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PROBLEMS 295

Show that although the operations in Fig. 7.36b are identical to those in Fig. 7.36a, the signal is
complex and the multipliers are real in Fig. 7.36a whereas the signal is real and the multipliers are
complex in Fig. 7.36b. Show that the mechanization in Fig. 7.36a requires 4 + 2D real
multiplications per output, where D is the decimation. Show that Fig 7.36b requires 8 real
multiplications per output. Interpret Fig. 7.36b as a single sideband bandpass filter, that is, as a
bandpass filter for positive frequencies only. Let F(z) = O(z)/R(z) be the transfer function of any low
pass filter. Let F'(z) = O(z)/X(z) be the transfer function of the single sideband bandpass filter and
show that F'(z) = F(ze #2"/oT) 5o that F'(z) is obtained from F(z) by a simple rotation in the z plane
[C-62].

12 Show that Fig. 7.37 accomplishes the same operations as Fig. 7.36b. Show that if the data

sequence is real then Fig. 7.37 requires nine real additions and eight real multiplications per output.

‘x n) ,71
L

ay cos(36) aysin(36)

sin[{n-3)8]

(+:> In+1)

Fig. 7.37 Detailed mechanization of Fig. 7.36.

13 A digital filter is required to meet the following specifications: (1) essentially 0 dB gain up to f,,
and (2) 50 dB attenuation of aliased signals in the passband after a 2:1 decimation at the filter output.
Show that a tandem combination of analog and digital filters that attenuate an input signal as shown
in Fig. 7.38 meets the specifications.

14 Let the AGCin Fig. 7.22 adjust the mean square power out of the digital filter to — 12dB. Let
the only signal present be an inband sinusoid and let the filter have an eight-bit output. Show that the
peak eight-bit word out of the filter has binary magnitude 0.0101101.

15 Let the AGCin Fig. 7.22 adjust the mean square power out of the digital filter to — 12 dB. Let
the only signal present be zero-mean uncorrelated noise with amplitudes described by a Gaussian
probability distribution. Assume that the maximum signal magnitude given by (7.40) is 1. Show that
the probability of the filter output being clipped to one is 0.003% (4o value).

16 Consider the 8-point FFT in Fig. 4.3. Let the only input be x(n) = cos(2n71/8). Trace the paths
leading to X{7) and show that the nonzero summing junction outputsare 1,1 — j,or 1 + jfor the first
stage; 2 for the second stage; and 4 for the third stage and £ for X(7). Now let the § scaling be
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Fig. 7.38 Signal (a) before and after filtering and (b) after filtering and decimation.

accomplished by multiplying the output of each of the three stages by . Show that after rescaling the
rms power in the path from each summing junction is equal to the rms value of either input to the
stage leading to the summing junction (see, e.g., Fig. 7.24).

17 Figure 7.39 is a block diagram of a spectral analysis system. The AGC loop maintains a white
noise input at an rms level of — 12dB. A complex demodulation accomplishes a frequency
translation that centers a 5 Hz band at 0 Hz for vernier analysis. The demodulated output is passed
through a digital filter to remove frequency components outside of the 5 Hz band, and the output of
the digital filter is decimated to a 6.4 Hz rate. In the vernier mode a 512-point FFT is taken. Show
that 400 points can be used to cover the 5 Hz band and that the FFT spectral lines are separated by
0.0125 Hz. Let the word length internal to the digital filter be sufficient to make round-off at the filter
output the dominant source of filter noise. Let 14 bits be used for both real and imaginary words
throughout the FFT. Verify the entries in Table 7.6 and show that the processor provides an SNR
gain of approximately 52.9 dB.

Table 7.6
Word Lengths and Noise Levels for Functions in Fig. 7.39

Function

Parameter

ADC Digital filter FFT
Bandwidth (Hz) 2560 5 0.0125
Input word length including sign (bits) 8 8 8 +8
Internal word length including sign (bits) 8 24 + ;24 14 +j14
Output word length including sign (bits) 8 8 + /8 14 + j14
Bandwidth reduction (dB) N/A —27.1 —26.0
Scaled system input noise at function output (dB) - 12 —39.1 —65.1
Internal noise added (dB) - 53 — 47 — 78.8
Cumulative noise added (dB) — 53 — 47 —79.6
Loss (dB) 0 0.17 0.15
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AGC Post
processing

Fig. 7.39 System for vernier spectral analysis.

18 Design Your Own DFT Window Using an FIR Filter Computer-Aided Program [A-71, E-23,
N-32,P-48,P-39,S-21] Leta DFT filter response be required to have § or less passband ripple and
R or greater stopband rejection, where f}, and f;, are the maximum passband and minimum stopband
frequencies, respectively. Assume that an FIR LPF of length N; meets these requirements. Assume
that the FIR filter performance improves with length (see [R-16] Section 3.35 for a discussion) if the
filter is redesigned for each length so that N, can be increased to N where N is a highly composite
integer suitable for mechanizing an FFT.

Let the LPF of length N be used in the mechanization of Fig. 7.40a and let its impulse response be
a(m), m=0,1,...,N — 1. Let y(n) and Y,(k) be the input and output, respectively, of the LPF,
where k is the frequency of the demodulator in Fig. 7.40a. Show that

N-1
Y,(ky= ) a(m)y@n —m)
m=0
N-1
= Y a(m)x(n — mye”IZHe-mIN p = N—1,N,...
m=0

Let x,(i) = x(n — N+ 1 + i) where 0 <i < N. Also let «(i) = a(N — 1 — i). Show that
Y, (k) = NW* DFT[c0(i)%,(i)]
where 1, = (n + 1) mod N. Show that as a consequence of the bandwidth reduction the output of the
a(m)
e-ijkn/N

0 N

x(n) [x] y(n) LPE Yo (k) M\~| Xilk)

(a)
w(i)
0OM N !
l('\) | BU”GI’ in(i) [T‘Wmin(l) N-FF:J-II-M Xn(k) ka[(nH)modN] Xﬁ(k)
(b)

Fig. 7.40 Equivalent systems for spectral analysis.
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system mechanized with the FIR filter may be decimated. Assume that an Af:1 decimation is
permissible and let the output of the system in Fig. 7.2a be X,(k), where for n > N — 1,
a=|(n—N+1)/M],

Xik) = Y. (k) computed every Mth input sample (P7.18-1)

and the computation begins at # = N — I.

Let an N-point FFT be used in the mechanization of Fig. 7.40b. Let the buffer output be the
sequence %,(i), let sample %,(i) be weighted by «(i), where again (i) = a(N — 1 — i), and let
w(D)X,(i) be transformed by the N-point FIT. Show that

Xuk) = DFT{w()x,D)],  Y.(k) = NW X, (k)

Show that an output is required from the FFT only every Mth input sample starting at sample
number N — 1; that is, show that the outputs are atn =N — 1, N— 1+ M, ... . Show that the
blocks of data into the FFT should overlap by N — M samples so that the FFT redundancy R is
given by R = N/M. Show that the output of the DFT system mechanized with the N/M redundancy
is given by (P7.18-1). Conclude that the FIR filter impulse response effectively determines an input
weighting to achieve a desired DFT window.

19 Equivalence of Demodulation plus FIR LPF and Weighting plus DFT [B-33, C-16, P-47, S-41,
V-6, V-7] A radio frequency (RF) communication system consists of N; 4+ 1 channels in an
intermediate frequency (IF) bandwidth of f;p Hz (Fig. 7.41a). All the channels occupy Af Hz and are
equally spaced every f; Hz (Fig. 7.41b). Each channel carries frequency shift keyed (FSK) modulated
signals in the form of one or more tones spaced at intervals of Ny Hz where Af/N, is the total possible
number of tones (Fig. 7.41c). Tones are transmitted for 1/N; s (symbol duration). The RF signal is
frequency shifted to center the fj band at 0 Hz and is sampled at f; = N f; = N,Ns where N, and N
are defined later to be compatible with other system parameters and are not necessarily integers. Let
k = kN, + k, where k,=0,1,...,N,— 1 and k. =0,1,..., N, — 1. Channel number k. is then
centered at 0 Hz and all other channels are rejected by a length N FIR LPF where N = NN, (Fig.
7.42a). Show that the output of this filter is (see Problem 18)

Y, (k) = NW** DFT[w(i)%, (k)] (P7.19-1)

where Y,(k) is the output of channel k. at sample number n, n=N—1, N, N + 1,...,w(i)
=a(N—1-1i) and X,({) = x(nmodN). The LPF transition band is such that interchannel
interference is within specifications if the filter output is sampled at Ny N, Hz (Fig. 7.41¢). Show that
this requires an N5 :1 decimation where N3 = N,Ns/N|N,. Let the N,-point DFT be synchronized

IF filter
qgain

-1,/2 “Hhe 0 the W2

e O e
[] [ [1] [ [] [l
-2k i 0 fi 2f; / } f
(b) !

Coding of chonnels /Tvansiﬁon band of FIR LPF

— N .

O O %' o W
0 NN, K
(c)

Fig. 7.41 Spacing of FSK communication channels in fjr bandwidth.
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with the symbol duration. Show that the N,-point DFT analysis specifies the FSK demodulated
output. : .
Show that (P7.19-1) is the scaled output of an N-point DFT with the weighted input sequence
. %,(1)e(i) and the output scaling of NW**, Show that the DFT output occurs at a rate of N,Ns/N Hz
without redundancy. Show that the Ny N, output rate requires that R = N, N,/(N/N,Ns) = N/N;.
Conclude that a complex demodulator plus FIR LPF and a weighting plus DFT are equivalent
systems. Show that the N-point DFT analysis of the redundant N-point DFT output specifies the
FSK demodulated output (Fig. 7.42b). )

r—iwa,nT
IF N3:!
RF T ° Length ~ Np-point| N, 9-ary
—> Demod. <~ Mn) | X § N LPF —® DFT — code
Q
Nalls (a) M
w(n)
No.! ... No.N/N3
l /" "
IF
RF Demod X N-point AN Np-point | N\, 9-ary
- . ~_ DFT ° DFT code
N4N5 N1N2 N'
(b)

Fig. 7.42 Equivalent systems for FSK demodulation.

Compare the systems in Fig. 7.42a, b with those in Problems 6.28-6.31 and conclude that FIR
filter design programs (e.g., Remez exchange algorithm) provide a method of designing weightings.
Let NyNs =160 KHz, N; = 100Hz, and f; = 2500 Hz. Show that N, = 64, N, = 16, N, =25,
N3 =64, N, = N =1024, N5 = 156.25 and R = 16.

20 Simplifying an FFT with a Decimated Output In the previous problem show that the only DFT
outputs required are for k. =0,1,...,N;/2, N, — N;/2+1,...,N, — 1. Let i = iN, + i, where
i,=0,1,...,N.—land j=0,1,...,N, — 1. Show that the required DFT outputs are

N-1
X,(kN) = ) %, (i)ecr(i)(e /2NNyl =N+ 1+

i=0

Ne—1pN -1 . .
=iy [ )y x,.(ow(ﬂ]<e"2"/”“>k“‘“ (P7.20-1)

i.= iy=

where %,(i) = x(n — N + 1 + i) and ¢, = 2nk./N,)[(n + 1)mod N.]. Show that this computation
can be accomplished by scaling the output of an N-point FFT that has as inputs the N, summations
in the square brackets in (P7.20-1).

21 Efficiency of Computing Demodulation plus LPF Output by Means of an FFT In the previous
two problems let N, and N, be powers of 2. Let CMPY, and CMPY,, be the number of complex
multiplications per second in the systems in Fig. 7.42a, b, respectively. Let a complex multiplication
count as four real multiplications. Neglect pruning in the N.-point FFT and efficiencies that result
from mechanizing the FIR LPF as several stages of filtering and decimation. Assume that the FIR
filter has linear phase (i.e., «(i) = «(N — 1 — i)) and that the demodulator is moved through the
filter (see Problem 11). Show that

CMPY, ~ (N; + D[GN + )N, N, + 1N, N, log,3N,]
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CMPY, ~ AN + 1IN, log, NN, N, + (N; + 1)EN,N, log, 1N;)
CMPY,/CMPY,, = [(N; + 1)(N + 2)I/[N + N.log(3N,)]
Let N; = 14. Show for the parameters at the end of Problem 19 that
CMPY,/CMPY, ~ 11.5



CHAPTER 8

WALSH-HADAMARD TRANSFORMS

8.0 Introduction

Preceding chapters have emphasized the DFT and its efficient implemen-
tation by means of FFT techniques. The DFT evaluates transform coefficients
used in a series representation defining a data sequence, which is assumed to
have period N. If the correct period is used to determine the transform
coefficients, then these coefficients agree with the Fourier series coefficients for a
properly band-limited function. The Fourier series represents a continuous
periodic function x(¢). The assumption that x(z) is the sum of sinusoids is implicit
in its series representation.

A function x(¢) need not be a sum of sinusoids, however, and other basis
functions may then provide a better series representation. One such set is the
Walsh functions. These are rectangular waveforms orthonormal on the interval
[0,1). A function normalized to have a period of P =1 s has a Walsh series
expansion

x(t) = ) X(k) wal(k, 1) (8.1)
k=0
where wal(k, ¢) is the kth Walsh function sequence and X{(k) is the Walsh
transform sequence. If N/2 is the highest k index required in (8.1), then the
sampled-data expression

N-1 n
x(n) = ) X(k) wal (k, —> (8.2)
k=0 N

is valid. A number of fast algorithms are available for computing the Walsh
transform coefficients in (8.2). Some of these algorithms are discussed in this
chapter.

The Walsh functions, named after J. L. Walsh [W-2], who introduced them in
1923, are the basis functions for the Walsh-Hadamard transform (WHT). They
form a complete orthogonal set over a unit interval and can be developed from

301
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the Rademacher functions [R-4, F-2]. Walsh functions have some attractive
features and hence have found applications in a number of diverse fields. Most
of the credit for this should go to Harmuth [H-1, H-3, W-16, H-5], who has not
only focused the attention of engineers and scientists on the “wonderful world of
Walsh functions” [L-6] but has himself developed several of their properties and
investigated their applications. An entirely new theory has evolved based on
sequency, including sequency filtering, sequency limited signals and their
sampling theorem, the sequency power spectrum, and sequency spectrograms
[C-2, C-3, A-18, M-37].

Because the Walsh functions are binary valued (4 1), their generation and
implementation is simple. Fast algorithms based on sparse matrix factoring of
(WHT) matrices [T-25] similar to those of the DFT matrices and based on other
techniques [Y-12] have been developed. These algorithms, however, require
only addition (subtraction), as compared to the complex arithmetic operations
(multiplication and/or addition) required for the FFT. Both computer simu-
lation and hardware realization of the WHT have been carried out. Special
purpose digital processors for implementing the WHT in real time have been
developed [K-4, K-5,L-2,P-9,L-5,R-3,B-12,G-2,Y-1,Y-2,Y-3,F-4, F-3, E-1,
Ww-16, C-8, W-4, A-2, J-1, J-2, C-52, A-20, R-15]. The WHT has also found
applications in signal and image processing [A-1, K-4, K-5, L-2, P-7, W-16, J-1,
J-2, H-6, I-1, 1I-2, I-9, R-8, R-9, H-7, H-8, H-9, R-10, R-11, R-12, A-22, L-8,
R-13, A-24, P-12, A-23, R-14, A-25, N-5, O-5, N-6, H-10, F-18, C-52, T-15,
T-24, O-18, O-19, J-13, K-32, N-16, J-12, J-13, P-6, M-29, B-8, C-27, C-40,
A-62], speech processing [R-1, B-11, W-16, C-9, S-3, S-4, Z-1], word
recognition [C-2, C-3, C-4], signature verification [ N-4], character recognition
[A-15, W-3, W-5], pattern recognition [H-23], the spectral analysis of linear
systems [A-4, C-10, C-11, C-12, R-71, Y-9, M-12], correlation and convolution
[A-7, A-14, R-7, A-21, L-7, G-4, Y-10], filtering [A-1, P-5, P-10], data
compression [A-1, K-4, K-5, L-2, P-7, A-15], coding [L-5, Y-2, B-14, R-5,
W-16], communications [H-3, T-17, C-7], detection [B-15], statistical analysis
[P-11], spectrometric imaging [M-13, D-8, H-14], and spectroscopy [G-17].

8.1 Rademacher Functions

In 1922 Rademacher [R-4] developed the incomplete set of orthonormal
functions (Fig. 8.1) named after him. Rademacher functions, denoted rad(k, ¢),
are square waves whose number of cycles increases as k increases. They are
periodic over a unit interval, during which they make 2¥! cycles, with the
exception of the first Rademacher function rad(0, ¢), which has a constant value
of unity. These functions can also be generated recursively [A-1, B-2, A-2,
W-16].
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l |
rad(O,t) O

1

rad(l,t) O \

rad(3,t) O ‘

=1

watssr o | T [ [
NEEREEERTEEREEN

rad(5,t);_—_—_—‘_‘§|—-‘_—‘—_”—‘_
U ootoooooooood
e SIINOOANOAMARAARARALAAOD
il IR

e

v o IIAORAE
g 1

0

= LI

|—_l
I

[:
——
—
—
| —
—
—
—
| S—
—]
—

1
1 1
4 2

Fig. 8.1 Rademacher functions.

8.2 Properties of Walsh Functions

Walsh functions form a complete orthonormal set over the unit interval [0, 1).
They can be expressed as products of Rademacher functions [A-1, B-9,
A-2, W-2 H-2,1L-4,L-3,L-6, W-16, S-4]. They can be rearranged in several ways
to form different ordering schemes [A-1, A-2, B-9, W-16] such as Walsh or
sequency order (Fig. 8.2), Hadamard or natural order (Fig. 8.3), Paley or dyadic
order [P-8] (Fig. 8.4), and cal-sal order (Fig. 8.5) [K-6, R-2]. Techniques of
transformation from one ordering to another exist as well [A-1, A-2, B-9, F-1,
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Fig. 8.2 Walsh functions in Walsh or sequency order.

