKH�GHQRPLQDWRU� %HFDXVH�RI�����



&RPSOH[�1XPEHUV

WKLV�HOLPLQDWHV�WKH i LQ�WKH�GHQRPLQDWRU�

w

´
D 3 C 4i

5 ! 2i

D 3 C 4i

5 ! 2i
$ 5 C 2i

5 C 2i

D 15 C 6i C 20i ! 8

52 C .!2/2

D 7 C 26i

29

D 7

29
C 26

29
i

*HRPHWULF�,QWHUSUHWDWLRQ

(DFK�FRPSOH[�QXPEHU ´ D a C bi FRUUHVSRQGV�WR�D�SRLQW .a; b/ LQ�WKH�SODQH R2� DV
LQ�)LJ� �� 7KH�KRUL]RQWDO�D[LV�LV�FDOOHG�WKH UHDO�D[LV EHFDXVH�WKH�SRLQWV��a; 0��RQ�LW
FRUUHVSRQG�WR�WKH�UHDO�QXPEHUV� 7KH�YHUWLFDO�D[LV�LV�WKH LPDJLQDU\�D[LV EHFDXVH�WKH
SRLQWV .0; b/ RQ�LW�FRUUHVSRQG�WR�WKH SXUH�LPDJLQDU\�QXPEHUV RI�WKH�IRUP 0 C bi � RU
VLPSO\ bi � 7KH�FRQMXJDWH�RI ´ LV�WKH�PLUURU�LPDJH�RI ´ LQ�WKH�UHDO�D[LV� 7KH�DEVROXWH
YDOXH�RI ´ LV�WKH�GLVWDQFH�IURP .a; b/ WR�WKH�RULJLQ�

Imaginary
axis

z = a + bi

z = a – bi

a

b

Real axis

7KH�FRPSOH[�FRQMXJDWH�LV�D�PLUURU�LPDJH�

$GGLWLRQ�RI�FRPSOH[�QXPEHUV ´ D a C bi DQG w D c C di FRUUHVSRQGV�WR�YHFWRU
DGGLWLRQ�RI .a; b/ DQG .c; d/ LQ R2� DV�LQ�)LJ� ��

z

w

Re z

Im z

w + z

$GGLWLRQ�RI�FRPSOH[�QXPEHUV�



&RPSOH[�1XPEHUV

7R�JLYH�D�JUDSKLFDO�UHSUHVHQWDWLRQ�RI�FRPSOH[�PXOWLSOLFDWLRQ� ZH�XVH SRODU�FRRUGL�
QDWHV LQ R2� *LYHQ�D�QRQ]HUR�FRPSOH[�QXPEHU ´ D a C bi � OHW ' EH�WKH�DQJOH�EHWZHHQ
WKH�SRVLWLYH�UHDO�D[LV�DQG�WKH�SRLQW .a; b/� DV�LQ�)LJ� ��ZKHUH !! < ' # ! � 7KH�DQJOH '
LV�FDOOHG�WKH DUJXPHQW RI ´� ZH�ZULWH ' D DUJ ´� )URP�WULJRQRPHWU\�

a D j´j FRV '; b D j´j VLQ '

DQG�VR
´ D a C bi D j´j.FRV ' C i VLQ '/

ϕ
|z| cos ϕ

|z| sin ϕ
|z|

z

Re z

Im z

3RODU�FRRUGLQDWHV�RI ´�

,I w LV�DQRWKHU�QRQ]HUR�FRPSOH[�QXPEHU� VD\�

w D jwj .FRV# C i VLQ#/

WKHQ� XVLQJ�VWDQGDUG�WULJRQRPHWULF�LGHQWLWLHV�IRU�WKH�VLQH�DQG�FRVLQH�RI�WKH�VXP�RI�WZR
DQJOHV� RQH�FDQ�YHULI\�WKDW

w´ D jwj j´j ŒFRV.# C '/ C i VLQ.# C '/" ���

6HH�)LJ� �� $ VLPLODU�IRUPXOD�PD\�EH�ZULWWHQ�IRU�TXRWLHQWV�LQ�SRODU�IRUP� 7KH�IRUPXODV
IRU�SURGXFWV�DQG�TXRWLHQWV�FDQ�EH�VWDWHG�LQ�ZRUGV�DV�IROORZV�

ϕ

!

|z|

zw
wz

Re z

Im z

! + ϕ

0XOWLSOLFDWLRQ�ZLWK�SRODU
FRRUGLQDWHV�

7KH�SURGXFW�RI�WZR�QRQ]HUR�FRPSOH[�QXPEHUV�LV�JLYHQ�LQ�SRODU�IRUP�E\�WKH
SURGXFW�RI�WKHLU�DEVROXWH�YDOXHV�DQG�WKH�VXP�RI�WKHLU�DUJXPHQWV� 7KH�TXRWLHQW
RI�WZR�QRQ]HUR�FRPSOH[�QXPEHUV�LV�JLYHQ�E\�WKH�TXRWLHQW�RI�WKHLU�DEVROXWH�YDOXHV
DQG�WKH�GLIIHUHQFH�RI�WKHLU�DUJXPHQWV�

D� ,I w KDV�DEVROXWH�YDOXH��� WKHQ w D FRV# C i VLQ# � ZKHUH # LV�WKH�DUJXPHQW�RI w�
0XOWLSOLFDWLRQ�RI�DQ\�QRQ]HUR�QXPEHU ´ E\ w VLPSO\�URWDWHV ´ WKURXJK�WKH�DQJOH # �

E� 7KH�DUJXPHQW�RI i LWVHOI�LV !=2 UDGLDQV� VR�PXOWLSOLFDWLRQ�RI ´ E\ i URWDWHV ´ WKURXJK
DQ�DQJOH�RI !=2 UDGLDQV� )RU�H[DPSOH� 3 C i LV�URWDWHG�LQWR .3 C i/i D !1 C 3i �

ϕ

ϕ !

π
2

z = 3 + i

iz

i

Re z

Im z

π
2

0XOWLSOLFDWLRQ�E\ i �
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3RZHUV�RI�D�&RPSOH[�1XPEHU
)RUPXOD�����DSSOLHV�ZKHQ ´ D w D r.FRV ' C i VLQ '/� ,Q�WKLV�FDVH

´2 D r2.FRV 2' C i VLQ 2'/

DQG
´3 D ´ $ ´2

D r.FRV ' C i VLQ '/ $ r2.FRV 2' C i VLQ 2'/

D r3.FRV 3' C i VLQ 3'/

,Q�JHQHUDO� IRU�DQ\�SRVLWLYH�LQWHJHU k�

´k D rk.FRV k' C i VLQ k'/

7KLV�IDFW�LV�NQRZQ�DV 'H�0RLYUH·V�7KHRUHP�

&RPSOH[�1XPEHUV�DQG R2

$OWKRXJK�WKH�HOHPHQWV�RIR2 DQGC DUH�LQ�RQH�WR�RQH�FRUUHVSRQGHQFH� DQG�WKH�RSHUDWLRQV
RI�DGGLWLRQ�DUH�HVVHQWLDOO\�WKH�VDPH� WKHUH�LV�D�ORJLFDO�GLVWLQFWLRQ�EHWZHHQ R2 DQG C� ,Q
R2 ZH�FDQ�RQO\�PXOWLSO\�D�YHFWRU�E\�D�UHDO�VFDODU� ZKHUHDV�LQ C ZH�FDQ�PXOWLSO\�DQ\
WZR�FRPSOH[�QXPEHUV�WR�REWDLQ�D�WKLUG�FRPSOH[�QXPEHU� �7KH�GRW�SURGXFW�LQ R2 GRHVQ·W
FRXQW� EHFDXVH�LW�SURGXFHV�D�VFDODU� QRW�DQ�HOHPHQW�RI R2:/ :H�XVH�VFDODU�QRWDWLRQ�IRU
HOHPHQWV�LQ C WR�HPSKDVL]H�WKLV�GLVWLQFWLRQ�

(2, 4)

(–1, 2)

(–3, –1)

(3, –2)

(4, 0)

2 + 4i

–1 + 2i

–3 – i

3 – 2i

4 + 0i

x2

x1 Re z

Im z

7KH�UHDO�SODQH R2� 7KH�FRPSOH[�SODQH C�



*ORVVDU\

DGMXJDWH �RU FODVVLFDO�DGMRLQW�� 7KH�PDWUL[ DGMA IRUPHG�IURP
D�VTXDUH�PDWUL[ A E\�UHSODFLQJ�WKH .i; j /�HQWU\�RI A E\�WKH
.i; j /�FRIDFWRU� IRU �DOO i DQG j � DQG� WKHQ� WUDQVSRVLQJ� WKH
UHVXOWLQJ�PDWUL[�

DIÀQH�FRPELQDWLRQ� $ OLQHDU�FRPELQDWLRQ�RI�YHFWRUV��SRLQWV�LQ
Rn��LQ�ZKLFK�WKH�VXP�RI�WKH�ZHLJKWV�LQYROYHG�LV���

DIÀQH�GHSHQGHQFH�UHODWLRQ� $Q�HTXDWLRQ�RI�WKH�IRUP c1Y1 C
! ! ! C cpYp D �� ZKHUH � WKH �ZHLJKWV c1; : : : ; cp DUH �QRW �DOO
]HUR� DQG c1 C ! ! ! C cp D 0�

DIÀQH�KXOO �RU DIÀQH�VSDQ��RI�D�VHW S � 7KH�VHW�RI�DOO�DIÀQH
FRPELQDWLRQV�RI�SRLQWV�LQ S � GHQRWHG�E\ DIIS �

DIÀQHO\�GHSHQGHQW�VHW� $ VHW fY1; : : : ; Ypg LQRn VXFK�WKDW�WKHUH
DUH�UHDO�QXPEHUV c1; : : : ; cp � QRW�DOO�]HUR� VXFK�WKDW c1 C ! ! ! C
cp D 0 DQG c1Y1 C ! ! ! C cpYp D �

DIÀQHO\�LQGHSHQGHQW�VHW� $ VHW fY1; : : : ; Ypg LQ Rn WKDW�LV�QRW
DIÀQHO\�GHSHQGHQW�

DIÀQH�VHW �RU DIÀQH�VXEVHW�� $ VHW S RI�SRLQWV�VXFK�WKDW�LI S DQG
T DUH�LQ S � WKHQ .1 " t/S C tT 2 S IRU�HDFK�UHDO�QXPEHU t �

DIÀQH�WUDQVIRUPDWLRQ� $ PDSSLQJ T W Rn ! Rm RI�WKH�IRUP
T .[/ D A[ C E� ZLWK A DQ m # n PDWUL[�DQG E LQ Rm�

DOJHEUDLF�PXOWLSOLFLW\� 7KH�PXOWLSOLFLW\�RI�DQ�HLJHQYDOXH�DV�D
URRW�RI�WKH�FKDUDFWHULVWLF�HTXDWLRQ�

DQJOH �EHWZHHQ�QRQ]HUR�YHFWRUV X DQG Y LQR2 RUR3/� 7KH�DQJOH
# EHWZHHQ�WKH�WZR�GLUHFWHG�OLQH�VHJPHQWV�IURP�WKH�RULJLQ�WR
WKH�SRLQWV X DQG Y� 5HODWHG�WR�WKH�VFDODU�SURGXFW�E\

X !Y D kXk kYk FRV#

DVVRFLDWLYH�ODZ�RI�PXOWLSOLFDWLRQ� A.%&/ D .AB/C � IRU�DOOA�
B � C �

DWWUDFWRU �RI�D�G\QDPLFDO�V\VWHP�LQ R2/� 7KH�RULJLQ�ZKHQ�DOO
WUDMHFWRULHV�WHQG�WRZDUG ��

DXJPHQWHG�PDWUL[� $ PDWUL[�PDGH�XS�RI�D�FRHIÀFLHQW�PDWUL[
IRU�D�OLQHDU�V\VWHP�DQG�RQH�RU�PRUH�FROXPQV�WR�WKH�ULJKW�
(DFK�H[WUD�FROXPQ�FRQWDLQV�WKH�FRQVWDQWV�IURP�WKH�ULJKW�VLGH
RI�D�V\VWHP�ZLWK�WKH�JLYHQ�FRHIÀFLHQW�PDWUL[�

DX[LOLDU\�HTXDWLRQ� $ SRO\QRPLDO �HTXDWLRQ� LQ �D �YDULDEOH r �
FUHDWHG�IURP�WKH�FRHIÀFLHQWV�RI�D�KRPRJHQHRXV�GLIIHUHQFH
HTXDWLRQ�

EDFN�VXEVWLWXWLRQ �ZLWK�PDWUL[�QRWDWLRQ�� 7KH�EDFNZDUG�SKDVH
RI�URZ�UHGXFWLRQ�RI�DQ�DXJPHQWHG�PDWUL[�WKDW�WUDQVIRUPV�DQ
HFKHORQ�PDWUL[�LQWR�D�UHGXFHG�HFKHORQ�PDWUL[� XVHG�WR�ÀQG
WKH�VROXWLRQ�V��RI�D�V\VWHP�RI�OLQHDU�HTXDWLRQV�

EDFNZDUG�SKDVH �RI�URZ�UHGXFWLRQ�� 7KH�ODVW�SDUW�RI�WKH�DO�
JRULWKP�WKDW�UHGXFHV�D�PDWUL[�LQ�HFKHORQ�IRUP�WR�D�UHGXFHG
HFKHORQ�IRUP�

EDQG�PDWUL[� $ PDWUL[�ZKRVH�QRQ]HUR�HQWULHV�OLH�ZLWKLQ�D�EDQG
DORQJ�WKH�PDLQ�GLDJRQDO�

EDU\FHQWULF�FRRUGLQDWHV �RI�D�SRLQW S ZLWK�UHVSHFW�WR�DQ�DIÀQHO\
LQGHSHQGHQW � VHW S D fY1 : : : ; Ykg�� 7KH � �XQLTXH� � VHW � RI
ZHLJKWV c1; : : : ; ck VXFK�WKDW S D c1Y1 C ! ! ! C ckYk DQG c1 C
! ! ! C ck D 1� �6RPHWLPHV�DOVR�FDOOHG�WKH DIÀQH�FRRUGLQDWHV
RI S ZLWK�UHVSHFW�WR S ��

EDVLF�YDULDEOH� $ YDULDEOH�LQ�D�OLQHDU�V\VWHP�WKDW�FRUUHVSRQGV
WR�D�SLYRW�FROXPQ�LQ�WKH�FRHIÀFLHQW�PDWUL[�

EDVLV �IRU�D�QRQWULYLDO�VXEVSDFH H RI�D�YHFWRU�VSDFH V /� $Q
LQGH[HG�VHW B D fY1; : : : ; Ypg LQ V VXFK� WKDW� �L� B LV �D
OLQHDUO\�LQGHSHQGHQW�VHW�DQG��LL��WKH�VXEVSDFH�VSDQQHG�E\ B
FRLQFLGHV�ZLWK H � WKDW�LV� H D 6SDQ fY1; : : : ; Ypg�

B�FRRUGLQDWHV�RI [� 6HH FRRUGLQDWHV�RI [ UHODWLYH�WR�WKH�EDVLV
B�

EHVW�DSSUR[LPDWLRQ� 7KH�FORVHVW�SRLQW�LQ�D�JLYHQ�VXEVSDFH�WR�D
JLYHQ�YHFWRU�

ELGLDJRQDO�PDWUL[� $ PDWUL[�ZKRVH�QRQ]HUR�HQWULHV�OLH�RQ�WKH
PDLQ�GLDJRQDO�DQG�RQ�RQH�GLDJRQDO�DGMDFHQW�WR�WKH�PDLQ
GLDJRQDO�

EORFN�GLDJRQDO �PDWUL[�� $ SDUWLWLRQHG�PDWUL[ A D ŒAij ! VXFK
WKDW�HDFK�EORFN Aij LV�D�]HUR�PDWUL[�IRU i ¤ j �

EORFN�PDWUL[� 6HH SDUWLWLRQHG�PDWUL[�
EORFN�PDWUL[�PXOWLSOLFDWLRQ� 7KH�URZ²FROXPQ�PXOWLSOLFDWLRQ

RI�SDUWLWLRQHG�PDWULFHV�DV�LI�WKH�EORFN�HQWULHV�ZHUH�VFDODUV�
EORFN � XSSHU � WULDQJXODU �PDWUL[�� $ SDUWLWLRQHG � PDWUL[

A D ŒAij ! VXFK� WKDW �HDFK�EORFN Aij LV �D �]HUR �PDWUL[ � IRU
i > j �

ERXQGDU\�SRLQW RI�D�VHW S LQRn� $ SRLQW S VXFK�WKDW�HYHU\�RSHQ
EDOO�LQRn FHQWHUHG�DW S LQWHUVHFWV�ERWKS DQG�WKH�FRPSOHPHQW
RI S �

ERXQGHG�VHW LQ Rn� $ VHW� WKDW � LV �FRQWDLQHG�LQ�DQ�RSHQ�EDOO
B.�; ı/ IRU�VRPH ı > 0�

B�PDWUL[ �IRU T �� $ PDWUL[ ŒT !B IRU�D�OLQHDU�WUDQVIRUPDWLRQ
T W V ! V UHODWLYH�WR�D�EDVLV B IRU V � ZLWK�WKH�SURSHUW\
WKDW ŒT .[/!B D ŒT !BŒ[!B IRU�DOO [ LQ 9�

&DXFK\²6FKZDU]�LQHTXDOLW\� jhX; Yij $ kuk!kvk IRU�DOO X� Y�
FKDQJH�RI�EDVLV� 6HH FKDQJH�RI�FRRUGLQDWHV�PDWUL[�



FKDQJH�RI�FRRUGLQDWHV�PDWUL[ �IURP�D�EDVLV B WR�D�EDVLV C�� $
PDWUL[ P

C B WKDW�WUDQVIRUPV B�FRRUGLQDWH�YHFWRUV�LQWR C�
FRRUGLQDWH�YHFWRUV� Œ[!C D P

C B Œ[!B� ,I C LV�WKH�VWDQGDUG
EDVLV�IRU Rn� WKHQ P

C B LV�VRPHWLPHV�ZULWWHQ�DV PB�

FKDUDFWHULVWLF�HTXDWLRQ �RI A�� GHW.A " "I / D 0�
FKDUDFWHULVWLF �SRO\QRPLDO �RI A�� GHW.A " "I / RU� LQ � VRPH

WH[WV� GHW."I " A/�
&KROHVN\�IDFWRUL]DWLRQ� $ IDFWRUL]DWLRQ A D RTR� ZKHUH R LV

DQ�LQYHUWLEOH�XSSHU�WULDQJXODU�PDWUL[�ZKRVH�GLDJRQDO�HQWULHV
DUH�DOO�SRVLWLYH�

FORVHG�EDOO �LQ Rn�� $ VHW f[ W k[ " Sk < ıg LQ Rn� ZKHUH S LV
LQ Rn DQG ı > 0�

FORVHG�VHW �LQ Rn�� $ VHW�WKDW�FRQWDLQV�DOO�RI�LWV�ERXQGDU\�SRLQWV�
FRGRPDLQ �RI�D�WUDQVIRUPDWLRQ T W Rn ! Rm/� 7KH�VHW Rm WKDW

FRQWDLQV�WKH�UDQJH�RI T � ,Q�JHQHUDO� LI T PDSV�D�YHFWRU�VSDFH
V LQWR�D�YHFWRU�VSDFH W � WKHQ W LV�FDOOHG�WKH�FRGRPDLQ�RI
T �

FRHIÀFLHQW�PDWUL[� $ PDWUL[�ZKRVH�HQWULHV�DUH�WKH�FRHIÀFLHQWV
RI�D�V\VWHP�RI�OLQHDU�HTXDWLRQV�

FRIDFWRU� $ QXPEHU Cij D ."1/iCj GHWAij � FDOOHG�WKH .i; j /�
FRIDFWRU�RIA� ZKHUHAij LV�WKH�VXEPDWUL[�IRUPHG�E\�GHOHWLQJ
WKH i WK�URZ�DQG�WKH j WK�FROXPQ�RI A�

FRIDFWRU�H[SDQVLRQ� $ IRUPXOD�IRU GHWA XVLQJ�FRIDFWRUV�DVVR�
FLDWHG�ZLWK�RQH�URZ�RU�RQH�FROXPQ� VXFK�DV�IRU�URZ���

GHWA D a11C11 C ! ! ! C a1nC1n

FROXPQ²URZ � H[SDQVLRQ� 7KH � H[SUHVVLRQ � RI � D � SURGXFW AB
DV � D � VXP � RI � RXWHU � SURGXFWV� FRO1.A/ URZ1.B/ C ! ! ! C
FROn.A/ URZn.B/� ZKHUH n LV�WKH�QXPEHU�RI�FROXPQV�RI A�

FROXPQ�VSDFH �RI�DQ m # n PDWUL[ A�� 7KH�VHW &ROA RI�DOO
OLQHDU�FRPELQDWLRQV�RI�WKH�FROXPQV�RI A� ,I A D ŒD1 ! ! ! Dn!�
WKHQ &ROA D 6SDQ fD1; : : : ; Dng� (TXLYDOHQWO\�

&ROA D f\ W \ D A[ IRU�VRPH [ LQ Rng

FROXPQ�VXP� 7KH�VXP�RI�WKH�HQWULHV�LQ�D�FROXPQ�RI�D�PDWUL[�
FROXPQ�YHFWRU� $ PDWUL[�ZLWK�RQO\�RQH�FROXPQ� RU�D�VLQJOH

FROXPQ�RI�D�PDWUL[�WKDW�KDV�VHYHUDO�FROXPQV�
FRPPXWLQJ � PDWULFHV� 7ZR � PDWULFHV A DQG B VXFK � WKDW

AB D BA�
FRPSDFW � VHW �LQ Rn�� $ VHW � LQ Rn WKDW � LV � ERWK � FORVHG � DQG

ERXQGHG�
FRPSDQLRQ�PDWUL[� $ VSHFLDO�IRUP�RI�PDWUL[�ZKRVH�FKDUDF�

WHULVWLF�SRO\QRPLDO�LV ."1/np."/ ZKHQ p."/ LV�D�VSHFLÀHG
SRO\QRPLDO�ZKRVH�OHDGLQJ�WHUP�LV "n�

FRPSOH[�HLJHQYDOXH� $ QRQUHDO�URRW�RI�WKH�FKDUDFWHULVWLF�HTXD�
WLRQ�RI�DQ n # n PDWUL[�

FRPSOH[ �HLJHQYHFWRU� $ QRQ]HUR �YHFWRU [ LQ Cn VXFK � WKDW
A[ D "[� ZKHUH A LV�DQ n # n PDWUL[�DQG " LV�D�FRPSOH[
HLJHQYDOXH�

FRPSRQHQW � RI \ RUWKRJRQDO � WR X �IRU X ¤ ��� 7KH � YHFWRU
\ " \ !X

X !XX�

FRPSRVLWLRQ�RI�OLQHDU�WUDQVIRUPDWLRQV� $ PDSSLQJ�SURGXFHG
E\�DSSO\LQJ�WZR�RU�PRUH�OLQHDU�WUDQVIRUPDWLRQV�LQ�VXFFHV�
VLRQ� ,I�WKH�WUDQVIRUPDWLRQV�DUH�PDWUL[�WUDQVIRUPDWLRQV� VD\
OHIW�PXOWLSOLFDWLRQ�E\ B IROORZHG�E\�OHIW�PXOWLSOLFDWLRQ�E\
A� WKHQ�WKH�FRPSRVLWLRQ�LV�WKH�PDSSLQJ [ 7! A.B[/�

FRQGLWLRQ�QXPEHU �RI A�� 7KH�TXRWLHQW #1=#n� ZKHUH #1 LV�WKH
ODUJHVW�VLQJXODU�YDOXH�RI A DQG #n LV�WKH�VPDOOHVW�VLQJXODU
YDOXH� 7KH�FRQGLWLRQ�QXPEHU�LV C1 ZKHQ #n LV�]HUR�

FRQIRUPDEOH�IRU�EORFN�PXOWLSOLFDWLRQ� 7ZR�SDUWLWLRQHG�PDWUL�
FHV A DQG B VXFK�WKDW�WKH�EORFN�SURGXFW AB LV�GHÀQHG� 7KH
FROXPQ�SDUWLWLRQ�RI A PXVW�PDWFK�WKH�URZ�SDUWLWLRQ�RI %�

FRQVLVWHQW� OLQHDU�V\VWHP� $ OLQHDU�V\VWHP�ZLWK�DW � OHDVW �RQH
VROXWLRQ�

FRQVWUDLQHG�RSWLPL]DWLRQ� 7KH�SUREOHP�RI�PD[LPL]LQJ�D�TXDQ�
WLW\�VXFK�DV [TA[ RU kA[k ZKHQ [ LV�VXEMHFW�WR�RQH�RU�PRUH
FRQVWUDLQWV� VXFK�DV [T[ D 1 RU [TY D 0�

FRQVXPSWLRQ�PDWUL[� $ PDWUL[�LQ�WKH�/HRQWLHI�LQSXW²RXWSXW
PRGHO�ZKRVH�FROXPQV�DUH�WKH�XQLW�FRQVXPSWLRQ�YHFWRUV�IRU
WKH�YDULRXV�VHFWRUV�RI�DQ�HFRQRP\�

FRQWUDFWLRQ� $ PDSSLQJ [ 7! r[ IRU � VRPH � VFDODU r � ZLWK
0 $ r $ 1�

FRQWUROODEOH �SDLU�RI�PDWULFHV�� $ PDWUL[�SDLU .A; B/ ZKHUH A
LV n # n� B KDV n URZV� DQG

UDQN Œ B AB A2B ! ! ! An!1B ! D n

5HODWHG�WR�D�VWDWH�VSDFH�PRGHO�RI�D�FRQWURO�V\VWHP�DQG�WKH
GLIIHUHQFH�HTXDWLRQ [kC1 D A[k C BXk .k D 0; 1; : : :/�

FRQYHUJHQW �VHTXHQFH�RI�YHFWRUV�� $ VHTXHQFH f[kg VXFK�WKDW
WKH�HQWULHV�LQ [k FDQ�EH�PDGH�DV�FORVH�DV�GHVLUHG�WR�WKH�HQWULHV
LQ�VRPH�À[HG�YHFWRU�IRU�DOO k VXIÀFLHQWO\�ODUJH�

FRQYH[ �FRPELQDWLRQ �RI �SRLQWV Y1; : : : ; Yk LQ Rn�� $ OLQHDU
FRPELQDWLRQ�RI�YHFWRUV��SRLQWV��LQ�ZKLFK�WKH�ZHLJKWV�LQ�WKH
FRPELQDWLRQ�DUH�QRQQHJDWLYH�DQG�WKH�VXP�RI�WKH�ZHLJKWV
LV���

FRQYH[�KXOO �RI�D�VHW S �� 7KH�VHW�RI�DOO�FRQYH[�FRPELQDWLRQV�RI
SRLQWV�LQ S � GHQRWHG�E\� FRQYS �

FRQYH[�VHW� $ VHW S ZLWK�WKH�SURSHUW\�WKDW�IRU�HDFK S DQG T LQ
S � WKH�OLQH�VHJPHQW ST LV�FRQWDLQHG�LQ S �

FRRUGLQDWH�PDSSLQJ �GHWHUPLQHG�E\�DQ�RUGHUHG�EDVLV B LQ�D
YHFWRU�VSDFH V �� $ PDSSLQJ�WKDW�DVVRFLDWHV�WR�HDFK [ LQ
V LWV�FRRUGLQDWH�YHFWRU Œ[!B�

FRRUGLQDWHV�RI [ UHODWLYH�WR�WKH�EDVLV B D fE1; : : : ; Eng� 7KH
ZHLJKWV c1; : : : ; cn LQ�WKH�HTXDWLRQ [ D c1E1 C ! ! ! C cnEn�

FRRUGLQDWH�YHFWRU�RI [ UHODWLYH�WR B� 7KH�YHFWRU Œ[!B ZKRVH
HQWULHV�DUH�WKH�FRRUGLQDWHV�RI [ UHODWLYH�WR�WKH�EDVLV B�

FRYDULDQFH �RI�YDULDEOHV xi DQG xj � IRU i ¤ j �� 7KH�HQWU\ sij LQ
WKH�FRYDULDQFH�PDWUL[ S IRU�D�PDWUL[�RI�REVHUYDWLRQV� ZKHUH
xi DQG xj YDU\�RYHU�WKH i WK�DQG j WK�FRRUGLQDWHV� UHVSHFWLYHO\�
RI�WKH�REVHUYDWLRQ�YHFWRUV�

FRYDULDQFH�PDWUL[ �RU VDPSOH�FRYDULDQFH�PDWUL[�� 7KH p # p
PDWUL[ S GHÀQHG�E\ S D .N " 1/!1BBT � ZKHUH B LV �D
p # N PDWUL[�RI�REVHUYDWLRQV�LQ�PHDQ�GHYLDWLRQ�IRUP�



&UDPHU·V�UXOH� $ IRUPXOD�IRU�HDFK�HQWU\�LQ�WKH�VROXWLRQ [ RI
WKH�HTXDWLRQ A[ D E ZKHQ A LV�DQ�LQYHUWLEOH�PDWUL[�

FURVV�SURGXFW�WHUP� $ WHUP cxi xj LQ�D�TXDGUDWLF�IRUP� ZLWK
i ¤ j �

FXEH� $ WKUHH�GLPHQVLRQDO�VROLG�REMHFW�ERXQGHG�E\�VL[�VTXDUH
IDFHV� ZLWK�WKUHH�IDFHV�PHWWLQJ�DW�HDFK�YHUWH[�

GHFRXSOHG�V\VWHP� $ GLIIHUHQFH�HTXDWLRQ \kC1 D A\k � RU �D
GLIIHUHQWLDO�HTXDWLRQ \0.t/ D A\.t/� LQ�ZKLFKA LV�D�GLDJRQDO
PDWUL[� 7KH�GLVFUHWH�HYROXWLRQ�RI�HDFK�HQWU\�LQ \k �DV�D
IXQFWLRQ�RI k�� RU�WKH�FRQWLQXRXV�HYROXWLRQ�RI�HDFK�HQWU\
LQ�WKH�YHFWRU�YDOXHG�IXQFWLRQ \.t/� LV �XQDIIHFWHG�E\�ZKDW
KDSSHQV�WR�WKH�RWKHU�HQWULHV�DV k ! 1 RU t ! 1�

GHVLJQ�PDWUL[� 7KH�PDWUL[ X LQ�WKH�OLQHDU�PRGHO \ D ;ˇ C !�
ZKHUH�WKH�FROXPQV�RI X DUH�GHWHUPLQHG�LQ�VRPH�ZD\�E\�WKH
REVHUYHG�YDOXHV�RI�VRPH�LQGHSHQGHQW�YDULDEOHV�

GHWHUPLQDQW �RI�D�VTXDUH�PDWUL[ A�� 7KH�QXPEHU GHWA GHÀQHG
LQGXFWLYHO\�E\�D�FRIDFWRU�H[SDQVLRQ�DORQJ�WKH�ÀUVW�URZ�RI A�
$OVR� ."1/r WLPHV�WKH�SURGXFW�RI�WKH�GLDJRQDO�HQWULHV�LQ�DQ\
HFKHORQ�IRUP U REWDLQHG�IURP A E\�URZ�UHSODFHPHQWV�DQG
r URZ�LQWHUFKDQJHV��EXW�QR�VFDOLQJ�RSHUDWLRQV��

GLDJRQDO�HQWULHV �LQ�D�PDWUL[�� (QWULHV�KDYLQJ�HTXDO�URZ�DQG
FROXPQ�LQGLFHV�

GLDJRQDOL]DEOH �PDWUL[�� $ PDWUL[�WKDW�FDQ�EH�ZULWWHQ�LQ�IDF�
WRUHG�IRUP�DV PDP!1� ZKHUH D LV�D�GLDJRQDO�PDWUL[�DQG P
LV�DQ�LQYHUWLEOH�PDWUL[�

GLDJRQDO�PDWUL[� $ VTXDUH�PDWUL[�ZKRVH�HQWULHV QRW RQ�WKH
PDLQ�GLDJRQDO�DUH�DOO�]HUR�

GLIIHUHQFH�HTXDWLRQ �RU OLQHDU�UHFXUUHQFH�UHODWLRQ�� $Q�HTXD�
WLRQ�RI�WKH�IRUP [kC1 D A[k �k D 0; 1; 2; : : :��ZKRVH�VROX�
WLRQ�LV�D�VHTXHQFH�RI�YHFWRUV� [0; [1; : : : :

GLODWLRQ� $ PDSSLQJ [ 7! r[ IRU�VRPH�VFDODU r � ZLWK 1 < r �
GLPHQVLRQ�

RI�D�ÁDW S � 7KH�GLPHQVLRQ�RI�WKH�FRUUHVSRQGLQJ�SDUDOOHO
VXEVSDFH�

RI�D�VHW S � 7KH�GLPHQVLRQ�RI�WKH�VPDOOHVW�ÁDW�FRQWDLQLQJ S �
RI�D�VXEVSDFH S � 7KH�QXPEHU�RI�YHFWRUV�LQ�D�EDVLV�IRU S �

ZULWWHQ�DV GLPS �
RI�D�YHFWRU�VSDFH V � 7KH�QXPEHU�RI�YHFWRUV�LQ�D�EDVLV�IRU V �

ZULWWHQ�DV GLPV � 7KH�GLPHQVLRQ�RI�WKH�]HUR�VSDFH�LV���
GLVFUHWH�OLQHDU�G\QDPLFDO�V\VWHP� $ GLIIHUHQFH�HTXDWLRQ�RI�WKH

IRUP [kC1 D A[k WKDW�GHVFULEHV�WKH�FKDQJHV�LQ�D�V\VWHP
�XVXDOO\�D�SK\VLFDO�V\VWHP��DV�WLPH�SDVVHV� 7KH�SK\VLFDO
V\VWHP�LV�PHDVXUHG�DW�GLVFUHWH�WLPHV� ZKHQ k D 0; 1; 2; : : : ;
DQG�WKH VWDWH RI�WKH�V\VWHP�DW�WLPH k LV�D�YHFWRU [k ZKRVH
HQWULHV�SURYLGH�FHUWDLQ�IDFWV�RI�LQWHUHVW�DERXW�WKH�V\VWHP�

GLVWDQFH�EHWZHHQ X DQG Y� 7KH�OHQJWK�RI� WKH�YHFWRU X " Y�
GHQRWHG�E\ GLVW .X; Y/�

GLVWDQFH�WR�D�VXEVSDFH� 7KH�GLVWDQFH�IURP�D�JLYHQ�SRLQW��YHF�
WRU� Y WR�WKH�QHDUHVW�SRLQW�LQ�WKH�VXEVSDFH�

GLVWULEXWLYH�ODZV� �OHIW� A.B C C / D AB C AC � DQG��ULJKW�
.B C C /A D BA C CA� IRU�DOO A� B � C �

GRPDLQ �RI�D�WUDQVIRUPDWLRQ T �� 7KH�VHW�RI�DOO�YHFWRUV [ IRU
ZKLFK T .[/ LV�GHÀQHG�

GRW�SURGXFW� 6HH LQQHU�SURGXFW�
G\QDPLFDO�V\VWHP� 6HH GLVFUHWH�OLQHDU�G\QDPLFDO�V\VWHP�

HFKHORQ�IRUP �RU URZ�HFKHORQ�IRUP� RI�D�PDWUL[�� $Q�HFKHORQ
PDWUL[�WKDW�LV�URZ�HTXLYDOHQW�WR�WKH�JLYHQ�PDWUL[�

HFKHORQ�PDWUL[ �RU URZ�HFKHORQ�PDWUL[�� $ UHFWDQJXODU�PDWUL[
WKDW�KDV�WKUHH�SURSHUWLHV� ��� $OO�QRQ]HUR�URZV�DUH�DERYH
DQ\�URZ�RI�DOO�]HURV� ��� (DFK�OHDGLQJ�HQWU\�RI�D�URZ�LV�LQ
D�FROXPQ�WR�WKH�ULJKW�RI�WKH�OHDGLQJ�HQWU\�RI�WKH�URZ�DERYH
LW� ��� $OO�HQWULHV�LQ�D�FROXPQ�EHORZ�D�OHDGLQJ�HQWU\�DUH�]HUR�

HLJHQIXQFWLRQV �RI �D �GLIIHUHQWLDO �HTXDWLRQ [0.t/ D A[.t/�� $
IXQFWLRQ [.t/ D Ye"t � ZKHUH Y LV�DQ�HLJHQYHFWRU�RI A DQG "
LV�WKH�FRUUHVSRQGLQJ�HLJHQYDOXH�

HLJHQVSDFH �RI A FRUUHVSRQGLQJ�WR "�� 7KH�VHW�RI DOO VROXWLRQV
RI A[ D "[� ZKHUH " LV�DQ�HLJHQYDOXH�RI A� &RQVLVWV�RI�WKH
]HUR�YHFWRU�DQG�DOO�HLJHQYHFWRUV�FRUUHVSRQGLQJ�WR "�

HLJHQYDOXH �RI A�� $ VFDODU " VXFK�WKDW�WKH�HTXDWLRQ A[ D "[
KDV�D�VROXWLRQ�IRU�VRPH�QRQ]HUR�YHFWRU [�

HLJHQYHFWRU �RI A�� $ QRQ]HUR YHFWRU [ VXFK�WKDW A[ D "[ IRU
VRPH�VFDODU "�

HLJHQYHFWRU�EDVLV� $ EDVLV�FRQVLVWLQJ�HQWLUHO\�RI�HLJHQYHFWRUV
RI�D�JLYHQ�PDWUL[�

HLJHQYHFWRU�GHFRPSRVLWLRQ �RI [�� $Q�HTXDWLRQ� [ D c1Y1 C
! ! ! C cnYn� H[SUHVVLQJ [ DV�D�OLQHDU�FRPELQDWLRQ�RI�HLJHQ�
YHFWRUV�RI�D�PDWUL[�

HOHPHQWDU\�PDWUL[� $Q�LQYHUWLEOH�PDWUL[�WKDW�UHVXOWV�E\�SHU�
IRUPLQJ�RQH�HOHPHQWDU\�URZ�RSHUDWLRQ�RQ�DQ�LGHQWLW\�PDWUL[�

HOHPHQWDU\�URZ�RSHUDWLRQV� �����5HSODFHPHQW��5HSODFH�RQH
URZ�E\�WKH�VXP�RI�LWVHOI�DQG�D�PXOWLSOH�RI�DQRWKHU�URZ� ���
,QWHUFKDQJH�WZR�URZV� �����6FDOLQJ��0XOWLSO\�DOO�HQWULHV�LQ�D
URZ�E\�D�QRQ]HUR�FRQVWDQW�

HTXDO�YHFWRUV� 9HFWRUV�LQ Rn ZKRVH�FRUUHVSRQGLQJ�HQWULHV�DUH
WKH�VDPH�

HTXLOLEULXP�SULFHV� $ VHW�RI�SULFHV�IRU�WKH�WRWDO�RXWSXW�RI�WKH
YDULRXV�VHFWRUV�LQ�DQ�HFRQRP\� VXFK�WKDW�WKH�LQFRPH�RI�HDFK
VHFWRU�H[DFWO\�EDODQFHV�LWV�H[SHQVHV�

HTXLOLEULXP�YHFWRU� 6HH VWHDG\�VWDWH�YHFWRU�
HTXLYDOHQW � �OLQHDU� � V\VWHPV� /LQHDU � V\VWHPV �ZLWK � WKH � VDPH

VROXWLRQ�VHW�
H[FKDQJH�PRGHO� 6HH /HRQWLHI�H[FKDQJH�PRGHO�
H[LVWHQFH�TXHVWLRQ� $VNV� ´'RHV�D�VROXWLRQ�WR�WKH�V\VWHP�H[�

LVW"µ 7KDW�LV� ´,V�WKH�V\VWHP�FRQVLVWHQW"µ $OVR� ´'RHV�D
VROXWLRQ�RI A[ D E H[LVW�IRU DOO SRVVLEOH E"µ

H[SDQVLRQ�E\�FRIDFWRUV� 6HH FRIDFWRU�H[SDQVLRQ�
H[SOLFLW�GHVFULSWLRQ �RI�D�VXEVSDFH W RI Rn�� $ SDUDPHWULF

UHSUHVHQWDWLRQ�RI W DV�WKH�VHW�RI�DOO�OLQHDU�FRPELQDWLRQV�RI
D�VHW�RI�VSHFLÀHG�YHFWRUV�

H[WUHPH�SRLQW �RI�D�FRQYH[�VHW S�� $ SRLQW S LQ S VXFK�WKDW S LV
QRW�LQ�WKH�LQWHULRU�RI�DQ\�OLQH�VHJPHQW�WKDW�OLHV�LQ S � �7KDW�LV�



LI [� \ DUH�LQ S DQG S LV�RQ�WKH�OLQH�VHJPHQW [\� WKHQ S D [
RU S D \��

IDFWRUL]DWLRQ �RI A�� $Q�HTXDWLRQ�WKDW�H[SUHVVHV A DV�D�SURGXFW
RI�WZR�RU�PRUH�PDWULFHV�

ÀQDO�GHPDQG�YHFWRU �RU ELOO�RI�ÀQDO�GHPDQGV�� 7KH�YHFWRU G
LQ�WKH�/HRQWLHI�LQSXW²RXWSXW�PRGHO�WKDW�OLVWV�WKH�GROODU�YDOXHV
RI�WKH�JRRGV�DQG�VHUYLFHV�GHPDQGHG�IURP�WKH�YDULRXV�VHFWRUV
E\�WKH�QRQSURGXFWLYH�SDUW�RI�WKH�HFRQRP\� 7KH�YHFWRU G
FDQ�UHSUHVHQW�FRQVXPHU�GHPDQG� JRYHUQPHQW�FRQVXPSWLRQ�
VXUSOXV�SURGXFWLRQ� H[SRUWV� RU�RWKHU�H[WHUQDO�GHPDQG�

ÀQLWH�GLPHQVLRQDO �YHFWRU � VSDFH�� $ YHFWRU � VSDFH � WKDW � LV
VSDQQHG�E\�D�ÀQLWH�VHW�RI�YHFWRUV�

ÁDW �LQ Rn�� $ WUDQVODWH�RI�D�VXEVSDFH�RI Rn�
ÁH[LELOLW\�PDWUL[� $ PDWUL[�ZKRVH j WK�FROXPQ�JLYHV�WKH�GH�

ÁHFWLRQV�RI�DQ�HODVWLF�EHDP�DW�VSHFLÀHG�SRLQWV�ZKHQ�D�XQLW
IRUFH�LV�DSSOLHG�DW�WKH j WK�SRLQW�RQ�WKH�EHDP�

ÁRDWLQJ � SRLQW � DULWKPHWLF� $ULWKPHWLF �ZLWK � QXPEHUV � UHSUH�
VHQWHG�DV�GHFLPDOV ˙ :d1 ! ! ! dp # 10r � ZKHUH r LV�DQ�LQWHJHU
DQG�WKH�QXPEHU p RI�GLJLWV�WR�WKH�ULJKW�RI�WKH�GHFLPDO�SRLQW
LV�XVXDOO\�EHWZHHQ���DQG����

ÁRS� 2QH�DULWKPHWLF�RSHUDWLRQ .C; "; %; =/ RQ�WZR�UHDO�ÁRDWLQJ
SRLQW�QXPEHUV�

IRUZDUG�SKDVH �RI�URZ�UHGXFWLRQ�� 7KH�ÀUVW�SDUW�RI�WKH�DOJR�
ULWKP�WKDW�UHGXFHV�D�PDWUL[�WR�HFKHORQ�IRUP�

)RXULHU�DSSUR[LPDWLRQ �RI�RUGHU n�� 7KH�FORVHVW�SRLQW�LQ�WKH
VXEVSDFH�RI nWK�RUGHU�WULJRQRPHWULF�SRO\QRPLDOV�WR�D�JLYHQ
IXQFWLRQ�LQ C Œ0; 2$!�

)RXULHU�FRHIÀFLHQWV� 7KH�ZHLJKWV�XVHG�WR�PDNH�D�WULJRQRPHWULF
SRO\QRPLDO�DV�D�)RXULHU�DSSUR[LPDWLRQ�WR�D�IXQFWLRQ�

)RXULHU�VHULHV� $Q�LQÀQLWH�VHULHV�WKDW�FRQYHUJHV�WR�D�IXQFWLRQ
LQ�WKH�LQQHU�SURGXFW�VSDFH C Œ0; 2$!� ZLWK�WKH�LQQHU�SURGXFW
JLYHQ�E\�D�GHÀQLWH�LQWHJUDO�

IUHH�YDULDEOH� $Q\�YDULDEOH�LQ�D�OLQHDU�V\VWHP�WKDW�LV�QRW�D�EDVLF
YDULDEOH�

IXOO�UDQN �PDWUL[�� $Q m # n PDWUL[�ZKRVH�UDQN�LV�WKH�VPDOOHU
RI m DQG n�

IXQGDPHQWDO�VHW�RI�VROXWLRQV� $ EDVLV�IRU�WKH�VHW�RI�DOO�VROXWLRQV
RI�D�KRPRJHQHRXV�OLQHDU�GLIIHUHQFH�RU�GLIIHUHQWLDO�HTXDWLRQ�

IXQGDPHQWDO�VXEVSDFHV �GHWHUPLQHG�E\A�� 7KH�QXOO�VSDFH�DQG
FROXPQ�VSDFH�RI A� DQG�WKH�QXOO�VSDFH�DQG�FROXPQ�VSDFH�RI
AT � ZLWK &ROAT FRPPRQO\�FDOOHG�WKH�URZ�VSDFH�RI A�

*DXVVLDQ�HOLPLQDWLRQ� 6HH URZ�UHGXFWLRQ�DOJRULWKP�
JHQHUDO � OHDVW�VTXDUHV � SUREOHP� *LYHQ � DQ m # n PDWUL[

A DQG � D � YHFWRU E LQ Rm� ÀQG O[ LQ Rn VXFK � WKDW
kE " AO[k $ kE " A[k IRU�DOO [ LQ Rn�

JHQHUDO�VROXWLRQ �RI�D�OLQHDU�V\VWHP�� $ SDUDPHWULF�GHVFULSWLRQ
RI�D�VROXWLRQ�VHW�WKDW�H[SUHVVHV�WKH�EDVLF�YDULDEOHV�LQ�WHUPV�RI

WKH�IUHH�YDULDEOHV��WKH�SDUDPHWHUV�� LI�DQ\� $IWHU�6HFWLRQ ����
WKH�SDUDPHWULF�GHVFULSWLRQ�LV�ZULWWHQ�LQ�YHFWRU�IRUP�

*LYHQV�URWDWLRQ� $ OLQHDU�WUDQVIRUPDWLRQ�IURPRn WRRn XVHG�LQ
FRPSXWHU�SURJUDPV�WR�FUHDWH�]HUR�HQWULHV�LQ�D�YHFWRU��XVXDOO\
D�FROXPQ�RI�D�PDWUL[��

*UDP�PDWUL[ �RI A�� 7KH�PDWUL[ ATA�
*UDP²6FKPLGW�SURFHVV� $Q�DOJRULWKP�IRU�SURGXFLQJ�DQ�RU�

WKRJRQDO�RU�RUWKRQRUPDO�EDVLV�IRU�D�VXEVSDFH�WKDW�LV�VSDQQHG
E\�D�JLYHQ�VHW�RI�YHFWRUV�

KRPRJHQHRXV � FRRUGLQDWHV� ,Q R3� WKH � UHSUHVHQWDWLRQ � RI
.x; y; ´/ DV .X; Y; Z; H/ IRU�DQ\ H ¤ 0� ZKHUH x D X=H �
y D Y=H � DQG ´ D Z=H � ,Q R2� H LV�XVXDOO\�WDNHQ�DV���
DQG�WKH�KRPRJHQHRXV�FRRUGLQDWHV�RI .x; y/ DUH�ZULWWHQ�DV
.x; y; 1/�

KRPRJHQHRXV�HTXDWLRQ� $Q�HTXDWLRQ�RI�WKH�IRUPA[ D �� SRV�
VLEO\�ZULWWHQ�DV�D�YHFWRU�HTXDWLRQ�RU�DV�D�V\VWHP�RI�OLQHDU
HTXDWLRQV�

KRPRJHQHRXV�IRUP RI��D�YHFWRU� Y LQ Rn� 7KH�SRLQW QY D
!
Y
1

"

LQ RnC1�
+RXVHKROGHU � UHÁHFWLRQ� $ WUDQVIRUPDWLRQ [ 7! Q[� ZKHUH

Q D I " 2XXT DQG X LV�D�XQLW�YHFWRU .XTX D 1/�
K\SHUSODQH �LQ Rn�� $ ÁDW�LQ Rn RI�GLPHQVLRQ n " 1� $OVR� D

WUDQVODWH�RI�D�VXEVSDFH�RI�GLPHQVLRQ n " 1�

LGHQWLW\�PDWUL[ �GHQRWHG�E\ I RU In�� $ VTXDUH�PDWUL[�ZLWK�RQHV
RQ�WKH�GLDJRQDO�DQG�]HURV�HOVHZKHUH�

LOO�FRQGLWLRQHG�PDWUL[� $ VTXDUH�PDWUL[�ZLWK�D�ODUJH��RU�SRV�
VLEO\�LQÀQLWH��FRQGLWLRQ�QXPEHU� D�PDWUL[�WKDW�LV�VLQJXODU�RU
FDQ�EHFRPH�VLQJXODU�LI�VRPH�RI�LWV�HQWULHV�DUH�FKDQJHG�HYHU
VR�VOLJKWO\�

LPDJH �RI�D�YHFWRU [ XQGHU�D�WUDQVIRUPDWLRQ T �� 7KH�YHFWRU T .[/
DVVLJQHG�WR [ E\ T �

LPSOLFLW�GHVFULSWLRQ �RI�D�VXEVSDFH W RI Rn�� $ VHW�RI�RQH
RU�PRUH�KRPRJHQHRXV�HTXDWLRQV�WKDW�FKDUDFWHUL]H�WKH�SRLQWV
RI W �

,P�[� 7KH�YHFWRU�LQ Rn IRUPHG�IURP�WKH�LPDJLQDU\�SDUWV�RI�WKH
HQWULHV�RI�D�YHFWRU [ LQ Cn�

LQFRQVLVWHQW�OLQHDU�V\VWHP� $ OLQHDU�V\VWHP�ZLWK�QR�VROXWLRQ�
LQGHÀQLWH�PDWUL[� $ V\PPHWULF�PDWUL[ A VXFK�WKDW [TA[ DV�

VXPHV�ERWK�SRVLWLYH�DQG�QHJDWLYH�YDOXHV�
LQGHÀQLWH�TXDGUDWLF�IRUP� $ TXDGUDWLF�IRUPQ VXFK�WKDWQ.[/

DVVXPHV�ERWK�SRVLWLYH�DQG�QHJDWLYH�YDOXHV�
LQÀQLWH�GLPHQVLRQDO �YHFWRU�VSDFH�� $ QRQ]HUR�YHFWRU�VSDFH V

WKDW�KDV�QR�ÀQLWH�EDVLV�
LQQHU�SURGXFW� 7KH�VFDODU XTY� XVXDOO\�ZULWWHQ�DV X !Y� ZKHUH

X DQG Y DUH�YHFWRUV�LQ Rn YLHZHG�DV n # 1 PDWULFHV� $OVR
FDOOHG�WKH GRW�SURGXFW RI X DQG Y� ,Q�JHQHUDO� D�IXQFWLRQ�RQ



D�YHFWRU�VSDFH�WKDW�DVVLJQV�WR�HDFK�SDLU�RI�YHFWRUV X DQG Y D
QXPEHU hX; Yi� VXEMHFW�WR�FHUWDLQ�D[LRPV� 6HH 6HFWLRQ�����

LQQHU�SURGXFW�VSDFH� $ YHFWRU�VSDFH�RQ�ZKLFK�LV�GHÀQHG�DQ
LQQHU�SURGXFW�

LQSXW²RXWSXW�PDWUL[� 6HH FRQVXPSWLRQ�PDWUL[�
LQSXW²RXWSXW�PRGHO� 6HH /HRQWLHI�LQSXW²RXWSXW�PRGHO�
LQWHULRU�SRLQW �RI�D�VHW S LQ Rn�� $ SRLQW S LQ S VXFK�WKDW�IRU

VRPH ı > 0� WKH�RSHQ�EDOO %.S; ı/ FHQWHUHG�DW S LV�FRQWDLQHG
LQ S �

LQWHUPHGLDWH�GHPDQGV� 'HPDQGV�IRU�JRRGV�RU�VHUYLFHV�WKDW
ZLOO�EH�FRQVXPHG�LQ�WKH�SURFHVV�RI�SURGXFLQJ�RWKHU�JRRGV
DQG�VHUYLFHV�IRU�FRQVXPHUV� ,I [ LV�WKH�SURGXFWLRQ�OHYHO�DQG
C LV�WKH�FRQVXPSWLRQ�PDWUL[� WKHQ C[ OLVWV�WKH�LQWHUPHGLDWH
GHPDQGV�

LQWHUSRODWLQJ�SRO\QRPLDO� $ SRO\QRPLDO�ZKRVH�JUDSK�SDVVHV
WKURXJK�HYHU\�SRLQW�LQ�D�VHW�RI�GDWD�SRLQWV�LQ R2�

LQYDULDQW�VXEVSDFH �IRU A�� $ VXEVSDFH H VXFK�WKDW A[ LV�LQ
H ZKHQHYHU [ LV�LQ H �

LQYHUVH �RI�DQ n # n PDWUL[ A�� $Q n # n PDWUL[ A!1 VXFK�WKDW
AA!1 D A!1A D In�

LQYHUVH�SRZHU�PHWKRG� $Q�DOJRULWKP�IRU�HVWLPDWLQJ�DQ�HLJHQ�
YDOXH " RI�D�VTXDUH�PDWUL[� ZKHQ�D�JRRG�LQLWLDO�HVWLPDWH�RI "
LV�DYDLODEOH�

LQYHUWLEOH � OLQHDU � WUDQVIRUPDWLRQ� $ OLQHDU � WUDQVIRUPDWLRQ
T W Rn ! Rn VXFK�WKDW�WKHUH�H[LVWV�D�IXQFWLRQ S W Rn ! Rn

VDWLVI\LQJ�ERWK T .S.[// D [ DQG S.T .[// D [ IRU�DOO [ LQ
Rn�

LQYHUWLEOH�PDWUL[� $ VTXDUH�PDWUL[�WKDW�SRVVHVVHV�DQ�LQYHUVH�
LVRPRUSKLF�YHFWRU�VSDFHV� 7ZR�YHFWRU�VSDFHV V DQG W IRU

ZKLFK�WKHUH�LV�D�RQH�WR�RQH�OLQHDU�WUDQVIRUPDWLRQT WKDW�PDSV
V RQWR W �

LVRPRUSKLVP� $ RQH�WR�RQH�OLQHDU�PDSSLQJ�IURP�RQH�YHFWRU
VSDFH�RQWR�DQRWKHU�

NHUQHO �RI�D�OLQHDU�WUDQVIRUPDWLRQ T W V ! W /� 7KH�VHW�RI [ LQ
V VXFK�WKDW T .[/ D ��

.LUFKKRII·V�ODZV� �����YROWDJH�ODZ��7KH�DOJHEUDLF�VXP�RI�WKH
RI YROWDJH�GURSV�LQ�RQH�GLUHFWLRQ�DURXQG�D�ORRS�HTXDOV�WKH
DOJHEUDLF�VXP�RI�WKH�YROWDJH�VRXUFHV�LQ�WKH�VDPH�GLUHFWLRQ
DURXQG�WKH�ORRS� �����FXUUHQW�ODZ� 7KH�FXUUHQW�LQ�D�EUDQFK
LV�WKH�DOJHEUDLF�VXP�RI�WKH�ORRS�FXUUHQWV�ÁRZLQJ�WKURXJK�WKDW
EUDQFK�

ODGGHU�QHWZRUN� $Q�HOHFWULFDO�QHWZRUN�DVVHPEOHG�E\�FRQQHFW�
LQJ�LQ�VHULHV�WZR�RU�PRUH�HOHFWULFDO�FLUFXLWV�

OHDGLQJ�HQWU\� 7KH�OHIWPRVW�QRQ]HUR�HQWU\�LQ�D�URZ�RI�D�PDWUL[�
OHDVW�VTXDUHV �HUURU� 7KH �GLVWDQFH kE " AO[k IURP E WR AO[�

ZKHQ O[ LV�D�OHDVW�VTXDUHV�VROXWLRQ�RI A[ D E�
OHDVW�VTXDUHV�OLQH� 7KH�OLQH y D Ǒ

0 C Ǒ
1x WKDW�PLQLPL]HV�WKH

OHDVW�VTXDUHV�HUURU�LQ�WKH�HTXDWLRQ \ D Xˇ C !�

OHDVW�VTXDUHV � VROXWLRQ �RI A[ D E�� $ YHFWRU O[ VXFK � WKDW
kE " AO[k $ kE " A[k IRU�DOO [ LQ Rn�

OHIW � LQYHUVH �RI A�� $Q\ � UHFWDQJXODU � PDWUL[ C VXFK � WKDW
CA D I �

OHIW�PXOWLSOLFDWLRQ �E\ A�� 0XOWLSOLFDWLRQ�RI�D�YHFWRU�RU�PDWUL[
RQ�WKH�OHIW�E\ A�

OHIW�VLQJXODU�YHFWRUV �RI A�� 7KH�FROXPQV�RI U LQ�WKH�VLQJXODU
YDOXH�GHFRPSRVLWLRQ A D U †V T �

OHQJWK �RU QRUP� RI Y�� 7KH�VFDODU kYk D p
Y !Y D

p
hY; Yi�

/HRQWLHI�H[FKDQJH �RU FORVHG�PRGHO� $ PRGHO�RI�DQ�HFRQRP\
ZKHUH�LQSXWV�DQG�RXWSXWV�DUH�À[HG� DQG�ZKHUH�D�VHW�RI�SULFHV
IRU�WKH�RXWSXWV�RI�WKH�VHFWRUV�LV�VRXJKW�VXFK�WKDW�WKH�LQFRPH
RI�HDFK�VHFWRU�HTXDOV�LWV�H[SHQGLWXUHV� 7KLV�´HTXLOLEULXPµ
FRQGLWLRQ�LV�H[SUHVVHG�DV�D�V\VWHP�RI�OLQHDU�HTXDWLRQV� ZLWK
WKH�SULFHV�DV�WKH�XQNQRZQV�

/HRQWLHI�LQSXW²RXWSXW�PRGHO �RU /HRQWLHI�SURGXFWLRQ�HTXD�
WLRQ�� 7KH�HTXDWLRQ [ D C[ C G� ZKHUH [ LV�SURGXFWLRQ� G
LV�ÀQDO�GHPDQG� DQG C LV�WKH�FRQVXPSWLRQ��RU�LQSXW²RXWSXW�
PDWUL[� 7KH j WK�FROXPQ�RI C OLVWV�WKH�LQSXWV�WKDW�VHFWRU j
FRQVXPHV�SHU�XQLW�RI�RXWSXW�

OHYHO�VHW �RU JUDGLHQW��RI�D�OLQHDU�IXQFWLRQDO f RQ Rn� $ VHW
Œf � d ! D f[ 2 Rn W f .[/ D dg

OLQHDU�FRPELQDWLRQ� $ VXP�RI�VFDODU�PXOWLSOHV�RI�YHFWRUV� 7KH
VFDODUV�DUH�FDOOHG�WKH ZHLJKWV�

OLQHDU�GHSHQGHQFH�UHODWLRQ� $ KRPRJHQHRXV�YHFWRU�HTXDWLRQ
ZKHUH�WKH�ZHLJKWV�DUH�DOO�VSHFLÀHG�DQG�DW�OHDVW�RQH�ZHLJKW�LV
QRQ]HUR�

OLQHDU�HTXDWLRQ �LQ�WKH�YDULDEOHV x1; : : : ; xn/� $Q�HTXDWLRQ�WKDW
FDQ�EH�ZULWWHQ�LQ�WKH�IRUP a1x1 C a2x2 C ! ! ! C anxn D b�
ZKHUH b DQG�WKH�FRHIÀFLHQWV a1; : : : ; an DUH�UHDO�RU�FRPSOH[
QXPEHUV�

OLQHDU�ÀOWHU� $ OLQHDU �GLIIHUHQFH�HTXDWLRQ�XVHG� WR � WUDQVIRUP
GLVFUHWH�WLPH�VLJQDOV�

OLQHDU�IXQFWLRQDO �RQ Rn�� $ OLQHDU�WUDQVIRUPDWLRQ f IURP Rn

LQWR R�
OLQHDUO\�GHSHQGHQW �YHFWRUV�� $Q�LQGH[HG�VHW fY1; : : : ; YpgZLWK

WKH�SURSHUW\�WKDW�WKHUH�H[LVW�ZHLJKWV c1; : : : ; cp � QRW�DOO�]HUR�
VXFK�WKDW c1Y1 C ! ! ! C cpYp D �� 7KDW�LV� WKH�YHFWRU�HTXD�
WLRQ c1Y1 C c2Y2 C ! ! ! C cpYp D � KDV�D QRQWULYLDO VROXWLRQ�

OLQHDUO\�LQGHSHQGHQW �YHFWRUV�� $Q�LQGH[HG�VHW fY1; : : : ; Ypg
ZLWK � WKH � SURSHUW\ � WKDW � WKH � YHFWRU � HTXDWLRQ c1Y1 C
c2Y2 C ! ! ! C cpYp D � KDV RQO\ WKH � WULYLDO � VROXWLRQ�
c1 D ! ! ! D cp D 0�

OLQHDU � PRGHO �LQ � VWDWLVWLFV�� $Q\ � HTXDWLRQ � RI � WKH � IRUP
\ D Xˇ C !� ZKHUHX DQG \ DUH�NQRZQ�DQGˇ LV�WR�EH�FKRVHQ
WR�PLQLPL]H�WKH�OHQJWK�RI�WKH UHVLGXDO�YHFWRU� !�

OLQHDU�V\VWHP� $ FROOHFWLRQ�RI�RQH�RU�PRUH�OLQHDU�HTXDWLRQV
LQYROYLQJ�WKH�VDPH�YDULDEOHV� VD\� x1; : : : ; xn�

OLQHDU�WUDQVIRUPDWLRQ 7 �IURP�D�YHFWRU�VSDFH V LQWR�D�YHF�
WRU � VSDFH W �� $ UXOH T WKDW � DVVLJQV � WR � HDFK � YHFWRU
[ LQ V D � XQLTXH � YHFWRU T .[/ LQ W � VXFK � WKDW � �L�
T .X C Y/ D T .X/ C T .Y/ IRU � DOO X; Y LQ V � DQG � �LL�
T .cX/ D cT .X/ IRU�DOO X LQ V DQG�DOO�VFDODUV c� 1RWDWLRQ�



T W V ! W � DOVR� [ 7! A[ ZKHQ T W Rn ! Rm DQG A LV�WKH
VWDQGDUG�PDWUL[�IRU T �

OLQH�WKURXJK S SDUDOOHO�WR Y� 7KH�VHW fS C tY W t LQ Rg�
ORRS�FXUUHQW� 7KH�DPRXQW�RI�HOHFWULF�FXUUHQW�ÁRZLQJ�WKURXJK�D

ORRS�WKDW�PDNHV�WKH�DOJHEUDLF�VXP�RI�WKH RI YROWDJH�GURSV
DURXQG�WKH�ORRS�HTXDO�WR�WKH�DOJHEUDLF�VXP�RI�WKH�YROWDJH
VRXUFHV�LQ�WKH�ORRS�

ORZHU�WULDQJXODU�PDWUL[� $ PDWUL[�ZLWK�]HURV�DERYH�WKH�PDLQ
GLDJRQDO�

ORZHU�WULDQJXODU�SDUW �RI A�� $ ORZHU�WULDQJXODU�PDWUL[�ZKRVH
HQWULHV�RQ�WKH�PDLQ�GLDJRQDO�DQG�EHORZ�DJUHH�ZLWK�WKRVH
LQ A�

/8 IDFWRUL]DWLRQ� 7KH�UHSUHVHQWDWLRQ�RI�D�PDWUL[ A LQ�WKH�IRUP
A D LU ZKHUH L LV�D�VTXDUH�ORZHU�WULDQJXODU�PDWUL[�ZLWK
RQHV�RQ�WKH�GLDJRQDO��D�XQLW�ORZHU�WULDQJXODU�PDWUL[��DQG U
LV�DQ�HFKHORQ�IRUP�RI A�

PDJQLWXGH �RI�D�YHFWRU�� 6HH QRUP�
PDLQ�GLDJRQDO �RI�D�PDWUL[�� 7KH�HQWULHV�ZLWK�HTXDO�URZ�DQG

FROXPQ�LQGLFHV�
PDSSLQJ� 6HH WUDQVIRUPDWLRQ�
0DUNRY � FKDLQ� $ VHTXHQFH � RI � SUREDELOLW\ � YHFWRUV [0� [1�

[2; : : : ; WRJHWKHU � ZLWK � D � VWRFKDVWLF � PDWUL[ P VXFK � WKDW
[kC1 D P [k IRU k D 0; 1; 2; : : : :

PDWUL[� $ UHFWDQJXODU�DUUD\�RI�QXPEHUV�
PDWUL[�HTXDWLRQ� $Q�HTXDWLRQ�WKDW�LQYROYHV�DW�OHDVW�RQH�PDWUL[�

IRU�LQVWDQFH� A[ D E�
PDWUL[�IRU 7 UHODWLYH�WR�EDVHV B DQG C� $ PDWUL[ M IRU

D�OLQHDU�WUDQVIRUPDWLRQ T W V ! W ZLWK�WKH�SURSHUW\�WKDW
ŒT .[/!C D M Œ[!B IRU�DOO [ LQ V � ZKHUHB LV�D�EDVLV�IRU V DQG
C LV�D�EDVLV�IRU W � :KHQ W D V DQG C D B� WKH�PDWUL[ M
LV�FDOOHG�WKH B�PDWUL[�IRU T DQG�LV�GHQRWHG�E\ ŒT !B�

PDWUL[�RI�REVHUYDWLRQV� $ p # N PDWUL[�ZKRVH�FROXPQV�DUH
REVHUYDWLRQ�YHFWRUV� HDFK�FROXPQ�OLVWLQJ p PHDVXUHPHQWV
PDGH�RQ�DQ�LQGLYLGXDO�RU�REMHFW�LQ�D�VSHFLÀHG�SRSXODWLRQ
RU�VHW�

PDWUL[�WUDQVIRUPDWLRQ� $ PDSSLQJ [ 7! A[� ZKHUH A LV�DQ
m # n PDWUL[�DQG [ UHSUHVHQWV�DQ\�YHFWRU�LQ Rn�

PD[LPDO�OLQHDUO\�LQGHSHQGHQW�VHW �LQ V �� $ OLQHDUO\�LQGHSHQ�
GHQW�VHW B LQ V VXFK�WKDW�LI�D�YHFWRU Y LQ V EXW�QRW�LQ B LV
DGGHG�WR B� WKHQ�WKH�QHZ�VHW�LV�OLQHDUO\�GHSHQGHQW�

PHDQ�GHYLDWLRQ�IRUP �RI�D�PDWUL[�RI�REVHUYDWLRQV�� $ PDWUL[
ZKRVH�URZ�YHFWRUV�DUH�LQ�PHDQ�GHYLDWLRQ�IRUP� )RU�HDFK
URZ� WKH�HQWULHV�VXP�WR�]HUR�

PHDQ�GHYLDWLRQ�IRUP �RI�D�YHFWRU�� $ YHFWRU�ZKRVH�HQWULHV�VXP
WR�]HUR�

PHDQ�VTXDUH�HUURU� 7KH�HUURU�RI�DQ�DSSUR[LPDWLRQ�LQ�DQ�LQQHU
SURGXFW�VSDFH� ZKHUH�WKH�LQQHU�SURGXFW�LV�GHÀQHG�E\�D�GHÀ�
QLWH�LQWHJUDO�

PLJUDWLRQ�PDWUL[� $ PDWUL[�WKDW�JLYHV�WKH�SHUFHQWDJH�PRYH�
PHQW�EHWZHHQ�GLIIHUHQW�ORFDWLRQV� IURP�RQH�SHULRG�WR�WKH
QH[W�

PLQLPDO�VSDQQLQJ�VHW �IRU�D�VXEVSDFH H �� $ VHW B WKDW�VSDQV
H DQG�KDV�WKH�SURSHUW\�WKDW�LI�RQH�RI�WKH�HOHPHQWV�RI B LV
UHPRYHG�IURP B� WKHQ�WKH�QHZ�VHW�GRHV�QRW�VSDQ H �

m " n PDWUL[� $ PDWUL[�ZLWK m URZV�DQG n FROXPQV�
0RRUH²3HQURVH�LQYHUVH� 6HH SVHXGRLQYHUVH�
PXOWLSOH�UHJUHVVLRQ� $ OLQHDU�PRGHO�LQYROYLQJ�VHYHUDO�LQGHSHQ�

GHQW�YDULDEOHV�DQG�RQH�GHSHQGHQW�YDULDEOH�

QHDUO\�VLQJXODU�PDWUL[� $Q�LOO�FRQGLWLRQHG�PDWUL[�
QHJDWLYH �GHÀQLWH �PDWUL[� $ V\PPHWULF �PDWUL[ A VXFK � WKDW

[TA[ < 0 IRU�DOO [ ¤ ��
QHJDWLYH�GHÀQLWH�TXDGUDWLF�IRUP� $ TXDGUDWLF�IRUP Q VXFK

WKDW Q.[/ < 0 IRU�DOO [ ¤ ��
QHJDWLYH�VHPLGHÀQLWH�PDWUL[� $ V\PPHWULF�PDWUL[A VXFK�WKDW

[TA[ $ 0 IRU�DOO [�
QHJDWLYH�VHPLGHÀQLWH�TXDGUDWLF�IRUP� $ TXDGUDWLF�IRUP Q

VXFK�WKDW Q.[/ $ 0 IRU�DOO [�
QRQKRPRJHQHRXV�HTXDWLRQ� $Q�HTXDWLRQ�RI�WKH�IRUP A[ D E

ZLWK E ¤ �� SRVVLEO\�ZULWWHQ�DV�D�YHFWRU�HTXDWLRQ�RU�DV�D
V\VWHP�RI�OLQHDU�HTXDWLRQV�

QRQVLQJXODU �PDWUL[�� $Q�LQYHUWLEOH�PDWUL[�
QRQWULYLDO � VROXWLRQ� $ QRQ]HUR � VROXWLRQ � RI � D � KRPRJHQHRXV

HTXDWLRQ�RU�V\VWHP�RI�KRPRJHQHRXV�HTXDWLRQV�
QRQ]HUR �PDWUL[�RU�YHFWRU�� $ PDWUL[��ZLWK�SRVVLEO\�RQO\�RQH

URZ�RU�FROXPQ��WKDW�FRQWDLQV�DW�OHDVW�RQH�QRQ]HUR�HQWU\�
QRUP �RU OHQJWK� RI Y�� 7KH�VFDODU kYk D p

Y !Y D
p

hY; Yi�
QRUPDO �HTXDWLRQV� 7KH �V\VWHP�RI �HTXDWLRQV � UHSUHVHQWHG �E\

ATA[ D ATE� ZKRVH �VROXWLRQ �\LHOGV �DOO � OHDVW�VTXDUHV �VR�
OXWLRQV �RI A[ D E� ,Q � VWDWLVWLFV� D � FRPPRQ �QRWDWLRQ � LV
XTXˇ D XT\�

QRUPDOL]LQJ �D�QRQ]HUR�YHFWRU Y�� 7KH�SURFHVV�RI�FUHDWLQJ�D�XQLW
YHFWRU X WKDW�LV�D�SRVLWLYH�PXOWLSOH�RI Y�

QRUPDO�YHFWRU �WR�D�VXEVSDFH V RI Rn�� $ YHFWRU Q LQ Rn VXFK
WKDW Q ![ D 0 IRU�DOO [ LQ V �

QXOO�VSDFH �RI�DQm # nPDWUL[A�� 7KH�VHW 1XOA RI�DOO�VROXWLRQV
WR�WKH�KRPRJHQHRXV�HTXDWLRQ A[ D �� 1XOA D f[ W [ LV�LQ
Rn DQG A[ D �g�

REVHUYDWLRQ � YHFWRU� 7KH � YHFWRU \ LQ � WKH � OLQHDU � PRGHO
\ D Xˇ C !� ZKHUH�WKH�HQWULHV�LQ \ DUH�WKH�REVHUYHG�YDOXHV
RI�D�GHSHQGHQW�YDULDEOH�

RQH�WR�RQH �PDSSLQJ�� $ PDSSLQJ T W Rn ! Rm VXFK � WKDW
HDFK E LQ Rm LV�WKH�LPDJH�RI DW�PRVW RQH [ LQ Rn�

RQWR �PDSSLQJ�� $ PDSSLQJ T W Rn ! Rm VXFK�WKDW�HDFK E LQ
Rm LV�WKH�LPDJH�RI DW�OHDVW RQH [ LQ Rn�



RSHQ�EDOO %.S; ı/ LQRn� 7KH�VHW f[ W k[ " Sk < ıg LQRn� ZKHUH
ı > 0�

RSHQ�VHW S LQ Rn� $ VHW�WKDW�FRQWDLQV�QRQH�RI�LWV�ERXQGDU\
SRLQWV� �(TXLYDOHQWO\� S LV�RSHQ�LI�HYHU\�SRLQW�RI S LV�DQ
LQWHULRU�SRLQW��

RULJLQ� 7KH�]HUR�YHFWRU�
RUWKRJRQDO�EDVLV� $ EDVLV�WKDW�LV�DOVR�DQ�RUWKRJRQDO�VHW�
RUWKRJRQDO�FRPSOHPHQW �RI W /� 7KH�VHW W ? RI�DOO�YHFWRUV

RUWKRJRQDO�WR W �
RUWKRJRQDO�GHFRPSRVLWLRQ� 7KH�UHSUHVHQWDWLRQ�RI�D�YHFWRU \

DV � WKH � VXP�RI � WZR �YHFWRUV� RQH � LQ � D � VSHFLÀHG � VXEVSDFH
W DQG � WKH �RWKHU � LQ W ?� ,Q �JHQHUDO� D �GHFRPSRVLWLRQ
\ D c1X1 C ! ! ! C cpXp � ZKHUH fX1; : : : ; Xpg LV�DQ�RUWKRJRQDO
EDVLV�IRU�D�VXEVSDFH�WKDW�FRQWDLQV \�

RUWKRJRQDOO\�GLDJRQDOL]DEOH �PDWUL[�� $ PDWUL[ A WKDW�DGPLWV
D�IDFWRUL]DWLRQ� A D PDP!1� ZLWK P DQ�RUWKRJRQDO�PDWUL[
.P!1 D P T / DQG D GLDJRQDO�

RUWKRJRQDO �PDWUL[� $ VTXDUH� LQYHUWLEOH �PDWUL[ U VXFK� WKDW
U!1 D U T �

RUWKRJRQDO�SURMHFWLRQ�RI \ RQWR X �RU�RQWR�WKH�OLQH�WKURXJK X DQG
WKH�RULJLQ� IRU X ¤ ��� 7KH�YHFWRU O\ GHÀQHG�E\ O\ D \ !X

X !XX�
RUWKRJRQDO�SURMHFWLRQ�RI�\�RQWR:� 7KH�XQLTXH�YHFWRU O\ LQ W

VXFK�WKDW \ " O\ LV�RUWKRJRQDO�WR W � 1RWDWLRQ� O\ D SURMW \�
RUWKRJRQDO�VHW� $ VHW S RI�YHFWRUV�VXFK�WKDW X !Y D 0 IRU�HDFK

GLVWLQFW�SDLU X; Y LQ S �
RUWKRJRQDO�WR:� 2UWKRJRQDO�WR�HYHU\�YHFWRU�LQ W �
RUWKRQRUPDO�EDVLV� $ EDVLV�WKDW�LV�DQ�RUWKRJRQDO�VHW�RI�XQLW

YHFWRUV�
RUWKRQRUPDO�VHW� $Q�RUWKRJRQDO�VHW�RI�XQLW�YHFWRUV�
RXWHU�SURGXFW� $ PDWUL[�SURGXFW XYT ZKHUH X DQG Y DUH�YHFWRUV

LQRn YLHZHG�DV n # 1PDWULFHV� �7KH�WUDQVSRVH�V\PERO�LV�RQ
WKH�´RXWVLGHµ�RI�WKH�V\PEROV X DQG Y��

RYHUGHWHUPLQHG � V\VWHP� $ V\VWHP�RI � HTXDWLRQV �ZLWK �PRUH
HTXDWLRQV�WKDQ�XQNQRZQV�

SDUDOOHO�ÁDWV� 7ZR�RU�PRUH�ÁDWV�VXFK�WKDW�HDFK�ÁDW�LV�D�WUDQVODWH
RI�WKH�RWKHU�ÁDWV�

SDUDOOHORJUDP�UXOH�IRU�DGGLWLRQ� $ JHRPHWULF�LQWHUSUHWDWLRQ�RI
WKH�VXP�RI�WZR�YHFWRUV X� Y DV�WKH�GLDJRQDO�RI�WKH�SDUDOOHOR�
JUDP�GHWHUPLQHG�E\ X� Y� DQG ��

SDUDPHWHU�YHFWRU� 7KH�XQNQRZQ�YHFWRU ˇ LQ�WKH�OLQHDU�PRGHO
\ D Xˇ C !�

SDUDPHWULF � HTXDWLRQ � RI � D � OLQH� $Q � HTXDWLRQ � RI � WKH � IRUP
[ D S C tY �t LQ R��

SDUDPHWULF �HTXDWLRQ �RI �D �SODQH� $Q �HTXDWLRQ �RI � WKH � IRUP
[ D S C sX C tY �s� t LQ R�� ZLWK X DQG Y OLQHDUO\
LQGHSHQGHQW�

SDUWLWLRQHG�PDWUL[ �RU EORFN�PDWUL[�� $ PDWUL[�ZKRVH�HQWULHV
DUH�WKHPVHOYHV�PDWULFHV�RI�DSSURSULDWH�VL]HV�

SHUPXWHG�ORZHU�WULDQJXODU�PDWUL[� $ PDWUL[�VXFK�WKDW�D�SHU�
PXWDWLRQ�RI�LWV�URZV�ZLOO�IRUP�D�ORZHU�WULDQJXODU�PDWUL[�

SHUPXWHG�/8 IDFWRUL]DWLRQ� 7KH�UHSUHVHQWDWLRQ�RI�D�PDWUL[ A
LQ�WKH�IRUP A D LU ZKHUH L LV�D�VTXDUH�PDWUL[�VXFK�WKDW
D�SHUPXWDWLRQ�RI�LWV�URZV�ZLOO�IRUP�D�XQLW�ORZHU�WULDQJXODU
PDWUL[� DQG U LV�DQ�HFKHORQ�IRUP�RI A�

SLYRW� $ QRQ]HUR�QXPEHU�WKDW�HLWKHU�LV�XVHG�LQ�D�SLYRW�SRVLWLRQ
WR�FUHDWH�]HURV�WKURXJK�URZ�RSHUDWLRQV�RU�LV�FKDQJHG�LQWR�D
OHDGLQJ��� ZKLFK�LQ�WXUQ�LV�XVHG�WR�FUHDWH�]HURV�

SLYRW�FROXPQ� $ FROXPQ�WKDW�FRQWDLQV�D�SLYRW�SRVLWLRQ�
SLYRW�SRVLWLRQ� $ SRVLWLRQ�LQ�D�PDWUL[ A WKDW�FRUUHVSRQGV�WR�D

OHDGLQJ�HQWU\�LQ�DQ�HFKHORQ�IRUP�RI A�
SODQH�WKURXJK�X� Y� DQG�WKH�RULJLQ� $ VHW�ZKRVH�SDUDPHWULF

HTXDWLRQ�LV [ D sX C tY �s� t LQ R/� ZLWK X DQG Y OLQHDUO\
LQGHSHQGHQW�

SRODU�GHFRPSRVLWLRQ �RI A�� $ IDFWRUL]DWLRQ A D PQ� ZKHUH
P LV�DQ n # n SRVLWLYH�VHPLGHÀQLWH�PDWUL[�ZLWK�WKH�VDPH�UDQN
DV A� DQG Q LV�DQ n # n RUWKRJRQDO�PDWUL[�

SRO\JRQ� $ SRO\WRSH�LQ R2�
SRO\KHGURQ� $ SRO\WRSH�LQ R3�
SRO\WRSH� 7KH�FRQYH[�KXOO�RI�D�ÀQLWH�VHW�RI�SRLQWV�LQ Rn �D

VSHFLDO�W\SH�RI�FRPSDFW�FRQYH[�VHW��
SRVLWLYH�FRPELQDWLRQ �RI�SRLQWV Y1; : : : ; Ym LQ Rn�� $ OLQHDU

FRPELQDWLRQ c1Y1 C ! ! ! C cmYm� ZKHUH�DOO ci & 0�
SRVLWLYH � GHÀQLWH �PDWUL[� $ V\PPHWULF �PDWUL[ A VXFK � WKDW

[TA[ > 0 IRU�DOO [ ¤ ��
SRVLWLYH�GHÀQLWH�TXDGUDWLF�IRUP� $ TXDGUDWLF�IRUP Q VXFK

WKDW Q.[/ > 0 IRU�DOO [ ¤ ��
SRVLWLYH�KXOO �RI�D�VHW S�� 7KH�VHW�RI�DOO�SRVLWLYH�FRPELQDWLRQV

RI�SRLQWV�LQ S � GHQRWHG�E\ SRVS �
SRVLWLYH�VHPLGHÀQLWH�PDWUL[� $ V\PPHWULF�PDWUL[ A VXFK�WKDW

[TA[ & 0 IRU�DOO [�
SRVLWLYH�VHPLGHÀQLWH �TXDGUDWLF � IRUP� $ TXDGUDWLF � IRUP Q

VXFK�WKDW Q.[/ & 0 IRU�DOO [�
SRZHU�PHWKRG� $Q�DOJRULWKP�IRU�HVWLPDWLQJ�D�VWULFWO\�GRPLQDQW

HLJHQYDOXH�RI�D�VTXDUH�PDWUL[�
SULQFLSDO�D[HV �RI�D�TXDGUDWLF�IRUP [TA[�� 7KH�RUWKRQRUPDO

FROXPQV�RI�DQ�RUWKRJRQDO�PDWUL[ P VXFK�WKDW P!1AP LV
GLDJRQDO� �7KHVH�FROXPQV�DUH�XQLW�HLJHQYHFWRUV�RI A�� 8VX�
DOO\�WKH�FROXPQV�RI P DUH�RUGHUHG�LQ�VXFK�D�ZD\�WKDW�WKH
FRUUHVSRQGLQJ�HLJHQYDOXHV�RI A DUH�DUUDQJHG�LQ�GHFUHDVLQJ
RUGHU�RI�PDJQLWXGH�

SULQFLSDO � FRPSRQHQWV �RI � WKH � GDWD � LQ � D � PDWUL[ B RI
REVHUYDWLRQV�� 7KH � XQLW � HLJHQYHFWRUV � RI � D � VDPSOH � FR�
YDULDQFH�PDWUL[ S IRU B � ZLWK�WKH�HLJHQYHFWRUV�DUUDQJHG
VR � WKDW � WKH � FRUUHVSRQGLQJ � HLJHQYDOXHV � RI S GHFUHDVH � LQ
PDJQLWXGH� ,I B LV � LQ �PHDQ�GHYLDWLRQ � IRUP� WKHQ � WKH
SULQFLSDO � FRPSRQHQWV � DUH � WKH � ULJKW � VLQJXODU �YHFWRUV � LQ � D
VLQJXODU�YDOXH�GHFRPSRVLWLRQ�RI BT �

SUREDELOLW\�YHFWRU� $ YHFWRU�LQ Rn ZKRVH�HQWULHV�DUH�QRQQHJD�
WLYH�DQG�VXP�WR�RQH�



SURGXFW $[� 7KH�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A XVLQJ
WKH�FRUUHVSRQGLQJ�HQWULHV�LQ [ DV�ZHLJKWV�

SURGXFWLRQ�YHFWRU� 7KH�YHFWRU � LQ � WKH �/HRQWLHI � LQSXW²RXWSXW
PRGHO�WKDW�OLVWV�WKH�DPRXQWV�WKDW�DUH�WR�EH�SURGXFHG�E\�WKH
YDULRXV�VHFWRUV�RI�DQ�HFRQRP\�

SURÀOH �RI�D�VHW S LQ Rn�� 7KH�VHW�RI�H[WUHPH�SRLQWV�RI S �
SURMHFWLRQ�PDWUL[ �RU RUWKRJRQDO�SURMHFWLRQ�PDWUL[�� $ V\P�

PHWULF�PDWUL[ B VXFK�WKDW B2 D B � $ VLPSOH�H[DPSOH�LV
B D YYT � ZKHUH Y LV�D�XQLW�YHFWRU�

SURSHU�VXEVHW�RI�D�VHW 6� $ VXEVHW�RI S WKDW�GRHV�QRW�HTXDO S
LWVHOI�

SURSHU�VXEVSDFH� $Q\�VXEVSDFH�RI�D�YHFWRU�VSDFH V RWKHU�WKDQ
V LWVHOI�

SVHXGRLQYHUVH �RI A�� 7KH�PDWUL[ VD!1U T � ZKHQ UDV T LV�D
UHGXFHG�VLQJXODU�YDOXH�GHFRPSRVLWLRQ�RI A�

45 IDFWRUL]DWLRQ� $ IDFWRUL]DWLRQ�RI�DQ m # n PDWUL[ A ZLWK
OLQHDUO\ � LQGHSHQGHQW � FROXPQV� A D QR� ZKHUH Q LV � DQ
m # n PDWUL[�ZKRVH�FROXPQV�IRUP�DQ�RUWKRQRUPDO�EDVLV�IRU
&ROA� DQG R LV�DQ n # n XSSHU�WULDQJXODU�LQYHUWLEOH�PDWUL[
ZLWK�SRVLWLYH�HQWULHV�RQ�LWV�GLDJRQDO�

TXDGUDWLFH�%p]LHU�FXUYH� $ FXUYH�ZKRVH�GHVFULSWLRQ�PD\�EH
ZULWWHQ�LQ�WKH�IRUP J.t/ D .1 " t/I0.t/ C t I1.t/ IRU 0 $ t $
1� ZKHUH I0.t/ D .1 " t/S0 C tS1 DQG I1.t/ D .1 " t/S1 C
tS2� 7KH�SRLQWV S0� S1� S2 DUH�FDOOHG�WKH FRQWURO�SRLQWV IRU
WKH�FXUYH�

TXDGUDWLF�IRUP� $ IXQFWLRQ Q GHÀQHG�IRU [ LQ Rn E\ Q.[/ D
[TA[� ZKHUH A LV �DQ n # n V\PPHWULF�PDWUL[��FDOOHG�WKH
PDWUL[�RI�WKH�TXDGUDWLF�IRUP��

UDQJH �RI�D�OLQHDU�WUDQVIRUPDWLRQ T �� 7KH�VHW�RI�DOO�YHFWRUV�RI
WKH�IRUP T .[/ IRU�VRPH [ LQ�WKH�GRPDLQ�RI T �

UDQN �RI�D�PDWUL[ A�� 7KH�GLPHQVLRQ�RI�WKH�FROXPQ�VSDFH�RI A�
GHQRWHG�E\ UDQNA�

5D\OHLJK�TXRWLHQW� R.[/ D .[TA[/=.[T[/� $Q�HVWLPDWH�RI�DQ
HLJHQYDOXH�RI A �XVXDOO\�D�V\PPHWULF�PDWUL[��

UHFXUUHQFH�UHODWLRQ� 6HH GLIIHUHQFH�HTXDWLRQ�
UHGXFHG�HFKHORQ� IRUP �RU UHGXFHG�URZ�HFKHORQ� IRUP�� $

UHGXFHG�HFKHORQ�PDWUL[�WKDW�LV�URZ�HTXLYDOHQW�WR�D�JLYHQ
PDWUL[�

UHGXFHG�HFKHORQ�PDWUL[� $ UHFWDQJXODU�PDWUL[�LQ�HFKHORQ�IRUP
WKDW�KDV�WKHVH�DGGLWLRQDO�SURSHUWLHV� 7KH�OHDGLQJ�HQWU\�LQ
HDFK�QRQ]HUR�URZ�LV��� DQG�HDFK�OHDGLQJ���LV�WKH�RQO\�QRQ]HUR
HQWU\�LQ�LWV�FROXPQ�

UHGXFHG � VLQJXODU � YDOXH � GHFRPSRVLWLRQ� $ IDFWRUL]DWLRQ
A D UDV T � IRU�DQ m # n PDWUL[ A RI UDQN r � ZKHUH U LV
m # r ZLWK�RUWKRQRUPDO�FROXPQV� D LV�DQ r # r GLDJRQDO
PDWUL[ �ZLWK � WKH r QRQ]HUR � VLQJXODU � YDOXHV � RI A RQ � LWV
GLDJRQDO� DQG V LV n # r ZLWK�RUWKRQRUPDO�FROXPQV�

UHJUHVVLRQ�FRHIÀFLHQWV� 7KH�FRHIÀFLHQWV ˇ0 DQG ˇ1 LQ�WKH�OHDVW�
VTXDUHV�OLQH y D ˇ0 C ˇ1x�

UHJXODU�VROLG� 2QH�RI�WKH�ÀYH�SRVVLEOH�UHJXODU�SRO\KHGURQV�LQ
R3� WKH�WHWUDKHGURQ����HTXDO�WULDQJXODU�IDFHV�� WKH�FXEH���
VTXDUH�IDFHV�� WKH�RFWDKHGURQ����HTXDO�WULDQJXODU�IDFHV�� WKH
GRGHFDKHGURQ�����HTXDO�SHQWDJRQDO�IDFHV�� DQG�WKH�LFRVDKH�
GURQ�����HTXDO�WULDQJXODU�IDFHV��

UHJXODU�VWRFKDVWLF�PDWUL[� $ VWRFKDVWLF�PDWUL[ P VXFK�WKDW
VRPH�PDWUL[�SRZHUP k FRQWDLQV�RQO\�VWULFWO\�SRVLWLYH�HQWULHV�

UHODWLYH � FKDQJH RU UHODWLYH � HUURU �LQ E/� 7KH � TXDQWLW\
k%Ek=kEk ZKHQ E LV�FKDQJHG�WR E C %E�

UHSHOORU �RI�D�G\QDPLFDO�V\VWHP�LQ R2/� 7KH�RULJLQ�ZKHQ�DOO
WUDMHFWRULHV�H[FHSW�WKH�FRQVWDQW�]HUR�VHTXHQFH�RU�IXQFWLRQ
WHQG�DZD\�IURP ��

UHVLGXDO �YHFWRU� 7KH �TXDQWLW\ ! WKDW �DSSHDUV � LQ � WKH �JHQHUDO
OLQHDU�PRGHO� \ D Xˇ C !� WKDW�LV� ! D \ " Xˇ� WKH�GLIIHU�
HQFH�EHWZHHQ�WKH�REVHUYHG�YDOXHV�DQG�WKH�SUHGLFWHG�YDOXHV
�RI y��

5H�[� 7KH�YHFWRU�LQ Rn IRUPHG�IURP�WKH�UHDO�SDUWV�RI�WKH�HQWULHV
RI�D�YHFWRU [ LQ Cn�

ULJKW � LQYHUVH �RI A�� $Q\ � UHFWDQJXODU �PDWUL[ C VXFK � WKDW
AC D I �

ULJKW�PXOWLSOLFDWLRQ �E\ A�� 0XOWLSOLFDWLRQ�RI�D�PDWUL[�RQ�WKH
ULJKW�E\ A�

ULJKW�VLQJXODU�YHFWRUV �RIA�� 7KH�FROXPQV�RI V LQ�WKH�VLQJXODU
YDOXH�GHFRPSRVLWLRQ A D U †V T �

URXQGRII�HUURU� (UURU�LQ�ÁRDWLQJ�SRLQW�DULWKPHWLF�FDXVHG�ZKHQ
WKH�UHVXOW�RI�D�FDOFXODWLRQ�LV�URXQGHG��RU�WUXQFDWHG��WR�WKH
QXPEHU�RI�ÁRDWLQJ�SRLQW�GLJLWV�VWRUHG� $OVR� WKH�HUURU�WKDW
UHVXOWV�ZKHQ�WKH�GHFLPDO�UHSUHVHQWDWLRQ�RI�D�QXPEHU�VXFK�DV
����LV�DSSUR[LPDWHG�E\�D�ÁRDWLQJ�SRLQW�QXPEHU�ZLWK�D�ÀQLWH
QXPEHU�RI�GLJLWV�

URZ²FROXPQ�UXOH� 7KH�UXOH�IRU�FRPSXWLQJ�D�SURGXFW AB LQ
ZKLFK�WKH .i; j /�HQWU\�RI AB LV�WKH�VXP�RI�WKH�SURGXFWV�RI
FRUUHVSRQGLQJ�HQWULHV�IURP�URZ i RI A DQG�FROXPQ j RI B �

URZ�HTXLYDOHQW �PDWULFHV�� 7ZR�PDWULFHV�IRU�ZKLFK�WKHUH�H[LVWV
D��ÀQLWH��VHTXHQFH�RI�URZ�RSHUDWLRQV�WKDW�WUDQVIRUPV�RQH
PDWUL[�LQWR�WKH�RWKHU�

URZ�UHGXFWLRQ�DOJRULWKP� $ V\VWHPDWLF�PHWKRG�XVLQJ�HOHPHQ�
WDU\�URZ�RSHUDWLRQV�WKDW�UHGXFHV�D�PDWUL[�WR�HFKHORQ�IRUP�RU
UHGXFHG�HFKHORQ�IRUP�

URZ�UHSODFHPHQW� $Q�HOHPHQWDU\�URZ�RSHUDWLRQ�WKDW�UHSODFHV
RQH�URZ�RI�D�PDWUL[�E\�WKH�VXP�RI�WKH�URZ�DQG�D�PXOWLSOH�RI
DQRWKHU�URZ�

URZ�VSDFH �RI�D�PDWUL[A�� 7KH�VHW 5RZA RI�DOO�OLQHDU�FRPELQD�
WLRQV�RI�WKH�YHFWRUV�IRUPHG�IURP�WKH�URZV�RI A� DOVR�GHQRWHG
E\ &ROAT �

URZ�VXP� 7KH�VXP�RI�WKH�HQWULHV�LQ�D�URZ�RI�D�PDWUL[�
URZ�YHFWRU� $ PDWUL[�ZLWK�RQO\�RQH�URZ� RU�D�VLQJOH�URZ�RI�D

PDWUL[�WKDW�KDV�VHYHUDO�URZV�
URZ²YHFWRU�UXOH�IRU�FRPSXWLQJ $[� 7KH�UXOH�IRU�FRPSXWLQJ�D

SURGXFW A[ LQ�ZKLFK�WKH i WK�HQWU\�RI A[ LV�WKH�VXP�RI�WKH



SURGXFWV�RI�FRUUHVSRQGLQJ�HQWULHV�IURP�URZ i RI A DQG�IURP
WKH�YHFWRU [�

VDGGOH�SRLQW �RI�D�G\QDPLFDO�V\VWHP�LQ R2�� 7KH�RULJLQ�ZKHQ
VRPH�WUDMHFWRULHV�DUH�DWWUDFWHG�WR � DQG�RWKHU�WUDMHFWRULHV�DUH
UHSHOOHG�IURP ��

VDPH�GLUHFWLRQ �DV �D �YHFWRU Y�� $ YHFWRU � WKDW � LV � D �SRVLWLYH
PXOWLSOH�RI Y�

VDPSOH�PHDQ� 7KH�DYHUDJH M RI�D�VHW�RI�YHFWRUV� ;1; : : : ;;N �
JLYHQ�E\ M D .1=N /.;1 C ! ! ! C ;N /�

VFDODU� $ �UHDO��QXPEHU�XVHG�WR�PXOWLSO\�HLWKHU�D�YHFWRU�RU�D
PDWUL[�

VFDODU�PXOWLSOH�RI X E\ F� 7KH�YHFWRU cX REWDLQHG�E\�PXOWLSO\�
LQJ�HDFK�HQWU\�LQ X E\ c�

VFDOH �D�YHFWRU�� 0XOWLSO\�D�YHFWRU��RU�D�URZ�RU�FROXPQ�RI�D
PDWUL[��E\�D�QRQ]HUR�VFDODU�

6FKXU�FRPSOHPHQW� $ FHUWDLQ�PDWUL[�IRUPHG�IURP�WKH�EORFNV
RI�D 2 # 2 SDUWLWLRQHG�PDWUL[ A D ŒAij !� ,I A11 LV�LQYHUW�
LEOH� LWV�6FKXU�FRPSOHPHQW�LV�JLYHQ�E\ A22 " A21A

!1
11 A12�

,I A22 LV � LQYHUWLEOH� LWV � 6FKXU � FRPSOHPHQW � LV � JLYHQ � E\
A11 " A12A

!1
22 A21�

6FKXU�IDFWRUL]DWLRQ �RI A� IRU�UHDO�VFDODUV�� $ IDFWRUL]DWLRQ
A D URU T RI�DQ n # n PDWUL[ A KDYLQJ n UHDO�HLJHQYDOXHV�
ZKHUH U LV�DQ n # n RUWKRJRQDO�PDWUL[�DQG R LV�DQ�XSSHU
WULDQJXODU�PDWUL[�

VHW�VSDQQHG�E\ fY1; : : : ; Ypg� 7KH�VHW 6SDQ fY1; : : : ; Ypg�
VLJQDO �RU GLVFUHWH�WLPH�VLJQDO�� $ GRXEO\�LQÀQLWH�VHTXHQFH�RI

QXPEHUV� fykg� D�IXQFWLRQ�GHÀQHG�RQ�WKH�LQWHJHUV� EHORQJV�WR
WKH�YHFWRU�VSDFH S�

VLPLODU �PDWULFHV�� 0DWULFHV A DQG B VXFK�WKDW P!1AP D B �
RU�HTXLYDOHQWO\� A D PBP!1� IRU�VRPH�LQYHUWLEOH�PDWUL[ P �

VLPLODULW\�WUDQVIRUPDWLRQ� $ WUDQVIRUPDWLRQ�WKDW�FKDQJHV A
LQWR P!1AP �

VLPSOH[� 7KH�FRQYH[�KXOO�RI�DQ�DIÀQHO\�LQGHSHQGHQW�ÀQLWH�VHW
RI�YHFWRUV�LQ Rn�

VLQJXODU �PDWUL[�� $ VTXDUH�PDWUL[�WKDW�KDV�QR�LQYHUVH�
VLQJXODU�YDOXH�GHFRPSRVLWLRQ �RI�DQ m # n PDWUL[ A�� A D

U †V T � ZKHUH U LV�DQ m # m RUWKRJRQDO�PDWUL[� V LV�DQ
n # n RUWKRJRQDO�PDWUL[� DQG† LV�DQm # nPDWUL[�ZLWK�QRQ�
QHJDWLYH�HQWULHV�RQ�WKH�PDLQ�GLDJRQDO��DUUDQJHG�LQ�GHFUHDV�
LQJ�RUGHU�RI�PDJQLWXGH��DQG�]HURV�HOVHZKHUH� ,I UDQNA D r �
WKHQ † KDV�H[DFWO\ r SRVLWLYH�HQWULHV��WKH�QRQ]HUR�VLQJXODU
YDOXHV�RI A��RQ�WKH�GLDJRQDO�

VLQJXODU�YDOXHV �RIA�� 7KH��SRVLWLYH��VTXDUH�URRWV�RI�WKH�HLJHQ�
YDOXHV�RI ATA� DUUDQJHG�LQ�GHFUHDVLQJ�RUGHU�RI�PDJQLWXGH�

VL]H �RI�D�PDWUL[�� 7ZR�QXPEHUV� ZULWWHQ�LQ�WKH�IRUP m # n�
WKDW�VSHFLI\�WKH�QXPEHU�RI�URZV��m��DQG�FROXPQV��n��LQ�WKH
PDWUL[�

VROXWLRQ �RI�D�OLQHDU�V\VWHP�LQYROYLQJ�YDULDEOHV x1; : : : ; xn�� $
OLVW .s1; s2; : : : ; sn/ RI�QXPEHUV�WKDW�PDNHV�HDFK�HTXDWLRQ�LQ

WKH�V\VWHP�D�WUXH�VWDWHPHQW�ZKHQ�WKH�YDOXHV s1; : : : ; sn DUH
VXEVWLWXWHG�IRU x1; : : : ; xn� UHVSHFWLYHO\�

VROXWLRQ�VHW� 7KH�VHW�RI�DOO�SRVVLEOH�VROXWLRQV�RI�D�OLQHDU�V\VWHP�
7KH�VROXWLRQ�VHW�LV�HPSW\�ZKHQ�WKH�OLQHDU�V\VWHP�LV�LQFRQVLV�
WHQW�

6SDQ fY1; : : : ; Ypg� 7KH � VHW � RI � DOO � OLQHDU � FRPELQDWLRQV � RI
Y1; : : : ; Yp � $OVR� WKH VXEVSDFH�VSDQQHG �RU JHQHUDWHG��E\
Y1; : : : ; Yp �

VSDQQLQJ�VHW �IRU�D�VXEVSDFH H/� $Q\�VHW fY1; : : : ; Ypg LQ H
VXFK�WKDW H D 6SDQ fY1; : : : ; Ypg�

VSHFWUDO�GHFRPSRVLWLRQ �RI A�� $ UHSUHVHQWDWLRQ

A D "1X1XT
1 C ! ! ! C "nXnXT

n

ZKHUH fX1; : : : ; Xng LV�DQ�RUWKRQRUPDO�EDVLV�RI�HLJHQYHFWRUV
RIA� DQG "1; : : : ; "n DUH�WKH�FRUUHVSRQGLQJ�HLJHQYDOXHV�RIA�

VSLUDO�SRLQW �RI�D�G\QDPLFDO�V\VWHP�LQ R2�� 7KH�RULJLQ�ZKHQ
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��� <HV� �-XVWLI\�\RXU�DQVZHU��

��� 7KH�HTXDWLRQ A[ D E LV�QRW�FRQVLVWHQW�ZKHQ 3b1 C b2 LV
QRQ]HUR� �6KRZ�\RXU�ZRUN�� 7KH�VHW�RI E IRU�ZKLFK�WKH
HTXDWLRQ LV FRQVLVWHQW�LV�D�OLQH�WKURXJK�WKH�RULJLQ³WKH�VHW�RI
DOO�SRLQWV .b1; b2/ VDWLVI\LQJ b2 D !3b1�

��� 2QO\�WKUHH�URZV�FRQWDLQ�D�SLYRW�SRVLWLRQ� 7KH�HTXDWLRQ
A[ D E GRHV QRW KDYH�D�VROXWLRQ�IRU�HDFK E LQ R4� E\
7KHRUHP���

��� 7KH�ZRUN�LQ�([HUFLVH����VKRZV�WKDW�VWDWHPHQW��G��LQ
7KHRUHP���LV�IDOVH� 6R�DOO�IRXU�VWDWHPHQWV�LQ�7KHRUHP���DUH
IDOVH� 7KXV� QRW�DOO�YHFWRUV�LQ R4 FDQ�EH�ZULWWHQ�DV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�FROXPQV�RI A� $OVR� WKH�FROXPQV�RI A
GR QRW VSDQ R4�

��� 7KH�PDWUL[ ŒY1 Y2 Y3! GRHV�QRW�KDYH�D�SLYRW�LQ�HDFK�URZ�
VR�WKH�FROXPQV�RI�WKH�PDWUL[�GR�QRW�VSDQ R4� E\�7KHRUHP���
7KDW�LV� fY1; Y2; Y3g GRHV�QRW�VSDQ R4�

��� 5HDG�WKH�WH[W�FDUHIXOO\�DQG�WU\�WR�PDUN�HDFK�H[HUFLVH
VWDWHPHQW�7UXH�RU�)DOVH�EHIRUH�\RX�FRQVXOW�WKH 6WXG\�*XLGH�
6HYHUDO�SDUWV�RI�([HUFLVHV����DQG����DUH LPSOLFDWLRQV RI�WKH
IRUP
´,I hVWDWHPHQW��i� WKHQ hVWDWHPHQW��iµ
RU�HTXLYDOHQWO\�
´hVWDWHPHQW��i� LI hVWDWHPHQW��iµ
0DUN�VXFK�DQ�LPSOLFDWLRQ�DV�7UXH�LI hVWDWHPHQW��i LV�WUXH�LQ
DOO�FDVHV�ZKHQ hVWDWHPHQW��i LV�WUXH�

��� c1 D !3� c2 D !1� c3 D 2

��� 7KH�PDWUL[�HTXDWLRQ�FDQ�EH�ZULWWHQ�DV
c1Y1 C c2Y2 C c3Y3 C c4Y4 C c5Y5 D Y6� ZKHUH c1 D !3�

c2 D 1� c3 D 2� c4 D !1� c5 D 2� DQG
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��� +LQW� 6WDUW�ZLWK�DQ\ 3 $ 3 PDWUL[ B LQ�HFKHORQ�IRUP�WKDW
KDV�WKUHH�SLYRW�SRVLWLRQV�

��� :ULWH \RXU�VROXWLRQ�EHIRUH�\RX�FKHFN�WKH 6WXG\�*XLGH�

��� +LQW� +RZ�PDQ\�SLYRW�FROXPQV�GRHV A KDYH" :K\"

��� 6XSSRVH \ DQG ] VDWLVI\ A\ D ]� 7KHQ 5] D 5A\� %\
7KHRUHP���E�� 5A\ D A.5\/� 6R 5] D A.5\/� ZKLFK�VKRZV
WKDW 5\ LV�D�VROXWLRQ�RI A[ D 5]� 7KXV�WKH�HTXDWLRQ
A[ D 5] LV�FRQVLVWHQW�

��� >0@ 7KH�FROXPQV�GR�QRW�VSDQ R4�

��� >0@ 7KH�FROXPQV�VSDQ R4�

��� >0@ 'HOHWH�FROXPQ���RI�WKH�PDWUL[�LQ�([HUFLVH���� ,W�LV�DOVR
SRVVLEOH�WR�GHOHWH�FROXPQ���LQVWHDG�RI�FROXPQ���
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��� ,W�LV�LPSRUWDQW�WR�UHDG�WKH�WH[W�FDUHIXOO\�DQG�ZULWH�\RXU
DQVZHUV� $IWHU�WKDW� FKHFN�WKH 6WXG\�*XLGH� LI�QHFHVVDU\�

��� D� AZ D A.S C Yh/ D AS C AYh D E C � D E
E� AYh D A.Z ! S/ D AZ ! AS D E ! E D �

��� �*HRPHWULF�DUJXPHQW�XVLQJ�7KHRUHP����6LQFH�WKH�HTXDWLRQ
A[ D E LV�FRQVLVWHQW� LWV�VROXWLRQ�VHW�LV�REWDLQHG�E\
WUDQVODWLQJ�WKH�VROXWLRQ�VHW�RI A[ D �� E\�7KHRUHP��� 6R
WKH�VROXWLRQ�VHW�RI A[ D E LV�D�VLQJOH�YHFWRU�LI�DQG�RQO\�LI
WKH�VROXWLRQ�VHW�RI A[ D � LV�D�VLQJOH�YHFWRU� DQG�WKDW
KDSSHQV�LI�DQG�RQO\�LI A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ�

�3URRI�XVLQJ�IUHH�YDULDEOHV��,I A[ D E KDV�D�VROXWLRQ� WKHQ
WKH�VROXWLRQ�LV�XQLTXH�LI�DQG�RQO\�LI�WKHUH�DUH�QR�IUHH
YDULDEOHV�LQ�WKH�FRUUHVSRQGLQJ�V\VWHP�RI�HTXDWLRQV� WKDW�LV�
LI�DQG�RQO\�LI�HYHU\�FROXPQ�RI A LV�D�SLYRW�FROXPQ� 7KLV
KDSSHQV�LI�DQG�RQO\�LI�WKH�HTXDWLRQ A[ D � KDV�RQO\�WKH
WULYLDO�VROXWLRQ�

��� D� :KHQ A LV�D 4 $ 4 PDWUL[�ZLWK�WKUHH�SLYRW�SRVLWLRQV� WKH
HTXDWLRQ A[ D � KDV�D�IUHH�YDULDEOH�DQG�KHQFH�KDV
QRQWULYLDO�VROXWLRQV�

E� :LWK�WKUHH�SLYRW�SRVLWLRQV� A GRHV�QRW�KDYH�D�SLYRW
SRVLWLRQ�LQ�HDFK�RI�LWV�IRXU�URZV� %\�7KHRUHP���LQ
6HFWLRQ����� WKH�HTXDWLRQ A[ D E GRHV�QRW�KDYH�D
VROXWLRQ�IRU�HYHU\�SRVVLEOH E� 7KH�ZRUG�´SRVVLEOHµ�LQ
WKH�H[HUFLVH�PHDQV�WKDW�WKH�RQO\�YHFWRUV�FRQVLGHUHG�LQ
WKLV�FDVH�DUH�WKRVH�LQ R4� EHFDXVH A KDV�IRXU�URZV�

��� D� :KHQ A LV�D 3 $ 2 PDWUL[�ZLWK�WZR�SLYRW�SRVLWLRQV� HDFK
FROXPQ�LV�D�SLYRW�FROXPQ� 6R�WKH�HTXDWLRQ A[ D � KDV
QR�IUHH�YDULDEOHV�DQG�KHQFH�QR�QRQWULYLDO�VROXWLRQ�

E� :LWK�WZR�SLYRW�SRVLWLRQV�DQG�WKUHH�URZV� A FDQQRW�KDYH
D�SLYRW�LQ�HYHU\�URZ� 6R�WKH�HTXDWLRQ A[ D E FDQQRW
KDYH�D�VROXWLRQ�IRU�HYHU\�SRVVLEOH E �LQ R3�� E\
7KHRUHP���LQ�6HFWLRQ�����

��� <RXU�H[DPSOH�VKRXOG�KDYH�WKH�SURSHUW\�WKDW�WKH�VXP�RI�WKH
HQWULHV�LQ�HDFK�URZ�LV�]HUR� :K\"

��� 2QH�DQVZHU� [ D
!
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��� 2QH�DQVZHU�LV A D
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1 !4
1 !4

"
� 7KH 6WXG\�*XLGH VKRZV

KRZ�WR�DQDO\]H�WKH�SUREOHP�LQ�RUGHU�WR�FRQVWUXFW A� ,I E LV
DQ\�YHFWRU QRW D�PXOWLSOH�RI�WKH�ÀUVW�FROXPQ�RI A� WKHQ�WKH
VROXWLRQ�VHW�RI A[ D E LV�HPSW\�DQG�WKXV�FDQQRW�EH�IRUPHG
E\�WUDQVODWLQJ�WKH�VROXWLRQ�VHW�RI A[ D �� 7KLV�GRHV�QRW
FRQWUDGLFW�7KHRUHP��� EHFDXVH�WKDW�WKHRUHP�DSSOLHV�ZKHQ
WKH�HTXDWLRQ A[ D E KDV�D�QRQHPSW\�VROXWLRQ�VHW�

��� 6XSSRVH AY D � DQG AZ D �� 7KHQ� VLQFH
A.Y C Z/ D AY C AZ E\�7KHRUHP���D��LQ�6HFWLRQ�����
A.Y C Z/ D AY C AZ D � C � D �: 1RZ� OHW c DQG d EH
VFDODUV� 8VLQJ�ERWK�SDUWV�RI�7KHRUHP��� A.cY C dZ/ D
A.cY/ C A.dZ/ D cAY C dAZ D c� C d� D �:

6HFWLRQ����� SDJH���

�� 7KH�JHQHUDO�VROXWLRQ�LV p* D :875p6; ZLWK p6 IUHH� 2QH
HTXLOLEULXP�VROXWLRQ�LV p6 D 1000 DQG p* D 875� 8VLQJ
IUDFWLRQV� WKH�JHQHUDO�VROXWLRQ�FRXOG�EH�ZULWWHQ
p* D .7=8/p6� DQG�D�QDWXUDO�FKRLFH�RI�SULFHV�PLJKW�EH
p6 D 80 DQG p* D 70� 2QO\�WKH UDWLR RI�WKH�SULFHV�LV
LPSRUWDQW� 7KH�HFRQRPLF�HTXLOLEULXP�LV�XQDIIHFWHG�E\�D
SURSRUWLRQDO�FKDQJH�LQ�SULFHV�

�� D� 'LVWULEXWLRQ�RI
2XWSXW�IURP�

)	3 0DQ� 6HU�

2XWSXW ! ! ! ,QSXW 3XUFKDVHG�E\�
�� �� �� " )	3
�� �� �� " 0DQ�
�� �� �� " 6HU�

E�

2
4

:9 !:1 !:2 0
!:8 :9 !:4 0
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F� >0@ p)	3 % 30� p0 % 71� p6 D 100�
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'LVWULEXWLRQ�RI�2XWSXW�IURP�
$J� 0DQ� 6HU� 7UDQVS�

2XWSXW ! ! ! ! ,QSXW 3XUFKDVHG�E\�
��� ��� ��� ��� " $J�
��� ��� ��� ��� " 0DQ�
��� ��� ��� ��� " 6HU�
��� ��� ��� ��� " 7UDQVS�

E� 2QH�VROXWLRQ�LV p$ D 7:99� p0 D 8:36� p6 D 14:65�
DQG p7 D 10:00�
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2XWSXW ! ! ! ! ,QSXW 3XUFKDVHG�E\�
��� ��� ��� ��� " $J�
��� ��� ��� ��� " 0DQ�
��� ��� ��� ��� " 6HU�
��� ��� ��� ��� " 7UDQVS�

G� 2QH�VROXWLRQ�LV p$ D 7:81� p0 D 7:67� p6 D 15:62�
DQG p7 D 10:00�
7KH�FDPSDLJQ�KDV�EHQHÀWHG�6HUYLFHV�WKH�PRVW�
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��� >0@ 160Q6 C 13$V2&U10235 C 374+2624
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KHOS� :ULWH \RXU�VROXWLRQ�EHIRUH�\RX�FRQVXOW�WKH 6WXG\
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T(v)

T(u)
v
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x2

x1

$ UHÁHFWLRQ�WKURXJK�WKH�OLQH x1 D x2:

���
!

8
2

"
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!
!3

9

"
�
!

5
11

"
���

!
13
7

"
;

!
2x1 ! x2

5x1 C 6x2

"

��� 5HDG�WKH�WH[W�FDUHIXOO\�DQG�ZULWH�\RXU�DQVZHUV�EHIRUH�\RX
FKHFN�WKH 6WXG\�*XLGH� 1RWLFH�WKDW�([HUFLVH����H��LV�D
VHQWHQFH�RI�WKH�IRUP
´hVWDWHPHQW��i LI�DQG�RQO\�LI hVWDWHPHQW��iµ
0DUN�VXFK�D�VHQWHQFH�DV�7UXH�LI hVWDWHPHQW��i LV�WUXH
ZKHQHYHU hVWDWHPHQW��i LV�WUXH DQG DOVR hVWDWHPHQW��i LV�WUXH
ZKHQHYHU hVWDWHPHQW��i LV�WUXH�

��� D� :KHQ b D 0; f .x/ D mx� ,Q�WKLV�FDVH� IRU�DOO x; y LQ R
DQG�DOO�VFDODUV c DQG d �
f .cx C dy/ D m.cx C dy/ D mcx C mdy

D c.mx/ C d.my/
D c # f .x/ C d # f .y/

7KLV�VKRZV�WKDW f LV�OLQHDU�

E� :KHQ f .x/ D mx C b� ZLWK b QRQ]HUR�
f .0/ D m.0/ C b D b ¤ 0�

F� ,Q�FDOFXOXV� f LV�FDOOHG�D�´OLQHDU�IXQFWLRQµ�EHFDXVH�WKH
JUDSK�RI f LV�D�OLQH�

��� +LQW� 6KRZ�WKDW�WKH�LPDJH�RI�D�OLQH��WKDW�LV� WKH�VHW�RI
LPDJHV�RI�DOO�SRLQWV�RQ�D�OLQH��FDQ�EH�UHSUHVHQWHG�E\�WKH
SDUDPHWULF�HTXDWLRQ�RI�D�OLQH�

��� $Q\�SRLQW [ RQ�WKH�SODQH 3 VDWLVÀHV�WKH�SDUDPHWULF�HTXDWLRQ
[ D sX C tY IRU�VRPH�YDOXHV�RI s DQG t � %\�OLQHDULW\� WKH
LPDJH T .[/ VDWLVÀHV�WKH�SDUDPHWULF�HTXDWLRQ
T .[/ D sT .X/ C tT .Y/ .s; t LQ R/ �"�
7KH�VHW�RI�LPDJHV�LV�MXVW 6SDQ fT .X/� T .Y/g� ,I T .X/ DQG
T .Y/ DUH�OLQHDUO\�LQGHSHQGHQW� 6SDQ fT .X/� T .Y/g LV�D�SODQH
WKURXJK T .X/� T .Y/� DQG �� ,I T .X/ DQG T .Y/ DUH�OLQHDUO\
GHSHQGHQW�DQG�QRW�ERWK�]HUR� WKHQ 6SDQ fT .X/; T .Y/g LV�D
OLQH�WKURXJK �� ,I T .X/ D T .Y/ D �� WKHQ
6SDQ fT .X/; T .Y/g LV f�g�

���

u + vT (u + v)

T (v)

T (u) u

cucT (u)
T (cu)

uT (u)

v

x2

x1

x2

x1

��� +LQW� 6LQFH fY1; Y2; Y3g LV�OLQHDUO\�GHSHQGHQW� \RX�FDQ�ZULWH
D�FHUWDLQ�HTXDWLRQ�DQG�ZRUN�ZLWK�LW�

��� 2QH�SRVVLELOLW\�LV�WR�VKRZ�WKDW T GRHV�QRW�PDS�WKH�]HUR
YHFWRU�LQWR�WKH�]HUR�YHFWRU� VRPHWKLQJ�WKDW�HYHU\�OLQHDU
WUDQVIRUPDWLRQ GRHV GR� T .0; 0/ D .0; !3; 0/�

��� 7DNH X DQG Y LQ R3 DQG�OHW c DQG d EH�VFDODUV� 7KHQ
cX C dY D .cu1 C dv1; cu2 C dv2; cu3 C dv3/

7KH�WUDQVIRUPDWLRQ T LV�OLQHDU�EHFDXVH
T .cX C dY/ D .cu1 C dv1; 0; cu3 C dv3/

D .cu1; 0; cu3/ C .dv1; 0; dv3/
D c.u1; 0; u3/ C d.v1; 0; v3/
D cT .X/ C dT .Y/

��� >0@ $OO�PXOWLSOHV�RI .!1; !1; 1; 0/

��� >0@ <HV� 2QH�FKRLFH�IRU [ LV .1; 2; 0; 0/�

6HFWLRQ����� SDJH���

��

2
664

3 !5
1 2
3 0
1 0

3
775 ��

!
1 0

!3 1

"
��

!
0 !1
1 0

"

��
!

!1=
p

2 1=
p

2

1=
p

2 1=
p

2

"
��

!
0 !1

!1 0

"

��� 7KH�GHVFULEHG�WUDQVIRUPDWLRQ T PDSV H1 LQWR !H1 DQG�PDSV
H2 LQWR !H2� $ URWDWLRQ�WKURXJK " UDGLDQV�DOVR�PDSV H1 LQWR
!H1 DQG�PDSV H2 LQWR !H2� 6LQFH�D�OLQHDU�WUDQVIRUPDWLRQ�LV
FRPSOHWHO\�GHWHUPLQHG�E\�ZKDW�LW�GRHV�WR�WKH�FROXPQV�RI
WKH�LGHQWLW\�PDWUL[� WKH�URWDWLRQ�WUDQVIRUPDWLRQ�KDV�WKH�VDPH
HIIHFW�DV T RQ�HYHU\�YHFWRU�LQ R2�

��� x2

x1

T(2, 1)

T(e1)
T(e2)



���

2
4

2 !4 0
1 0 !1
0 !1 3

3
5 ���

2
664

1 2 0 0
0 0 0 0
0 2 0 1
0 1 0 !1

3
775

���
!