C-1,H-2,L-4,1L-3,L-6, B-13, W-16]. Because Walsh functions can be generated
as products of Rademacher functions, they take only the values + 1. Some
properties of Walsh functions are described in this section. Subsequent sections
describe the fast transform matrices, shift invariant power spectra, and
multidimensional Walsh-Hadamard transform.

SeQuUENCY Observation of the Walsh functions shown in Figs. 8.2-8.5 shows
that not all have the same interval between adjacent zero crossings. This is in
contrast to the sinusoidal functions, for which the intervals are uniform.
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Fig. 8.3 Walsh functions in Hadamard or natural order.

Analogousto frequency, which is one-half the average number of zero crossings
or sign changes per unit interval (1 s), the term sequency (combining the number
of sign changes and frequency) was coined by Harmuth [H-1, H-2, W-16, H-5]
to describe Walsh functions. Sequency (seq) can be expressed in terms of the
number of sign changes per unit interval:

seq — {%(z.c.) for even z.c.
4= izc + 1) for odd z.c.
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Fig. 8.4 Walsh functions in Paley or natural order.

where z.c. is the average number of zero crossings per unit interval. This leads to
units of zero crossings per second (zps).

Noration The standard notation developed by Ahmed er al. [A-2] for
describing Walsh and other functions is adopted here (Table 8.1). Note that cal
and sal represent even and odd Walsh functions, respectively. For the various
orderings of the Walsh functions, the subscripts w, h, p, and cs are appended to
denote Walsh, Hadamard, Paley, and cal-sal orderings, respectively (i.e., wal,,
waly,, wal,, and wal).
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Table 8.1

Notation for Continuous and Discrete Functions [A —2]

, Notation
Name of function : -
Continuous functions Discrete functions
Rademacher . rad Rad
Haar har Har
Walsh wal Wal
cosine Walsh cal Cal
sine Walsh - sal Sal

SEQUENCY SAMPLING THEOREM Analogous to the sampling theorem for
frequency band-limited signals, the corresponding theorem for sequency band-
limited signals has been developed independently by Johnson [C-6] and Maqusi
[M-10, M-11]. This theorem states that ‘“‘a causal time function f(#) sequency
band-limited to B = 2" zps can be uniquely reconstructed from its samples at
every T = 1/B s for all positive time.”” Hence, sampling this time function at this
minimum rate assures that the original signal f{¢) can be uniquely recovered
from the sampled data. The proof of this theorem is outlined in Problem 9 and is
elaborated elsewhere [C-6, M-10, M-11].

WALSH OR SEQUENCY ORDERING  The first 16 Walsh functions in sequency order
are shown in Fig. 8.2. These are related to cal and sal functions as follows.

cal(m, t) = wal,(2m, 1), sal(m, t) = wal,(2m — 1, 1) 8.3)

where wal,,(m, t) represents the mth Walsh function in sequency order. This can
be also generated as a product of Rademacher functions:

L—-1
waly(m, ) = [] [rad(k + 1,1)]% (8.4)

k=0
where g, the Gray code equivalent of m, is obtained as follows:
(m)1o = (mp_1my_5 -+~ mymy),, @10 =GL-19L-2"""9190)2>
gi=m; DMy, (8.5)

In (8.4) my, and g, k=0,1,2,...,L — 1, are bits of m and g, respectively,
expressed in base 2. The symbol @ denotes modulo 2 addition. (For details see
the Appendix.) For example, consider wal, (13, ¢): (13),, = (1101),. The Gray
code equivalent of 13 is (1011),. Hence

wal,(13,7) = [rad(4, t)]}[rad(3, 1)]°[rad(2, £)] ! [rad(1, £)]* = sal(7, t)
Walsh functions form a closed set under multiplication; that is,

wal(m, t)ywal(h, t) = wal(m @ h,t) (8.6)
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Sequency waleg(k,t)
k
1 (0]
[ R— —
1 _(]) [ I - 2
R — 1 —— .,
35 1 1
3 0 | [ ] 1 —— &
S ] [ [ 1
PR — — — ] —
971 ] | | | ] | |
S . r | | [ — »
S 1 [ — I I
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3 I 1 [ C T 1 [
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Fig. 8.5 Walsh functions in cal-sal order.

Hence
wal(m, t) wal(m, t) = wal(0, t), wal(m, t) wal(0, t) = wal(m, 1)
wal(m, t) [wal(h, t) wal(k, )] = [wal(m, t) wal(h, t)] wal(k, t)

Equation (8.6) is valid for any of the orderings. From (8.3) and (8.6) the
following expressions can be derived [H-1]:
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cal(m, t)cal(k,t) = cal(m @ k, t)
sal(m, 1) cal(k, ¢) — sal(Tk @ (m — 1)] + 1, 1) .7
sal(m, t)sal(k,t) = cal([(m -1k -1D]1)

Warsi-HADAMARD MATRICEs Uniform sampling of the Walsh functions of
any ordering results in the Walsh-Hadamard matrices of corresponding order.
The rows of these matrices represent the Walsh functions in a unique manner.
Let Wal,(k,n) be the sampled-data values of wal,(k,t) for the kth ordering
index at times ¢ = 0, 1/N,2/N,...,n/N,...,(N — 1)/Ns. Then an N x N matrix
of sampled Walsh function values results. For example, periodic sampling of the
Walsh functions shown in Fig. 8.2 yields the following matrix:

sequency
1 1 1 1 1 1 1 1 1 1 1 1 1 17] 0
1 1 1 1 1 1-1-1-1-1-1-1-1-1
1 1-1-1-1-1-1-1-1-1 11 1 1
1 1-1-1-1-1 1 1 1 1-1-1-=1-1
-1-1-1-1 1 1 1 1-1-1-1-1 1 1
-1-1-1-1 1 1-1-1 11 1 1-=1-1
-1-1 1 1-1-1-1-1 1 1-1-1 1 1
1-1-1 1 1-1-1 1 1-1-1 1 1-=1-1
-1-1 1 1-1-1 1 1-1-1 1 1-1-1 1
-1-1 1 1-1-1 1-1 1 1-1-1 1 1-1
-1-1 1-1 1 1-1-1 1 1-1 1-1-1 1
-1-1 1-1 1 1-1 1-1-1 1-1 1 1-1
-1 1-1-1 1-1 1 1-1 1-1-1 1-1 1
-1 1-1-1 1-1 1-1 1-1 1 1-1 1-1
-1 1-1 1-1 1-1-1 1-1 1-1 1-1 1
-1 1-1 1-1 1-1 1-1 1-1 1-1 1-1

—_— o e e e e

[H.(4)] =

e T e T S
0 N AN LB R W WD N ==

(8.8)

[H,(4)] is the 2* x 2* Walsh-Hadamard matrix in Walsh or sequency order.
The rows of this matrix represent the Walsh functions whose sequencies are
listed on the right side. The Wal, (k, n) entries in [ H,,(0)]-[ H,(3)], respectively,
are

1 1
[(H.,0] =[1],  [H.(D] = [1 ]

-1
k\n 0 1 2 3 sequency
0 1 1 1 1 0
[H,(2)] =1 1 1 -1 -1 1
2 1 -1 -1 1 1
3 1 -1 1 -1 2
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Kk\nO 1 2 3 4 5 6 7 sequency

ot 1 1 1 1 1 1 17 0

1)1 1 1 1 -1-1-1-1 1

2011 1 -1 -1 -1 -1 1 1 1
[H,3)] =31 1 -1 -1 1 1211 2

411 -1-1 1 1-1-1 1 2

511 -1 -1 1 -1 1 1-1 3

6 |1 -1 1 -1-1 1-1 1 3

7 L1 -1 1 -1 1 -1 1—1J 4

Walsh functions can be generated uniquely from these matrices. The elements of
these matrices can be obtained independently as follows:

hy(k,n) = (— D= kn=0,1,...,N—1 (8.9)
where ro=kp_y,ri =k, 1 +kppra=kpo+kp 3,...,rp1 =ky + ko,
(K)1o = (kp—1kp -2 kiko)a, (n)10 = (np—1np—5 " nyng),

kiand n;, i =0,1,...,L — 1, are the bits in binary representation of k and n,
respectively, and A,(k,n) is the element of [H,(L)] in row k and column n.
Observe that [H,(L)] is symmetric and that the sum of any row (column) except
the first row (column) is zero. It is also an orthogonal matrix; that is,
[H,(L)][H4(L)] = NIy, where N = 2F and I is identity matrix of size N.

Note that the summation that determines the exponent in (8.9) is a sum of
products of bits from row k and column »n. The most significant (ordering) row
bit is multiplied by the least significant column (time) bit. The sum of the two bits
to the right of the row msb is multiplied by the bit to the left of the column Isb and
so forth. In essence, time sample bits representing the value 2{/N = 2:~L (based
on normalized period of 1 s) are multiplied by ordering bits representing the
value 2F "7 5o that only the product of bits (not their values) need be taken. This
technique can be extended to generate the generalized transform, to be described
in Chapter 9.

The function A, (k, n) is the value of the sampled Walsh function for indices k
and n. It is analogous to the DFT variable W*". Whereas W¥ defines the DFT
matrix for N = 2%, [H,(L)] defines the (WHT),, matrix.

8.3 Walsh or Sequency Ordered Transform (WHT),,

An N-dimensional data sequence (time series) x* = {x(0), x(1),...,x(N — 1)}
can be mapped into the discrete Walsh domain through the (WHT),. The
transform sequence is denoted XT = {X,(0), X,,(1), X,,(2), ..., X, (N — 1)}. The
transform component X,,(m) represents the amplitude of wal,(m, ¢) in a Walsh
function series expansion for x. The first component X,,(0) is the average or
mean of x, and the succeeding components represent Walsh functions of
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Data Transform
sequence . R sequence
x( ) Xu( )
Stage 1 Stage 2 Stage 3 1/8
0 @ . P, Py @ 0

Fig. 8.6 Signal flowgraph for efficient computation of (WHT),, for N = 8.

increasing sequency. The (WHT),, and its inverse, respectively, can be defined as
Xy = (/N[H(D]x, x=[HJ(DIX, (8.10)

From (8.10) it can be observed that the difference between (WHT),, and its
inverse is the scale factor 1/N. Whereas direct implementation of (WTH),,
requires N? additions and subtractions, techniques such as sparse matrix
factoring [A-1, B-9, W-1, P-7, A-5, B-10, G-1, T-7, A-8, A-11, A-37, A-12, §-1,
K-22, U-1, S-2, W-16, G-3, S-3, S-4] or matrix partitioning [A-1, A-6, A-37,
W-16] of [H,(L)] lead to fast algorithms that reduce the computation to
Nlog, N additions and subtractions. For example, [ H,(2)] and [H,(3)] can be
factored as
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7.0 = [ di 1 1 1 —1} 1 1 1 —1
[ w( )] - lag 1 _1 k) 1 1 b 1 _1 El 1 1 .
I I I, —1I I 1,
(el [ [0 R D0 e e
I, —1, I, I, I, —1,

where IBRC results from rearranging the columns of Jy bit reversed order (BRO).
The signal flowgraphs based on these sparse matrix factors for an efficient

implementation of (WHT),, are shown in Figs. 8.6 and 8.7. (For other ways of -

factoring [ H,(L)], see Problem 8). Based on the figures and (8.11), the following
observations can be made:

(i) The number of matrix factorsis log, N. This is equal to the number of
stages in the flowgraphs and is the same as that for the FFT, as described in
Chapter 4.

Dat Transform
sequence . se quence
x( ) e Xl )
o P Py . ° ® 0
1/16

1716

TN
0K G
TN p—
“V‘A . /16 .
A
B ANy
l".“‘\\v’)"v 3 1/16 10
BN N
T —
AN
AR e

=
1/16

15 & & ¥ 4 9 ® 15

-1

Fig. 8.7 Signal flowgraph for efficient computation of (WHT),, for N = 16.
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(ii) Inanyrow of these matrix factors there are only two nonzero elements
(£ 1), which correspond to an addition (subtraction).

(iif) Eachmatrix factor corresponds to a stage in the signal flowgraph in the
reverse order; that is, the first matrix factor is equivalent to the last stage, the
second matrix factor is equivalent to the next to last stage, and so forth.

(iv) In view of (ii), the algorithm based on (8.11) is called a radix 2 or
power-of-2 algorithm. ;

(v) The number of additions (subtractions) required to implement the
(WHT),, is Nlog, N [see (1) and (ii)], just as for the FFT. However, for (WHT),,
the additions are real whereas for the FFT they are complex.

(vi) The flowgraph has the in-place [B-10, G-1] structure. A pair of
outputs at any iteration requires only the corresponding pair of inputs, which are
no longer needed for any other computation. This pair of outputs can thus be
stored in the locations used for the corresponding pair of inputs. The memory or
storage requirements are therefore considerably reduced.

(vii) By deletion of the scale factor the same flowgraph can be utilized for
the forward or inverse (WHT),, as shown by (8.10).

Since the (WHT),, represents Walsh functions in sequency order, a sequency
power spectrum analogous to frequency power spectrum for a DFT can be
defined [A-1, A-11-A-14, A-37]:

sequency
P,(0) = X2(0) 0
Py(1) = X2(1) + X2(2) 1
Pu(2) = X2(3) + X2(4) 2 8.12)
P,(3) = X2(5) + X2(6) 3
P(4) = X(T) + X%(@8) 4
P, (N/2) - XA(N - 1) N2

Each power spectral point P, (m) represents the power of sequency m in x. The
sequency power spectrum is not shift invariant. The Walsh functions do have a
shift invariant power spectrum, as will be discussed in Section 8.9.

8.4 Hadamard or Natural Ordered Transform (WHT),

The Walsh functions shown in Fig. 8.2 can be rearranged to form the
Hadamard or “natural” ordering (Fig. 8.3). The two orderings are related to
each other as follows:

Walh(k, Z) = Walw(kGCBc, t) (813)

where kgege 1s the Gray code to binary conversion of k after it has been bit
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reversed. (See the Appendix.) The expression corresponding to (8.4) for
Hadamard ordering is

L—-1

waly(k, 1) = [] [rad(m + 1,)]*" (8.14)

m=0 '
where (k)0 = (kp—1kp—2 - kiko),. For example, wal,(13,¢) = rad(4,1)
rad(3,¢) rad(l,7) since (13), = (1101),. The sequency of wal,(k,t) can be
obtained easily from (8.2) and (8.13). As with the Walsh ordering the discrete
version of Hadamard ordering leads to the matrices [H-4, L-19]

1 1
[H(0)] = [1], [Hh(l)]:[ }

1 -1
1 1‘ 1 1
I -1 1 -1 [Hh(l)]\ [Hh(l)]:|
Hy(2)] = =
HLRT=1 1’ my— [[Hh(l)ll “TH(D)]
1 —11—-1 1
Kk\nO 1 2 3 4 5 6 7 sequency (8.15)
o1 1 1 1] 1 1 1 17] 0
1{1 -1 1-1] 1-1 1 =1 4
211 1 -1 —1] 1 1 -1 —1 2
(H(3)]=3]1-1 -1 1] 1 -1 -1 1 2
411 1 1 1]-1 -1 =1 —1 1
511 -1 1 —1|-1 1 -1 1 3
611 1 -1 —1]-1 -1 1 1 1
7L1 =1 =1 1l-1 1 1 —1 ] 3
Also
. [Hn(2)] \ [Hh(2)]]
H,(3)] = = [Hy(1 H.(2 8.16
[Hn(3)] [[Hh(ﬁ—[Hh@)] [Hn(1D)] ® [Hu(2)] (8.16)

The recursion relation shown in (8.15) and (8.16) can be generalized as follows:

[Hy(m)| [Hh(mn}
H, Nl = s =0,1,... 8.17
LEym + 1] [[Hh(m)] e ) " @17
or
[Hym + 1)] = [Ha(D)] @ [Hy(m)] = [Ha(D)] @ [Ha(D)] & [Ha(m — 1)]

— (HD] ® ()] @  © [Ha(D)] (8.18)

The elements of [H,(L)] can be generated as follows:

ho(k,m) = (— DZ=ekn kn=0,1,... N—1 (8.19)
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where k; and n; are described following (8.9). Since [Hy(L)] results from the
rearrangement of the rows (columns) of [H,(n)], it is orthogonal:
[HW(D)][Hw(L)] = Nly.

The (WHT), and its inverse are similar to (8.10) and are defined as

Xp = (I/N)[HW(DIx, x=[H(DIXy - (8.20)

respectively. The (WHT), is also called a binary Fourier representation
(BIFORE) transform [A-1, A-2, D-6, A-4, A-7, A-8, A-9, A-37, A-12, A-16,
A-17, N-7]. As for the (WHT),,, fast algorithms for the (WHT), have also been
developed. The matrix factors for [Hy(L)] are

[Hh(2)1=<diag[[i _ﬂ[i _HDBZ _2]

= (diag [[Hn(1)], [Hx(DII([Hn(1)] ® I2) (8.21)
Data Transform
sequence sequence
x( ) e Xnl)

0o 0
1 1
2 2
3 3
4 4
5 5
6 6
7 & L 4 ¥ ® ® 7

—1

Fig. 8.8 Signal flowgraph for efficient computation of (WHT), for N = 8.
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(3 di 1 1 1 1 1 1 1 1
[ h( )] - lag 1 _ ]. s 1 o 1 9 l _ 1 s l _ 1
(el [ )0 2D 7]
x | diag ,
12 - 12 12 - 12 4 - 14 '

= (diag[[Hn(1)], [Hp(D)], [Hu(D], [Hx(1)]])

x (diag[[[Hy(1)] ® 1], [[Hu(D)] ® LID[[H(1)] ® 4] (8.22)
From (8.22) the matrix factors for any [ H,(n)] can be developed. For example,

[Hy(#)] = (diag[[Hx(D)],. .., [Hx(D)ID)
x (diag[[Hy(D] ® L, - - -, [(Hy(D] ® 1,])
x (diag[[Hx(1)] ® L, . - -, [(Hy(D] ® LDI[Hx(1)] ® I5] (8.23)
Dat Transform
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Fig. 8.9 Signal flowgraph for efficient computation of (WHT), for N = 16.
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The signal flowgraphs for efficient computation of (WHT), based on these
sparse matrix factors are shown in Figs. 8.8 and 8.9. All the properties observed
for the fast (WHT),, are also valid for the fast (WHT),,. The matrix factors shown
in (8.22) and (8.23) are not unique. For example [A-5, G-3],

1 1 0 072
0 0 1 1
1= | 1 o o
0 01 —1
Fl 1 7 3
11
11
11
1 —1
1 -1
| I -1 ]
11 1+
11
H,(4)] = 11
1 —1
1 —1

Fast transform signal flowgraphs based on these matrix factors lead to
additional efficient digital implementations of the (WHT),.

8.5 Paley or Dyadic Ordered Transform (WHT),

The first 16 Walsh functions in Paley or dyadic order are shown in Fig. 8.4.
Paley and Walsh orderings are related as follows:

wal (k, ) = wal, (b(k), 1) (8.25)

where b(k) is the GCBC of k. The discrete time version of Paley ordering leads to

the following matrices for 1 =0, 3,...,3.
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2 3 4 5 6 7 sequency

1 1 1 1 1 17 0

1 1 -1 -1 -1 -1
-1 -1 1 1 =1 -1
-1 -1 -1 -1 1 1

I -1 1 -1 1 -1

1 -1 -1 1 -1 1
-1 1 1 -1 -1 1
-1 1 -1 1 1 -1

The elements of [H (n)] can be generated as follows:
hy(k,n) = (= DLickem kn=0,1,...,N — 1 (8.27)

Paley ordered WHT and fast algorithms similar to (WHT),, and (WHT),, can be
developed.

.=

— o e e e e = = O

[H,(3)] = (8.26)

R I N
[ O I
— e e e

W W R = =

8.6 Cal-Sal Ordered Transform (WHT),

The first 16 Walsh functions in cal-sal order [R-2] are shown in Fig. 8.5. In
this ordering the first half of the Walsh functions represents cal functions of
increasing sequency whereas the second half represents sal functions of
decreasing sequency. These are related to wal,(k, t) as follows:

LD {walcs(;k, ), k=0,2,4,...,N—2
wal,(k, 1) =
v wal (N — ik + 1),0, k=1,3,5...,N—1

The discrete version for this ordering leads to Walsh-Hadamard matrices of
cal-sal order. These are

1 1
[H (0] = [1],  [H(1)] =|: J

(8.28)

1 -1
sequency-
1 1 1 1 | Wal(0, 1) 0
L =| ! -1 -1 pfcan
1 -1 1 -1 Sal(2, 1) 2
1 1 -1 -1 Sal(1,t) 1
sequency
T1 1 1 1 1 1 1 17] wal(o,) 0
1 1 -1-1-1-1 1 1 Cal(l, 1) 1
1 -1 -1 1 1-=1-1 1 Cal(2, 1) 2
[H.(3)] = 1 -1 1 -1-1 1-1 1 Cal(3, 1) 3 (8.29)
1 -1 1 -1 1-=1 1-1 Sal(4, 1) 4
1 -1-1 1-1 1 1-1 Sal(3, 1) 3
1 1 -1-1 1 1-1-1 Sal(2, 1) 2
|l 1 1 1 1 -1-1-1—-1 _ sal1,r 1




8.6 CAL-SAL ORDERED TRANSFORM (WHT). 319

The elements of [H (L)] can be generated directly as follows:
hey(ke,n) = (— 1)Zi=erm, k,n=0,1,...,N—1 (8.30)

where po=kp-1+kp 2, Pr=kp_s+ki_3, pr=ki s+kp 4. ...pL>
=k, + ko, and py ;1 = ko and (n), =_(nL—1nL—2 S OVIES

The Walsh functions are generated with a frequency interpretation in Chapter
9. This frequency interpretation shows that waveforms with higher row numbers
are aliased to produce the lower sequency values.

The forward and the inverse transforms for cal-sal order [S-2] are

Xcs = (I/N) [Hcs(L)]Xa X = [Hcs(L)] Xcs (831)

The sparse matrix factors for the (WHT)., matrix when N = 4 and 8 are as
follows: )

1 0] 1 0 1 1 0
0 1‘ 0 1 1 —1‘
H@N =1 5170 =3 11
B 0
1 o‘ -1 0 ‘—1 1
[H(3)] = [HY(3)] [HP(3)] [HP(3)] (8.32)
where B B
1000 ][ 1 0 0 0]
0010 0 0 1 0
0100 0 1 0 0
[4:(2)]] [A1(2)]} 0001 0 0 0 1_|
(1) — = — —_—— —
[H 3] [[Az(z)]i —[4,(2)] 0001 0 0 0 —1
0100 0—-1 0 0
0010 0 0-1 0
1000 ] -1 0 0 0|
. I I L I
(2) —
L)) (dlag [[12 —IJ ’ [— L hﬂ)

and

1 1 1 1 1 1 1 1
O G A A [

[4,(2)] is I, whose columns are arranged in bit reversed order (BRO). [4,(2)] is
a horizontal reflection of [4,(2)]. The structure of sparse matrix factors for
[H(L) is thus apparent. The signal flowgraphs for fast implementation of
[H.(3)] and [H(4)] are shown in Figs. 8.10 and 8.11, respectively.

The flowgraphs shown in Figs. 8.10 and 8.11 with the multiplier deleted can be
used for the inverse (WHT),,. It may be observed that these flowgraphs, unlike
those for (WHT),,, do not have the in-place structure. If the sequence is even or
odd, one-half of the (WHT),, transform components will be zero. Therefore, if
the input sequence is even (odd), then the lower (upper) half of the operations in
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Fig. 8.11 Signal flowgraph for efficient computation of (WHT),, for N = 16.
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the last iteration of the flowgraph can be deleted. The fast algorithms for these
cases require /2 less additions (subtractions) than-the N log, N additions
(subtractions) required for any of the other orderings of the WHT.

8.7 WHT Generation Using Bilinear Forms

The WHT matrices and the transforms based on Walsh, Hadamard, Paley,
and cal-sal orders are among the several that can be developed by rearranging
the Walsh functions. Kunz and Ramm-Arnet [K-6] have shown that all these
orderings can be generated by raising — 1 to a bilinear form as follows:

h(k,n) = (— 1)< (8.34)

where h(k,n) is the element of the WHT matrix in row k& and column »
(k,n=0,1,...,N — 1), and where k and n are column vectors representing the
bits of k£ and » in binary notation. For example, if (k),o = (kp—1kr—2 " " k1ko)2
then k™ = {k; 1, kz_2,...,k1,ko}. Risan L x L matrix whose elements are 0
and 1. For example, R has the following structures for the orderings described so
far [K-6, R-2]: For Walsh or sequency ordering,

_ —
0 11
1
R= —_ (8.352)
11 0
|1 i

For Hadamard or natural ordering, R = I,. For Paley or dyadic ordering,

1
0 1
1
R= o (8.35b)
1
1 0
| 1 i
Finally, for cal-sal ordering,
~ =
11
0 11
R = | (8.35¢)
1
11 0
[ 1 i
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Fino and Algazi [F-1] have developed a unified matrix treatment for the
WHT, and by using the properties of Kronecker products they have shown the .
relationships between the Hadamard, Paley, and Walsh orderings. Also, an
algorithm for obtaining the sequency structure of the (WHT), matrix has been
developed by Cheng and Liu [C-1, C-5]. Fast algorithms and transformations
among the various orderings have also been developed by others [A-1, A-2,
A-37,8-1, K-22, U-1, S-2, B-13, W-16, S-3, S-4].

8.8 Shift Invariant Power Spectra

It is well known that the DFT power spectrum is invariant to the circular shift
of a periodic sequence x. The power spectral points for the DFT represent
individual frequencies. Power spectra invariant to circular and dyadic shifts of x
can be developed for the WHT. For the WHT, however, the circular shift
invariant power spectrum represents groups of sequencies, and hence detailed
information about the signal is lost.

PARsEvAL’S THEOREM  Since WHT is an orthogonal transform, the energy of a
sequence x described by the right side of (8.36) is preserved by the transfor-
mation. This can be easily shown as follows:
X = (1/N)[H(D)]x
XTX = ((I/N)x"[H(L)])((1/N)[H(L)]x)

or
N—-1

N—-1 1
S X2(m) = R, (8.36)
m=0 m=0

where [H(L)][H(L)] = NIy and [H(L)] is the WHT matrix based on any of the
orderings described earlier. Equation (8.36) is Parseval’s theorem for the WHT.

Dyapic SHIFT INVARIANT POWER SPECTRUM [A-1, H-1, B-9, W-16] The dyadic
shift of a sequence is described in the Appendix. If x% is the sequence obtained by
dyadically shifting x by [ places, then its WHT is given by

X9 = (1/N[H(L)1xY = (1/N)[H(L)]1$x (8.37)
where I'y results from shifting the columns of 7y dyadically by / places and X" is
the WHT of x%. From (8.37)

X9 = (1/N)[H(DUZIHL)IX = [SY(D)]X (8.38)
where [SY(L)] = (1/N)[H(L)]I§[H(L)] is the lth dyadic shift matrix relating
X@) and X. For any ordering of the WHT the shift matrix [S“Y(L)] is diagonal
and its diagonal elements are + 1. For example (see Problem 10),

[S@V(3)] = diag(l, — 1,1, — 1,1, — 1,1, - 1)
and
[SUV3)] = diag(1,1, — 1, — 1, — 1, = 1,1,1)
where the subscripts h and cs refer to Hadamard and cal-sal orders, respectively.
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Hence
X9m) =+ X(m), m=0,1,...;N—1
and
X D(m))? = X2(m) (8.39)

From (8.39) we conclude that the WHT 'power spectrum is invariant to dyadic
shift of x.

CIRCULAR SHIFT INVARIANT POWER SPECTRUM [A-1, B-9, A-3,0-6, A-4, A-8, A-9,
A-10, A-11, A-12, A-37, O-4, A-13, A-14, N-4, A-16, W-16, H-5, A-19, A-35].
A power spectrum invariant to circular shift of x can be developed for (WHT),.
(Circular shift of x is described in the Appendix.) For all other orderings, this
invariance is not valid. If X°" and X° are the vectors resulting from circular shift
of x” to the left and right by m places respectively, then their (WHT),, are defined
as follows:

Xiem = (1/N)[Hy(L))x" = (1/N)[Hy(L)] Ig"x (8.40)
and
Xiem = (1/N) [Hy(L)]%™ = (1/N) [ Hy(L)] T§m (8.41)

where X" and X{™ are the (WHT), of X" and X" respectively. The two
matrices I em and I o are Iy whose columns are circularly shifted to the right and
left respectlvely by m places. Using (8.20), (8.40) and (8.41), respectively, can be
expressed

Xiem = (1/N) [ Hu(D " [ Ha(D)] Xy = [SE™(D)] X (8.42)
and

Xiem = (1/N) [ Hu(D)IT§" [Hn(D)]1Xs = [SE™(L)] X (8.43)
The circular shift matrices [S¢™(L)] and [S{™(L)] possess block diagonal
orthogonal structure. For example, for N = 16 and m = 1

1 -1 -1 -1
- 0—-1|1 1 —1 1 1
(cl) — di — —
[Sh (4)]‘_d1ag 1) 1:|:1 0:|>2 1 1 1 _1 >
-1 -1 1 —1

6 —2 —2 —2 -2 -2 -2 =2
2 -6 2 2 2 2 2 2
2 2 2-6 2 2 2 2
1] -2-2 6-2-2-2-2=-2
8 2 2 2 2 6 -2-2=2 (8.44)
-2 -2 -2-2 2-6 2 2
-2 -2 -2-2 2 2 2-6

2 2 2 2-2-2 6-=2
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where each of the square submatrices along the diagonal is orthonormal.
Denoting these submatrices sequentially Dy, Dy, D,, D;, D, leads to the
following relations:

XE00) = X,(0),  XEH(1) = — X, (1)

{X’f”@)} _D {Xh(2)}
X3y T x0)

X4 Xu(4)
= D;
XeD(T) Xu(7)
and
Xe0(8) Xu(3)
: =D, : (8.45)
Xeo(15) Xu(15)
Since DY = D' (i=0,1,...,4), one can deduce from (8.45) that
X0y =X, 1=0,1
(X2 XEH3); { qenE)f ~ {Xn(2) Xu(3)} X.03)
Xiet4) X4
(XieO@) - X)) : = {Xa(4) - Xu(D}
Xien(T) Xu(7)
Xo®) X,(8)
{XED®) - - - Xieh(15)) : = {Xn(8) - Xn(15)} : (8.46)
Xen(s) | X.05)

From (8.46) the (WHT), circular shift invariant power spectrum for N = 16 is

sequency composition

Py(0) = X7(0) 0
Py(1) = X2(1) 8
Py(2) = X3(2) + X7(3) 4 (8.47)
7
Pi(3)= Y Xm) 2,6
m=4

15
P =Y X2(m) 1,3,5,7
m=8
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We can generalize the power spectrum and the sequency composition shown in
(8.47) for any N = 2L, giving
" Py(0) = X3(0)
Py =Xp(1)

2s—1

Ph(s); Y X¥m), s=2,3,...,L (8.4%)

m=2s-1
power spectral point sequency composition
P (0) 0
Py (L) 1,3,5,...,N/2 — 1
Py(L-1) 2,6,10,...,N/2 — 2
P(L-2) 4,12,20,...,N/2 — 4
Py (L —k) 2k 3.2k 5.2k . NJ2 — 2K
Py(1) N/2

From this distribution we observe that the (WHT), power spectrum, although
invariant to circular shift of x, represents groups of sequencies. This contrasts
with the individual frequency composition characteristic of the DFT power
spectrum. The sequency grouping, however, is not arbitrary. Each power
spectral point represents a fundamental sequency and all valid odd harmonic
sequencies relative to that fundamental component. Also, (WHT), has only
L + 1 power spectral points compared to N/2 + 1 points for the DFT of a real
input. Physical interpretations of this power spectrum and fast algorithms for
computation of the power spectrum without computing X,(m) have been
developed [A-1, B-9, A-8, A-11, A-37, A-12, A-13, A-14, A-16, N-7, A-17,
W-16, A-19]. Based on these algorithms, the signal flowgraphs for evaluating
the (WHT), power spectra are shown in Figs. 8.12 and 8.13 for N = 8 and 16,
respectively. A phase or position spectrum has the same sequency composition
as that of the power spectrum [A-1, A-8, A-37, A-12, A-16, N-7, A-17, W-16].
The (WHT), power spectral flowgraphs shown in Figs. 8.12 and 8.13 can be used
with some modifications for evaluating the phase spectra. An expanded phase
spectrum based on from 0 to N/2 — 1 circular shifts of x together with the power
spectrum can be utilized to reconstruct the original data sequence x [N-7]. It
also has been shown that the computation of phase spectrum and the recovery of
x can both be accomplished much faster using the modified WHT (MWHT)
[A-1, A-11, A-13, A-14, A-17, W-16, B-41] rather than the (WHT), [N-7].
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Data sequence
x(
) 1/82

Notation:

Xi Xi

Fig. 8.12 Signal flowgraph for (WHT), power spectrum for N = 8.

Data sequence

x( )

?L/ \ / / >< 1/16 ?@9?:1
AN AR\V/AD ¢~ Gr I

V2/16 ‘l,; b_”Ph(Z)
SO0 e
R\ TR ee
R\

7/\\_ oz Al Py(3)

2/16 =

Fig. 8.13 Signal flowgraph for (WHT), power spectrum for N = 16.

The (WHT), power spectrum described by (8.48) is also invariant to various
interchanges of x, as shown by Arazi [A-3], who also showed the effect of
circularly shifting groups of elements in x on the (WHT),. As stated earlier, the
power spectrum, though compact, has no individual sequency representation.
This power spectrum has been utilized as a set of features in an automatic
signature verification scheme [C-6]. There is thus potential for utilizing the
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(WHT), power spectral points as a reduced but relevant number of features in
classification and recognition techniques. A time varying power spectrum for
on-line spectral analysis has also been developed [A-19].

A criterion called energy packing efficiency (EPE) for evaluating the
effectiveness of WHT has been developed by Kitajima [K-9]. The EPE indicates
how much energy of a sequence is packed into the first few transform
components compared to the total energy. This concept has been extended to
other discrete transforms [Y-4].

8.9 Multidimensional WHT

Like any orthogonal transform the one-dimensional WHT described above
can be extended to any number of dimensions [A-1, P-7, A-9, A-10, A-37, A-12,
W-16]. This is useful in processing multidimensional data such as images, x rays,
thermograms, and spectrographic data. The r-dimensional (WHT), can be
expressed as

1 N{—1 N,.—1
Xulkyy. o k) =—— som)(— DR (8.49
n(ks ) N.N,- N, "lzzo "EO x(ny n)(—1) (8.49)
where X (ky,...,k,) 1s the transform coefficient, x(n,,...,n,) is an input data

pOint, ki: n; =071927"'9Ni — 1,
Li=10g2Ni7 i=1,2,...,r

r Li—1
Ckyny = Z Ckisniy, Ckiniy = Z ki(m)n(m)
i=1 m=0

The terms k;(m) and n;(m) are the binary representations of k; and n;,
respectively.

The muitidimensional function x(n,...,#s,) can be recovered uniquely from
the inverse (WHT),,:

Ni—1 Ny—1
X, o)=Y 0 S Xake,. .. k)(— D) (8.50)
ki=0 k,.=0

Power SPECTRA An extension of the power spectrum of one-dimensional
(WHT),, to the multidimensional case leads to the following:

221-1 27zr—1
PGz = Y Y X2k, k) (8.51)
k1=211‘1 k,=2zr—1

where z; = 1,2,...,n;. The total number of spectral points is
[T +L), where L;=log, N,
i=1

The sequency composition of the power spectrum consists of all possible
combinations of the groups of sequencies based on the odd-harmonic structure
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(half-wave symmetry) in each dimension. For example, the sequency grouping in
the ith dimension is

0
1,3,5,...,N/2 — 1
2,6,10,...,N;/2 — 2

: N2
As an illustration, the sequency content for Ny =8, N, = 16, and N5 = 32
consists of all possible combinations of the following groups:

Ny N, N
0 0 0
1,3 1,3,5,7 1,3,5,7,9,11,13,15
2 2,6 2,6,10,14
4 4 4,12
8 8
16

The total number of spectral points for this case is [ [_, (1 + L;) = 120. The
power spectrum defined in (8.51) is invariant to circular shift of the sampled data
in any or all dimensions.