1 !5 4
0 1 !6

"
��� [ D

!
7

!4

"

��� $QVZHU�WKH�TXHVWLRQV�EHIRUH�FKHFNLQJ�WKH 6WXG\�*XLGH�

-XVWLI\�\RXU�DQVZHUV�WR�([HUFLVHV���²���

��� 1RW�RQH�WR�RQH�DQG�GRHV�QRW�PDS R4 RQWR R4

��� 1RW�RQH�WR�RQH�EXW�PDSV R3 RQWR R2

���

2
664

" "
0 "
0 0
0 0 0

3
775

��� n� �([SODLQ�ZK\� DQG�WKHQ�FKHFN�WKH 6WXG\�*XLGH��

��� +LQW� ,I Hj LV�WKH j WK�FROXPQ�RI In� WKHQ BHj LV�WKH j WK
FROXPQ�RI B �

��� +LQW� ,V�LW�SRVVLEOH�WKDW m > n" :KDW�DERXW m < n"

��� >0@ 1R� �([SODLQ�ZK\��

��� >0@ 1R� �([SODLQ�ZK\��

6HFWLRQ������ SDJH���

�� D� x1

2
664

110
4

20
2

3
775C x2

2
664

130
3

18
5

3
775 D

2
664

295
9

48
8

3
775� ZKHUH x1 LV�WKH

QXPEHU�RI�VHUYLQJV�RI�&KHHULRV�DQG x2 LV�WKH�QXPEHU�RI
VHUYLQJV�RI������1DWXUDO�&HUHDO�

E�

2
664

110 130
4 3

20 18
2 5

3
775
!

x1

x2

"
D

2
664

295
9

48
8

3
775� 0L[�����VHUYLQJV�RI

&KHHULRV�WRJHWKHU�ZLWK���VHUYLQJ�RI������1DWXUDO
&HUHDO�

�� D� 6KH�VKRXOG�PL[�����VHUYLQJ�RI�0DF�DQG�&KHHVH� ����
VHUYLQJV�RI�EURFFROL� DQG�����VHUYLQJ�RI�FKLFNHQ�WR�JHW
KHU�GHVLUHG�QXWULWLRQDO�FRQWHQW�

E� 6KH�VKRXOG�PL[������VHUYLQJV�RI�VKHOOV�DQG�ZKLWH
FKHGGDU� ����VHUYLQJ�RI�EURFFROL� DQG������VHUYLQJV�RI
FKLFNHQ�WR�JHW�KHU�GHVLUHG�QXWULWLRQDO�FRQWHQW� 1RWLFH
WKDW�WKLV�PL[�FRQWDLQV�VLJQLÀFDQWO\�OHVV�EURFFROL� VR�VKH
VKRXOG�OLNH�LW�EHWWHU�

�� RL D Y�

2
664

11 !5 0 0
!5 10 !1 0

0 !1 9 !2
0 0 !2 10

3
775

2
664

I1

I2

I3

I4

3
775 D

2
664

50
!40

30
!30

3
775

>0@� L D

2
664

I1

I2

I3

I4

3
775 D

2
664

3:68
!1:90

2:57
!2:49

3
775

�� RL D Y�

2
664

12 !7 0 !4
!7 15 !6 0

0 !6 14 !5
!4 0 !5 13

3
775

2
664

I1

I2

I3

I4

3
775 D

2
664

40
30
20

!10

3
775

>0@� L D

2
664

I1

I2

I3

I4

3
775 D

2
664

11:43
10:55
8:04
5:84

3
775

�� [kC1 D M[k IRU k D 0; 1; 2; : : : ; ZKHUH

M D
!

:93 :05
:07 :95

"
DQG [0 D

!
800;000
500;000

"
:

7KH�SRSXODWLRQ�LQ�������IRU k D 2��LV [2 D
!

741;720
558;280

"
�

��� D� M D
!

:98363 :00167
:01637 :99833

"

E� >0@ [6 D
!

30;754;500
229;449;000

"

��� >0@
D� 7KH�SRSXODWLRQ�RI�WKH�FLW\�GHFUHDVHV� $IWHU���\HDUV� WKH

SRSXODWLRQV�DUH�DERXW�HTXDO� EXW�WKH�FLW\�SRSXODWLRQ
FRQWLQXHV�WR�GHFOLQH� $IWHU����\HDUV� WKHUH�DUH�RQO\
��������SHUVRQV�LQ�WKH�FLW\����������URXQGHG�RII��
+RZHYHU� WKH�FKDQJHV�LQ�SRSXODWLRQ�VHHP�WR�JURZ
VPDOOHU�HDFK�\HDU�

E� 7KH�FLW\�SRSXODWLRQ�LV�LQFUHDVLQJ�VORZO\� DQG�WKH
VXEXUEDQ�SRSXODWLRQ�LV�GHFUHDVLQJ� $IWHU����\HDUV� WKH
FLW\�SRSXODWLRQ�KDV�JURZQ�IURP���������WR�DERXW
��������

&KDSWHU���6XSSOHPHQWDU\�([HUFLVHV� SDJH���

�� D� ) E� ) F� 7 G� ) H� 7 I� 7
J� ) K� ) L� 7 M� ) N� 7 O� )
P� 7 Q� 7 R� 7 S� 7 T� ) U� 7
V� ) W� 7 X� ) Y� ) Z� ) [� 7
\� 7 ]� )

�� D� $Q\�FRQVLVWHQW�OLQHDU�V\VWHP�ZKRVH�HFKHORQ�IRUP�LV2
4

" " "
0 " "
0 0 0 0

3
5 RU

2
4

" " "
0 0 "
0 0 0 0

3
5

RU

2
4

0 " "
0 0 "
0 0 0 0

3
5

E� $Q\�FRQVLVWHQW�OLQHDU�V\VWHP�ZKRVH�UHGXFHG�HFKHORQ
IRUP�LV I3�

F� $Q\�LQFRQVLVWHQW�OLQHDU�V\VWHP�RI�WKUHH�HTXDWLRQV�LQ
WKUHH�YDULDEOHV�

�� D� 7KH�VROXWLRQ�VHW� �L��LV�HPSW\�LI h D 12 DQG k ¤ 2� �LL�
FRQWDLQV�D�XQLTXH�VROWXWLRQ�LI h ¤ 12� �LLL��FRQWDLQV
LQÀQLWHO\�PDQ\�VROXWLRQV�LI h D 12 DQG k D 2�

E� 7KH�VROXWLRQ�VHW�LV�HPSW\�LI k C 3h D 0� RWKHUZLVH� WKH
VROXWLRQ�VHW�FRQWDLQV�D�XQLTXH�VROXWLRQ�



�� D� 6HW Y1 D

2
4

2
!5

7

3
5� Y2 D

2
4

!4
1

!5

3
5� Y3 D

2
4

!2
1

!3

3
5� DQG

E D

2
4

b1

b2

b3

3
5� ´'HWHUPLQH�LI Y1� Y2� Y3 VSDQ R3�µ

6ROXWLRQ� 1R�

E� 6HW A D

2
4

2 !4 !2
!5 1 1

7 !5 !3

3
5� ´'HWHUPLQH�LI�WKH�FROXPQV

RI A VSDQ R3�µ
F� 'HÀQH T .[/ D A[� ´'HWHUPLQH�LI T PDSV R3 RQWR R3�µ

��
!

5
6

"
D 4

3

!
2
1

"
C 7

3

!
1
2

"
RU
!

5
6

"
D
!

8=3
4=3

"
C
!

7=3
14=3

"

��� +LQW� &RQVWUXFW�D�´JULGµ�RQ�WKH x1x2�SODQH�GHWHUPLQHG�E\
D1 DQG D2�

��� $ VROXWLRQ�VHW�LV�D�OLQH�ZKHQ�WKH�V\VWHP�KDV�RQH�IUHH
YDULDEOH� ,I�WKH�FRHIÀFLHQW�PDWUL[�LV 2 $ 3� WKHQ�WZR�RI�WKH
FROXPQV�VKRXOG�EH�SLYRW�FROXPQV� )RU�LQVWDQFH� WDNH!

1 2 "
0 3 "

"
� 3XW�DQ\WKLQJ�LQ�FROXPQ��� 7KH�UHVXOWLQJ

PDWUL[�ZLOO�EH�LQ�HFKHORQ�IRUP� 0DNH�RQH�URZ�UHSODFHPHQW
RSHUDWLRQ�RQ�WKH�VHFRQG�URZ�WR�FUHDWH�D�PDWUL[ QRW LQ

HFKHORQ�IRUP� VXFK�DV
!

1 2 1
0 3 1

"
'
!

1 2 1
1 5 2

"
�

��� +LQW� +RZ�PDQ\�IUHH�YDULDEOHV�DUH�LQ�WKH�HTXDWLRQ A[ D �"

��� E D

2
4

1 0 !3
0 1 2
0 0 0

3
5

��� D� ,I�WKH�WKUHH�YHFWRUV�DUH�OLQHDUO\�LQGHSHQGHQW� WKHQ a; c;
DQG f PXVW�DOO�EH�QRQ]HUR�

E� 7KH�QXPEHUV a; : : : ; f FDQ�KDYH�DQ\�YDOXHV�
��� +LQW� /LVW�WKH�FROXPQV�IURP�ULJKW�WR�OHIW�DV Y1; : : : ; Y4�
��� +LQW� 8VH�7KHRUHP���
��� /HW M EH�WKH�OLQH�WKURXJK�WKH�RULJLQ�WKDW�LV�SDUDOOHO�WR�WKH

OLQH�WKURXJK Y1� Y2� DQG Y3� 7KHQ Y2 ! Y1 DQG Y3 ! Y1 DUH
ERWK�RQ M � 6R�RQH�RI�WKHVH�WZR�YHFWRUV�LV�D�PXOWLSOH�RI�WKH
RWKHU� VD\ Y2 ! Y1 D k.Y3 ! Y1�� 7KLV�HTXDWLRQ�SURGXFHV�D
OLQHDU�GHSHQGHQFH�UHODWLRQ� .k ! 1/Y1 C Y2 ! kY3 D ��

$ VHFRQG�VROXWLRQ� $ SDUDPHWULF�HTXDWLRQ�RI�WKH�OLQH�LV
[ D Y1 C t .Y2 ! Y1/: 6LQFH Y3 LV�RQ�WKH�OLQH� WKHUH�LV�VRPH t0
VXFK�WKDW Y3 D Y1 C t0.Y2 ! Y1/ D .1 ! t0/Y1 C t0Y2� 6R Y3

LV�D�OLQHDU�FRPELQDWLRQ�RI Y1 DQG Y2� DQG fY1� Y2� Y3g LV
OLQHDUO\�GHSHQGHQW�

���

2
4

1 0 0
0 !1 0
0 0 1

3
5 ��� a D 4=5� b D !3=5

��� D� 7KH�YHFWRU�OLVWV�WKH�QXPEHUV�RI�WKUHH�� WZR�� DQG
RQH�EHGURRP�DSDUWPHQWV�SURYLGHG�ZKHQ x1 ÁRRUV�RI
SODQ�$ DUH�FRQVWUXFWHG�

E� x1

2
4

3
7
8

3
5C x2

2
4

4
4
8

3
5C x3

2
4

5
3
9

3
5

F� >0@ 8VH���ÁRRUV�RI�SODQ�$ DQG����ÁRRUV�RI�SODQ�%��2U�
XVH���ÁRRUV�RI�SODQ�$����ÁRRUV�RI�SODQ�%��DQG���ÁRRUV�RI
SODQ�&��7KHVH�DUH�WKH�RQO\�IHDVLEOH�VROXWLRQV� 7KHUH�DUH
RWKHU�PDWKHPDWLFDO�VROXWLRQV� EXW�WKH\�UHTXLUH�D
QHJDWLYH�QXPEHU��RU�D�IUDFWLRQDO�QXPEHU��RI�ÁRRUV�RI
RQH�RU�WZR�RI�WKH�SODQV� ZKLFK�PDNHV�QR�SK\VLFDO�VHQVH�

6HFWLRQ����� SDJH����

��
!

!4 0 2
!8 10 !4

"
�
!

3 !5 3
!7 6 !7

"
� QRW�GHÀQHG�

!
1 13

!7 !6

"

��
!

1 5
!3 5

"
�
!

6 !15
9 !6

"

�� D� AE1 D

2
4

!10
0

26

3
5; AE2 D

2
4

11
8

!19

3
5;

AB D

2
4

!10 11
0 8

26 !19

3
5

E� AB D

2
4

!1 # 4 C 3.!2/ !1.!2/ C 3 # 3
2 # 4 C 4.!2/ 2.!2/ C 4 # 3
5 # 4 ! 3.!2/ 5.!2/ ! 3 # 3

3
5

D

2
4

!10 11
0 8

26 !19

3
5

�� 3 $ 7 �� k D !2

��� AD D

2
4

5 6 6
10 12 10
15 15 12

3
5� DA D

2
4

5 10 15
6 12 15
6 10 12

3
5

5LJKW�PXOWLSOLFDWLRQ��WKDW�LV� PXOWLSOLFDWLRQ�RQ�WKH�ULJKW��E\
D PXOWLSOLHV�HDFK FROXPQ RI A E\�WKH�FRUUHVSRQGLQJ
GLDJRQDO�HQWU\�RI D� /HIW�PXOWLSOLFDWLRQ�E\ D PXOWLSOLHV
HDFK URZ RI A E\�WKH�FRUUHVSRQGLQJ�GLDJRQDO�HQWU\�RI D�
7KH 6WXG\�*XLGH WHOOV�KRZ�WR�PDNH AB D BA� EXW�\RX
VKRXOG�WU\�WKLV�\RXUVHOI�EHIRUH�ORRNLQJ�WKHUH�

��� +LQW� 2QH�RI�WKH�WZR�PDWULFHV�LV Q�

��� $QVZHU�WKH�TXHVWLRQV�EHIRUH�ORRNLQJ�LQ�WKH 6WXG\�*XLGH�

��� E1 D
!

3
2

"
� E2 D

!
1
4

"

��� 7KH�WKLUG�FROXPQ�RI AB LV�WKH�VXP�RI�WKH�ÀUVW�WZR�FROXPQV
RI AB � +HUH·V�ZK\� :ULWH B D Œ E1 E2 E3 !� %\
GHÀQLWLRQ� WKH�WKLUG�FROXPQ�RI AB LV AE3� ,I E3 D E1 C E2�
WKHQ AE3 D A.E1 C E2/ D AE1 C AE2� E\�D�SURSHUW\�RI
PDWUL[�YHFWRU�PXOWLSOLFDWLRQ�

��� 7KH�FROXPQV�RI A DUH�OLQHDUO\�GHSHQGHQW� :K\"

��� +LQW� 6XSSRVH [ VDWLVÀHV A[ D �� DQG�VKRZ�WKDW [ PXVW�EH
��



��� +LQW� 8VH�WKH�UHVXOWV�RI�([HUFLVHV����DQG���� DQG�DSSO\�WKH
DVVRFLDWLYH�ODZ�RI�PXOWLSOLFDWLRQ�WR�WKH�SURGXFW CAD�

��� XT Y D YT X D !3a C 2b ! 5c�

XYT D

2
4

!3a !3b !3c
2a 2b 2c

!5a !5b !5c

3
5;

YXT D

2
4

!3a 2a !5a
!3b 2b !5b
!3c 2c !5c

3
5

��� +LQW� )RU�7KHRUHP���E�� VKRZ�WKDW�WKH .i; j /�HQWU\�RI
A.B C C / HTXDOV�WKH .i; j /�HQWU\�RI AB C AC �

��� +LQW� 8VH�WKH�GHÀQLWLRQ�RI�WKH�SURGXFW ImA DQG�WKH�IDFW�WKDW
Im[ D [ IRU [ LQ Rm�

��� +LQW� )LUVW�ZULWH�WKH .i; j /�HQWU\�RI .AB/T � ZKLFK�LV�WKH
.j; i/�HQWU\�RI AB � 7KHQ� WR�FRPSXWH�WKH .i; j /�HQWU\�LQ
BTAT � XVH�WKH�IDFWV�WKDW�WKH�HQWULHV�LQ�URZ i RI BT DUH
b1i ; : : : ; bni � EHFDXVH�WKH\�FRPH�IURP�FROXPQ i RI B � DQG
WKH�HQWULHV�LQ�FROXPQ j RI AT DUH aj1; : : : ; ajn� EHFDXVH�WKH\
FRPH�IURP�URZ j RI A�

��� >0@ 7KH�DQVZHU�KHUH�GHSHQGV�RQ�WKH�FKRLFH�RI�PDWUL[
SURJUDP� )RU�0$7/$%��XVH�WKH KHOS FRPPDQG�WR�UHDG
DERXW ]HURV� RQHV� H\H� DQG GLDJ� )RU�WKH�7,����
VWXG\�WKH GLP� ILOO� DQG LGHQ LQVWUXFWLRQV� 7KH�7,���
GRHV�QRW�KDYH�D�´GLDJRQDOµ�FRPPDQG�

��� >0@ 'LVSOD\�\RXU�UHVXOWV�DQG�UHSRUW�\RXU�FRQFOXVLRQV�

��� >0@ 'LVSOD\�\RXU�UHVXOWV�DQG�UHSRUW�\RXU�FRQFOXVLRQV�

��� 7KH�PDWULFHV�DSSHDU�WR�DSSURDFK�WKH�PDWUL[2
4

1=3 1=3 1=3
1=3 1=3 1=3
1=3 1=3 1=3

3
5�

6HFWLRQ����� SDJH����

��
!

2 !3
!5=2 4

"
�� !1

3

!
!3 !3

6 7

"
RU
!

1 1
!2 !7=3

"

�� x1 D 7 DQG x2 D !9

�� D DQG E�
!

!9
4

"
�
!

11
!5

"
�
!

6
!2

"
� DQG

!
13
!5

"

�� :ULWH�RXW�\RXU�DQVZHUV�EHIRUH�FKHFNLQJ�WKH 6WXG\�*XLGH�

��� 7KH�SURRI�FDQ�EH�PRGHOHG�DIWHU�WKH�SURRI�RI�7KHRUHP���

��� AB D AC ) A!1AB D A!1AC ) IB D IC ) B D
C � 1R� LQ�JHQHUDO� B DQG C FDQ�EH�GLIIHUHQW�ZKHQ A LV�QRW
LQYHUWLEOH� 6HH�([HUFLVH����LQ�6HFWLRQ�����

��� +LQW� $SSO\�WKH�HOHPHQWDU\�PDWULFHV�XVHG�WR�URZ�UHGXFH A
WR I; WR�WKH�PDWUL[ ŒA; B!:

��� D D C!1B!1A!1� 6KRZ�WKDW D ZRUNV�

��� $IWHU�\RX�ÀQG X D CB ! A� VKRZ�WKDW X LV�D�VROXWLRQ�

��� +LQW� &RQVLGHU�WKH�HTXDWLRQ A[ D ��

��� +LQW� ,I A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ� WKHQ�WKHUH�DUH
QR�IUHH�YDULDEOHV�LQ�WKH�HTXDWLRQ A[ D �� DQG�HDFK�FROXPQ
RI A LV�D�SLYRW�FROXPQ�

��� +LQW� &RQVLGHU�WKH�FDVH a D b D 0� 7KHQ�FRQVLGHU�WKH
YHFWRU

!
!b

a

"
� DQG�XVH�WKH�IDFW�WKDW ad ! bc D 0�

��� +LQW� )RU�SDUW��D�� LQWHUFKDQJH A DQG B LQ�WKH�ER[
IROORZLQJ�([DPSOH���LQ�6HFWLRQ����� DQG�WKHQ�UHSODFH B E\
WKH�LGHQWLW\�PDWUL[� )RU�SDUWV��E��DQG��F�� EHJLQ�E\�ZULWLQJ

A D

2
4
URZ1.A/
URZ2.A/
URZ3.A/

3
5

��� 1
3

!
!9 3
!4 1

"
���

2
4

8 3 1
10 4 1
7=2 3=2 1=2

3
5

��� 7KH�JHQHUDO�IRUP�RI A!1 LV

A!1 D B D

2
666664

1 0 0 # # # 0
!1 1 0 0

0 !1 1
:::

: : :
:::

0 0 # # # !1 1

3
777775

:

+LQW� )RU j D 1; : : : ; n� OHW Dj � Ej � DQG Hj GHQRWH�WKH j WK
FROXPQV�RI A; B � DQG I � UHVSHFWLYHO\� 8VH�WKH�IDFWV�WKDW
Dj ! DjC1 D Hj DQG Ej D Hj ! HjC1 IRU j D 1; : : : ; n ! 1�
DQG Dn D En D Hn�

���

2
4

3
0

!1

3
5� )LQG�WKLV�E\�URZ�UHGXFLQJ #A H3

$
�

��� C D
!

1 1 !1
!1 1 0

"

��� >0@ 7KH�GHÁHFWLRQV�DUH����� ���� DQG�����LQFKHV�
UHVSHFWLYHO\�

��� >0@ ���� ����� ������ DQG������QHZWRQV� UHVSHFWLYHO\

6HFWLRQ����� SDJH����
7KH�DEEUHYLDWLRQ�,07 �KHUH�DQG�LQ�WKH 6WXG\�*XLGH��GHQRWHV�WKH
,QYHUWLEOH�0DWUL[�7KHRUHP��7KHRUHP����

�� ,QYHUWLEOH� E\�WKH�,07��1HLWKHU�FROXPQ�RI�WKH�PDWUL[�LV�D
PXOWLSOH�RI�WKH�RWKHU�FROXPQ� VR�WKH\�DUH�OLQHDUO\
LQGHSHQGHQW� $OVR� WKH�PDWUL[�LV�LQYHUWLEOH�E\�7KHRUHP���LQ
6HFWLRQ�����EHFDXVH�WKH�GHWHUPLQDQW�LV�QRQ]HUR�

�� 1RWLFH�WKDW AT KDV�D�SLYRW�LQ�HYHU\�FROXPQ� VR�E\�,07� AT

LV�LQYHUWLEOH� +HQFH�E\�,07� A LV�DOVR�LQYHUWLEOH�

�� 1RW�LQYHUWLEOH� E\�WKH�,07��6LQFH�WKLV�PDWUL[�KDV�D�FROXPQ
RI�]HURV� LWV�FROXPQV�IRUP�D�OLQHDUO\�GHSHQGHQW�VHW�DQG
KHQFH�WKH�PDWUL[�LV�QRW�LQYHUWLEOH�



�� ,QYHUWLEOH� E\�WKH�,07��7KH�PDWUL[�URZ�UHGXFHV�WR
2
66664

!1 !3 0 1

0 !4 8 0

0 0 3 0

0 0 0 1

3
77775

DQG�KDV�IRXU�SLYRW�SRVLWLRQV�

�� >0@ 7KH 4 $ 4 PDWUL[�KDV�IRXU�SLYRW�SRVLWLRQV� VR�LW�LV
LQYHUWLEOH�E\�WKH�,07�

��� 7KH 6WXG\�*XLGH ZLOO�KHOS� EXW�ÀUVW�WU\�WR�DQVZHU�WKH
TXHVWLRQV�EDVHG�RQ�\RXU�FDUHIXO�UHDGLQJ�RI�WKH�WH[W�

��� $ VTXDUH�XSSHU�WULDQJXODU�PDWUL[�LV�LQYHUWLEOH�LI�DQG�RQO\�LI
DOO�WKH�HQWULHV�RQ�WKH�GLDJRQDO�DUH�QRQ]HUR� :K\"

1RWH� 7KH�DQVZHUV�EHORZ�IRU�([HUFLVHV���²���PHQWLRQ�WKH�,07�
,Q�PDQ\�FDVHV� SDUW�RU�DOO�RI�DQ�DFFHSWDEOH�DQVZHU�FRXOG�DOVR�EH
EDVHG�RQ�UHVXOWV�WKDW�ZHUH�XVHG�WR�HVWDEOLVK�WKH�,07�

��� 1R� EHFDXVH�VWDWHPHQW��K��RI�WKH�,07 LV�WKHQ�IDOVH� $ 4 $ 4
PDWUL[�FDQQRW�EH�LQYHUWLEOH�ZKHQ�LWV�FROXPQV�GR�QRW�VSDQ
R4�

��� ,I A KDV�WZR�LGHQWLFDO�FROXPQV� WKHQ�LWV�FROXPQV�DUH�OLQHDUO\
GHSHQGHQW� 3DUW��H��RI�WKH�,07 VKRZV�WKDW A FDQQRW�EH
LQYHUWLEOH�

��� %\�VWDWHPHQW��H��RI�WKH�,07� D LV�LQYHUWLEOH� 7KXV�WKH
HTXDWLRQ D[ D E KDV�D�VROXWLRQ�IRU�HDFK E LQ R7� E\
VWDWHPHQW��J��RI�WKH�,07��&DQ�\RX�VD\�PRUH"

��� 7KH�PDWUL[ C FDQQRW�EH�LQYHUWLEOH� E\�7KHRUHP���LQ�6HFWLRQ
����RU�E\�WKH�SDUDJUDSK�IROORZLQJ�WKH�,07��6R�VWDWHPHQW��J�
RI�WKH�,07 LV�IDOVH�DQG�VR�LV��K�� 7KH�FROXPQV�RI C GR�QRW
VSDQ Rn�

��� 6WDWHPHQW��J��RI�WKH�,07 LV�IDOVH�IRU F � VR�VWDWHPHQW��G��LV
IDOVH� WRR� 7KDW�LV� WKH�HTXDWLRQ F [ D � KDV�D�QRQWULYLDO
VROXWLRQ�

��� +LQW� 8VH�WKH�,07 ÀUVW�

��� /HW W EH�WKH�LQYHUVH�RI AB � 7KHQ ABW D I DQG
A.BW / D I � 8QIRUWXQDWHO\� WKLV�HTXDWLRQ�E\�LWVHOI�GRHV
QRW�SURYH�WKDW A LV�LQYHUWLEOH� :K\�QRW" )LQLVK�WKH�SURRI
EHIRUH�\RX�FKHFN�WKH 6WXG\�*XLGH�

��� 6LQFH�WKH�WUDQVIRUPDWLRQ [ 7! A[ LV�RQH�WR�RQH� VWDWHPHQW
�I��RI�WKH�,07 LV�WUXH� 7KHQ�VWDWHPHQW��L��LV�DOVR�WUXH�DQG�WKH
WUDQVIRUPDWLRQ [ 7! A[ PDSV Rn RQWR Rn� $OVR� A LV
LQYHUWLEOH� ZKLFK�LPSOLHV�WKDW�WKH�WUDQVIRUPDWLRQ [ 7! A[ LV
LQYHUWLEOH� E\�7KHRUHP���

��� +LQW� ,I�WKH�HTXDWLRQ A[ D E KDV�D�VROXWLRQ�IRU�HDFK E� WKHQ
A KDV�D�SLYRW�LQ�HDFK�URZ��7KHRUHP���LQ�6HFWLRQ������
&RXOG�WKHUH�EH�IUHH�YDULDEOHV�LQ�DQ�HTXDWLRQ A[ D E"

��� +LQW� )LUVW�VKRZ�WKDW�WKH�VWDQGDUG�PDWUL[�RI T LV�LQYHUWLEOH�
7KHQ�XVH�D�WKHRUHP�RU�WKHRUHPV�WR�VKRZ�WKDW
T!1.[/ D B[� ZKHUH B D

!
7 9
4 5

"
�

��� +LQW� 7R�VKRZ�WKDW T LV�RQH�WR�RQH� VXSSRVH�WKDW
T .X/ D T .Y/ IRU�VRPH�YHFWRUV X DQG Y LQ Rn� 'HGXFH�WKDW
X D Y� 7R�VKRZ�WKDW T LV�RQWR� VXSSRVH \ UHSUHVHQWV�DQ
DUELWUDU\�YHFWRU�LQ Rn DQG�XVH�WKH�LQYHUVH S WR�SURGXFH�DQ [
VXFK�WKDW T .[/ D \� $ VHFRQG�SURRI�FDQ�EH�JLYHQ�XVLQJ
7KHRUHP���WRJHWKHU�ZLWK�D�WKHRUHP�IURP�6HFWLRQ�����

��� +LQW� &RQVLGHU�WKH�VWDQGDUG�PDWULFHV�RI T DQG U �
��� ,I T PDSV Rn RQWR Rn� WKHQ�WKH�FROXPQV�RI�LWV�VWDQGDUG

PDWUL[ A VSDQ Rn� E\�7KHRUHP����LQ�6HFWLRQ����� %\�WKH
,07� A LV�LQYHUWLEOH� +HQFH� E\�7KHRUHP��� T LV�LQYHUWLEOH�
DQG A!1 LV�WKH�VWDQGDUG�PDWUL[�RI T!1� 6LQFH A!1 LV�DOVR
LQYHUWLEOH� E\�WKH�,07��LWV�FROXPQV�DUH�OLQHDUO\�LQGHSHQGHQW
DQG�VSDQ Rn� $SSO\LQJ�7KHRUHP����LQ�6HFWLRQ�����WR�WKH
WUDQVIRUPDWLRQ T!1 VKRZV�WKDW T!1 LV�D�RQH�WR�RQH
PDSSLQJ�RI Rn RQWR Rn�

��� >0@
D� 7KH�H[DFW�VROXWLRQ�RI�����LV x1 D 3:94 DQG x2 D :49� 7KH

H[DFW�VROXWLRQ�RI�UHYLHZ�����LV x1 D 2:90 DQG x2 D 2:00�
E� :KHQ�WKH�VROXWLRQ�RI�����LV�XVHG�DV�DQ�DSSUR[LPDWLRQ�IRU

WKH�VROXWLRQ�LQ����� WKH�HUURU�LQ�XVLQJ�WKH�YDOXH�RI�����
IRU x1 LV�DERXW����� DQG�WKH�HUURU�LQ�XVLQJ�����IRU x2 LV
DERXW������

F� 7KH�FRQGLWLRQ�QXPEHU�RI�WKH�FRHIÀFLHQW�PDWUL[�LV������
7KH�SHUFHQWDJH�FKDQJH�LQ�WKH�VROXWLRQ�IURP�����WR�����LV
DERXW������WLPHV�WKH�SHUFHQWDJH�FKDQJH�LQ�WKH�ULJKW�VLGH
RI�WKH�HTXDWLRQ� 7KLV�LV�WKH�VDPH�RUGHU�RI�PDJQLWXGH�DV
WKH�FRQGLWLRQ�QXPEHU� 7KH�FRQGLWLRQ�QXPEHU�JLYHV�D
URXJK�PHDVXUH�RI�KRZ�VHQVLWLYH�WKH�VROXWLRQ�RI A[ D E
FDQ�EH�WR�FKDQJHV�LQ E� )XUWKHU�LQIRUPDWLRQ�DERXW�WKH
FRQGLWLRQ�QXPEHU�LV�JLYHQ�DW�WKH�HQG�RI�&KDSWHU���DQG�LQ
&KDSWHU���

��� >0@ FRQG.A/ % 69;000� ZKLFK�LV�EHWZHHQ 104 DQG 105� 6R
DERXW���RU���GLJLWV�RI�DFFXUDF\�PD\�EH�ORVW� 6HYHUDO
H[SHULPHQWV�ZLWK�0$7/$% VKRXOG�YHULI\�WKDW [ DQG [1

DJUHH�WR����RU����GLJLWV�
��� >0@ 6RPH�YHUVLRQV�RI�0$7/$% LVVXH�D�ZDUQLQJ�ZKHQ

DVNHG�WR�LQYHUW�D�+LOEHUW�PDWUL[�RI�RUGHU�DERXW����RU�ODUJHU
XVLQJ�ÁRDWLQJ�SRLQW�DULWKPHWLF� 7KH�SURGXFW AA!1 VKRXOG
KDYH�VHYHUDO�RII�GLDJRQDO�HQWULHV�WKDW�DUH�IDU�IURP�EHLQJ
]HUR� ,I�QRW� WU\�D�ODUJHU�PDWUL[�

6HFWLRQ����� SDJH����

��
!

A B
EA C C EB C D

"
��

!
C D
A B

"

�� Y D B!1 �H[SODLQ�ZK\�� X D !B!1A� Z D C

�� X D A!1 �ZK\"�� Y D !BA!1� Z D 0 �ZK\"�
�� A21 D !B21B

!1
11 � A31 D !B31B

!1
11 �

C22 D B22 ! B21B
!1
11 B12

��� <RX�FDQ�FKHFN�\RXU�DQVZHUV�LQ�WKH 6WXG\�*XLGH�

��� +LQW� 6XSSRVH A LV�LQYHUWLEOH� DQG�OHW A!1 D
!

D E
F G

"
�

6KRZ�WKDW BD D I DQG CG D I � 7KLV�LPSOLHV�WKDW B DQG



C DUH�LQYHUWLEOH� �([SODLQ�ZK\�� &RQYHUVHO\� VXSSRVH B
DQG C DUH�LQYHUWLEOH� 7R�SURYH�WKDW A LV�LQYHUWLEOH� JXHVV
ZKDW A!1 PXVW�EH�DQG�FKHFN�WKDW�LW�ZRUNV�

��� GkC1 D
#
Xk [kC1

$ ! XT
k

[T
kC1

"
D XkXT

k C [kC1[T
kC1

D Gk C [kC1[T
kC1

2QO\�WKH�RXWHU�SURGXFW�PDWUL[ [kC1[T
kC1 QHHGV�WR�EH

FRPSXWHG��DQG�WKHQ�DGGHG�WR Gk��

��� 7KH�LQYHUVH�RI
!

I 0
X I

"
LV
!

I 0
!X I

"
� 6LPLODUO\�

!
I Y
0 I

"

KDV�DQ�LQYHUVH� )URP�HTXDWLRQ����� RQH�REWDLQV!
I 0

!X I

"!
A11 A12

A21 A22

"!
I !Y
0 I

"
D
!

A11 0
0 S

"
�"�

,I A LV�LQYHUWLEOH� WKHQ�WKH�PDWUL[�RQ�WKH�ULJKW�VLGH�RI��"��LV�D
SURGXFW�RI�LQYHUWLEOH�PDWULFHV�DQG�KHQFH�LV�LQYHUWLEOH� %\
([HUFLVH���� A11 DQG S PXVW�EH�LQYHUWLEOH�

��� W.s/ D Im ! C.A ! sIn/!1B � 7KLV�LV�WKH�6FKXU
FRPSOHPHQW�RI A ! sIn LQ�WKH�V\VWHP�PDWUL[�

��� D� A2 D
!

1 0
2 !1

"!
1 0
2 !1

"

D
!

1 C 0 0 C 0
2 ! 2 0 C .!1/2

"
D
!

1 0
0 1

"

E� M 2 D
!

A 0
I !A

"!
A 0
I !A

"

D
!

A2 C 0 0 C 0
A ! A 0 C .!A/2

"
D
!

I 0
0 I

"

��� ,I A1 DQG B1 DUH .k C 1/ $ .k C 1/ DQG�ORZHU�WULDQJXODU�

WKHQ�ZULWH A1 D
!

a �T

Y A

"
DQG B1 D

!
b �T

Z B

"
� ZKHUH

A DQG B DUH k $ k DQG�ORZHU�WULDQJXODU� Y DQG Z DUH�LQ Rk �
DQG a DQG b DUH�VXLWDEOH�VFDODUV� $VVXPH�WKDW�WKH�SURGXFW�RI
k $ k ORZHU�WULDQJXODU�PDWULFHV�LV�ORZHU�WULDQJXODU� DQG
FRPSXWH�WKH�SURGXFW A1B1� :KDW�GR�\RX�FRQFOXGH"

��� 8VH�([HUFLVH����WR�ÀQG�WKH�LQYHUVH�RI�D�PDWUL[�RI�WKH�IRUP

B D
!

B11 0
0 B22

"
� ZKHUH B11 LV p $ p� B22 LV q $ q� DQG

B LV�LQYHUWLEOH� 3DUWLWLRQ�WKH�PDWUL[ A� DQG�DSSO\�\RXU�UHVXOW
WZLFH�WR�ÀQG�WKDW

A!1 D

2
66664

!5 2 0 0 0
3 !1 0 0 0
0 0 1=2 0 0
0 0 0 3 !4
0 0 0 !5=2 7=2

3
77775

��� D�� E� 7KH�FRPPDQGV�WR�EH�XVHG�LQ�WKHVH�H[HUFLVHV�ZLOO
GHSHQG�RQ�WKH�PDWUL[�SURJUDP�

F� 7KH�DOJHEUD�QHHGHG�FRPHV�IURP�WKH�EORFN�PDWUL[
HTXDWLRQ!

A11 0
A21 A22

" !
[1

[2

"
D
!
E1

E2

"

ZKHUH [1 DQG E1 DUH�LQ R20 DQG [2 DQG E2 DUH�LQ R30�
7KHQ A11[1 D E1� ZKLFK�FDQ�EH�VROYHG�WR�SURGXFH [1�

7KH�HTXDWLRQ A21[1 C A22[2 D E2 \LHOGV
A22[2 D E2 ! A21[1� ZKLFK�FDQ�EH�VROYHG�IRU [2 E\�URZ
UHGXFLQJ�WKH�PDWUL[ ŒA22 F!� ZKHUH F D E2 ! A21[1�

6HFWLRQ����� SDJH����

�� L\ D E ) \ D

2
4

!7
!2

6

3
5� U [ D \ ) [ D

2
4

3
4

!6

3
5

�� \ D

2
4

6
12
0

3
5� [ D

2
4

!5
!4

0

3
5 �� \ D

2
664

1
3
1

!4

3
775� [ D

2
664

38
16
8:5
!4

3
775

�� LU D
!

1 0
!3=2 1

" !
2 5
0 7=2

"

��

2
4

1 0 0
!3 1 0

3 2 1

3
5
2
4

3 1 2
0 3 2
0 0 4

3
5

���

2
4

1 0 0
2 1 0

!1 1 1

3
5
2
4

3 7 2
0 5 0
0 0 5

3
5

���

2
664

1 0 0 0
!1 1 0 0

4 5 1 0
!2 !1 0 1

3
775

2
664

1 3 !5 !3
0 !2 3 1
0 0 0 0
0 0 0 0

3
775

���

2
4

1 0 0
!3 1 0

2 3 1

3
5
2
4

2 0 5 2
0 3 2 3
0 0 0 4

3
5

��� U!1 D

2
4

1=2 !3=4 !2
0 !1=4 !1
0 0 !1=2

3
5�

L!1 D

2
4

1 0 0
2 1 0

!2 !1 1

3
5�

A!1 D

2
4

3 5=4 !2
3=2 3=4 !1
1 1=2 !1=2

3
5

��� +LQW� 7KLQN�DERXW�URZ�UHGXFLQJ Œ A I !�

��� +LQW� 5HSUHVHQW�WKH�URZ�RSHUDWLRQV�E\�D�VHTXHQFH�RI
HOHPHQWDU\�PDWULFHV�

��� D� 'HQRWH�WKH�URZV�RI D DV�WUDQVSRVHV�RI�FROXPQ�YHFWRUV�
7KHQ�SDUWLWLRQHG�PDWUL[�PXOWLSOLFDWLRQ�\LHOGV

A D CD D
#
F1 # # # F4

$
2
64
YT

1
:::

YT
4

3
75

D F1YT
1 C # # # C F4YT

4

E� A KDV��������HQWULHV� 6LQFH C KDV������HQWULHV�DQG D
KDV�����HQWULHV� WRJHWKHU�WKH\�RFFXS\�RQO\����RI�WKH
PHPRU\�QHHGHG�WR�VWRUH A�



��� ([SODLQ�ZK\ U � D� DQG V T DUH�LQYHUWLEOH� 7KHQ�XVH�D
WKHRUHP�RQ�WKH�LQYHUVH�RI�D�SURGXFW�RI�LQYHUWLEOH�PDWULFHV�

��� D� i2i1 i2 i3

v3v2v1

1/2 ohm
9/2

ohms

E� i2i1 i2 i3

3/4 ohm
v3v2v1

6
ohms

��� D�
!

1 C R3=R2 !R1 ! R3 ! .R1R3/=R2

!1=R2 1 C R1=R2

"

E� A D
!

3 !12
!1=3 5=3

"

D
!

1 !6
0 1

" !
1 0

!1=3 1

" !
1 !2
0 1

"

6HW R1 D 2 RKPV� R2 D 3 RKPV� DQG R3 D 6 RKPV

��� >0@

D� L D

2
6666666666664

1 0 0 0 0 0 0 0

!:25 1 0 0 0 0 0 0

!:25 !:0667 1 0 0 0 0 0

0 !:2667 !:2857 1 0 0 0 0

0 0 !:2679 !:0833 1 0 0 0

0 0 0 !:2917 !:2921 1 0 0

0 0 0 0 !:2697 !:0861 1 0

0 0 0 0 0 !:2948 !:2931 1

3
7777777777775

U D

2
6666666666664

4 !1 !1 0 0 0 0 0

0 3:75 !:25 !1 0 0 0 0

0 0 3:7333 !1:0667 !1 0 0 0

0 0 0 3:4286 !:2857 !1 0 0

0 0 0 0 3:7083 !1:0833 !1 0

0 0 0 0 0 3:3919 !:2921 !1

0 0 0 0 0 0 3:7052 !1:0861

0 0 0 0 0 0 0 3:3868

3
7777777777775

E� [ D
.3:9569; 6:5885; 4:2392; 7:3971; 5:6029; 8:7608; 9:4115; 12:0431/

F� A!1 D

2
6666666666664

:2953 :0866 :0945 :0509 :0318 :0227 :0100 :0082

:0866 :2953 :0509 :0945 :0227 :0318 :0082 :0100

:0945 :0509 :3271 :1093 :1045 :0591 :0318 :0227

:0509 :0945 :1093 :3271 :0591 :1045 :0227 :0318

:0318 :0227 :1045 :0591 :3271 :1093 :0945 :0509

:0227 :0318 :0591 :1045 :1093 :3271 :0509 :0945

:0100 :0082 :0318 :0227 :0945 :0509 :2953 :0866

:0082 :0100 :0227 :0318 :0509 :0945 :0866 :2953

3
7777777777775

2EWDLQ A!1 GLUHFWO\�DQG�WKHQ�FRPSXWH A!1 ! U!1L!1

WR�FRPSDUH�WKH�WZR�PHWKRGV�IRU�LQYHUWLQJ�D�PDWUL[�

6HFWLRQ����� SDJH����

�� C D

2
4

:10 :60 :60
:30 :20 0
:30 :10 :10

3
5�
%
LQWHUPHGLDWH
GHPDQG

&
D

2
4

60
20
10

3
5

�� [ D

2
4

44:44
16:67
16:67

3
5 �� [ D

!
110
120

"

�� D�
!

1:6
1:2

"
E�

!
111:6
121:2

"

F� +LQW� )LQG�D�IRUPXOD�LQYROYLQJ .I ! C /!1� 6HH�WKH
6WXG\�*XLGH�

�� [ D

2
4

82:8
131:0
110:3

3
5

��� +LQW� 8VH�SURSHUWLHV�RI�WUDQVSRVHV�WR�REWDLQ
ST D ST C C YT � VR�WKDW
ST [ D .ST C C YT /[ D ST C[ C YT [� 1RZ�FRPSXWH ST [
IURP�WKH�SURGXFWLRQ�HTXDWLRQ�

��� >0@ [ D
.99576; 97703; 51231; 131570; 49488; 329554; 13835/�
7KH�HQWULHV�LQ [ VXJJHVW�PRUH�SUHFLVLRQ�LQ�WKH�DQVZHU�WKDQ
LV�ZDUUDQWHG�E\�WKH�HQWULHV�LQ G� ZKLFK�DSSHDU�WR�EH�DFFXUDWH
RQO\�WR�SHUKDSV�WKH�QHDUHVW�WKRXVDQG� 6R�D�PRUH�UHDOLVWLF
DQVZHU�IRU [ PLJKW�EH
[ D 1000 $ .100; 98; 51; 132; 49; 330; 14/�

��� >0@ [.12/ LV�WKH�ÀUVW�YHFWRU�ZKRVH�HQWULHV�DUH�DFFXUDWH�WR�WKH
QHDUHVW�WKRXVDQG� 7KH�FDOFXODWLRQ�RI [.12/ WDNHV�DERXW
���� ÁRSV� ZKLOH�URZ�UHGXFWLRQ�RI Œ.I ! C / G! WDNHV�RQO\
DERXW���� ÁRSV� ,I C LV�ODUJHU�WKDQ 20 $ 20� WKHQ�IHZHU
ÁRSV�DUH�QHHGHG�WR�FRPSXWH [.12/ E\�LWHUDWLRQ�WKDQ�WR
FRPSXWH�WKH�HTXLOLEULXP�YHFWRU [ E\�URZ�UHGXFWLRQ� $V�WKH
VL]H�RI C JURZV� WKH�DGYDQWDJH�RI�WKH�LWHUDWLYH�PHWKRG
LQFUHDVHV� $OVR� EHFDXVH C EHFRPHV�PRUH�VSDUVH�IRU�ODUJHU
PRGHOV�RI�WKH�HFRQRP\� IHZHU�LWHUDWLRQV�DUH�QHHGHG�IRU
UHDVRQDEOH�DFFXUDF\�

6HFWLRQ����� SDJH����

��

2
4

1 :25 0
0 1 0
0 0 1

3
5 ��

2
4

0 !1 !1
1 0 2
0 0 1

3
5

��

2
4

1=
p

2 1=
p

2 0

1=
p

2 !1=
p

2 0
0 0 1

3
5

��

2
4

1=2 !
p

3=2 3 C 4
p

3p
3=2 1=2 4 ! 3

p
3

0 0 1

3
5

6HH�WKH�3UDFWLFH�3UREOHP�

�� A.BD/ UHTXLUHV�����PXOWLSOLFDWLRQV� .AB/D UHTXLUHV����
PXOWLSOLFDWLRQV� 7KH�ÀUVW�PHWKRG�XVHV�DERXW�WZLFH�DV�PDQ\
PXOWLSOLFDWLRQV� ,I D KDG��������FROXPQV� WKH�FRXQWV�ZRXOG
EH��������DQG�������� UHVSHFWLYHO\�

��� 8VH�WKH�IDFW�WKDW

VHF' ! WDQ' VLQ ' D 1

FRV '
! VLQ2 '

FRV'
D FRV'

���
!

A S
�T 1

"
D
!

I S
�T 1

" !
A �
�T 1

"
� )LUVW�DSSO\�WKH�OLQHDU

WUDQVIRUPDWLRQ A� DQG�WKHQ�WUDQVODWH�E\ S�



��� .12; !6; !3/ ���

2
664

1 0 0 0

0 1=2 !
p

3=2 0

0
p

3=2 1=2 0
0 0 0 1

3
775

��� 7KH�WULDQJOH�ZLWK�YHUWLFHV�DW .7; 2; 0/� .7:5; 5; 0/� DQG
.5; 5; 0/

��� >0@

2
4

2:2586 !1:0395 !:3473
!1:3495 2:3441 :0696

:0910 !:3046 1:2777

3
5
2
4

X
Y
Z

3
5 D

2
4

R
G
B

3
5

6HFWLRQ����� SDJH����

�� 7KH�VHW�LV�FORVHG�XQGHU�VXPV�EXW�QRW�XQGHU�PXOWLSOLFDWLRQ
E\�D�QHJDWLYH�VFDODU� �6NHWFK�DQ�H[DPSOH��

�� 7KH�VHW�LV�QRW�FORVHG�XQGHU�VXPV�RU�VFDODU�PXOWLSOHV�

�� <HV� 7KH�V\VWHP�FRUUHVSRQGLQJ�WR
#
Y1 Y2 Z

$
LV

FRQVLVWHQW�

�� D� 7KH�WKUHH�YHFWRUV Y1; Y2� DQG Y3

E� ,QÀQLWHO\�PDQ\�YHFWRUV
F� <HV� EHFDXVH A[ D S KDV�D�VROXWLRQ�

�� 1R� EHFDXVH AS ¤ ��

��� p D 4 DQG q D 3� 1XOA LV�D�VXEVSDFH�RI R4 EHFDXVH
VROXWLRQV�RI A[ D � PXVW�KDYH�IRXU�HQWULHV� WR�PDWFK�WKH
FROXPQV�RI A� &ROA LV�D�VXEVSDFH�RI R3 EHFDXVH�HDFK
FROXPQ�YHFWRU�KDV�WKUHH�HQWULHV�

��� )RU 1XOA� FKRRVH .1; !2; 1; 0/ RU .!1; 4; 0; 1/� IRU
H[DPSOH� )RU &ROA� VHOHFW�DQ\�FROXPQ�RI A�

��� /HW A EH�WKH�PDWUL[�ZKRVH�FROXPQV�DUH�WKH�YHFWRUV�JLYHQ�
7KHQ A LV�LQYHUWLEOH�EHFDXVH�LWV�GHWHUPLQDQW�LV�QRQ]HUR� DQG
VR�LWV�FROXPQV�IRUP�D�EDVLV�IRU R2� E\�WKH�,07 �RU�E\
([DPSOH���� �2WKHU�UHDVRQV�IRU�WKH�LQYHUWLELOLW\�RI A FRXOG
EH�JLYHQ��

��� /HW A EH�WKH�PDWUL[�ZKRVH�FROXPQV�DUH�WKH�YHFWRUV�JLYHQ�
5RZ�UHGXFWLRQ�VKRZV�WKUHH�SLYRWV� VR A LV�LQYHUWLEOH� %\
WKH�,07��WKH�FROXPQV�RI A IRUP�D�EDVLV�IRU R3�

��� /HW A EH�WKH 3 $ 2 PDWUL[�ZKRVH�FROXPQV�DUH�WKH�YHFWRUV
JLYHQ� 7KH�FROXPQV�RI A FDQQRW�SRVVLEO\�VSDQ R3 EHFDXVH
A FDQQRW�KDYH�D�SLYRW�LQ�HYHU\�URZ� 6R�WKH�FROXPQV�DUH�QRW
D�EDVLV�IRU R3� �7KH\�DUH�D�EDVLV�IRU�D�SODQH�LQ R3��

��� 5HDG�WKH�VHFWLRQ�FDUHIXOO\� DQG�ZULWH�\RXU�DQVZHUV�EHIRUH
FKHFNLQJ�WKH 6WXG\�*XLGH� 7KLV�VHFWLRQ�KDV�WHUPV�DQG�NH\
FRQFHSWV�WKDW�\RX�PXVW�OHDUQ�QRZ�EHIRUH�JRLQJ�RQ�

��� %DVLV�IRU &ROA�

2
4

4
6
3

3
5�
2
4

5
5
4

3
5

%DVLV�IRU 1XOA�

2
664

4
!5

1
0

3
775�

2
664

!7
6
0
1

3
775

��� %DVLV�IRU &ROA�

2
664

1
!1
!2

3

3
775�

2
664

4
2
2
6

3
775�

2
664

!3
3
5

!5

3
775

%DVLV�IRU 1XOA�

2
66664

2
!2:5

1
0
0

3
77775
�

2
66664

!7
:5
0

!4
1

3
77775

��� &RQVWUXFW�D�QRQ]HUR 3 $ 3 PDWUL[ A� DQG�FRQVWUXFW E WR�EH
DOPRVW�DQ\�FRQYHQLHQW�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI
A�

��� +LQW� <RX�QHHG�D�QRQ]HUR�PDWUL[�ZKRVH�FROXPQV�DUH
OLQHDUO\�GHSHQGHQW�

��� ,I &ROF ¤ R5� WKHQ�WKH�FROXPQV�RI F GR�QRW�VSDQ R5�
6LQFH F LV�VTXDUH� WKH�,07 VKRZV�WKDW F LV�QRW�LQYHUWLEOH
DQG�WKH�HTXDWLRQ F [ D � KDV�D�QRQWULYLDO�VROXWLRQ� 7KDW�LV�
1XOF FRQWDLQV�D�QRQ]HUR�YHFWRU� $QRWKHU�ZD\�WR�GHVFULEH
WKLV�LV�WR�ZULWH 1XOF ¤ f�g�

��� ,I 1XOC D f�g� WKHQ�WKH�HTXDWLRQ C[ D � KDV�RQO\�WKH
WULYLDO�VROXWLRQ� 6LQFH C LV�VTXDUH� WKH�,07 VKRZV�WKDW C LV
LQYHUWLEOH�DQG�WKH�HTXDWLRQ C[ D E KDV�D�VROXWLRQ�IRU�HDFK
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WZR�GLPHQVLRQDO� 5HDVRQ� 7KH�HTXDWLRQ A[ D � KDV�WZR
IUHH�YDULDEOHV� EHFDXVH A KDV�VL[�FROXPQV�DQG�RQO\�IRXU�RI
WKHP�DUH�SLYRW�FROXPQV�
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7KLV�KDSSHQV�LI�DQG�RQO\�LI�RQH�RI�WKH�FROXPQV�LV�LQ�WKH
SODQH�VSDQQHG�E\�WKH�RWKHU�WZR�FROXPQV� ZKLFK�LV
HTXLYDOHQW�WR�WKH�FRQGLWLRQ�WKDW�WKH�SDUDOOHOHSLSHG
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FKDQJH�RI� ���²���
FKDQJH�RI� LQ Rn� ���²���
FROXPQ�VSDFH� ���²���� ���²����
���²���

FRRUGLQDWH�V\VWHPV� ���²���

HLJHQVSDFH� ���
HLJHQYHFWRUV� ���� ���
IXQGDPHQWDO�VHW�RI�VROXWLRQV� ���
IXQGDPHQWDO�VXEVSDFHV� ���²���
QXOO�VSDFH� ���²���� ���²���
RUWKRJRQDO� ���²���� ���²����
���²���

RUWKRQRUPDO� ���� ���²���� ���� ���
URZ�VSDFH� ���²���
VROXWLRQ�VSDFH� ���
VSDQQLQJ�VHW� ���
VWDQGDUG� ���� ���� ���� ���
VXEVSDFH� ���²���
WZR�YLHZV� ���²���

%DVLV�PDWUL[� ���Q
%DVLV�7KHRUHP� ���� ���
%HDP�PRGHO� ���
%HVVHO·V�LQHTXDOLW\� ���
%HVW�DSSUR[LPDWLRQ

C Œa; b!� ���
)RXULHU� ���
P 4� ���²���
WR \ E\�HOHPHQWV�RI W � ���

%HVW�$SSUR[LPDWLRQ�7KHRUHP� ���
%p]LHU�EDVLV�PDWUL[� ���
%p]LHU�FXUYHV� ���� ���²���
DSSUR[LPDWLRQV�WR� ���²���
LQ�&$' SURJUDPV� ���
LQ�FRPSXWHU�JUDSKLFV� ���� ���
FRQQHFWLQJ�WZR� ���²���
FRQWURO�SRLQWV�LQ� ���� ���� ���²���
FXELF� ���� ���²���� ���� ���� ���
JHRPHWU\�PDWUL[� ���
PDWUL[�HTXDWLRQV�IRU� ���²���
TXDGUDWLF� ���� ���²���� ���
UHFXUVLYH�VXEGLYLVLRQ�RI� ���²���
WDQJHQW�YHFWRUV�DQG�FRQWLQXLW\� ����
���

YDULDWLRQ�GLPLQLVKLQJ�SURSHUW\�RI� ���
%p]LHU� 3LHUUH� ���
%p]LHU�VXUIDFHV� ���²���
DSSUR[LPDWLRQV�WR� ���²���
ELFXELF� ���� ���
UHFXUVLYH�VXEGLYLVLRQ�RI� ���²���
YDULDWLRQ�GLPLQLVKLQJ�SURSHUW\�RI� ���

%LGLDJRQDO�PDWUL[� ���
%LOO�RI�ÀQDO�GHPDQGV� ���
%OHQGLQJ�SRO\QRPLDOV� ���Q



%ORFN�PDWUL[� ���
GLDJRQDO� ���
PXOWLSOLFDWLRQ� ���
XSSHU�WULDQJXODU� ���

%RXQGDU\�FRQGLWLRQ� ���
%RXQGDU\�SRLQW� ���
%RXQGHG�VHW� ���
%UDQFK�FXUUHQW� ��
%UDQFKHV�LQ�QHWZRUN� ��� ��
%�VSOLQHV� ���� ���� ���
XQLIRUP� ���

%XGJHW�FRQVWUDLQW� ���²���

& �ODQJXDJH�� ��� ���
C Œa; b!� ���� ���²���� ���
Cn� ���
&$' SURJUDPV� ���
&DPEULGJH�'LHW� ��²��� ��
&DUDWKHRGRU\� &RQVWDQWLQ� ���
&DUDWKHRGRU\�7KHRUHP� ���²���
&DVRUDWL�PDWUL[� ���²���
&DXFK\²6FKZDU]�LQHTXDOLW\� ���²���
&D\OH\²+DPLOWRQ�7KHRUHP� ���
&HQWHU�RI�JUDYLW\��PDVV�� ��
&HQWHU�RI�SURMHFWLRQ� ���
&)'� 6HH &RPSXWDWLRQDO�ÁXLG�G\QDPLFV
&KDQJH�RI�EDVLV� ���²���
LQ Rn� ���²���

&KDQJH�RI�YDULDEOH
IRU�FRPSOH[�HLJHQYDOXH� ���
LQ�GLIIHUHQWLDO�HTXDWLRQ� ���
LQ�G\QDPLFDO�V\VWHP� ���²���
LQ�SULQFLSDO�FRPSRQHQW�DQDO\VLV� ���
LQ�D�TXDGUDWLF�IRUP� ���²���

&KDQJH�RI�FRRUGLQDWHV�PDWUL[� ����
���²���

&KDUDFWHULVWLF�HTXDWLRQ�RI�PDWUL[�
���²���� ���

&KDUDFWHULVWLF�SRO\QRPLDO� ���� ���
&KDUDFWHUL]DWLRQ�RI�/LQHDUO\�'HSHQGHQW

6HWV�7KHRUHP� ��� ��
&KHPLFDO�HTXDWLRQV� ��� ��
&KROHVN\�IDFWRUL]DWLRQ� ���� ���
&ODVVLFDO�DGMRLQW� ���
&ODVVLÀFDWLRQ�RI�6WDWHV�DQG�3HULRGLFLW\�

����
&ORVHG�VHW� ���� ���
&RGRPDLQ� ��
&RHIÀFLHQW
FRUUHODWLRQ� ���
ÀOWHU� ���
)RXULHU� ���
RI�OLQHDU�HTXDWLRQ� �
PDWUL[� �
UHJUHVVLRQ� ���
WUHQG� ���

&RIDFWRU�H[SDQVLRQ� ���²���� ���
&ROXPQ�VSDFH� ���²���
EDVLV�IRU� ���²���� ���²���� ���²���
GLPHQVLRQ�RI� ���� ���
OHDVW�VTXDUHV�SUREOHP� ���²���
DQG�QXOO�VSDFH� ���²���
VXEVSDFH� ���²���� ���
6HH�DOVR )XQGDPHQWDO�VXEVSDFHV

&ROXPQ�URZ�H[SDQVLRQ� ���
&ROXPQ�V�
DXJPHQWHG� ���
GHWHUPLQDQWV� ���
RSHUDWLRQV� ���
RUWKRJRQDO� ���
RUWKRQRUPDO� ���²���
SLYRW� ��� ���� ���� $�
VSDQ Rm� ��
VXP� ���
YHFWRU� ��

&RPHW� RUELW�RI� ���
&RPPXQLFDWLRQ�&ODVVHV� ����
&RPPXWDWLYLW\� ��� ���
&RPSDFW�VHW� ���� ���
&RPSDQLRQ�PDWUL[� ���
&RPSOHPHQW� RUWKRJRQDO� ���²���
&RPSOH[�HLJHQYDOXHV� ���²���
&RPSOH[�QXPEHU� $�²$�
DEVROXWH�YDOXH�RI� $�
DUJXPHQW�RI� $�
FRQMXJDWH� $�
JHRPHWULF�LQWHUSUHWDWLRQ�RI� $�²$�
SRODU�FRRUGLQDWHV� $�
SRZHUV�RI� $�
DQG R2� $�
UHDO�DQG�LPDJLQDU\�D[HV� $�
UHDO�DQG�LPDJLQDU\�SDUWV� $�

&RPSOH[�URRW� ���� ���� ���
6HH�DOVR $X[LOLDU\�HTXDWLRQ�
(LJHQYDOXH

&RPSOH[�YHFWRU� ��Q
UHDO�DQG�LPDJLQDU\�SDUWV� ���²���

&RPSOH[�YHFWRU�VSDFH� ���Q� ���� ���
&RPSRQHQW�RI \ RUWKRJRQDO�WR X� ���
&RPSRVLWLRQ�RI�OLQHDU�WUDQVIRUPDWLRQV�

��� ���
&RPSRVLWLRQ�RI�PDSSLQJV� ��� ���
&RPSXWDWLRQDO�ÁXLG�G\QDPLFV��&)'�����
&RPSXWHU�JUDSKLFV� ���
EDU\FHQWULF�FRRUGLQDWHV�LQ� ���²���
%p]LHU�FXUYHV�LQ� ���� ���
FHQWHU�RI�SURMHFWLRQ� ���
FRPSRVLWH�WUDQVIRUPDWLRQV� ���
KRPRJHQHRXV�FRRUGLQDWHV� ����
���²���

SHUVSHFWLYH�SURMHFWLRQV� ���²���
VKHDU�WUDQVIRUPDWLRQV� ���

�'�����²���
&RQGLWLRQ�QXPEHU� ���� ���� ���� ���
VLQJXODU�YDOXH�GHFRPSRVLWLRQ� ���

&RQIRUPDEOH�SDUWLWLRQ� ���
&RQMXJDWH�SDLU� ���� $�
&RQVLVWHQW�V\VWHP� �� �²�� ��
PDWUL[�HTXDWLRQ� ��

&RQVWDQW�RI�DGMXVWPHQW� SRVLWLYH� ���
&RQVWUDLQHG�RSWLPL]DWLRQ� ���²���
HLJHQYDOXHV� ���²���� ���²���
IHDVLEOH�VHW� ���
LQGLIIHUHQFH�FXUYH� ���²���
6HH�DOVR 4XDGUDWLF�IRUP