ProperTIES Other properties of the multidimensional (WHT), can easily be
derived. Some of these follow.
Parsevals’s theorem:

1 Ni—-1 Ny—1 Ni~—1 N,—1
N x2(n’_'_’nr): Xz(k,...,k,)
NlNZ"'NrnIZ::o néo ' k12=:O kéo n
(8.52)
Convolution: If
1 Ni-1 N.—1
v(my,...,m)=———6¥0H x(ny,...,n,
(my Ll ey AP VP Y CERRLY
x y(my —nq,...,m, —n,) (8.53)
where m; = 0,1,2,...,N; — 1, then
271—1 27r—1
Z Z Vh(kh'--akr)
ky=2z1-1 k,=2zr-1
2211 22 -1
= Z Z Xh(kls'"akr)Yh(kla"-akr) (854)
ky=221-1 k,=22zr-1

Relationships similar to (8.54) are valid for cross-correlation and auto-
correlation.
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8.10 Summary

In this chapter we defined Walsh functions of various orders and described
their generation from Rademacher functions. Various properties of the
Walsh-Hadamard matrices, the discrete version of Walsh functions, were
generated and their sparse matrix factors were developed. These factors lead
directly to the fast algorithms for the WHT, which were illustrated by signal
flowgraphs. Both circular and dyadic shift invariant WHT power spectra were
developed, as well as circular convolution and circular correlation properties
of the WHT. The WHT was extended to the multidimensional case, followed
by a description of its properties that parallel those in the one-dimensional
case. :

Simple relations for rearranging Walsh functions from one order to another,
such as from sequency order to natural order, have been developed. Depending
on the application, a particular order of WHT can be used directly. For example
in developing sequency spectrograms, sequency filters, or sequency power
spectra it is simpler to use (WHT),,. On the other hand, for computing the
compacted power spectrum based on the odd harmonic structure it is best to use
(WHT),.

Walsh-Hadamard transforms are useful in a number of signal processing
areas, as outlined in the beginning of this chapter. Chapter 9 extends the Walsh
function concepts and leads to the development of a generalized transform that
has both continuous and discrete time versions.

PROBLEMS

1 1In(8.22)and (8.23) the matrix factors for [H,(3)] and [ H,(4)] are shown. Based on these factors,
develop the signal flowgraphs for (WHT),, and verify them using the flowgraphs shown in Figs. 8.8
and 8.9.

2 The Modified (WHT),(MWHT), [A-1, A-11, A-13, A-14, A-17, B-41, W-16] The (MWHT),
and its inverse are respectively defined as

Xon = (/N[ Hun(D)]X, X = [Hun(D)]1 X (P8.2-1)

where X, is the N-dimensional transform vector and [H,,,(L)] is the 2% x 2% matrix that can be
generated recursively as follows:

HonD] | [Hon(D] ]
[Hmh(1+1)]=[[2,/2'2‘)] [_2,75])2]J ' (P8.2-2)

with [H,,(0)] = 1. A fast algorithm for (MWHT), can be developed based on the sparse matrix
factoring. For example,

1 1 -
[Haun(3)] = (diag[[l _ J . [V215], [h]D
. ]2 12 14 ]4
. dlag[[l I } ’ [214]}> [1 I } (P8.2-3)
2 — 42 4 — 14
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. 1 1 - . 1 L
[Hon@)] = <d1ag|:|:1 1 ,\/2 1,1, diag Lo , 21y, IB:D
. Iy Iy Iy Iy
x <d1ag|:[1 B :l ,23/213:|> |:I I ] ‘ (P8.2-4)
« — 1 s — g

Based on these factors develop the signal flowgraphs for (MWHT),, and its inverse. Neglecting the

integer powers of \/2, determine the number of additions (subtractions) required for fast
implementation of (MWHT), for N = 8 and 16 and compare with those for (WHT),,.

3 From [A-1,H-1, B-9, F-1, W-16] obtain the matrix factors for [H(3)] and [H,(4)]. Develop the
corresponding signal flowgraphs for fast implementation of (WHT),.

4 Develop waly(k,?), waly(k, ) for k =11 and 14 from Rademacher functions. Show that
expressions similar to (8.3) and (8.14) can be developed for wal,(k, t) and wal(k, t).

5 For the (WHT) matrices the products of corresponding elements along any two rows (columns)
results in another row (column) based on h(k, n)h(m, n) = h(k ® m, n), h(k, n)h(k,m) = h(k,n @ m).
This relationship is valid for all the orders described — Walsh, Hadamard, Paley, and cal-sal. Obtain
row (column) 5 from rows (columns) 3 and 6 for all the (WHT) matrices when N = 16.

6 Show that the circular shift invariant (WHT), power spectrum as indicated in Fig. 8.13 yields
(8.47).

7 Alternative Generation of (WHT), Cohn and Lempel [C-7] have shown that the (WHT),
matrices can be generated as follows:

(i) Represent the rows 0,1,..., N — 1 in L-bit binary form as a column matrix.
(ii) Transpose the column matrix of (i).
(ili) Postmultiply (ii) by (i) using addition mod 2.
(iv) Transform (iii) as 0« 1, 1« — 1.

For example, for N =2

|:0:|0 1—|:0 0:| [1 1:|— Hy(1 P8.7-1
B 1CIRO S D B IR B 246 (P8.7-1)

For N=4
0 0 0 0 0 O
01[0011}_0101
1 oflo 10 1] JO0oo0O 11
11 0110
1 1 1 1
1 -1 1 1
| L1 , | ==l (P8.7-2)
1 -1 -1 1
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For N =38

000

001

010

011

100

101

110

111

-

0101

000000
010101
001100
011001
000011
010110
001111
011010
1 1
-1
1 —
N
1
-1

-1 -

00001111
00110011

0101

00
01
11
10
11
10
00
01_
1 1
1 -1
1 -1
11
1 1 -
1 -1 -

1 -1 -1-1

1 1 -

1
-1
1
-1
-1
1
-1
1

1
1
1
1
1
1

1

1 17
1 -1
-1 -1
-1 1
P = [H.(3)]
-1 1
1 1
1 -1

Develop [Hy(4)] using this technique and compare with (8.16) and (8.17).

8 Sparse Matrix Factorization of (WHT),,
of sparse matrices in several ways. For example [S-3, S-4],

1
1

[H(3)] =

L

-1

331

(P8.7-3)

The (WHT),, matrices can be expressed as the product

I

1

(P8.8-1)
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1 1 1 1
. -1 1 -1
x { diag ) I 1 1
1 1 1 1
- . -
1 -1
1 -1
1 1
X 1 1 (P8.8-2)
1 -1
1 —1
1 1

Based on these factors sketch the flowgraphs for (WHT),,.
9 Prove the sampling theorem for the sequency band-limited signals.

10 Using (8.38) show that [S©V(3)] = diag(l,— 1,1, = 1,1, = 1,1,— 1) and [SYY(3)] =
diag(1,1, — 1, -1, — 1, — 1,1, 1). Compute [SL‘”)(3)] and [S1@(3)].

11 Develop the matrix factors for the (WHT),, based on the flowgraph shown in Fig. 8.11.

12 Show that the power spectrum of the (WHT),, is invariant to dyadic shift of a data sequence.
Develop this spectrum for N = 8.

13 1-DWHTSs by Means of 2-D WHTs Show thata 2-D (WHT), of 2-D data is equivalent to 1-D
(WHT),, of these data rearranged in a lexicographic form [F-5]; that is,

[X(Ly, Ly)] = (/N N [HW(L )Ly, L) I[H(L,)] (P8.13-1)
is equivalent to
X = (I/N\N)[Hy(Ly + Ly)]x = (1/N1N)[HW(L1)] ® [Hi(L2)]x (P8.13-2)
where
x(0,0) x(0,1) B x(0,N, — 1)
[x(Ly,Ly)] = x(1,0) x(1,1) x(1,N; = 1)
x(N; —1,0) x(N; —1,1) - x(N;,—1,N, = 1)
is 2-D data,
X(0,0) X(0,1) XO,N, - 1)
[X(Ly, Ly)] = X(1,0) X(1,1) X(I,N, - 1)
XN, —-1,0 XV, -1,1) -+ X(WN,—-1,N,—1)

is its 2-D (WHT),, and 2% = N; and 2% = N,. In (P8.13-2) the vectors x and X result from
lexicographic ordering of [x(L,, L,)] and [X(L,, L,)], respectively. For example,

xT = {x(0,0), x(0, 1),...,x(0, N, — 1),x(1,0), x(1, 1),...,x(1, Ny — 1),...,
xX(Ny = 1,0),x(Ny = LD, ...,x(Ny — LLN; = 1)}

14 DFT via (WHT), Tadokoro and Higuchi [T-11] have shown that the DFT can be
implemented via the (WHT),,. They have indicated that this technique is superior to FFT in cases
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when only M of the N DFT coefficients are desired (M is relatively small compared to N) and when
both the (WHT),, and the DFT need to be computed. Investigate this method in detail and see if
further work as suggested by the authors (see their conclusions in [T-11]) can be carried out.
Comment on the efficiency of the DFT computation via the (WHT),, developed in [T-26].



CHAPTER 9

THE GENERALIZED TRANSFORM

9.0 Imtroduction

The Fourier transform is based on correlating an input function x(¢) with a
sinusoidal basis function given by the phasor exp(—j2nft). The locus of this
phasor in the complex plane is the unit circle. The continuous generalized
transform is based on correlating x(z) with steplike basis functions. The locus of
these functions in the complex plane is defined by a limited number of points on
the unit circle.

The generalized transform appears significant for several reasons. First, the
continuous version is useful for system design and analysis. Second, the
transform admits to a fast generalized transform (FGT) representation. Third,
the basis functions have a frequency interpretation that carries over to the FGT
algorithms. The frequency interpretation of the transform provides a common
ground for comparison of generalized and other transforms. For example, it
shows that frequency folding of real signals occurs at the FGT output just as at
the DFT output.

The frequency interpretation of the generalized transform basis functions
results in a list of new and interesting problems, many as yet unsolved. For
instance, can we design an analog filter in the generalized frequency domain, and
if so, how? We shall show that such-a filter is required to avoid aliasing. Other
problems to be solved result from taking any Fourier transform problem and
solving the equivalent generalized transform problem. For example, the FFT of
dimension N has a response of either a sin(nf)/sin(nrf) or a sin(nf)/nf type as a
function of frequency f. The equivalent FGT frequency responses have not yet
been published.

The generalized transforms presented in this chapter resulted from the need
for a continuous transform to assess the fast generalized transform, which will be
presented in Chapter 10 [A-1, A-19, A-29, A-31]. A continuous generalized
transform was developed having its own FGT, which, however, is similar to the
generalized transform of Chapter 10.

334
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The theory presented in this chapter covers a broad class of transforms
including Walsh and Walsh-Fourier transforms, as well as an infinite number of
new transforms. The first publication on the generalized continuous transform
was for radix 2 [E-3]. Subsequent publications discussed radix-o transforms
[E-5, E-6, E-7, E-9]. Although generalized transforms have been applied to
signal detection [E-4, E-26] and have suggested a solution to an optimization
problem [E-25], they are relatively undeveloped. Possible applications are
solutions to physical phenomena, generalized filtering, and signal processing.

The generalized transform basis functions are an extension of the Walsh
functions described in Chapter 8. Both the continuous transform and the
discrete algorithm are dependent on two integer parameters o and r. The integer
o =2,3,...1s the number system radix and r = 0, 1, ..., K < oo determines the
number of points " * ! on the unit circle in the complex plane. Integral values of
o > 2 and r = 0 give the Walsh and generalized Walsh transforms [W-2, C-17,
F-7]. The values o = 2 and r = 1 give the complex BIFORE transform (CBT)
[A-47, A-50, R-46]. Other integer values of o and r yield an infinite number of
new transforms.

Let the dimension of the FGT matrix be N = . Then r = 0 gives the WHT
andr = L — 1 givesthe FFT.If r = 0, then the generalized transform defined by
letting o approach infinity is the Fourier transform of a periodic function.

The next section defines the generalized transform. Following sections
develop the basis functions and the transform properties.

9.1 Generalized Transform Definition

Specific values of the integers o and r define a transform. The integer o' *1 is
the number of sample points on the unit circle in the complex plane. As shown in
Fig. 9.1, the first point is always at + 1 on the real axis. Transform basis
functions step clockwise around the unit circle with time. Step O is at + 1, step 1
is at a point 1/a"*! of the distance around the unit circle, and so forth.

Let f be the frequency of the generalized transform basis functions, where f, in
units of hertz, is the average number of basis function cycles per second. We shall
use a stepping variable s, which is the average number of steps per second, that s,
the average number of transitions from one point on the unit circle to another, as
defined by

s=atlf ©.1)
Let s and ¢ have the radix-o representations
0 0
s= ) o and t= Y ot (9.2)
k=-o k=—-o
where s, 1, =0,1,2, ...,a — 1, tis time in seconds, and for finite values of s and

t a finite upper limit suffices in the two preceding summations. The digits s, and
t, are integers in the representations of s and ¢ in a number system with radix o.
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r=0 r=|
jlm j1m
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Fig. 9.1 Generalized transform basis function step numbers on the unit circle in the complex
plane for o = 2, 3 and r = 0, 1 [E-6].

Representations like (9.2) are in an o-ary number system. Let || || define an
operation whose values are integers, let || + 3| = + 1 in round-off operations,
and let separating point be a generalization of decimal point. Definitions for || ||
include the following:

(a) Round off to the next integer using any finite number of digits in the
fractional part of the number.

(b) Truncate by dropping the fractional part of the number (ie., let
|| Il =L 1). (This rule does not apply to Walsh functions generated with the
frequency interpretation. See Problem 9.)

The basis functions for the FFT are defined by the continuous variable
exp(— j2nft). The basis functions for the generalized transform are defined by
the variable exp(— (j2n/a" *1){ ft)), which steps from one basis function value
on the unit circle to the next. The variable < ft) is analogous to an inner product
and is defined to give integral values corresponding to step numbers on the unit
circle. The definition that accomplishes this is W</* where

Sty = (Z

k

Y S0 t.,(>modoc”r1 (9.32)

v=
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r
= <Z Z Sk+vav
k lv=—0w0

W = exp(— j2njor * 1) (9.4)

t_k>modqc’“ (9.3b)

It is convenient to define an auxiliary variable

9k =

Y S ©.5)

Then
fty = (Z qkt_k> mod o1 (9.6)
k

Note that the operator || || reduces the summation in (9.5) to an integer. Note also
that the (o * !)-adic (i.e., mod o ") operation in (9.6) may be applied to each
term in the summation. Since ¢, and ¢, are integers, { ft) given by (9.3) is an
integer. The complex variable ¥ given by (9.4) defines a point on the unit circle
in the complex plane. The point is at an angle — 2xn/o"*! radians from the
positive real axis. As  ft) takes successive integral values, W </* takes successive
values so that W</ defines a total of o' * * points on the unit circle. These are the
only values assumed by the basis functions.

Let x(¢) be magnitude integrable on the positive real axis. Then the generalized
continuous transform with parameters « and r is defined by

Tx(t) = X(f) = j XYW IO dt 9.7)

Let X(f) be magnitude integrable on the positive real axis. Then the inverse
generalized transform for X(f) is

x()y =7 "1X(f) = JX(f)W_””df 98
0

When rule (a) for forming integers holds (round off), the basis functions of the
transform for o = 2 do not skip steps. For o > 2, steps are skipped whenever
s¢ > 1, where s, is a digit in the expansion of stepping variable, s. When o = 2
and r =0, rule (a) generates Walsh functions for s =0, (10),, (1.111 -+ ),,
(100),, (11.111 - --),,..., where (1.111 - - -), is a binary expansion ending in
repeated 1s [W-2, B-5, B-6, B-7]. When « > 2 and r = 0, rule (b) (truncate)
generates the generalized Walsh functions [C-17] and (9.7) defines the
Walsh-Fourier transform [C-18, F-8, S-12]. When « = 2, rule (a) defines a class
of generalized transforms [ E-3] for integral values of r. Integer values of x and r,
o > 2 and r = 0, define generalized transforms [E-5, E-6, E-8, E-9].
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Table 9.1 defines the Fourier, Walsh, and generalized transforms. The Walsh
and generalized transform variable s shows the symmetry between the subscripts
on the variables s, and 7_,.

Table 9.1

Definition of the Transforms

0
Fourier * J x(t)e 2™ dy

=

Walsh j x(£)(— 1EFE =0k g (round-off rule)

0

©

rr1

. —Jj2n
Generalized j x(f)exp (—Z [k r0" 4 Sgqpqof L4 e
« k

[

+ Sp4 10+ S+ S—q07 + "'||t_k>dt

where s=Ys0f and =Y faot
k k

Basis function values versus time may be determined using an exponent
generator whose input is determined by a shift register generator. The input to
the shift register is the stepping variable s. We shall show that finite values of s
also determine basis function period, frequency, and orthogonality conditions.