&RQVXPSWLRQ�PDWUL[� ���� ���� ���
&RQWLQXLW\�RI�TXDGUDWLF�FXELF�%p]LHU

FXUYHV
JHRPHWULF .G0; G1/ FRQWLQXLW\� ���
SDUDPHWULF .C 0; C 1; C 2/ FRQWLQXLW\�
���� ���

&RQWLQXRXV�G\QDPLFDO�V\VWHPV� ����
���²���

&RQWLQXRXV�IXQFWLRQV� ���� ���� ����
���²���� ���²���

&RQWUDFWLRQ�WUDQVIRUPDWLRQ� ��� ��
&RQWUDVW�EHWZHHQ 1XOA DQG &ROA�

���²���
&RQWURO�SRLQWV� LQ�%p]LHU�FXUYHV� ����

���� ���� ���²���
&RQWURO�V\VWHP� ���� ���²���� ���� ���
FRQWURO�VHTXHQFH� ���
FRQWUROODEOH�SDLU� ���
6FKXU�FRPSOHPHQW� ���
VSDFH�VKXWWOH� ���²���
VWDWH�YHFWRU� ���� ���� ���
VWDWH�VSDFH�PRGHO� ���
VWHDG\�VWDWH�UHVSRQVH� ���
V\VWHP�PDWUL[� ���
WUDQVIHU�IXQFWLRQ� ���

&RQWUROODELOLW\�PDWUL[� ���
&RQYHUJHQFH� ���� ���²���

6HH�DOVR ,WHUDWLYH�PHWKRGV
&RQYH[�FRPELQDWLRQV� ���²���
FRQYH[�VHWV� ���²���� ���²����
���²���

GHÀQLWLRQ�RI� ���
ZHLJKWV�LQ� ���²���

&RQYH[�KXOO� ���� ���
RI�%p]LHU�FXUYH�FRQWURO�SRLQWV�
�����ÀJ��

RI�FORVHG�VHW� ���� ���
RI�FRPSDFW�VHW� ���� ���
JHRPHWULF�FKDUDFWHUL]DWLRQ�RI�
���²���

RI�RSHQ�VHW� ���
&RQYH[�VHW�V�� ���²���
GLVMRLQW�FORVHG� �����ÀJ��



H[WUHPH�SRLQW�RI� ���²���
K\SHUSODQH�VHSDUDWLQJ� ���²���
LQWHUVHFWLRQ�RI� ���
SURÀOH�RI� ���� ���
6HH�DOVR 3RO\WRSH�V�

&RRUGLQDWH�PDSSLQJ� ���²���� ���²����
���

&RRUGLQDWH�V\VWHP�V�� ���²���� ���²���
FKDQJH�RI�EDVLV� ���²���
JUDSKLFDO� ���²���
LVRPRUSKLVP� ���²���
SRODU� $�
Rn� ���²���

&RRUGLQDWH�YHFWRU� ���� ���²���
&RUUHODWLRQ�FRHIÀFLHQW� ���
&RVW�YHFWRU� ��
&RXQWHUH[DPSOH� ��
&RYDULDQFH
PDWUL[� ���²���� ���

&UDPHU·V�UXOH� ���²���
&URVV�SURGXFW� ���
&URVV�SURGXFW�WHUP� ���� ���
&U\VWDOORJUDSK\� ���²���
&XEH� ���� ���
IRXU�GLPHQVLRQDO� ���

&XELF�FXUYH
%p]LHU� ���� ���²���� ���� ����
���²���

+HUPLWH� ���
&XELF�VSOLQHV� QDWXUDO� ���
&XUUHQW�ÁRZ� ��
&XUUHQW�ODZ� ��
&XUYH�ÀWWLQJ� ��� ���²���� ���²���
&XUYHV� 6HH %p]LHU�FXUYHV

'H�0RLYUH·V�7KHRUHP� $�
'HFRPSRVLWLRQ
HLJHQYHFWRU� ���� ���
IRUFH� ���
RUWKRJRQDO� ���²���� ���
SRODU� ���
VLQJXODU�YDOXH� ���²���
6HH�DOVR )DFWRUL]DWLRQ

'HFRXSOHG�V\VWHP� ���� ���� ���
'HJHQHUDWH�OLQH� ��� ���
'HVLJQ�PDWUL[� ���
'HWHUPLQDQW� ���²���� ���²���
DGMXJDWH� ���
DUHD�DQG�YROXPH� ���²���
&DVRUDWLDQ� ���
FKDUDFWHULVWLF�HTXDWLRQ� ���²���
FRIDFWRU�H[SDQVLRQ� ���²���� ���
FROXPQ�RSHUDWLRQV� ���
&UDPHU·V�UXOH� ���²���
HFKHORQ�IRUP� ���
HLJHQYDOXHV� ���� ���

HOHPHQWDU\�PDWUL[� ���²���
JHRPHWULF�LQWHUSUHWDWLRQ� ���� ���
�ÀJ��

DQG�LQYHUVH� ���� ���� ���²���
OLQHDULW\�SURSHUW\� ���� ���
PXOWLSOLFDWLYH�SURSHUW\� ���� ���
n ! n PDWUL[� ���
SURGXFW�RI�SLYRWV� ���� ���
SURSHUWLHV�RI� ���
UHFXUVLYH�GHÀQLWLRQ� ���
URZ�RSHUDWLRQV� ���²���� ���
V\PEROLF� ���
3 ! 3 PDWUL[� ���
WUDQVIRUPDWLRQV� ���²���
WULDQJXODU�PDWUL[� ���� ���
YROXPH� ���²���� ���
6HH�DOVR0DWUL[

'LDJRQDO�HQWULHV� ��
'LDJRQDO�PDWUL[� ��� ���� ���²����

���²���
'LDJRQDO�0DWUL[�5HSUHVHQWDWLRQ

7KHRUHP� ���
'LDJRQDOL]DEOH�PDWUL[� ���
GLVWLQFW�HLJHQYDOXHV� ���²���
QRQGLVWLQFW�HLJHQYDOXHV� ���²���
RUWKRJRQDOO\� ���

'LDJRQDOL]DWLRQ�7KHRUHP� ���
'LIIHUHQFH�HTXDWLRQ� ��� ��²��� ���²���
GLPHQVLRQ�RI�VROXWLRQ�VSDFH� ���
HLJHQYHFWRUV� ���� ���� ���
ÀUVW�RUGHU� ���
KRPRJHQHRXV� ���� ���²���
OLQHDU� ���²���
QRQKRPRJHQHRXV� ���� ���²���
SRSXODWLRQ�PRGHO� ��²��
UHFXUUHQFH�UHODWLRQ� ��� ���� ���
UHGXFWLRQ�WR�ÀUVW�RUGHU� ���
VLJQDO�SURFHVVLQJ� ���
VROXWLRQ�VHWV�RI� ���� ���²���� ���
�ÀJ��

VWDJH�PDWUL[�PRGHO� ���²���
VWDWH�VSDFH�PRGHO� ���
6HH�DOVR '\QDPLFDO�V\VWHP� 0DUNRY
FKDLQ

'LIIHUHQWLDO�HTXDWLRQ� ���²���� ���²���
FLUFXLW�SUREOHP� ���²���� ���²����
���

GHFRXSOHG�V\VWHP� ���� ���
HLJHQIXQFWLRQV� ���
LQLWLDO�YDOXH�SUREOHP� ���
VROXWLRQV�RI� ���
6HH�DOVR /DSODFH�WUDQVIRUP

'LIIHUHQWLDWLRQ� ���
'LJLWDO�VLJQDO�SURFHVVLQJ�

6HH 6LJQDO�SURFHVVLQJ
'LODWLRQ�WUDQVIRUPDWLRQ� ��� ��

'LPHQVLRQ�RI�D�ÁDW��RU�D�VHW�� ���
'LPHQVLRQ��YHFWRU�VSDFH�� ���²����

���²���
FODVVLÀFDWLRQ�RI�VXEVSDFHV� ���²���
FROXPQ�VSDFH� ���� ���
QXOO�VSDFH� ���� ���
URZ�VSDFH� ���²���
VXEVSDFH� ���²���

'LUHFWHG�OLQH�VHJPHQW� ��
'LUHFWLRQ
RI�JUHDWHVW�DWWUDFWLRQ� ���� ���
RI�JUHDWHVW�UHSXOVLRQ� ���� ���

'LVFUHWH�G\QDPLFDO�V\VWHPV� ���²���
'LVFUHWH�OLQHDU�G\QDPLFDO�V\VWHP�

6HH '\QDPLFDO�V\VWHP
'LVFUHWH�WLPH�VLJQDO� 6HH 6LJQDOV
'LVMRLQW�FORVHG�FRQYH[�VHWV� �����ÀJ��
'LVWDQFH
EHWZHHQ�YHFWRU�DQG�VXEVSDFH�
���²���� ���

EHWZHHQ�YHFWRUV� ���²���
'LVWRUWLRQ� ���
'LVWULEXWLYH�ODZV� ��� ��
'RGHFDKHGURQ� ���� ���
'RPDLQ� ��
'RW�SURGXFW� ���
'XDOLW\� ���
'\QDPLFDO�V\VWHP� ���²���
DWWUDFWRU� ���� ���
FKDQJH�RI�YDULDEOH� ���²���
GHFRXSOLQJ� ���� ���
GLVFUHWH� ���²���
HLJHQYDOXHV�DQG�HLJHQYHFWRUV�
���²���� ���²���� ���²���

HYROXWLRQ�RI� ���
JUDSKLFDO�VROXWLRQV� ���²���
RZO�SRSXODWLRQ�PRGHO� ���²����
���²���

SUHGDWRU�SUH\�PRGHO� ���²���
UHSHOOHU� ���� ���
VDGGOH�SRLQW� ���� �����ÀJ��� ���
VSLUDO�SRLQW� ���
VWDJH�PDWUL[�PRGHO� ���²����
���²���

6HH�DOVR 'LIIHUHQFH�HTXDWLRQ�
0DWKHPDWLFDO�PRGHO

(DUWK�6DWHOOLWH�&RUSRUDWLRQ� ���
(FFHQWULFLW\�RI�RUELW� ���
(FKHORQ�IRUP� ��� ��
EDVLV�IRU�URZ�VSDFH� ���²���
FRQVLVWHQW�V\VWHP� ��
GHWHUPLQDQW� ���� ���
ÁRSV� ��
/8 IDFWRUL]DWLRQ� ���²���
SLYRW�SRVLWLRQV� ��²��



(GJHV�RI�SRO\KHGURQ� ���
(IIHFWLYH�UDQN� ���� ���� ���
(LJHQIXQFWLRQV� ���� ���²���
(LJHQVSDFH� ���²���
GLPHQVLRQ�RI� ���� ���
RUWKRJRQDO�EDVLV�IRU� ���

(LJHQYDOXH� ���²���
FKDUDFWHULVWLF�HTXDWLRQ� ���²���� ���
FRPSOH[� ���� ���²���� ���� ���²���
FRQVWUDLQHG�RSWLPL]DWLRQ� ���
GHWHUPLQDQWV� ���²���� ���
GLDJRQDOL]DWLRQ� ���²���� ���²���
GLIIHUHQWLDO�HTXDWLRQV� ���²���
GLVWLQFW� ���²���
G\QDPLFDO�V\VWHPV� ���²���� ���
LQYDULDQW�SODQH� ���
,QYHUWLEOH�0DWUL[�7KHRUHP� ���
LWHUDWLYH�HVWLPDWHV� ���� ���²���
PXOWLSOLFLW\�RI� ���
QRQGLVWLQFW� ���²���
DQG�TXDGUDWLF�IRUPV� ���
DQG�URWDWLRQ� ���� ���� ���²����
�����ÀJ��� �����ÀJ��

URZ�RSHUDWLRQV� ���� ���
VLPLODULW\� ���
VWULFWO\�GRPLQDQW� ���
WULDQJXODU�PDWUL[� ���
6HH�DOVR '\QDPLFDO�V\VWHP

(LJHQYHFWRU� ���²���
EDVLV� ���� ���
FRPSOH[� ���� ���
GHFRPSRVLWLRQ� ���� ���
GLDJRQDOL]DWLRQ� ���²���� ���²���
GLIIHUHQFH�HTXDWLRQV� ���
G\QDPLFDO�V\VWHP� ���²���� ���²����
���²���

OLQHDU�WUDQVIRUPDWLRQV�DQG� ���²���
OLQHDUO\�LQGHSHQGHQW� ���� ���
0DUNRY�FKDLQ� ���
SULQFLSDO�FRPSRQHQWV� ���
URZ�RSHUDWLRQV� ���

(OHFWULFDO�QHWZRUN�PRGHO� �� ��²��
FLUFXLW�SUREOHP� ���� ���²���� ���
PDWUL[�IDFWRUL]DWLRQ� ���²���
PLQLPDO�UHDOL]DWLRQ� ���

(OHPHQWDU\�PDWUL[� ���²���
GHWHUPLQDQW� ���²���
LQWHUFKDQJH� ���
UHÁHFWRU� ���
URZ�UHSODFHPHQW� ���
VFDOH� ���

(OHPHQWDU\�UHÁHFWRU� ���
(OHPHQWDU\�URZ�RSHUDWLRQ� �� ���� ���
(OHPHQWV��3ODWR�� ���
(OOLSVH� ���
DUHD� ���

VLQJXODU�YDOXHV� ���²���
(TXDO�PDWULFHV� ��
(TXDWLRQ
DX[LOLDU\� ���
FKDUDFWHULVWLF� ���²���
GLIIHUHQFH� ��� ��²��� ���²���
GLIIHUHQWLDO� ���²���� ���²���
LOO�FRQGLWLRQHG� ���
RI�D�OLQH� ��� ��
OLQHDU� �²��� ��� ���²���
QRUPDO� ���� ���²���� ���
SDUDPHWULF� ��²��
SULFH� ���
SURGXFWLRQ� ���
WKUHH�PRPHQW� ���
YHFWRU� ��²��� ��

(TXLOLEULXP�SULFHV� ��²��� ��
(TXLOLEULXP� XQVWDEOH� ���
(TXLOLEULXP�YHFWRU� ���²���
(TXLYDOHQFH�UHODWLRQ� ���
(TXLYDOHQW�OLQHDU�V\VWHPV� �
(XOHU� /HRQDUG� ���
([LVWHQFH�DQG�8QLTXHQHVV�7KHRUHP�

��� ��
([LVWHQFH�RI�VROXWLRQ� ��� ��
([LVWHQFH�TXHVWLRQV� �²�� ��²��� ��²���

��� ��� ���
([SOLFLW�GHVFULSWLRQ� ��� ���� ���²����

���
([WUHPH�SRLQW� ���²���

)DFHV�RI�SRO\KHGURQ� ���
)DFHW�RI�SRO\WRSH� ���
)DFWRUL]DWLRQ
DQDO\VLV�RI�D�G\QDPLFDO�V\VWHP� ���
RI�EORFN�PDWULFHV� ���
FRPSOH[�HLJHQYDOXH� ���
GLDJRQDO� ���� ���
IRU�D�G\QDPLFDO�V\VWHP� ���
LQ�HOHFWULFDO�HQJLQHHULQJ� ���²���
6HH�DOVR0DWUL[�IDFWRUL]DWLRQ
�GHFRPSRVLWLRQ�� 6LQJXODU�YDOXH
GHFRPSRVLWLRQ��69'�

)HDVLEOH�VHW� ���
)H\QPDQ� 5LFKDUG� ���
)LOWHU�FRHIÀFLHQWV� ���
)LOWHU� OLQHDU� ���
ORZ�SDVV� ���� ���
PRYLQJ�DYHUDJH� ���

)LQDO�GHPDQG�YHFWRU� ���
)LQLWH�VHW� ���
)LQLWH�GLPHQVLRQDO�YHFWRU�VSDFH� ���
VXEVSDFH� ���²���

)LUVW�SULQFLSDO�FRPSRQHQW� ���� ���
)LUVW�RUGHU�GLIIHUHQFH�HTXDWLRQ�

6HH 'LIIHUHQFH�HTXDWLRQ

)ODW�LQ Rn� ���
)OH[LELOLW\�PDWUL[� ���
)OLJKW�FRQWURO�V\VWHP� ���²���
)ORDWLQJ�SRLQW�DULWKPHWLF� �
)ORDWLQJ�SRLQW�RSHUDWLRQ��ÁRS�� �� ��
)ORZ�LQ�QHWZRUN� ��²��� ��²��� ��
)RUFH� GHFRPSRVLWLRQ� ���
)RUWUDQ� ��
)RUZDUG�SKDVH� ��� ��
)RXULHU�DSSUR[LPDWLRQ� ���
)RXULHU�FRHIÀFLHQWV� ���
)RXULHU�VHULHV� ���²���
)UHH�YDULDEOH� ��� ��� ��� ���
)XOO�UDQN� ���
)XQFWLRQ� ��
FRQWLQXRXV� ���²���� ���²���
HLJHQIXQFWLRQ� ���
WUDQVIHU� ���
WUHQG� ���
XWLOLW\� ���

7KH�)XQGDPHQWDO�0DWUL[� ����
)XQGDPHQWDO�VROXWLRQ�VHW� ���� ���
)XQGDPHQWDO�VXEVSDFHV� �����ÀJ��� ����

�����ÀJ��� ���²���

*DXVV� &DUO�)ULHGULFK� ��Q� ���Q
*DXVVLDQ�HOLPLQDWLRQ� ��Q
*HQHUDO�OHDVW�VTXDUHV�SUREOHP� ���
*HQHUDO�OLQHDU�PRGHO� ���
*HQHUDO�VROXWLRQ� ��� ���²���
*HRPHWULF�FRQWLQXLW\� ���
*HRPHWULF�GHVFULSWLRQV
RI R2� ��²��
RI 6SDQ fX; Yg� ��²��
RI 6SDQ fYg� ��²��

*HRPHWULF�SRLQW� ��
*HRPHWU\�PDWUL[��RI�D�%p]LHU�FXUYH�� ���
*HRPHWU\�RI�YHFWRU�VSDFHV� ���²���
DIÀQH�FRPELQDWLRQV� ���²���
DIÀQH�LQGHSHQGHQFH� ���²���
FRQYH[�FRPELQDWLRQV� ���²���
FXUYHV�DQG�VXUIDFHV� ���²���
K\SHUSODQHV� ���� ���� ���²���
SRO\WRSHV� ���²���

*HRPHWU\�YHFWRU� ���
*LYHQV�URWDWLRQ� ��
*OREDO�3RVLWLRQLQJ�6\VWHP��*36��

���²���
*RXUDXG�VKDGLQJ� ���
*UDGLHQW� ���
*UDP�PDWUL[� ���
*UDP�6FKPLGW�SURFHVV� ���²����

���²���
LQ�LQQHU�SURGXFW�VSDFHV� ���²���
/HJHQGUH�SRO\QRPLDOV� ���
LQ P 4� ���� ���



LQ Rn� ���²���
*UDP�6FKPLGW�3URFHVV�7KHRUHP� ���
*UDSKLFV� FRPSXWHU�

6HH &RPSXWHU�JUDSKLFV

+HDW�FRQGXFWLRQ� ���
+HUPLWH�FXELF�FXUYH� ���
+HUPLWH�SRO\QRPLDOV� ���
+LGGHQ�VXUIDFHV� ���
+LOEHUW�PDWUL[� ���
+RPRJHQHRXV�FRRUGLQDWHV� ���²����

���²���
+RPRJHQHRXV�IRUPV�DQG�DIÀQH

LQGHSHQGHQFH� ���� ���
+RPRJHQHRXV�IRUP�RI Y LQ Rn� ���²���
+RPRJHQHRXV�V\VWHP� ��²��
GLIIHUHQFH�HTXDWLRQV� ���
LQ�HFRQRPLFV� ��²��
VXEVSDFH� ���� ���

+RRNH·V�ODZ� ���
+RXVHKROGHU�PDWUL[� ���
UHÁHFWLRQ� ���

+RZDUG� $ODQ�+�� ��
+XOO� DIÀQH� ���� ���
JHRPHWULF�YLHZ�RI� ���

+\SHUEROD� ���
+\SHUFXEH� ���²���
FRQVWUXFWLRQ�RI� ���²���

+\SHUSODQH�V�� ���� ���� ���²���
GHÀQLWLRQ�RI� ���
H[SOLFLW�GHVFULSWLRQV�RI� ���²���
LPSOLFLW�GHVFULSWLRQV�RI� ���²���
SDUDOOHO� ���²���
VHSDUDWLQJ�VHWV�RI� ���²���
VXSSRUWLQJ� ���

+\SHUVSHFWUDO�LPDJH�SURFHVVLQJ� ���

,FRVDKHGURQ� ���� ���
,GHQWLW\�PDWUL[� ��� ��� ���
,OO�FRQGLWLRQHG�PDWUL[� ���� ���
,OO�FRQGLWLRQHG�QRUPDO�HTXDWLRQ� ���
,PDJH�SURFHVVLQJ� PXOWLFKDQQHO�

���²���� ���²���
,PDJH� YHFWRU� ��
,PDJLQDU\�D[LV� $�
,PDJLQDU\�QXPEHUV� SXUH� $�
,PDJLQDU\�SDUW
FRPSOH[�QXPEHU� $�
FRPSOH[�YHFWRU� ���²���

,PSOLFLW�GHÀQLWLRQ�RI 1XOA� ���� ����
���

,PSOLFLW�GHVFULSWLRQ� ��� ���
,QFRQVLVWHQW�V\VWHP� �� �

6HH�DOVR /LQHDU�V\VWHP
,QGH[HG�VHW� ��� ���
,QGLIIHUHQFH�FXUYH� ���²���

,QHTXDOLW\
%HVVHO·V� ���
&DXFK\�6FKZDU]� ���²���
WULDQJOH� ���

,QÀQLWH�GLPHQVLRQDO�VSDFH� ���
,QÀQLWH�VHW� ���Q
,QLWLDO�YDOXH�SUREOHP� ���
,QQHU�SURGXFW� ���� ���²���� ���
DQJOHV� ���
D[LRPV� ���
RQ C Œa; b!� ���²���
HYDOXDWLRQ� ���
OHQJWK�QRUP� ���� ���
RQ P n� ���
SURSHUWLHV� ���

,QQHU�SURGXFW�VSDFH� ���²���
EHVW�DSSUR[LPDWLRQ�LQ� ���²���
&DXFK\²6FKZDU]�LQHTXDOLW\�LQ�
���²���

GHÀQLWLRQ�RI� ���
GLVWDQFHV�LQ� ���
LQ�)RXULHU�VHULHV� ���²���
*UDP²6FKPLGW�SURFHVV�LQ� ���²���
OHQJWKV��QRUPV��LQ� ���
RUWKRJRQDOLW\�LQ� ���
IRU�WUHQG�DQDO\VLV�RI�GDWD� ���²���
WULDQJOH�LQHTXDOLW\�LQ� ���
ZHLJKWHG�OHDVW�VTXDUHV� ���²���

,QSXW�VHTXHQFH� ���
6HH�DOVR &RQWURO�V\VWHP

,QWHUFKDQJH�PDWUL[� ���� ���
,QWHULRU�SRLQW� ���
,QWHUPHGLDWH�GHPDQG� ���
,QWHUQDWLRQDO�&HOHVWLDO�5HIHUHQFH�6\VWHP�

���Q
,QWHUSRODWHG�FRORUV� ���²���
,QWHUSRODWLQJ�SRO\QRPLDO� ��� ���
,QWURGXFWLRQ�DQG�([DPSOHV� ����
,QYDULDQW�SODQH� ���
,QYHUVH� ���
DOJRULWKP�IRU� ���²���
DXJPHQWHG�FROXPQV� ���
FRQGLWLRQ�QXPEHU� ���� ���
GHWHUPLQDQW� ���
HOHPHQWDU\�PDWUL[� ���²���
ÁH[LELOLW\�PDWUL[� ���
IRUPXOD� ���� ���
LOO�FRQGLWLRQHG�PDWUL[� ���
OLQHDU�WUDQVIRUPDWLRQ� ���
0RRUH²3HQURVH� ���
SDUWLWLRQHG�PDWUL[� ���� ���
SURGXFW� ���
VWLIIQHVV�PDWUL[� ���²���
WUDQVSRVH� ���

,QYHUVH�SRZHU�PHWKRG� ���²���
,QYHUWLEOH

OLQHDU�WUDQVIRUPDWLRQ� ���
PDWUL[� ���� ���²���� ���

,QYHUWLEOH�0DWUL[�7KHRUHP� ���²����
���� ���� ���� ���� ���� ���

,VRPRUSKLF�YHFWRU�VSDFHV� ���� ���
,VRPRUSKLVP� ���� ���²���� ���� ���Q
,WHUDWLYH�PHWKRGV
HLJHQVSDFH� ���²���
HLJHQYDOXHV� ���� ���²���
IRUPXOD�IRU .I " C /!1� ���²���� ���
LQYHUVH�SRZHU�PHWKRG� ���²���
-DFREL·V�PHWKRG� ���
SRZHU�PHWKRG� ���²���
45 DOJRULWKP� ���� ���� ���

-DFRELDQ�PDWUL[� ���Q
-DFREL·V�PHWKRG� ���
-RUGDQ�IRUP� ���
-RUGDQ� :LOKHOP� ��Q
-XQFWLRQV� ��

k�FURVVSRO\WRSH� ���
.HUQHO� ���²���
k�IDFH� ���
.LUFKKRII·V�ODZV� ��� ��
k�S\UDPLG� ���

/DGGHU�QHWZRUN� ���²���� ���²���
/DJXHUUH�SRO\QRPLDO� ���
/DPEHUVRQ� 5�� ���
/DQGVDW�LPDJH� ���²���� ���� ���
/$3$&.������ ���
/DSODFH�WUDQVIRUP� ���� ���
/DZ�RI�FRVLQHV� ���
/HDGLQJ�HQWU\� ��²��
/HDGLQJ�YDULDEOH� ��Q
/HDVW�VTXDUHV�ÀW
FXELF�WUHQG� �����ÀJ��
OLQHDU�WUHQG� ���²���
TXDGUDWLF�WUHQG� ���²���
VFDWWHU�SORW� ���
VHDVRQDO�WUHQG� ���� �����ÀJ��
WUHQG�VXUIDFH� ���

/HDVW�VTXDUHV�SUREOHP� ���� ���²���
FROXPQ�VSDFH� ���²���
FXUYH�ÀWWLQJ� ���²���
HUURU� ���²���
OLQHV� ���²���
PHDQ�GHYLDWLRQ�IRUP� ���
PXOWLSOH�UHJUHVVLRQ� ���²���
QRUPDO�HTXDWLRQV� ���� ���²���� ���
RUWKRJRQDO�FROXPQV� ���
SODQH� ���²���
45 IDFWRUL]DWLRQ� ���²���
UHVLGXDOV� ���
VLQJXODU�YDOXH�GHFRPSRVLWLRQ� ���



/HDVW�VTXDUHV�SUREOHP��FRQWLQXHG�
VXP�RI�WKH�VTXDUHV�IRU�HUURU� ����
���²���

ZHLJKWHG� ���²���
6HH�DOVR ,QQHU�SURGXFW�VSDFH

/HDVW�VTXDUHV�VROXWLRQ� ���� ���� ���
DOWHUQDWLYH�FDOFXODWLRQ� ���²���
PLQLPXP�OHQJWK� ���� ���
45 IDFWRUL]DWLRQ� ���²���

/HIW�GLVWULEXWLYH�ODZ� ��
/HIW�VLQJXODU�YHFWRU� ���
/HIW�PXOWLSOLFDWLRQ� ��� ���� ���� ����

���
/HJHQGUH�SRO\QRPLDO� ���
/HQJWK�RI�YHFWRU� ���²���� ���
VLQJXODU�YDOXHV� ���

/HRQWLHI� :DVLO\� �� ���� ���Q
H[FKDQJH�PRGHO� ��
LQSXW²RXWSXW�PRGHO� ���²���
SURGXFWLRQ�HTXDWLRQ� ���

/HYHO�VHW� ���
/LQH�V�
GHJHQHUDWH� ��� ���
HTXDWLRQ�RI� �� ��
H[SOLFLW�GHVFULSWLRQ�RI� ���
DV�ÁDW� ���
JHRPHWULF�GHVFULSWLRQV�RI� ���
LPSOLFLW�HTXDWLRQ�RI� ���
SDUDPHWULF�YHFWRU�HTXDWLRQ� ��
RI�UHJUHVVLRQ� ���
6SDQ fYg� ��
WUDQVODWLRQ�RI� ��

/LQH�VHJPHQW� ���
/LQH�VHJPHQW� GLUHFWHG� ��
/LQHDU�FRPELQDWLRQ� ��²��� ��� ���
DIÀQH�FRPELQDWLRQ� 6HH $IÀQH
FRPELQDWLRQV

LQ�DSSOLFDWLRQV� ��
ZHLJKWV� ��� ��� ���

/LQHDU�GHSHQGHQFH� ��²��� ����ÀJ��� ����
���

DIÀQH�GHSHQGHQFH�DQG� ���²���� ���
FROXPQ�VSDFH� ���²���
URZ�HTXLYDOHQW�PDWULFHV� $�
URZ�RSHUDWLRQV� ���

/LQHDU�GLIIHUHQFH�HTXDWLRQ� 6HH
'LIIHUHQFH�HTXDWLRQ

/LQHDU�HTXDWLRQ� �²��
6HH�DOVR /LQHDU�V\VWHP

/LQHDU�ÀOWHU� ���
/LQHDU�IXQFWLRQDOV� ���� ���� ���
PD[LPXP�YDOXH�RI� ���

/LQHDU�LQGHSHQGHQFH� ��²��� ���
HLJHQYHFWRUV� ���
PDWUL[�FROXPQV� ��� ��
LQ P 3� ���

LQ Rn� ��
VHWV� ��� ���²���� ���
VLJQDOV� ���²���
]HUR�YHFWRU� ��

/LQHDU�PRGHO� 6HH0DWKHPDWLFDO�PRGHO
/LQHDU�SURJUDPPLQJ� �
SDUWLWLRQHG�PDWUL[� ���

/LQHDU�3URJUDPPLQJ�*HRPHWULF�0HWKRG�
���

/LQHDU�3URJUDPPLQJ�6LPSOH[�0HWKRG�
���

/LQHDU�UHFXUUHQFH�UHODWLRQ� 6HH
'LIIHUHQFH�HTXDWLRQ

/LQHDU�V\VWHP� �²�� ��� ��²��
EDVLF�VWUDWHJ\�IRU�VROYLQJ� �²�
FRHIÀFLHQW�PDWUL[� �
FRQVLVWHQW�LQFRQVLVWHQW� �� �²�
HTXLYDOHQW� �
H[LVWHQFH�RI�VROXWLRQV� �²�� ��²��
JHQHUDO�VROXWLRQ� ��
KRPRJHQHRXV� ��²��� ��²��
OLQHDU�LQGHSHQGHQFH� ��²��
DQG�PDWUL[�HTXDWLRQ� ��²��
PDWUL[�QRWDWLRQ� �
QRQKRPRJHQHRXV� ��²��� ���
RYHU��XQGHUGHWHUPLQHG� ��
SDUDPHWULF�VROXWLRQ� ��²��� ��
VROXWLRQ�VHWV� �� ��²��� ��²��
DQG�YHFWRU�HTXDWLRQV� ��
6HH�DOVR /LQHDU�WUDQVIRUPDWLRQ�
5RZ�RSHUDWLRQ

/LQHDU�WUDQVIRUPDWLRQ� ��²��� ���
���²���� ���� ���²���

%�PDWUL[� ���� ���
FRPSRVLWH� ��� ���
FRPSRVLWLRQ�RI� ��
FRQWUDFWLRQ�GLODWLRQ� ��� ��
RI�GDWD� ��²��
GHWHUPLQDQWV� ���²���
GLDJRQDO�PDWUL[�UHSUHVHQWDWLRQ� ���
GLIIHUHQWLDWLRQ� ���
GRPDLQ�FRGRPDLQ� ��
JHRPHWULF� ��²��
*LYHQV�URWDWLRQ� ��
+RXVHKROGHU�UHÁHFWLRQ� ���
LQYHUWLEOH� ���²���
LVRPRUSKLVP� ���²���
NHUQHO� ���²���
PDWUL[�RI� ��²��� ���²���� ���
QXOO�VSDFH� ���²���
RQH�WR�RQH�RQWR� ��²��
SURMHFWLRQ� ��
SURSHUWLHV� ��
RQ Rn� ���²���
UDQJH� ��� ���²���
UHÁHFWLRQ� ��� ���� ���²���

URWDWLRQ� ����ÀJ��� ��
VKHDU� ��� ��� ���
VLPLODULW\� ���� ���²���
VWDQGDUG�PDWUL[� ��²��
YHFWRU�VSDFH� ���²���� ���²���
6HH�DOVR ,VRPRUSKLVP� 6XSHUSRVLWLRQ
SULQFLSOH

/LQHDU�WUHQG� ���
/LQHDULW\�SURSHUW\�RI�GHWHUPLQDQW

IXQFWLRQ� ���� ���
/LQHDUO\�GHSHQGHQW�VHW� ��� ��� ��� ���
/LQHDUO\�LQGHSHQGHQW�HLJHQYHFWRUV� ����

���
/LQHDUO\�LQGHSHQGHQW�VHW� ��� ��²���

���²���
6HH�DOVR %DVLV

/RQJ�WHUP�EHKDYLRU
RI�D�G\QDPLFDO�V\VWHP� ���
RI�D�0DUNRY�FKDLQ� ���� ���

/RRS�FXUUHQW� ��
/RZHU�WULDQJXODU�PDWUL[� ���� ����

���²���� ���
/RZ�SDVV�ÀOWHU� ���� ���
/8 IDFWRUL]DWLRQ� ��� ���²���� ���� ���

Mm"n� ���
0DFURPHGLD�)UHHKDQG� ���
0DLQ�GLDJRQDO� ��
0DSOH� ���
0DSSLQJ� ��
FRPSRVLWLRQ�RI� ��
FRRUGLQDWH� ���²���� ���²���� ���
HLJHQYHFWRUV� ���²���
PDWUL[�IDFWRUL]DWLRQV� ���²���
RQH�WR�RQH� ��²��
RQWR Rm� ��� ��
VLJQDO�SURFHVVLQJ� ���
6HH�DOVR /LQHDU�WUDQVIRUPDWLRQ

0DUJLQDO�SURSHQVLW\�WR�FRQVXPH� ���
0DUN�,, FRPSXWHU� �
0DUNRY�FKDLQ� ���²���
FRQYHUJHQFH� ���
HLJHQYHFWRUV� ���
SUHGLFWLRQV� ���²���
SUREDELOLW\�YHFWRU� ���
VWDWH�YHFWRU� ���
VWHDG\�VWDWH�YHFWRU� ���²���� ���
VWRFKDVWLF�PDWUL[� ���

0DUNRY�&KDLQV�DQG�%DVHEDOO�6WDWLVWLFV�
����

0DVV²VSULQJ�V\VWHP� ���� ���� ���
0DWKHPDWLFD� ���
0DWKHPDWLFDO�HFRORJLVWV� ���
0DWKHPDWLFDO�PRGHO� �� ��²��
DLUFUDIW� ��� ���
EHDP� ���



HOHFWULFDO�QHWZRUN� ��
OLQHDU� ��²��� ���� ���� ���� ���
QXWULWLRQ� ��²��
SRSXODWLRQ� ��²��� ���� ���²���
SUHGDWRU²SUH\� ���²���
VSRWWHG�RZO� ���²���
VWDJH�PDWUL[� ���²���� ���²���
6HH�DOVR0DUNRY�FKDLQ

0$7/$%����� ���� ���� ���� ���� ����
���� ���� ���� ���� ���

0DWUL[� ��²���
DGMRLQW�DGMXJDWH� ���
DQWLFRPPXWLQJ� ���
DXJPHQWHG� �
EDQG� ���
ELGLDJRQDO� ���
EORFN� ���
&DVRUDWL� ���²���
FKDQJH�RI�FRRUGLQDWHV� ���� ���²���
FKDUDFWHULVWLF�HTXDWLRQ� ���²���
FRHIÀFLHQW� �� ��
RI�FRIDFWRUV� ���
FROXPQ�VSDFH� ���²���
FROXPQ�VXP� ���
FROXPQ�YHFWRU� ��
FRPPXWDWLYLW\� ��� ���� ���
FRPSDQLRQ� ���
FRQVXPSWLRQ� ���� ���
FRQWUROODELOLW\� ���
FRYDULDQFH� ���²���
GHVLJQ� ���
GLDJRQDO� ��� ���
GLDJRQDOL]DEOH� ���
HFKHORQ� ��
HOHPHQWDU\� ���²���� ���²���� ���
ÁH[LELOLW\� ���
JHRPHWU\� ���
*UDP� ���
+LOEHUW� ���
+RXVHKROGHU� ���� ���
LGHQWLW\� ��� ��� ��� ���
LOO�FRQGLWLRQHG� ���� ���
LQWHUFKDQJH� ���
LQYHUVH� ���
LQYHUWLEOH� ���� ���� ���²���
-DFRELDQ� ���Q
OHDGLQJ�HQWU\� ��²��
RI�D�OLQHDU�WUDQVIRUPDWLRQ� ��²���
���²���

PLJUDWLRQ� ��� ���� ���
m ! n� �
PXOWLSOLFDWLRQ� ��²��� ���²���
QRQ]HUR�URZ�FROXPQ� ��
QRWDWLRQ� �
QXOO�VSDFH� ���²���� ���²���
RI�REVHUYDWLRQV� ���

RUWKRJRQDO� ���� ���
RUWKRQRUPDO� ���Q
RUWKRQRUPDO�FROXPQV� ���²���
SDUWLWLRQHG� ���²���
3DXOL�VSLQ� ���
SRVLWLYH�GHÀQLWH�VHPLGHÀQLWH� ���
SRZHUV�RI� ��²��
SURGXFWV� ��²��� ���²���
SURMHFWLRQ� ���� ���
SVHXGRLQYHUVH� ���
RI�TXDGUDWLF�IRUP� ���
UDQN�RI� ���²���
UHGXFHG�HFKHORQ� ��
UHJXODU�VWRFKDVWLF� ���
URZ�HTXLYDOHQW� �� ��Q� $�
URZ�VSDFH� ���²���
URZ²FROXPQ�UXOH� ��
VFDODU�PXOWLSOH� ��²��
VFDOH� ���
6FKXU�FRPSOHPHQW� ���
VLQJXODU�QRQVLQJXODU� ���� ���� ���
VL]H�RI� �
VTXDUH� ���� ���
VWDQGDUG� ��²��� ��
VWLIIQHVV� ���²���
VWRFKDVWLF� ���� ���²���
VXEPDWUL[�RI� ���� ���
VXP� ��²��
V\PPHWULF� ���²���
V\VWHP� ���
WUDFH�RI� ���� ���
WUDQVIHU� ���²���
WUDQVSRVH�RI� ��²���� ���
WULGLDJRQDO� ���
XQLW�FRVW� ��
XQLW�ORZHU�WULDQJXODU� ���
9DQGHUPRQGH� ���� ���� ���
]HUR� ��
6HH�DOVR 'HWHUPLQDQW� 'LDJRQDOL]DEOH
PDWUL[� ,QYHUVH� 0DWUL[
IDFWRUL]DWLRQ��GHFRPSRVLWLRQ��
5RZ�RSHUDWLRQ� 7ULDQJXODU�PDWUL[

0DWUL[�HTXDWLRQ� ��²��
0DWUL[�IDFWRUL]DWLRQ��GHFRPSRVLWLRQ�� ���

���²���
&KROHVN\� ���� ���
FRPSOH[�HLJHQYDOXH� ���²���
GLDJRQDO� ���²���� ���²���
LQ�HOHFWULFDO�HQJLQHHULQJ� ���²���
IXOO�45�����
OLQHDU�WUDQVIRUPDWLRQV� ���²���
/8�����²���
SHUPXWHG�/8�����
SRODU� ���
45������ ���²���� ���²���
UDQN� ���

UDQN�UHYHDOLQJ� ���
UHGXFHG�/8�����
UHGXFHG�69'�����
6FKXU� ���
VLPLODULW\� ���� ���²���
VLQJXODU�YDOXH�GHFRPSRVLWLRQ� ����
���²���

VSHFWUDO� ���� ���²���
0DWUL[�*DPHV� ���
0DWUL[�LQYHUVLRQ� ���²���
0DWUL[�PXOWLSOLFDWLRQ� ��²��
EORFN� ���
FROXPQ²URZ�H[SDQVLRQ� ���
DQG�GHWHUPLQDQWV� ���²���
SURSHUWLHV� ��²��
URZ²FROXPQ�UXOH� ��
6HH�DOVR &RPSRVLWLRQ�RI�OLQHDU
WUDQVIRUPDWLRQV

0DWUL[�QRWDWLRQ� 6HH %DFN�VXEVWLWXWLRQ
0DWUL[�RI�FRHIÀFLHQWV� �� ��
0DWUL[�RI�REVHUYDWLRQV� ���
0DWUL[�SURJUDP� ��
0DWUL[�WUDQVIRUPDWLRQ� ��²��� ��

6HH�DOVR /LQHDU�WUDQVIRUPDWLRQ
0DWUL[²YHFWRU�SURGXFW� ��²��
SURSHUWLHV� ��
UXOH�IRU�FRPSXWLQJ� ��

0D[LPXP�RI�TXDGUDWLF�IRUP� ���²���
0HDQ� VDPSOH� ���
0HDQ�VTXDUH�HUURU� ���
0HDQ�GHYLDWLRQ�IRUP� ���� ���
0LFURFKLS� ���
0LJUDWLRQ�PDWUL[� ��� ���� ���
0LQLPDO�UHDOL]DWLRQ� ���
0LQLPDO�UHSUHVHQWDWLRQ�RI�SRO\WRSH�

���²���� ���²���
0LQLPXP�OHQJWK�VROXWLRQ� ���
0LQLPXP�RI�TXDGUDWLF�IRUP� ���²���
0RGHO� PDWKHPDWLFDO� 6HH0DWKHPDWLFDO

PRGHO
0RGXOXV� $�
0RHELXV� $�)�� ���
0ROHFXODU�PRGHOLQJ� ���²���
0RRUH�3HQURVH�LQYHUVH� ���
0RYLQJ�DYHUDJH� ���
0XLU� 7KRPDV� ���
0XOWLFKDQQHO�LPDJH�

6HH ,PDJH�SURFHVVLQJ� PXOWLFKDQQHO
0XOWLSOH�UHJUHVVLRQ� ���²���
0XOWLSOLFDWLYH�SURSHUW\�RI�GHW� ���� ���
0XOWLSOLFLW\�RI�HLJHQYDOXH� ���
0XOWLYDULDWH�GDWD� ���� ���²���

1$' �1RUWK�$PHULFDQ�'DWXP�� ���� ���
1DWLRQDO�*HRGHWLF�6XUYH\� ���
1DWXUDO�FXELF�VSOLQHV� ���



1HJDWLYH�GHÀQLWH�TXDGUDWLF�IRUP� ���
1HJDWLYH�ÁRZ� LQ�D�QHWZRUN�EUDQFK� ��
1HJDWLYH�RI�D�YHFWRU� ���
1HJDWLYH�VHPLGHÀQLWH�IRUP� ���
1HWZRUN� ��²��
EUDQFK� ��
EUDQFK�FXUUHQW� ��
HOHFWULFDO� ��²��� ��²��� ���²���
ÁRZ� ��²��� ��²��� ��
ORRS�FXUUHQWV� ��� ��²��

1RGHV� ��
1RLVH� UDQGRP� ���
1RQKRPRJHQHRXV�V\VWHP� ��²��� ���
GLIIHUHQFH�HTXDWLRQV� ���� ���²���

1RQOLQHDU�G\QDPLFDO�V\VWHP� ���Q
1RQVLQJXODU�PDWUL[� ���� ���
1RQWULYLDO�VROXWLRQ� ��
1RQ]HUR�FROXPQ� ��
1RQ]HUR�URZ� ��
1RQ]HUR�VLQJXODU�YDOXHV� ���²���
1RUP�RI�YHFWRU� ���²���� ���
1RUPDO�HTXDWLRQ� ���� ���²���
LOO�FRQGLWLRQHG� ���

1RUPDO�YHFWRU� ���
1RUWK�$PHULFDQ�'DWXP��1$'������� ���
1XOO�VSDFH� ���²���� ���²���
EDVLV� ���� ���²���� ���²���
DQG�FROXPQ�VSDFH� ���²���
GLPHQVLRQ�RI� ���� ���²���
HLJHQVSDFH� ���
H[SOLFLW�GHVFULSWLRQ�RI� ���²���
OLQHDU�WUDQVIRUPDWLRQ� ���²���
6HH�DOVR )XQGDPHQWDO�VXEVSDFHV�
.HUQHO

1XOOLW\� ���
1XWULWLRQ�PRGHO� ��²��

2EVHUYDWLRQ�YHFWRU� ���� ���²���
2FWDKHGURQ� ���� ���
2KP·V�ODZ� ��
2LO�H[SORUDWLRQ� �
2QH�WR�RQH�OLQHDU�WUDQVIRUPDWLRQ�

��� ���
6HH�DOVR ,VRPRUSKLVP

2QH�WR�RQH�PDSSLQJ� ��²��
2QWR�PDSSLQJ� ��� ��
2SHQ�EDOO� ���
2SHQ�VHW� ���
2SHQ*/�����
2SWLPL]DWLRQ� FRQVWUDLQHG�

6HH &RQVWUDLQHG�RSWLPL]DWLRQ
2UELW�RI�D�FRPHW� ���
2UGHUHG n�WXSOH� ��
2UGHUHG�SDLU� ��
2UWKRJRQDO
HLJHQYHFWRUV� ���

PDWUL[� ���� ���
SRO\QRPLDOV� ���� ���
UHJUHVVLRQ� ���
VHW� ���²���� ���
YHFWRUV� ���²���� ���

2UWKRJRQDO�EDVLV� ���²���� ���²����
���� ���

IRU�IXQGDPHQWDO�VXEVSDFHV� ���²���
*UDP²6FKPLGW�SURFHVV� ���²���� ���

2UWKRJRQDO�FRPSOHPHQW� ���²���
2UWKRJRQDO�'HFRPSRVLWLRQ�7KHRUHP�

���
2UWKRJRQDO�GLDJRQDOL]DWLRQ� ���
SULQFLSDO�FRPSRQHQW�DQDO\VLV� ���
TXDGUDWLF�IRUP� ���²���
VSHFWUDO�GHFRPSRVLWLRQ� ���²���

2UWKRJRQDO�SURMHFWLRQ� ���²����
���²���

JHRPHWULF�LQWHUSUHWDWLRQ� ���� ���
PDWUL[� ���� ���� ���
SURSHUWLHV�RI� ���²���
RQWR�D�VXEVSDFH� ���� ���²���
VXP�RI� ���� �����ÀJ��

2UWKRJRQDOLW\� ���²���� ���
2UWKRJRQDOO\�GLDJRQDOL]DEOH� ���
2UWKRQRUPDO
EDVLV� ���� ���� ���²���
FROXPQV� ���²���
PDWUL[� ���Q
URZV� ���
VHW� ���²���

2XWHU�SURGXFW� ���� ���� ���� ���
2YHUGHWHUPLQHG�V\VWHP� ��
2ZO�SRSXODWLRQ�PRGHO� ���²����

���²���

P � ���
Pn� ���� ���� ���²���� ���²���
GLPHQVLRQ� ���
LQQHU�SURGXFW� ���
VWDQGDUG�EDVLV� ���
WUHQG�DQDO\VLV� ���

3DUDEROD� ���
3DUDOOHO
OLQH� ��
SURFHVVLQJ� �� ���
VROXWLRQ�VHWV� ����ÀJ��� ����ÀJ��� ���

3DUDOOHO�ÁDWV� ���
3DUDOOHO�K\SHUSODQHV� ���²���
3DUDOOHOHSLSHG� ���� ���
3DUDOOHORJUDP
DUHD�RI� ���²���
ODZ� IRU�YHFWRUV� ���
UHJLRQ�LQVLGH� ��� ���
UXOH�IRU�DGGLWLRQ� ��

3DUDPHWHU�YHFWRU� ���

3DUDPHWULF
FRQWLQXLW\� ���� ���
GHVFULSWLRQ� ��²��
HTXDWLRQ�RI�D�OLQH� ��� ��
HTXDWLRQ�RI�D�SODQH� ��
YHFWRU�HTXDWLRQ� ��²��
YHFWRU�IRUP� ��� ��

3DUWLDO�SLYRWLQJ� ��� ���
3DUWLWLRQHG�PDWUL[� ��� ���²���
DGGLWLRQ�DQG�PXOWLSOLFDWLRQ� ���²���
DOJRULWKPV� ���
EORFN�GLDJRQDO� ���
EORFN�XSSHU�WULDQJXODU� ���
FROXPQ²URZ�H[SDQVLRQ� ���
FRQIRUPDEOH� ���
LQYHUVH�RI� ���²���� ���
RXWHU�SURGXFW� ���
6FKXU�FRPSOHPHQW� ���
VXEPDWULFHV� ���

3DUWLWLRQV� ���
3DWKV� UDQGRP� ���
3DXOL�VSLQ�PDWUL[� ���
3HQWDWRSH� ���²���
3HUPXWHG�/8 IDFWRUL]DWLRQ� ���
3HUVSHFWLYH�SURMHFWLRQ� ���²���
3KDVH
EDFNZDUG� ��� ���
IRUZDUG� ��

3K\VLFV� EDU\FHQWULF�FRRUGLQDWHV�LQ� ���
3KRQJ�VKDGLQJ� ���
3LYRW� ��
FROXPQ� ��� ���²���� ���� ���� $�
SRVLWLRQV� ��²��
SURGXFW� ���� ���

3L[HO� ���
3ODQH�V�
JHRPHWULF�GHVFULSWLRQV�RI� ���
LPSOLFLW�HTXDWLRQ�RI� ���

3ODWR� ���
3ODWRQLF�VROLGV� ���²���
3RLQW�V�
DIÀQH�FRPELQDWLRQV�RI� ���²����
���²���

ERXQGDU\� ���
H[WUHPH� ���²���
LQWHULRU� ���

3RLQW�PDVVHV� ��
3RODU�FRRUGLQDWHV� $�
3RODU�GHFRPSRVLWLRQ� ���
3RO\JRQ� ���²���� ���
3RO\KHGURQ� ���
UHJXODU� ���� ���

3RO\QRPLDO�V�
EOHQGLQJ� ���Q
FKDUDFWHULVWLF� ���� ���
GHJUHH�RI� ���



+HUPLWH� ���
LQWHUSRODWLQJ� ��� ���
/DJXHUUH� ���
/HJHQGUH� ���
RUWKRJRQDO� ���� ���
LQ Pn� ���� ���� ���²���� ���²���
VHW� ���
WULJRQRPHWULF� ���
]HUR� ���

3RO\WRSH�V�� ���²���
GHÀQLWLRQV� 6HH ���²���� ���
H[SOLFLW�UHSUHVHQWDWLRQ�RI� ���
K\SHUFXEH� ���²���
LPSOLFLW�UHSUHVHQWDWLRQ�RI� ���²���
k�FURVVSRO\WRSH� ���
k�S\UDPLG� ���
PLQLPDO�UHSUHVHQWDWLRQ�RI� ���²����
���²���� ���

VLPSOH[� ���� ���²���
3RSXODWLRQ�PRGHO� ��²��� ���²����

���²���� ���²���� ���²����
���

3RVLWLYH�GHÀQLWH�PDWUL[� ���
3RVLWLYH�GHÀQLWH�TXDGUDWLF�IRUP� ���
3RVLWLYH�VHPLGHÀQLWH�PDWUL[� ���
3RVW6FULSW� IRQWV� ���²���� ���
3RZHU�PHWKRG� ���²���
3RZHUV�RI�D�FRPSOH[�QXPEHU� $�
3RZHUV�RI�D�PDWUL[� ��²��
3UHGDWRU²SUH\�PRGHO� ���²���
3UHGLFWHG y�YDOXH� ���
3UHSURFHVVLQJ� ���
3ULFH�HTXDWLRQ� ���
3ULFH�YHFWRU� ���
3ULFHV� HTXLOLEULXP� ��²��� ��
3ULQFLSDO�$[HV�7KHRUHP� ���
3ULQFLSDO�FRPSRQHQW�DQDO\VLV� ���²����

���� ���²���
FRYDULDQFH�PDWUL[� ���
ÀUVW�SULQFLSDO�FRPSRQHQW� ���
PDWUL[�RI�REVHUYDWLRQV� ���
PXOWLYDULDWH�GDWD� ���� ���²���
VLQJXODU�YDOXH�GHFRPSRVLWLRQ� ���

3UREDELOLW\�YHFWRU� ���
3URFHVV�FRQWURO�GDWD� ���
3URGXFW
RI�FRPSOH[�QXPEHUV� $�
GRW� ���
RI�HOHPHQWDU\�PDWULFHV� ���� ���
LQQHU� ���� ���²���� ���
RI�PDWULFHV� ��²��� ���²���
RI�PDWUL[�LQYHUVHV� ���
RI�PDWUL[�WUDQVSRVHV� ��²���
PDWUL[²YHFWRU� ��
RXWHU� ���� ���
VFDODU� ���

6HH�DOVR &ROXPQ²URZ�H[SDQVLRQ�
,QQHU�SURGXFW

3URGXFWLRQ�HTXDWLRQ� ���
3URGXFWLRQ�YHFWRU� ���
3URÀOH� ���� ���
3URMHFWLRQ
PDWUL[� ���� ���
SHUVSHFWLYH� ���²���
WUDQVIRUPDWLRQV� ��� ��� ���
6HH�DOVR 2UWKRJRQDO�SURMHFWLRQ

3URSHU�VXEVHW� ���Q
3URSHUWLHV
GHWHUPLQDQWV� ���²���
LQQHU�SURGXFW� ���� ���� ���
OLQHDU�WUDQVIRUPDWLRQ� ��²��� ��
PDWUL[�DGGLWLRQ� ��²��
PDWUL[�LQYHUVLRQ� ���
PDWUL[�PXOWLSOLFDWLRQ� ��²��
PDWUL[²YHFWRU�SURGXFW� $[� ��²��
RUWKRJRQDO�SURMHFWLRQV� ���²���
RI Rn� ��
UDQN� ���
WUDQVSRVH� ��²���
6HH�DOVR ,QYHUWLEOH�0DWUL[�7KHRUHP

3URSHUWLHV�RI�'HWHUPLQDQWV�7KHRUHP� ���
3VHXGRLQYHUVH� ���� ���
3XEOLF�ZRUN�VFKHGXOHV� ���²���
IHDVLEOH�VHW� ���
LQGLIIHUHQFH�FXUYH� ���²���
XWLOLW\� ���

3XUH�LPDJLQDU\�QXPEHU� $�
3\WKDJRUHDQ�7KHRUHP� ���� ���
3\WKDJRUHDQV� ���

45 DOJRULWKP� ���� ���� ���
45 IDFWRUL]DWLRQ� ���� ���²���� ���
&KROHVN\�IDFWRUL]DWLRQ� ���
IXOO�45 IDFWRUL]DWLRQ� ���
OHDVW�VTXDUHV� ���²���

45 )DFWRUL]DWLRQ�7KHRUHP� ���
4XDGUDWLF�%p]LHU�FXUYH� ���� ���²����

���
4XDGUDWLF�IRUP� ���²���
FKDQJH�RI�YDULDEOH� ���²���
FODVVLI\LQJ� ���²���
FURVV�SURGXFW�WHUP� ���
LQGHÀQLWH� ���
PD[LPXP�DQG�PLQLPXP� ���²���
RUWKRJRQDO�GLDJRQDOL]DWLRQ� ���²���
SRVLWLYH�GHÀQLWH� ���
SULQFLSDO�D[HV�RI� JHRPHWULF�YLHZ�RI�
���²���

6HH�DOVR &RQVWUDLQHG�RSWLPL]DWLRQ�
6\PPHWULF�PDWUL[

4XDGUDWLF�)RUPV�DQG�(LJHQYDOXHV
7KHRUHP� ���²���

Rn� ��
DOJHEUDLF�SURSHUWLHV�RI� ��� ��
FKDQJH�RI�EDVLV� ���²���
GLPHQVLRQ� ���
LQQHU�SURGXFW� ���²���
OHQJWK��QRUP�� ���²���
TXDGUDWLF�IRUP� ���
VWDQGDUG�EDVLV� ���� ���
VXEVSDFH� ���²���� ���
WRSRORJ\�LQ� ���

R2 DQG R3� ��²��� ���
5DQGRP�SDWKV� ���
5DQJH�RI�WUDQVIRUPDWLRQ� ��� ���²����

���
5DQN� ���²���� ���²���
LQ�FRQWURO�V\VWHPV� ���
HIIHFWLYH� ���� ���
HVWLPDWLRQ� ���Q
IDFWRUL]DWLRQ� ���� ���²���
IXOO� ���
,QYHUWLEOH�0DWUL[�7KHRUHP� ���²����
���

SURSHUWLHV�RI� ���
6HH�DOVR 2XWHU�SURGXFW

5DQN�7KHRUHP� ���� ���²���
5DQN�UHYHDOLQJ�IDFWRUL]DWLRQ� ���
5D\OHLJK�TXRWLHQW� ���� ���
5D\�WUDFLQJ�PHWKRG� ���²���
5D\�WULDQJOH�LQWHUVHFWLRQV� ���²���
5HDO�D[LV� $�
5HDO�SDUW
FRPSOH[�QXPEHU� $�
FRPSOH[�YHFWRU� ���²���

5HDO�YHFWRU�VSDFH� ���
5HFWDQJXODU�FRRUGLQDWH�V\VWHP� ��
5HFXUUHQFH�UHODWLRQ� 6HH 'LIIHUHQFH

HTXDWLRQ
5HFXUVLYH�VXEGLYLVLRQ�RI�%p]LHU�FXUYHV�

VXUIDFHV� ���²���
5HGXFHG�HFKHORQ�IRUP� ��� ��
EDVLV�IRU�QXOO�VSDFH� ���� ���²���
VROXWLRQ�RI�V\VWHP� ��� ��� ��
XQLTXHQHVV�RI� $�

5HGXFHG�/8 IDFWRUL]DWLRQ� ���
5HGXFHG�VLQJXODU�YDOXH�GHFRPSRVLWLRQ�

���� ���
5HGXFWLRQ�WR�ÀUVW�RUGHU�HTXDWLRQ� ���
5HÁHFWLRQ� ��� ���²���
+RXVHKROGHU� ���

5HÁHFWRU�PDWUL[� ���� ���
5HJUHVVLRQ
FRHIÀFLHQWV� ���
OLQH� ���
PXOWLSOH� ���²���
RUWKRJRQDO� ���

5HJXODU�SRO\KHGUD� ���



5HJXODU�SRO\KHGURQ� ���
5HJXODU�VROLGV� ���
5HODWLYH�FKDQJH� ���
5HODWLYH�HUURU� ���

6HH�DOVR &RQGLWLRQ�QXPEHU
5HQGHULQJ�JUDSKLFV� ���
5HSHOOHU� ���� ���
5HVLGXDO� ���� ���
5HVLVWDQFH� ��
5*% FRRUGLQDWHV� ���²���
5LHPDQQ�VXP� ���
5LJKW�VLQJXODU�YHFWRU� ���
5LJKW�GLVWULEXWLYH�ODZ� ��
5LJKW�PXOWLSOLFDWLRQ� ��� ���
5/& FLUFXLW� ���²���
5RWDWLRQ�GXH�WR�D�FRPSOH[�HLJHQYDOXH�

���� ���²���� �����ÀJ��
5RWDWLRQ�WUDQVIRUPDWLRQ� ����ÀJ��� ��� ���

���� ���²���� ���
5RXQGDERXW� ��
5RXQGRII�HUURU� �� ���� ���� ���� ����

���
5RZ²FROXPQ�UXOH� ��
5RZ�HTXLYDOHQW�PDWULFHV� �� ��� ����

���� $�
QRWDWLRQ� ��� ��Q

5RZ�RSHUDWLRQ� �� ���²���
EDFN�VXEVWLWXWLRQ� ��²��
EDVLF�IUHH�YDULDEOH� ��
GHWHUPLQDQWV� ���²���� ���� ���
HFKHORQ�IRUP� ��
HLJHQYDOXHV� ���� ���
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