9.2 Exponent Generation

Basis function values are determined by W</®  where (9.5) and (9.6)
determine the exponent ¢ ft) in terms of g,. Values of g, have the units of steps
per second on the unit circle in the complex plane and may be obtained from a
shift register generator. The shift register generator output is determined by
expressing s in a number system with radix o:

§ = S0 4 Sp_10™ L4+ sk 4+ 4 spad 9.9)

where s,, is the most significant digit (msd) and s, is the least significant digit (Isd).
From (9.5)

Qe = 1Skr0 4 Ser—1? H A F S S o+ | (9.10)
Equation (9.10) is a shift register readout of s shifted & digits to the right,
integerized, and computed modulo o *!; it is equivalent to

g = ||l *s||mod o * 1 9.11)
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Digits in the readout more significant than s, ., overflow. Digits less significant
than unity are rounded using either rule (a) or (b). Sign s is preserved. This
readout has been called a shift register generator readout [E-3, E-4].

An exponent generator can likewise be developed to determine the sequence
{ft) as a function of time. This generator gives the time sequence of step
numbers on the unit circle in the complex plane. Step numbers are illustrated in
Fig. 9.1 for « =2, 3 and r = 0, 1. Let rule (b) hold; that is, truncate. Let (9.9)
define s so that s,, is themsd and s,, ., = 0fork > 0. If t <™ ™, thent_,,,, =0
for kK > 0 and ’

=% Gk =lSm-1 + S5m0 '+ 1 sy
k=—o

+ |ISm + Smogo ™+ 2o,
F llsmrs + Sm0 ooy + -0 =0 (9.12)
The first value {ft) # 0 is specified by
t=a"" )= Sulom = G 9.13)

and exponent values continue to change every ™™ s. A similar development
applies to rule (a) (round off).

A new shift register generator output ¢, occurs every a™ s, v=m, m — 1,
m — 2, ... . The corresponding exponent generator output for rules (a) and (b)
may be expressed

t=a", {fty =gq, (9.14)
Step numbers continue to change at increments of o™ s as follows:
t=o"+a " {ft)=q,+ g steps (9.15)

t=o""+2a"", {ft) =gq,+ 2q, steps (9.16)

Table 9.2 illustrates exponent generator outputs. The first row of each pair in the
table gives time and the second row gives step number on the unit circle in the
complex plane. The first entry of { ft) in a given row is specified by the one and
only nonzero gt in (9.6). The following { f¢) entries in the row are obtained by
adding the first entry in the row to each preceding entry starting with the entry at
o~ ™s. Time is incremented by o~ ™ s. It may be seen from Table 9.2 that g, = 0
fork > — I+ r + 1, so that the basis function waveform repeats every o' *"+1
s. The waveform between 0 and o~ '*" s repeats with shifts of «’q,, 20'g,, ...,
(o — Dog, steps at times of o™ '*", 207" ..., (« — D)a~'*" s, respectively.

9.3 Basis Function Frequency

The frequency of the basis functions is defined as half the average number of
zero crossings per second. Let (9.9) define s so that in a number system with radix
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«, s may be represented as an g-ary number:
S = SySm—1 " SoS_1 "S5 steps/s 9.17)

Thelsdis s, its value is s,0f, and for rules (a) or (b) at the time ¢ = o™/, the Isd has
contributed a total number of steps given by

st = 5;0° steps (9.18)
At the time ¢t = o' 1o~ s the Isd has contributed a total of

steps (9.19)

st = st

If we count the steps contributed by the more significant digits, we find that at

the time ¢ = o "' ~! a total numbér of steps given by
(st = (8™ + 0 + s o = s 7L (9.20)
have occurred. The steps per unit time are represented by s; since there are o **
steps per cycle, the frequency fis
f=s/att Hz 9.21)

The period P is the inverse of the frequency, which gives P = o *!/s s for the
generalized transform basis functions.

9.4 Average Value of the Basis Functions

When s has a terminating expansion (i.e., one ending in repeated zeros) the
average value of the basis function is zero for finite time. To show this we
consider an increment in the step number corresponding to a particular digit s, in
the expansion of s. Using truncation as the rule for || ||, we find that the increment
first occurs at time ¢ = o~ * s. The exponent generator gives step number versus
time between o ~* and 2¢~* s by successively adding each previous number of
steps to the number g, at o * s. An increment in the steps per second
corresponding to the digit s, overflows in the shift register generator at o ~**"*1
s. The waveform due to digit s, is now in the exponent generator, and it repeats
every o *¥**1 5. The smallest increment of time (still assuming truncation as
the integerizing operation) at which steps change is given by (9.13) as «™™s. The
basis function then holds a fixed value for «™™ s giving rise to a steplike
appearance.

Basis function generation was illustrated with Table 9.2. Note from Table 9.2
that ( ft) = Ofork > — [/ + r + 1 and that the waveform between 0 and a~'*"s
repeats at times of a~'*’, 207!'*" ..., (a — Da~'*" s with shifts of «g,
2d'qy, - . ., (@ — 1)o'q, steps, respectively. Since s, is the Isd we have 5,_, = 0 for
integer k > 0. Therefore, at time t =« '*" s the total number of steps
contributed by the Isd is

1y = (o)™ = s 9.22)
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Performing an evaluation similar to the preceding one at times

t=2a"' 3a7t, L, (o= Dot (9.23)
yields the total steps contributed by the Isd as, respectively,
fty =280, 3so, ..., (a0 — s ‘ (9.24)
Thus at time t = «~'"""! s we have
(fty =atls, steps (9.25)

Since one complete rotation around the unit circle in the complex plane is
equivalent to o" "1 steps, the value of { ft> in (9.25) is equivalent to s, rotations
(which are due to the Isd). Similarly, o, + ; rotations are due to the digit to the left
of the Isd, and so on. Therefore, at = o ~'*"* ! s the basis function is guaranteed
to repeat with a phase shift of zero.
At t =o't s (9.22) shows the step number is s,". In the time interval
0 <t < o/*" s step numbers change no more frequently than every At = o~ ™ s.
This gives a maximum number of shift register generator outputs of
t/At = oMt (9.26)
Let k assume integer values 0 < k < o™ '*', and let g(k) be the exponent
generator output at time k Az. Then the average value of the basis function in the

time interval 0 < t < a 't is
a—l+r a-l+r
am—l+r
f WO dt = J Weodr =g m Y e 9.27)
k=0
0 0

where the integral converts to a summation with use of the fact that the duration
of WW is o=™ s,

Consider now the time interval o™ '*" < t < o7 '*"* !5, In this timeinterval the
exponent generator output g(k) repeats with shifts given by (9.22) and (9.24).
These shifts form the sequence {0, o"s;, 20s;, .. ., (¢ — 1)o"s;}. If the numbers in
this sequence are computed modulo o *1, then this sequence may be reordered to
the sequence (see Problem 5.8)

S ={0,io",2ia", ..., (¢ — D)o, 0,00, ..., (0 — i)} (9.28)
where i = ged(s;, o) and the subsequence {0, i, . .., (a — )o’} repeats i times. If
we extend the interval of integration in (9.27) by a factor of o, then (9.28) gives

a-l+r+1

ali—1 am=l+r

j WAt =i Y WY e
v=0 k=0

0

am—1+r

— iOt-m Z {Wg(k) + Wiar+g(k) 4 W2i1r+g(k)
k=0

4o 4 e Der ety (9.29)
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A vector diagram similar to Fig. 3.8 phase shifted by g(k) shows that the term
in brackets in (9.29) is always zero. Therefore, the average value is zero for
stepping variables with a terminating expansion and rule (b). The proof for rule
(a) is similar.

9.5 Orthonormality of the Basis Functions

Letf, > 0 andf, > 0 be two frequencies with terminating o-ary expansions. If
S # o lets, _ 07, v =k, A, be the value of the least significant nonidentical
digit in f, and f;. Then the basis functions determined by the two frequencies are
orthonormal over time intervals of-duration a#*"*1:

(i+ 1)ar+r+1

g k1 j WD (W0 dt = 5, (9.30)

where 6,,_,, is the Kronecker delta function and 7 is a nonnegative integer. The
proof of (9.30) is similar to the proof that the average value of each basis
functions is zero and is shown by combining the exponents as

Lty = <o) = Y Gk — 42tk 3D

Since f, and f; have terminating expansions, so do stepping variables s, and s;.
They will therefore have identical least significant digits, although these may be
zeros. The value of the least significant nonidentical digit is s, —,07#, v = k, 4.
The identical digits in s, and s, have values

Semp—10 P s e s s 0
= S}_’_M_la_#_l =+ SA’_#_z(X_u_z 4+ -+ Sl,lal (932)
For integer-valued p, it follows that

ap(qk,—u_ql,—u)a OSPSr

9.33
0, p>r ©-33)

Be,~u~p = Da-p-p = {
where all step numbers are computed mod o * . Define g, = ¢,., — ¢;,. Then
the step numbers at times no**", n=0,1,...,a — 1, are

(fty = na'g,mod o’ * ! (9.34)

Equation (9.34) is the same as (9.22) and (9.24) if [ = u. Using the reasoning
following (9.24), (9.30) averages to zero between 0 and o**"*! s, or integer
multiples thereof.

Now let s, =s;. Then the integrand of (9.30) is unity, the integral is
o*Trt1 and ¢~ #7" ! times the integral is unity, which completes the proof of
(9.30).
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9.6 Linearity Property of the Continuous Transform

So far in this chapter, we have discussed basis function properties. The rest of
this chapter presents properties of the generalized transform. Use of the
continuous transform properties provides a systematic approach to system
design and analysis. The analysis would be difficult or tedious using the
corresponding sampled-data matrices.

The linearity property of the continuous transform follows from basic
definitions. Let x,(¢) and x,(¢) be two time functions with transforms X, (f) and
X,(f), respectively. Let @ and b be scalars. Then the linearity property gives

T [ax,(1) + bx,(0] = aX1(f) + bXa(f) (9:35)

9.7 Inversion of the Continuous Transform

Let X(f) be magnitude integrable on the positive real axis. Then the inverse
transform is
x() =T “'X(f) (9.36)
as defined by (9.8). Walsh-Fourier transform pairs have been shown to hold for
r = 0 under more general conditions [C-17, S-12]. Let |§ |x(?)| di < co. For
1 < p < 2 the generalized Walsh-Fourier transform is obtained as a limit in the
appropriate mean with the Plancherel theorem holding for p = 2 [C-17, T-3].
The simple heuristic derivation of the inversion formula that follows is of the
type originally used by Cauchy in his independent discovery of Fourier’s
inversion formula during the investigation of wave propagation [C-14]. The
derivation begins by substituting (9.7) into (9.8) and interchanging the order of
integration to give

29

x(f) = J x(u) duJ WO gf 9.37)
0 0

Expanding (9.3a) and recombining terms, we get
Sy =) =Y ws (9.38)
k

where

(9.39)

r
!
Z T +10
l=—w

Let v, and v, , describe series (9.39) for © = ¢ and t = u, respectively. Using
(9.38) and (9.39) the exponents in the right-hand integral of (9.37) may be
combined:

Vk:‘

— )+ iy = (= Vip + Vs (9.40)
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Define ¢, and u, as the values obtained from ¢ and u, respectively, by truncating
each number after the nth digit to the right of the separating point. The
reasoning used to show orthogonality of the basis functions may now be applied
with the roles of stepping variable and time reversed. For terminating
expansmns oftand u, t # u, the average value of the exponentialsin (9 37)is zero
and, in general,

@

j x(u) du lim J W <S> g <S> df = j x(u)6(t — u)du = x(t)  (9.41)

n—oo

0

where § denotes the Dirac delta function. Equation (9.41) is equivalent to (9.36)
and completes the proof of the inversion formula.

9.8 Shifting Theorem for the Continuous Transform

The shifting theorem is important because it is the basis of convolution and
correlation. Definitions and development leading to the generalized transform
of a time-shifted function are more cumbersome than for the Fourier transform.
The shifting theorem for the generalized transform is consistent with previously
known results, including those for the Walsh transform and for the Fourier
transform of periodic functions.

Let x(z) = 0for ¢ < 0. Let x(¢ — y) be a delayed function, so thaty > 0, and let

z=1—7y (9.42)
Let z and ¢ have a-ary representations
Z=ZpZp—1"'""Z0Z-1"" "2 and t=tuly—1 " "lot_1 "L (9.43)

Then the generalized transform shifting theorem states that

Tx(t —y) = J WXt — y)dt = J WIDWIOx(Z)dz  (9.44)
0

0

for all z > y and all fif and only if 7 is defined digit by digit as
Ty = tk — Zy (945)

for k=m, m — 1,... . The symbolic solution for ¢ defined by (9.45) will be
denoted by

T=1tQz (9.46)
The operation giving ¢, t, = z; + 14, Will be defined by
t=z@r1 9.47)

The operations defined by (9.46) and (9.47) are called signed digit a-ary time
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shift operations because a sign must be carried with each coefficient in the a-ary
expansion of 7. Note that t varies with z and that in general W</® cannot be
factored out of the integral in (9.44). (See also the discussion on dyadic
translation or dyadic shift in the Appendix.)

To prove the generalized transform shifting theorem, let y > 0 be fixed. Using
(9.42) and its differentials gives

Tx(t —y)= j WIOX(t — y)dt = J W< x(z) dz (9.48)
y 0
Equation (9.45) gives
O =Y q-wte = 2 q-1(zk + 1) = {2y + {f1) (9.49)

Therefore, (9.45) is a sufficient condition for (9.44) to hold. To prove necessity,
let rule (b) hold and let

t=a" and y=o<1 (9.50)
Then (9.42) yields
z=(u— Dot =z, _joF! (9.51)
Since ¢ = o*, we have
) =g« (9.52)
and
Sz@1)) =(@—1Dg-rxe1 + ;wm (9.53)

For (9.53) to be equal to (9.52) for all s requires
Tk—1 = —(OC— 1): — Zx-1 and Tx:tx (954)

These equations are true for all ¢ > y and all s only if 7 is defined digit by digit
according to (9.45). If rule (a) holds, the proof is similar.

A special case results when x(¢ — 7) is zero except in an interval for which 7 is
constant. Let § be the left endpoint of the time interval in which x(¢) is nonzero.
Let

0 =0mOm—1"""Oks10k0k—1 " " (9.55)
0= ="PmPm+1" " Vk+10k0k—1 """ (9.56)

be the a-ary representations of 6 and 6 — y. The least significant digits of § and
0 — y agree up to the kth digit and the digits to the left of the kth digit differ.

As the least significant digits of ¢ are incremented from 6, the digits of r — y are
correspondingly incremented from ¢ — y until §, ;. ; and y, , ; change at the same
time. After ,,, and y,,, change v times, where

v:min(O( - 5k+1,a_'yk+1) (957)
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and min(a, b) means the smaller of a and b, then either §,,; = 0 or y,4; = 0, and
the digit ¢, changes sign. Prior to this the signed digits of ¢ are unchanged. Let

g = vt — (S0 4+ S0+ o) (9.58)
Then the time at which a digit of ¢ changes sign is
t=0+¢ ' (9.59)

Let x(z) have nonzero values only if 6 < z < § + eand let x(z) be zero elsewhere.
In this special case 7 is constant for nonzero values of x(z) and (9.44) reduces to

d+e
Tx(t =) = W<fT>J WD x(z)dz = WIOX(f) (9.60)

1

which resembles the Fourier transform shifting theorem for finite a. In fact,
(9.60) is the Fourier shifting theorem for functions represented by Fourier series;
it will be discussed further under the headings ‘“‘Limiting Transform” and
“Circular Shift Invariant Power Spectra.” In general, the integration to
determine the transform may be broken into intervals over which t is piecewise
constant. This permits application of the generalized transform in some signal
processing applications [E-4].

9.9 Generalized Convolution

Let functions x(¢) and y(¢) be magnitude integrable for ¢ > 0. In conjunction
with the generalized transform let % denote the generalized convolution
operation given by

x(H) = y() = J y(@)x(t ©z)dz 9.61)
0

If (9.46) defines t, then the generalized transform of (9.61) is

0

T [x(t)xy(t)] = J J WICOD (A x(t)drdz = X(N)Y(S) (9.62)

9.10 Limiting Transform

The limiting transform for r = 0 and o — oo gives the Fourier transform of a
periodic function with normalized period of unity. To show this, we note that
any number x may be written for r = 0, « — 00, in the a-ary representation

x = lim {x¢ + x_/o} (9.63)

a—> o0
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where x, is the integer part and x_ /o the fractional part. For example, in the
decimal number system the digits of x to the left and right of the decimal point
may be considered x, and x_, respectively, with respect to the radix infinity.
For r = 0, (9.1) and (9.3) give, respectively,

Hm [|so/or + s 1/oc*|| = ||/l | (9-64)
lim {(1/)<f2)} = lim {(1/)(llso +5-1/tllto + llso/a+s-1/e?llt- 1)} (9.65)

a0 a— oo

The || || operator may not be eliminated from (9.65) except for integer-valued
frequencies, in which case

lim ||s/a| = fo (9.66)
where f, is an integer in a representation like (9.63). Equations (9.63) and (9.65)
give

lim {(1/)<{f1)} = lim {(1/a)(afoto + fol-1)} = fot (9-67)

a—*r oo a—* oo

so that
exp[j Qn/a){ ft)] = /> St (9.68)

Substituting (9.68) into (9.7) gives a Fourier transform that applies to integer
frequencies. Functions with discrete spectra at integer frequencies are periodic
with a period which has been normalized to unity. Therefore, the generalized
transform gives the Fourier spectrum of periodic functions whose period is
unity. In like manner, (9.60) is the Fourier shifting theorem for periodic
functions when r = 0 and o — co.

9.11 Discrete Transforms

A significant feature of the generalized transform is that FGT representations
result when the sampled-data matrices are time or frequency reordered. Let
N = of, where L is an integer and L > r. From (9.30) it follows that basis
functions for frequencies 0,1,2,..., N — 1 Hz are orthonormalon 0 < r < 1. It
further follows that N = 1/> times the N x N transform matrix W for frequencies
0of0,1,2,..., N — 1 Hz sampled at times of 0, /N, 2/N,...,(N — 1)/N seconds
1S unitary.

When r =0, the transform matrix is the discrete representation of the
generalized Walsh functions [A-5, C-17]. When » + 1 = L, the transform
corresponds to the DFT [S-8, S-9]. For 0 < r < L — 1 intermediate transforms
are obtained. For o = 2, the limiting cases (WHT and FFT) coincide with those
of the generalized discrete transforms of Chapter 10. Interest in these latter
transforms led to the idea of a continuous transform dependent upon a
parameter r [E-3, E-10].
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We shall show that the discrete transform can be put in the form of a fast
algorithm. Let W¥ be the discrete transform matrix, let o, L and r < L be
integers, and let

dim WE = o x oF (9.69)
Let the basis functions be evaluated for frequencies k = 0, 1, . .. ,aL — 1Hzand
be sampled at times n/a™ s where n = 0, 1,...,a" — 1 and let the digit-reversed
row number specify the frequency. Then WZ can be factored as follows:
WE — WELWEL-1. .. WEL-i... yE: (9.70)
where W = e J2%* " and for i =0,1,...,L — 1
E,_; = diag{D;_;} 9.71)
dim{D,_;} = &'*? x i T? (9.72)
Fork,[=0,1,2,...,aa—1,
Dy = (Cp_i(k, D)) 9.73)
Cp_i(k, ) = diag({filtimy) (no entry for off-diagonal terms) (9.74)
dim{C, _(k,])} = o' x o' (9.75)
S = ko771 (9.76)
L = Lo fo™ + mjal, m=0,1,2,...,a' — 1 9.77)

and if C;_; = (C,-«(v,#)), the shorthand notation of a dot (or no entry) in
Cp_i(v,n) means C,_«v,n) = — joo, that is, W= = (,

Proof that the factored matrices correspond to a fast algorithm is by induction
[E-9] and is outlined briefly as follows. Entries in the matrix W*t are determined
by D;, which contains step numbers for frequencies of 0, X", ..., (o — 1)t ™!
in o X oo submatrices. The step numbers correspond to samples at times of
0,1/ak, ..., (a — 1)/at. Let WEYE = WEE for integers [ and m. Suppose

E,tE,_,t - TE,_; contains step numbers for frequencies 0,of 71 ..,

(o0 — Dok7i72 om0 (e — 1)~ at sample times of 0,07 %, ..., a7 LHi*1
— o~ L. The entries are in square submatrices along the diagonal of E, T E;_,
+- - T EL_; where each submatrix is of dimension «'*! and has entries for
frequencies given by the row number (starting with 0) digit reversed. Then the
definitions (9.71)-(9.77) show that E,tE,_,t---tE._,_, contains step
numbers for frequencies 0,072, ... (& — Dot 772, o717 L (0 — Dok h
Again, frequencies are specified by the digit-reversed submatrix row number. By
induction (9.70) is true.

As an example of FGT factorization, let « = 3 and L = 2. Transforms exist
for r = 0, 1. The matrices of exponents giving WE2WE = WE2TE1 are shown in
Table 9.3 for|| || rule (b). The matrix for r = 0 gives exponents for the generalized
fast Walsh transform (FWT). For r = 1 the exponents give the FFT.

As another example let & = 2 and L = 3. Transforms exist for r = 0,1,2. The
matrices of exponents, shown in Table 9.4 for rule (a), are labeled E°, E* and E?,
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Matrices of Exponents for 9-Point Fast Transforms

r =0 (FWT)

2 3 456 78

1

0

n

k

2 3 456 7 8

1

k\n ¢

2345678
00000000 O]

k\no 1

(=]

(=]

— joo

N -

—

(=]

2 01 2
1 0 2
1

2 01
0 2

1

2
0 0 0

2 2 2

1

1
1
1

1

0

2 0 2 0

2

1

1

0 2 2

2
00 0 2 2 2

1

22011 2
2 010

1
2

0

1

2

r =1 (FFT)

234567 8_

1

"0

k

3

23456 7 8_

1

000O0O0OGO0OGOO OO
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corresponding tor = 0, 1, and 2, respectively. The factorization of each matrix is
also shown. For 7 = 0, a fast Walsh transform distinct from those in Chapter 8 is
obtained. For » = 1 an intermediate FGT is obtained [E-3]. For r =2 an §-
point FFT is obtained.

In Tables 9.3 and 9.4 the values listed under k& for E" and the factored matrices
of exponents are to be interpreted as f and f, [see (9.76)], respectively. Both
Tables 9.3 and 9.4 demonstrate the aliasing that makes the basis function for a
frequency k > N/2 appear to be of a lower frequency, namely, N — k. If real
signals are processed with the FGT, signals with generalized frequencies higher
than N/2 must be removed to preclude aliasing.

9.12 Circular Shift Invariant Power Spectra

The generalized transforms have power spectra that are invariant to circular
shifts of the input data. The DFT power spectral points represent individual
frequencies and are invariant to the periodic shift of the input data (see Problem
18). The power spectra of all the other FGTs, though invariant to the circular
shift of the data, represent groups of frequencies. When o = 2 the power spectral
points group as described in Section 10.3, “Generalized Power Spectra.” The
grouping can be generalized for o > 2 [E-16].

9.13 Summary

This chapter has presented the relatively new generalized continuous trans-
form. First the transform was defined. Generation and properties of the basis
functions were then discussed. Their properties include a frequency in-
terpretation, an average value of zero for frequencies with a terminating o-ary
expansion, and orthonormality.

The generalized continuous transform was shown to be a linear operator, and
a heuristic development of the inverse transform was given. The behavior of the
transform under a time shift of the input function was discussed.

Finally, the discrete generalized transform was presented and was shown to
have an FGT representation. Simple methods were shown to yield the factored
FGT matrices. Shift invariant properties of the discrete transform were
indicated.

PROBLEMS

1 Leta=3,r=2,and s =(57);0 = (2010); where (x), is the representation of x in a number
system with radix b. Let rule (a) hold; that is, round off. Then with computations using the radix 3
and answers in the decimal system show that

gx = |137%(2010)||mod 27 = 0 if k>4
g4 = 0.2 mod 27 = |I3|| = 1
G3=2,4,=6,9,=19,g0=3,9g-;=9,and ¢, =0if k < — 1.
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2 Leta=2,r=2,and s = (17.5);0 = (10001.1), steps/s. Show that the ¢, numbers in Table 9.5
result. Show that g, specifies the location on the unit circle in the complex plane at time #, = 27%, -

Table 9.5
Values of g for s =17.5

k 6 5 4 3 2 1 0 -1 =2 -3 —4

27*smod8 (binary) 0.0 0.1 1.0 10.0 1000 0.1 1.1 110 110.0 100.0 0.0
gx (decimal) 0o 1 1 2 4 1 2 3 6 4 0

3 Use Table 9.5 to show that Table 9.6 gives the exponents versus time for the data of the previous
problem. Verify the waveform plotted in Fig. 9.2. Show that the basis function frequency is 2.1875
Hz and verify that Fig. 9.2 indicates this.

Table 9.6

Exponent Values for s = 17.5¢

[

t

32
Uty 1
t % 3
1 2
t R S -
Gy 203 3 4
t 1 9 10 11 12 13 14 15

4 32 32 32 32 32 32 32
gy 45 5 6 6 7 7 0
t 1 17 18 29 30 31

2 32 32 32 32 32
g1 2 2 0 0 1
t 1 33 34 61 62 63

32 32 32 32 32
Uty 2 3 3 2 2 3
Uty 3 4 5 5 6
t 4 129 130 253 254 255
32 32 32 32 32

Sy 67 7 3 3 4
Coos o E oy
€0 5 5

¢ From [E-3]. a=2,r=2,5s=17.5.
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Re

Fig. 9.2 Waveform for s = 17.5 [E-3].

4 Usethe data of the two previous problems and Tables 9.5 and 9.6 to verify that the exponents are
periodic with period P = 2% s. Verify that the waveform between ¢ = 2% and 2* is the waveform
between ¢ = 0 and 23 with a phase shift of = radians.

5 Show that the steps contributed by a digit s, in the a-ary expansion of s (e.g., the msd) are given by
Table 9.7 for rule (b), that is, truncate, r = 0, and o < 4.

Table 9.7
Steps Contributed by s,

[
o Sk
0 1 2 3
0 0 0
2 { 1 0 1
0 0 0 0
3 { 1 0 1 2
2 0 2 1
0 0 0 0 0
4 1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

6 Leta=23,r=0,ands=(57);0 = (2010); steps/s. Show the exponent generator output is given
by Table 9.8 for rule (a) (round off).

7 Waish Functions (Round off) Leto = 2,letr = 0, and let integerizing rule (a) (round-off) hold.
Determine g, values for f =0, 1,2, ..., 7 Hz. Show that the waveforms change value no more often
than every 7% s. Verify the entries in Table 9.9 for f = 6 and show that they give the step numbers in
Table 9.10. Show W = — 1 and verify that W</? gives the waveform shown in Fig. 9.3 for /' = 6.
Repeat for f=0, 1, ..., 5, 7. Show that when the waveforms are sampled at 1 =0, 4,..., Z s the
waveforms of Fig. 9.4 result.
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Table 9.8

Exponent Values for s = 57°

t 0
Uty 0
t EralT
G 12
t 1 4 S5 2+ 1 8
27 81 81 27 81 81
vy 2 0 1 1 2 0
t 1 10 11 4 13 14 5 16 17 2 19 20 7. 22 23 8 25 26
9 81 81 27 81 81 27 81 81 9 81 81 27 81 81 27 81 81
b 01 2 2 0 1 1 2 0 01 2 2 0 1 1 2 0
¢ 1 28 29 10 31 32 11 53 2 55 79 80
3 81 81 27 81 81 27 81 3 81 81 81
Gy 12 0 0 1 2 2 1 20 1 2

“a=3,r=0,5=(2010)3,9,=1,93=2,9,=0,¢, = 1.

Table 9.9

Values of g, for Walsh Functions

f=(6)10=(110),, s=2f=(1100),
g =0,k >4
ga = 1274l = [/0.11)a] = 1
ga = [[273s]| = [{1.1),]| = 0 (modulo 2)
g2 = 1127 %)l = [I(11.0),]| = 3 = 1 (modulo2)
gx = 0 (modulo 2), k<2

Table 9.10

Exponent Values for Walsh Functions

t(xi%s) 0123456 789 10 11 12 13 14 15
tog=q4l_4 0101010101 0 1 0 1 0 1
t_y=qyt_, 6oo00o0111100 0 0 1 1 1 1
> kgt mod2 (step number) 060101101001 01 1 0 1 0

8 Walish Functions (Round off) Show that the continuous waveforms in Fig. 9.4 are generated
periodically with a period of P =15 by s = 0, (10),, (100),, (110),, (111.111 - - +),, (101.111 - - -),,
(11.111 - - ),, and (1.111 - - -),, going from top to bottom in the figure.

9  Walsh Functions (Round off) Show that the continuous waveforms in Fig. 9.4 are generated for
0<t<lsbya=2,r=0rule(a)andf=0,1,2, 3,3 2% 1, L respectively, going from top to
bottom in the figure.
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Sequency

A
1
0] B 0
11\
0 & 1
_‘I—.
A I

= 2
]A
0 B 3
1
' .
-1
b Tr .
91 i ]
Hn Mo or
S O 0 °
Sulnlniniininlinlin 7
-1

! | 1 1 | ! 1 —_—
2 4 6 8 10 12 14 16 Time(xlles)

oo I A
0

Fig. 9.3 Walsh functions for the first seven integer sequencies.

10 Walsh Functions (Truncate) Show that the continuous waveforms in Fig. 9.4 are generated by
o =2, r=0,rule (b) (i.e,, truncate), and =0, 3, 6, 5, 4, 7, 2, 1, respectively, going from top to
bottom in the figure. Using a tabulation of step numbers like that in Table 9.10 show that the basis
functions can take two steps, go one revolution on the unit circle in the complex plane, and end up on
the same point. Show that this gives the basis functions a different number of cycles per second than
- Develop a rule to determine f given the basis function versus time.

11 Let sign(a) = |a|/a. When sign(f,) # sign(f}), the basis functions are not necessarily orthogo-
nal. Let f, =3, f, =% r=1, and « = 2. (See (9.30).) Show that

WD = 3 =< (P9.11-1)
WSO a0k = <30+ (P9.11-2)

Show that the exponents are given in Table 9.11 for rule (b). Using Table 9.11, show that (P9.11-1)
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Apparent
Sequency
'y
1
o &> 0
4
1
) > 1
_‘| -
3
1 -
o) > 2
-1+
A
1
0 > 3
_‘| .
A
1
0 > 4
_.] .
4
1
0 — 3
_‘I B S
A
1
0 —> 2
_‘I -
A
1
0 > 1
-1
. i
'O | '2 | ‘l‘ ol els ! '8—> Time (x 5 s)

Fig. 9.4 Walsh functions shown in Fig. 9.3 sampled every § s with frequency folding above 4 Hz
producing sampled waveforms that appear to be of a lower frequency.

Table 9.11

Steps versus Time for Orthogonal and Nonorthogonal
Functions

t 0 L 1 2 2 3 3 z
{3 0 1 3 0 2 3 1 2
() 0 0 1 1 2 2 3 3
By = (8 0 1 2 3 0 1 2 3
Bty + 0 1 0 1 0 1 0 1
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averages to zero whereas (P9.11-2) averages to 1 —j, so that (P9.11-1) defines orthogonal functions
whereas (P9.11-2) does not.

12 Use (9.7) to prove the operations of {9.35) are valid.

13 Generalized Transform Inversion Formula Equation (9.36) may be verified from a heuristic
viewpoint by starting with a series representation .of x(¢) in terms of generalized basis functions.
Wirite this series and then express it in integral form as was done in Chapter 2 to develop the Fourier
integral from the Fourier series. Verify that the integral form is equivalent to (9.36).

14 Signed Bit Dyadic Time Shift - Let x(t) = 0 for t < y where y > 0. Consider the time advanced
function x(t + y) for t > 0. Let o = 2 and

T=1_2" 41,272+ 75273 (P9.14-1)

Show thatfory =4, 2,3,4sandr = 1,2, 3, ... the signed digit time shift is given by Fig. 9.5. Because
the radix is 2 in (P9.14-1) the shift is called a signed bit dyadic time shift.

ol 0N Aar
_,_:HZJDEPEI:’ ‘Oooogd

0

=1 A -1 A
11 1A
0 0]
-1 -1 4

1 I_ 11
N | N |

|
0 172 1 o 172 1

Fig. 9.5 Plots of signed bit dyadic time shift ¢ versus time for r = 1, 2, ... [E-3].
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15 Dyadic Time Shift Asin the previous problem, consider the time advanced function. Let o = 2
and r = 0 (Walsh transform). Show that

T=1t01z

is determined by the bit-by-bit modulo 2 addition of the binary representations of r and z. Then show
that the following hold: ‘

T=tPz=z@t=10z=z01

Since we do not need to carry a sign with the bits of 7 for the Walsh transform, 7 is called a dyadic time
shift. Show that the dyadic time shift for y =3, 2, 3, & s is given by Fig. 9.6.

4
2— er
1— 1—
] > 0 —>
I I
0 1/2 1 0 1/2 1
4 A
2—r z—r
1— 1
0 > 0 —
' | [ l
0 1/2 1 0 1/2 1

Fig. 9.6 Plots of 7 versus time for r = 0 [E-3].
16 A charged particle is rotating in the x-y plane under the influence of an impulsive field. The
frequency of rotation is f and the particle’s coordinates versus time ¢ are given by
x =Re[W],  y=Im[W"]

Let the impulsive field magnitude at times of instantaneous coordinate transitions be described by
the derivative of an impulse function (i.e., a positive impulse function followed by a negative one).
Describe the vector direction of the impulsive field during particle coordinate changes.

17 Inthe preceding problem assume motion parallel to the x axis is uniform in time between y axis
transitions. Describe the field controlling the latter motion.

18 FGT Shifting Use (9.1) and (9.11) to show that for f=0,1,2, ..., al —1
qi — ||a—i+r+ lf'”modar-i- 1
wherei =1, 2,..., Ldefines all entries in the FGT matrix. Let t be a signed digit time shift such that

git—; = |l Tt ;mod " L (P9.18-1)



PROBLEMS 361

Show that the operator || || precludes further reduction of (P9.18-1) except for the FFT, which results
when L = r + 1. For the FFT, rules (a) and (b), and f=k =0, 1,2, ..., ™! show that

o™ 7+ | = [l fal| = ko
Apply the two previous equations to the FFT to show that

L L )
(thy = ) okt jJdmod ot = otk Y 1_ /e’ mod ot = okt mod o

i=1 i=1
so that
WD = etk = g j2nke (P9.18-2)

Note that (P9.18-2) is the result obtained with the Fourier shifting theorem applied to band-limited,
periodic functions that have a normalized period of unity.

19 Using (9.3) for arbitrary o and r show that
Sy=Yar=Ya +1_5)
k k

so that a negative digit
v = — lle-ill
in the signed digit time shift may be carried as a positive digit ©'_,:
T=a T g = — (ol

20 Series Representation of a Periodic Function Let x(tf) be a function that is periodic and
magnitude integrable over its period P. Show that if « > 2 or r > 0, then

x(1) = f X(k)yW ~ <kiP>

k=0
where

P
1
X(k) = FJ X(O) WP gt
0

Show that if a = 2, r = 0, and binary arithmetic is used, then

x() = Y [XG)W 6P 4 X(k + 1.111 - )~ <k 1111 0py]

k=0



CHAPTER 10

DISCRETE ORTHOGONAL TRANSFORMS

10.0 Introduction

In recent years there has been a growing interest regarding the application of
discrete transforms to digital signal and image processing. This is primarily
owing to the impact of high speed digital computers following the rapid
advances in digital technology and the consequent development of special
purpose digital processors [A-72, S-3, R-49, C-8, W-4, Y-2, K-14, B-12, G-9,
G-2,L-16,D-5,H-32,C-39, A-63,K-4,1-2,0-13,N-14,L-18, C-44, F-17, M-25,
B-28, S-23, S-25, P-36, A-69, M-16, T-19, P-38, C-51, W-26, H-37, H-41, C-52].
The emergence of minicomputers, microprocessors, and minimicro systems
[K-19, I-12, C-53, 1-10] has acted as a catalyst to the general field of data
processing. Fast algorithms based on matrix factoring, matrix partitioning, and
other techniques [A-5, A-41, G-1, A-72, A-30, R-25, W-1, A-1, R-28, R-45,
A-37, R-46, A-28, R-22, M-9, S-9, B-2, R-31, A-47, A-48, A-10, B-16, G-16,
C-29, G-14, C-36, A-49, A-50, C-31, W-16, C-26, H-28, R-48, P-27, J-5, F-1,
F-10, P-29, R-55, P-30, R-36, O-10, S-21, H-34, G-18, Y-11, R-57, U-1, Y-7,
Y-13,K-22, R-59, R-8, R-61, R-62, K-23, C-45, A-6, A-11,0-14, V-2, M-8, S-2,
H-2, B-29, B-31, D-7, V-3, B-32, R-68, Y-14, S-30, A-70, B-9, J-7, J-6, W-26,
H-37, T-25, T-26, K-8, J-12, H-41, A-66, C-41] have resulted in reduced
computational and memory requirements and further accelerated the utility and
widened the applicability of these transforms. An added advantage of these
algorithms is the reduced round-off error [C-29, C-15, L-17, J-3, O-3, T-18,
R-67, T-5]. This has resulted in a trend toward refining and standardizing the
notation and terminology of orthogonal functions and digital processing [A-2,
R-50].

Research efforts in discrete transforms and related applications have
concerned image processing [A-1, R-22, H-25, 1-3, I-1, 1-4, 1-6, 1-9, P-23, P-7,
A-22, W-25, H-8, W-16, A-51, H-27, P-24, F-5, A-15, A-43, P-19, P-5, C-25,
A-24,P-25 C-26, H-28, N-4, S-18, R-48, T-15, L-8, R-54, A-56, P-26, P-28, J-5,
L-16,K-16, P-29,1-2, R-41, P-12, H-9, H-7, K-19, B-26, P-31, H-32, R-9, H-33,
R-14, R-10, A-63, K-4, L-2, R-43, O-13, N-14, R-29, W-29, D-6, M-21, A-64,

362
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P-34, A-65, P-35, C-44, R-63, K-25, W-31, D-2, P-37, A-45, P-17, A-69, B-9,
A-70,R-37,L-10,J-7, N-16, L-20, K-26, C-50, K-5, R-70, J-6, C-54, W-26, H-37,
M-24, 0-18, O-19, P-46, K-32, T-8, S-29, R-42, R-30, R-32, R-33, P-14, O-8,
M-27, M-28, M-30, K-29, J-11, J-12, J-13, O-18, O-19, P-29, C-52, H-36, H-24,
G-25, G-11, S-38, A-68, A-74, C-19, C-22, C-23, C-55], speech processing [1-8,
Ww-16, C-9,S-3,0-9, R-7,C-37,K-15,B-25,O-11, O-12, R-16, S-22, R-58, M-25,
H-35, R-65, O-15, O-16, S-4, B-28, S-23, C-2, C-4, S-24, N-15, S-25, S-26, S-27,
F-19, F-20, O-17, F-21, M-26, S-28, K-24, C-49, B-9, A-71, F-13, Z-1, B-19,
A-74], feature selection in pattern recognition [A-1, R-34, 1-4,1-6, W-16, A-43,
N-4, F-14, K-17, R-43, F-16, M-22, B-9, B-19, H-23, S-11, K-2], character
recognition [R-34, I-4, W-16, A-43, W-3, M-18, N-9, C-48, W-23, W-5, W-23,
W-37, N-10], signature identification and verification [N-4], the characteri-
zation of binary sequences [K-18], the analysis and design of communication
systems [H-1, W-16, H-29, H-14, S-19, E-10, E-8, T-17, L-3, B-14], digital
filtering [1-9, A-1, W-16, R-47, L-15,J-10, A-59, K-16, R-56, K-20, M-20, P-10,
S-22, C-43, G-5, K-3, K-23, L-3, W-30, G-19, O-16, M-25, E-12, C-46, C-19,
A-73, B-18], spectral analysis [A-5, W-16, A-4, R-51, C-38, R-24, A-53, R-52,
A-54, A-16, A-55, A-60, S-22, P-33, C-43, K-23, A-11, B-30, G-20, B-9, A-71],
data compression [A-1, R-22, H-25, H-26, W-16, P-19, C-25, A-24, P-25, C-26,
H-28, T-15, L-8, A-23, R-9, W-28, R-43, N-14, D-6, M-21, S-4, B-28, C-2],
signal processing [A-1, W-16, P-5, A-56, P-28, T-16, H-31, E-10,1-11, T-19, B-9,
A-74, C-24], convolution and correlation processes [W-16, R-7, C-38, R-53,
J-10, R-27, A-21, L-7, R-54, A-57, A-58, A-59, C-10, B-27, A-61, S-22, C-43,
G-5, A-11, S-35, F-12], generalized Wiener filtering [A-1, A-28, W-16, P-20,
P-5, R-48, R-43, B-9], spectrometric imaging [W-16, M-13, D-8, H-14], systems
analysis [W-16, C-38, H-30, C-10, C-11, P-11, F-15, S-20, S-22], signal detection
and identification [W-16, B-15, E-3, E-5, E-4, U-1, K-24, F-22], statistical
analysis [P-11, S-22], spectroscopy [W-16, G-17, L-3], dyadic systems [C-10,
C-11, P-32], digital and logic circuits [E-11], and other areas [S-19, D-4, N-13,
M-19, C-43, C-47]. As such, orthogonal transforms have been used to process
various types of data from speech, seismic, sonar, radar, biological, and
biomedical sources and data from the forensic sciences, astronomy, oceano-
graphic waves, satellite television pictures, aerial reconnaissance, weather
photographs, electron micrographs, range-Doppler planes, structural vibra-
tions, thermograms, x rays, two-dimensional pictures of the human body,
among other fields. The scope of interdisciplinary work and the importance and
rapidly expanding application of digital techniques is apparent and can be
further observed from the special issues of digital processing journals devoted
exclusively to such disciplines [A-72, I-3, I-1, I-4, 1-5, 1-6, I-7, I-8, 1-9, I-2, I-11,
G-21, C-54, C-56].

Image processing includes spatial filtering, image coding, image restoration
and enhancement, image data extraction and detection, color imagery, image
diagnosis, Wiener filtering, feature selection, pattern recognition, digital
holography, Kalman filtering, and industrial testing. Transform image process-
ing (both monochrome and color) has been utilized for image enhancement and
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restoration, for image data detection and extraction, and for image classifi-
cation. The high energy compaction property of the transform data has been-
taken advantage of to reduce bandwidth requirements (redundancy reduction),
improve tolerance to channel errors, and achieve bit rate reduction.

Image processing by computer techniques [A-22] in many cases requires
discrete transforms. Discrete Fourier [A-72, A-1, B-2, A-10, B-16, G-16, C-29,
G-14, C-31, S-22, M-23, B-29, G-20, W-26, H-37], slant [A-1, R-22, C-25, P-25,
C-26, P-29, W-37], Walsh-Hadamard [W-1, A-1, A-37, M-9, A-10, A-49, P-7,
W-16, A-16, F-1, U-1, K-22, A-3, L-3, A-11, B-9, K-9], Haar [A-5, A-1, S-14,
A-62, B-9, R-37, L-10, W-23, W-5, W-23 W-37], discrete cosine [A-1, A-28,
S-13, A-24, H-16, C-50, W-26, H-37, D-9, D-10, M-7, N-33], discrete sine [J-5,
J-6,J-7,]-8,P-17,Y-15,Y-16, S-39], generalized Haar [R-45, R-55, R-57], slant
Haar [F-6, R-36], discrete linear basis [H-25, H-28], Hadamard-Haar [R-31,
R-48, R-8, W-37, N-8, R-38, R-57], rapid [R-34, W-3, U-1, K-22, N-9, N-10,
B-41], lower triangular [H-26, P-25], and Karhunen-Loéve [A-22, W-25, H-8,
A-32, A-43, P-5,S-18, F-14, J-5, K-17, H-33, R-43, F-16, P-33, P-43, P-35, J-7,
J-6, H-37, R-40, K-11, H-17, L-12] transforms have already found use in some
of the applications we have cited. Except for the rapid transform all of these
transforms are orthogonal. Various performance criteria have been developed
to compare their utility and effectiveness. The optimal transform in a statistical
sense is the Karhunen-Loéve transform (KLT) since it decorrelates the
transform coefficients, packs the most energy (information) in few coefficients,
minimizes the mean-square error (mse) between the reconstructed and original
images, and also minimizes the total entropy compared to any other transform
[A-1, A-22, W-25, K-17, R-43, F-16, P-33, H-37, K-33, K-34, A-67, A-44].
However, implementation of the KLT involves a determination of the eige-
nvalues and corresponding eigenvectors of the covariance matrix, and thereis no
general algorithm for their fast computation. Some simplified procedures for
implementation have been suggested [S-18], however, and some fast algorithms
have been developed for certain classes of signals [J-5, J-7, J-6]. All the other
transforms possess fast algorithms for efficient computation of the transform
operations. The performance of some of them compares fairly well with that of
the KLT [W-1, A-1, A-28, R-22,S-13, A-22, W-25, H-8, C-25, A-24, P-25, C-26,
H-33, H-16, W-26, H-37, K-33, K-34].

The objective of Chapter 10 is to define and develop the discrete transforms
and their properties, to develop the fast algorithms, to illustrate their appli-
cations, and to compare their utility and effectiveness in information processing
based on the standard performance criteria.

10.1 Classification of Discrete Orthogonal Transforms

In view of the problems associated with the implementation of KLT, other
discrete transforms, although not optimal, have been utilized in signal and image
processing. Real time processors for their implementation have been designed
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Discrete
orthogonal transforms

| * |
Optimal transforms Suboptimal transforms
Karhunen- Lo8ve (statistical)

Singular -value decomposition
(deterministic)

Type 1 Type 2
i ¥

Discrete Fourier Type 2-Nonsinusoidal Type 2-Sinusoidal
Walsh-Hadamard Haar Discrete cosine
Generalized Slant Discrete sine
Continuous generalized Discrete linear basis

Hadamard-Haar

Slant-Haar

Fermat

Generalized Haar

Rationalized Haar

Fig. 10.1 A classification of discrete orthogonal transforms.

and built. In fact some of the transforms, such as the DCT and DFT, are
asymptotically equivalent to the KLT [H-16, S-13]. These transforms are
suboptimal in that, unlike the KLT, they do not totally decorrelate the data
sequence.

From the above discussion it is apparent that a reasonable way of classifying
discrete orthogonal transforms is to divide them into two major categories, (i)
optimal transforms and (ii) suboptimal transforms. The latter can be divided
into two more categories, which we may call types 1 and 2. Type 1 consists of a
class of transforms whose basis vector elements all lie on the unit circle. All other
transforms will be considered as belonging to type 2. Finally, type 2 can be
further divided into two more categories, type 2 sinusoidal and type 2
nonsinusoidal, depending upon whether the transform basis vector elements are
sampled sinusoidal or nonsinusoidal functions, respectively. This classification
scheme is summarized in Fig. 10.1.

10.2 More Generalized Transforms [A-30, A-1]

The generalized transforms that preceded those developed in Chapter 9 are
similar in many respects, although they do not have a frequency interpretation.
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The earlier transforms also provide a systematic transition from the (WHT), to
the DFT. They consist of a family of log, N transforms that runs from the
(WHT), to the DFT, as do the transforms described in Chapter 9. Thus, if X,.(k)

denotes the kth transform coefficient of the rth transform, r = 0 i,. -1,
then the generalized transform (GT), is defined as
X, = (1/N)[G.(L)]x, r=0,1,...,L —1 (10.1)

where X;l" = {Xr(O): Xr(1)> LK aXr(N - 1)}> x' = {X(O)a x(l)a tee ;x(N - 1)};
2F = N, and [G,(L)] is the transform matrix that can be expressed as a product
of L sparse matrices [Di(L)]:

[G(D)] = [] [DID)] (10.2)

j=1
where [Di(L)] = diag[A4}(i), A1), ..., A5 - (@)], i=1,2,..., L. The matrix
factors [Di(n)] can be generated recursively as follows:

1 W
|, m=01,...,27~1
1 — Wi

11 .
[ } m=2,2+1,... 27 _1
1 -1

[A:,,(l)] = [A:n(l)] ®12(f—n

where W = exp(— j2n/N), the symbol ® denotes the Kronecker product, and
my_ 4 is the decimal number resulting from the bit reversal of an (L — 1)-bit
binary representation of m. That is, if m = my_,2572 + -+ - + m, 2" + my2°is
an (L — 1)-bit representation of m, then

[(4,(D] = (10.3)

nA'lL——l — mozL—2 + m12L_3 4+ o mL—321 + mL—220~

The data vector x can be recovered using the inverse generalized transform
(IGT),, which is defined as

x = [G(D)]*'X,, r=0,1,...,L—1 (10.4)

where [G,(L)]*" represents the transpose of the complex conjugate of [G,(L)].
The (IGT), follows from (10.1) as a consequence of the property

[G(D)]*'[G(D)] = NIy
The transformation matrix [G,(L)]*" for the (IGT), can also be expressed as a
product of sparse matrices:

[GAD)]*! = ﬂ [Dy~H(D)]* (10.5)

The family of transforms generated by the (GT), can be summarized as follows:

(i) r = 0 yields the Walsh-Hadamard transform (WHT), [A-1, A-37].
(i) r = 1yieldsthe complex BIFORE transform (CBT) [A-47, A-48, A-50,
R-46].
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(i) r= L — 1 yields the FFT in bit-reversed order [P-42],
Xp-1(k) = X(Kk)), k=0,1,....N—1

where ((k)) is the decimal number obtained by the bit reversal of a L-bit binary
representation of k. ‘

(iv) As ris varied from 2 through L — 2, an additional L — 3 orthogonal
transforms are generated.

(v) The complexity of (GT), increases as r is increased, in the sense that it
requires a larger set of powers of W to compute the transform coefficients, as
described in Table 10.1.

CompPUTATIONAL CONSIDERATIONS Since the (GT), matrix is in the form of a
product of sparse matrices, the entire family of transforms associated with the
(GT), can be computed using the fast algorithms. For the purposes of discussion,
the signal flowgraph to compute the (GT), fora = 2 and N = 16is shown in Fig.
10.2. The various multipliers associated with Fig. 10.2 are summarized in Table
10.2. It may be observed that the structure of the flowgraphs for all the
transforms are identical, with only the multipliers varying. It requires arithmetic
operations of the order of N log, N to compute any of the transforms. In view of
(10.5) it is obvious that the inverse transformation can be performed with the
same speed and efficiency.

Table 10.2
Multipliers for the Signal Flowgraph Shown in Fig. 10.2; W = ¢~ i2/16

Xo(k) X(k) X,(k) X3(k)

Multiplier coefficients coefficients coefficients coefficients
a; 1 —J we W

a, -1 J e W

as 1 1 w? w2

ay —1 -1 wio wre

as 1 1 W6 W6

a5 -1 -1 wis e

a 1 ! ! v

ag -1 -1 -1 W

ag 1 ! ! w

ao -1 -1 -1 W

ay 1 1 ! W

aiz -1 -1 -1 w

a3 1 ! ! v

aia -1 -1 - ! we

The transform matrices [G,(L)] can also be generated recursively:

[Hy(m — 1)]|  [Hym — 1)1}
[Hy(m — 1)]|— [Hy(m — 1)]

[Go(m)] = [Hy(m)] = [ (10.6)
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Fig.10.2 Signal flowgraph for computation of the generalized transform coefficients for N = 16.
The multipliers are defined in Table 10.2. For the DFT the transform coefficients are in BRO.

where [H,(0)] =1 and [Hy(m)] is the (WHT), matrix of order 2™ x 2™. For

r=1,2,3,...,
with [G,(0)] = 1 and

[G(D] =

[1

11

-1

1
} = [Hy(1)]

[ [G(m— D] [G(m —1)] }
| [4.0m — )] — [4,(m — )]

(10.7)
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where [A,(k — 1)] is given by
[4,(k — D] = [B(] ® [Hy(k — 1 — 1)] (10.8)
where

[B(] =

i1¢<20% 521 et (1 e—dmk2r=1H)/ar
{ e I R - @ (1 g~ Jm2rmm2r Ty ®

L1 — emimccartyyrzr

(1 e—fn<<2"‘+1>>/2’:|

IO @ L @ (] — e im(2r B 2r
(1 )@ & ) ® 1 — emJm@r=t+1dy2r

i 0 1 ; r-1 ret 1 e_j"<<2"2)>/2'
a1 - e~ Im((29))/2 (1 e~ In2rm=13)5/2 ) ®

1 — e-incar=2yy2r
jn¢(20yy/2! jr¢c2r=1=1yy/2r-1 1 e Jmarminir
1 —e i @1 = e TR
( )® - ®( ) ®_1 _ omincam iy

As an example of (10.6) and (10.7), for r = 2 the recursion relationship is

[1Gak = D] [Gatk — D]
[G200) = T, 0 = 11|~ ok = 1)1}
where
—jnj4
(1 e B ~ i-;m]
[Aa(k —1)] = L T e | @k -3 (09)
[1 - e—th/Z] ® l:l B e—j3n/4]

10.3 Generalized Power Spectra [A-29, A-30, A-31, R-24, R-51, R-53, Y-8]

The power spectra of (GT), that are invariant to the circular shift of x can be
developed through the shift matrix. The shift matrix relates the transforms of a
circular shifted sequence to that of the original sequence. Let X" denote the
sequence obtained by circularly shifting x" to the left by m places. Thus

Xom = Jemx (10.10)
If X(™ is the (GT), of x°", then from (10.1) and (10.10)
Xem = (1N [GADITx = (/N)[GAD) T [GAL)T X,
= [St™(D]X, (10.11)
where the shift matrix [S’ﬁ”’"(L)] relates the (GT), of x*" with the (GT), of x. This
shift matrix represents a unitary transformation and has a block diagonal

unitary structure [Y-18]. For N =16 and m = 1, the shift matrices are as
follows:
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r=0, (WHT),. The shift matrix [S’f)“’(4)] is described in (8.44).
r=1(CBT). '

. ) L[ 1=y 1+j] H
Seb(4)] = dia, 1, —1,—j;j,— , L
[STH(4)] g ]]2[_(1+j) —14j

3—J 1+ 1+ —QA+))
1 N : . .
H -4+n =347 147 —0+) | (10.12)
41 —A+) 1+ 1+ 3—j
-1 +)) l+j7 =3+ —(1+))
where the blank submatrices are the complex conjugates of the preceding
submatrices.
r=2.

1+ =+ -1+ 1=

15_55 s > s )
R TR L

[S51(4)] = diag [1, -

[S2,0(1)], [S2.:(D], [S2,2(1)], [Sz,s(l)]} (10.13)
where
0.8535 +0.3535  — 0.1465 + ;j0.3535 .
[Sz,o(l)] = . . = [Sz,s(l)]'X<
0.1465 — j0.3535 — (0.8535 + j0.3535)
and
0.1465 — j0.3535 — (0.8535 + j0.3535)
[S2,:(D)] = [ . . =[S, ,(1)]*
0.8535 +j0.3535  — 0.1465 + j0.3535
r =3 (DFT).
[S‘3°1)(4)] = diag[ WO, W8, W+, W2, w2, wi°, we, wi* w?t,
We, W3, Wi w3 wit, W W] (10.14)

where W = e~ J2%/16,

The unitary block diagonal structure of the shift matrices (10.12)-(10.14) is the
key to the circular shift-invariant property of the generalized power spectra. The
circular shift matrix of (10.14) has a diagonal structure and is characteristic of
the DFT power spectrum; that is, the DFT power spectral points represent
individual frequencies and are invariant to the circular shift of x. The power
spectra of all the other transforms, although invariant to the circular shift of x,
represent groups of frequencies, which are based on the block diagonal structure
of the corresponding shift matrices.

Based on (10.11)~(10.14) the generalized power spectra invariant to circular
shift of x can be expressed as follows:
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(i) r =0, (WHT), Power Spectrum.
21-1
Po(0) = [Xo(0)%,  PoD= Y Xom)?, [=1,2,...,L

m=21-1

(i) r= L — 1, DFT Power Spectrum.
Pr1(s) = [ XL 1 (L)%, s=0,1,...,N -1
(iii) r=1,2,...,L —2, a family of power spectra
P, = XD, [=0,1,...,27" 1

k+1-5)~-1
P2 rk= Y |IXm) (10.15)
m=k-s
fors=r+2,7r+3,..., L, k=2,2"4+1,...,2"*1 — 1, and
o r+1 - r+1
kos=Y ko2 k+l-s=Yk, 270 (10.16)
1=0 1=0

with k,and k;,/ = 0,1,...,r + 1, being the coefficients (0 or 1) of the (» + 2)-bit
binary representation of (k),, and (k + 1);, respectively.

Generalized expressions for the number of power spectral points for each
transform can now be obtained. In the case of the DFT power spectrum there are
N and N/2 + 1 independent spectral points, when the input sequence x is
complex and real, respectively. The decrease in the number of independent
spectral points when x is real is due to the folding phenomenon discussed in
Chapter 3. This phenomenon occurs in all the log, N spectra in the case of the
(GT), also, when x is real. The number of independent spectral points C, and R,
in a particular spectrum when x is complex and real, respectively, is given by

C,=2(L—r+1), r=0,1,...,L —1
Lel =9 10.17
UG+, r=12,...,L—1 (10.17)

For the purposes of illustration, the values of C, and R, are listed in Table 10.3
for N = 1024.

Table 10.3

Number of Independent Spectral Points for the Family
of Orthogonal Transforms

r C, R, r C, R,

0 11 11 S 192 97
1 20 11 6 320 161
2 36 19 7 512 257
3 64 33 8 768 385
4 112 57 9 1024 513
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From Table 10.3, it is clear that significant data compression is secured in the
spectra as r decreases from 9 to 0, which correspond to the DFT and (WHT),,
respectively: This data compression is achieved at the cost of specific infor-
mation because the power spectra, except for the DFT, no longer represent
individual frequencies. Based on the groups of frequencies represented by the
(GT), power spectra, this spectra can be related to the DFT spectra as follows:

r =0, (WHT),.
PO(O) = |Xo(0)|2 = 'XL*1(0)|2

20-1 21—-1

Pily= Y [Xm*= Y X (mM»P, =12, L

m=20-1 m=21-1

r=12,...,L—2.
P =1XDP =1Xp-: (m»)?,  1=0,1,...,27"1 —1

k+1-5-1 (k+1-5—1
P27 4+l)= Y INmPE= ¥ (X (mpPF (1018)
m=k-s m=k-s

fors=r+2,r+3,....,L,and k=2",2"+1,..., 2"t — 1,

10.4 Generalized Phase or Position Spectra [R-66]
The DFT phase spectrum is defined as
cos 0.-1(5) = Re[Xp— 1 (K /(PL- (N2, s=0,1,...,N—1 (10.19)

This spectrum characterizes the ““position” of the original data sequence x, since
it is invariant to multiplication of x by a constant, but changes as x is circularly
shifted. The corresponding phase or position spectrum for the (WHT), has also
been developed [A-8, A-16, A-17]. The concepts of the DFT and (WHT),, phase
spectra can be extended to define the (GT), position spectra (denoted 6,(/)) as
follows:

r = 0,(WHT), Position Spectrum.
06(0) = |Xo(0)I/(Po(0)!'?

0o(1) = i IXo(O20~ D2(Po()Y2,  1=1,2,...,L  (10.20)

k=21-1

r=1,2,....L—2.
0.0 = X)) 2, 1=0,1,...,27"" —1
(k+1-5)—1
0272+ k)= Y IXmo (P27 + k)T
m=k-s
for s=r+2,r+3,.. Lk=22+1..2"-1, and a=(k+15)

-5 (see (10.16)).
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Inspection of (10.20) shows that the concept of phase for (GT), is defined for
groups of frequencies whose composition is the same as that of the power -
spectra. This is in contrast to the DFT phase spectrum in (10.19), which is
defined for individual frequencies. However, all the spectra defined in (10.19)
and (10.20) have the common property that they characterize the amount of
circular shift of the data sequence x and are invariant to multiplication of x by a
constant.

10.5 Modified Geﬁeralized Discrete Transform [R-25, R-62]

By introducing a number of zeros in the transform matrices of (GT),, a
modified version called the modified generalized discrete transform (MGT), can
be developed [R-25, R-62]. The matrix factors of the (MGT), are much more
sparse than the corresponding factors of (GT),, and hence it requires a much
smaller number of arithmetic operations to evaluate the (MGT), than the (GT),.
Also, the circular shift-invariant power spectra of (GT), and the phase spectra
can be computed much faster using the (MGT),.

The (MGT), and its inverse are defined as

X, = (A/N)IM(D)]x and  x=[M(L)]*"X,, (10.21)

respectively, where X! = = {X,,,(0), X,.,(1), ..., X,,(N — 1)} is the (MGT), trans-
form vector and [M,(L)] is the 2L x 2F modified transform matrix, which is
unitary;

[M(D][MAL)I*" = Ny

Similar to (10.2), [M,(L)] can be factored into L sparse matrices as
L

[M.(D)] = [T [EP(L)] (10.22)

ji=1
where
[EV(L)] = diag[el2(i), V() ...,e? V@),  i=1,2,...,L

The submatrices [e’(i)] are given for i =1 by

1 WD
[ ] [=0,1,...,2" =1

(1 1 — WDy
(D] = 10.23
=9 o . (10.23)
L, I=2"+1,...,2k72 1
and for i # 1 by
[eP(1)] ® L1, [#2"
=<5
Le(0)] {2"/212,”, =2
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The transform matrices [M,(m)] can also be generated recursively:

1 1
MO =1, [M®D)] = [ _ J = [Hy(D)],

1
and
R e (%29

equen ~ seoena”
x( ) ‘ 116 Xmo(0)

RSS20

/AN

/)00 AP

. \\’M’I’)"A\ Xmo(5)

6 " Xmo(6)

7 Xmo (7)

Xmo(10)
Xmol11)
Xmo(12)
Xmo(13)
Xmo(14)

15 € -& ® Xmo(15)

Fig. 10.3 Signal flowgraph of (MGT), for N = 16.
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where the submatrix [C,(m — 1)] is obtained by replacing the (WHT), matrix in
(10.8) by the identity matrix of the same order and by introducing a multiplier
equal to the determinant of this Walsh-Hadamard matrix. For example, the
recursion relationship for r = 2 is

[My(m — )] | [May(m —1)] }

[M2(m)] = [

[Colm — D] | = [Cam — 1)) (10.25)
DSkgence Seargter
) 1/16 Xr(O)
T A==
2 \'IA\VVVI'A‘A . 1/16 Xe(2)
3 \\'IIA‘A‘A"A‘ 116 g% (3)

4 \‘\VV'III)X‘X‘X‘I ) V2716 g Xmi(4)
, WWITNN e e
6 \‘MWI”A\‘X J‘ /2716 ¢ x,1(6)
) AN
9 X‘X‘X’X‘X‘k\' 2716 o Xm(9)
0 X‘;’;’X“\\v } 2[5 gXm(i0)
. I’A‘A\\\‘X‘A" 2006 o Xmi(1N)
» JINNRXR e
SUNIIRN, ene
/AN

-1 J'

Fig. 10.4 Signal flowgraph of (MGT), for N = 16.
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(MGT), represents the following set of transforms:

(i) r =0 yields the modified BIFORE transform (MBT) or (MWHT)
[A-42, A-1, B-41].
(ii) r = 1yieldsthe modified complex BIFORE transform (MCBT) [R-28].
(iii) r = L — 1 yields the DFT [R-25, R-62].
(iv) Asrisvaried from 2 through L — 2, an additional L — 3 transforms are
generated whose complexity increases with increasing r.

Based on (10.22) and (10.23) the signal flowgraphs for efficient implemen-
tation of the (MGT), for » =0,1,2 in the case N =16 are shown in Figs.
10.3-10.5, respectively. When these are compared with Fig. 10.2, it is clear that
the (MGT), requires fewer arithmetic operations than the (GT),. In view of
(10.21) and (10.22), fast algorithms for the inverse (MGT), can be developed
easily.

10.6 (MGT), Power Spectra [R-25, R-62]

By a development similar to that described in Section 10.3, it can be shown
that the power spectra of the (MGT), that are invariant to circular shift of x are
the same as those of (GT),. The (GT), power spectra described in (10.15) can be
computed much faster using the (MGT),. The (GT), position spectrum
described in (10.20) can also be computed much faster using the (MGT), as
follows:

r =0, (WHT), Position Spectrum.
00(0) = |X,no(0)l/(Po(0))*/?

Oo() = 1 Xm0 " DI/(PoN'?, 1=1,2,... L

0. = | X(DI/(P,()?, [=0,1,...,27"1 ]
0,252 + k) = (X, (k - $)I/(P(25~% + k)2 (10.27)
fors=r+2,r+3,...,Land k=2",2"+1,...,27"1 — 1.
As an example, computation of the (GT), power and phase spectra through the
(MGT), is illustrated in Figs. 10.6-10.8 for N=16 and r=0,1, 2. It is

interesting to note that the original sequence x can be recovered from the power
and phase spectra for the entire (GT), family [R-66].
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10.7 The Optimal Transform: Karhunen-Loéve

The Karhunen-Loéve transform (KLT) is an optimal transform in a
statistical sense under a variety of criteria. It can completely decorrelate the
sequence in the transform domain. This enables one to independently process
one transform coefficient without affecting the others. The basis functions of the
KLT are the eigenvectors of the covariance matrix of a given sequence (Fig.
10.9). The KLT, therefore, diagonalizes the covariance matrix, and the resulting
diagonal elements are the variances of the transformed sequence. The KLT can
be considered a measure in terms of which the performance of other discrete
transforms can be evaluated. It is optimal in the following sense:

Basis function

Number
0
1 _‘_-’_‘_,_'_,__l—'"'l_l_r—'—'_a_\_
2—\—\_‘_| '_,_r—'—
—_ T
, el o
__,_J'_' I—L__,_r—'
4 = 5 —
_— T =
. e P o R
I L~ 1
6 N —] — 1
] - 1 L
7—|_r—lﬁl_'j [
| L =71 L
s —1 [ -
7 0 L
s L[l = [1
L Oo— O «=
10 1. Mo — 1 [
=/ 1) O 0O 0o =

t

1y
0 2 4 6 8 10 12 14 16

Fig. 10.9 Basis functions of the KLT for a first-order Markov process for p = 0.95 and N = 16.
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(i) Itcompletely decorrelates any sequence in the transform domain. For a
Gaussian distribution, the KLT coefficients are statistically independent.
(i) It packs the most energy (variance) in the fewest number of transform
coefficients. ‘
(i) It minimizes the mse between the reconstructed and original data for
any specified bandwidth reduction or data compression.
(iv) It minimizes the total entropy of the sequence.

In spite of these advantages, the KLT is seldom used in signal processing:

(i) There is no fast algorithm for its implementation, although efficient
computational schemes have been developed for certain classes of signals [J-4,
J-5,J-6, J-7, J-8, J-9]. )

(i) There is considerable computational effort involved in generation of
eigenvalues and eigenvectors of the covariance matrices.

(iii) The KLT is not a fixed transform, but has to be generated for each type
of signal statistic.

(iv) Itinvolves development of the covariance matrices for the random field.
This involves large amounts of sampled data.

The KLT is an orthogonal matrix whose columns are the normalized
eigenvectors of the covariance matrix X, of a given sequence, where

2D = E[{x()) — x()H{x*(k) — x*(k)}]
= o2, (10.28)

the covariance between x(;) and x(k). In (10.28), E is the expectation operator
and overbar labels the statistical mean. If [K(L)] is the KLT matrix, then

[K(IDI 2 LD)][K(D]™ = [Z(D)]xur = diag[lodidy - Ay-1]  (10.29)

where 4;, the jth eigenvalue of [2,(L)], is the variance of the jth KLT coefficient
X()), [Zo(L)]kor is the covariance matrix of x in the KL'T domain, and N = 2F
is the size of the transform.

In (10.29), [K(L)] is arranged such that

ozl Zzh = =2y

In view of (10.29) the KLT is also called the eigenvector transform. It is also
named the principal component transform and Hotelling transform. If only the
first M < N coefficients of X, are chosen for reconstruction of x, then the mse
between x and its estimate X is

N—-1
s=E(x—%) =Y A (10.30)
k=M

The mse given by (10.30) is minimum for the KL'T compared to that for any
other discrete orthogonal transform. The KLT and its inverse can be defined as

X, = [K(L)]x, and  x=[K(L)]*X, (10.31)
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respectively, where [K(L)]*T = [K(L)] ~'. For a first-order Markov process
techniques have been developed for (recursive) generation of the eigenvalues and
eigenvectors of X, [P-17, P-5].

In view of (10.31) and the properties of the KLT, in problems involving data
compression and bandwidth reduction, the transform coefficients with the
largest variances are selected for processing. Those coefficients with small
variances are either discarded or extrapolated at the receiver [P-12, J-9]. This
technique also is applied in pattern recognition; that is, the KLT coefficients
with the largest ‘variances are selected as features for classification and

H» O O NOOO
T T

Variance distribution

o
»
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Transform component number

T T 11

! I ! ! L n

Fig. 10.10 Variance distribution for a first-order Markov process for p = 0.9 and N = 16 for
various transforms: , HT, CHT; -—-, WHT; — - —,DCT; ---, DFT; x—x , ST.
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recognition [A-43, A-32]. It may be pointed out that the KLT is not necessarily
optimal for multiclass classification, and a generalized KLT with applications to
feature selection has therefore been developed [C-28, N-11]. For purposes of
comparison, the variance distribution (the variance of a sequence in the
transform domain) is listed in Table 10.4 for the first-order Markov statistics
with correlation coefficient p = 0.9 for a number of discrete orthogonal
transforms (see Fig. 10.10). For the KL T the variances are the eigenvalues of 2,
and for other transforms the variances are the diagonal elements of .

Table 10.4

Variance Distribution for First-Order Markov Process Defined by p = 0.9 and N = 16 Where i is the
Transform Coefficient Number

Transform

HT CHT WHT DCT DFT ST (SHT), (HHT), (HHT),

1 9.8346 9.8346 9.8346 9.8346 9.8346 9.8346 9.8346 9.8346  9.8346
2 2.5364 25364 2.5360 29328 1.8342 2.8536 2.7765 2.5364  2.5364
3 0.8638 0.8635 1.0200 1.2108 1.8342 1.1963 1.0208 1.0209 1.0209
4 0.8638 0.8635 0.7060 0.5814 0.5189 0.4610 0.4670 0.7061 0.7061
5 0.2755 0.2755 0.3070 0.3482 0.5189 0.3468 0.3092 0.2946  0.3066
6 0.2755 0.2755 0.3030 0.2314 0.2502 0.3424 0.3031 0.2946  0.3031
7 0.2755 0.2755 0.2830 0.1684 0.2502 0.1461 0.2837 0.2562  0.2864
8 0.2755 0.2755 0.2060 0.1294 0.1553 0.1460 0.2059 0.2562  0.2059
9 0.1000 0.1000 0.1050 0.1046 0.1553 0.1047 0.1042 0.1024  0.1038
10 0.1000 0.1000 0.1050 0.0876 0.1126 0.1044 0.1042 0.1024  0.1038
11 0.1000 0.1000 0.1040 0.0760 0.1126 0.1044 0.1034 0.1024  0.1034
12 0.1000 0.1000 0.1040 0.0676 0.0913 0.0631 0.1034 0.1024  0.1034
13 0.1000 0.1000 0.1030 0.0616 0.0913 0.0631 0.1010 0.0976  0.1013
14 0.1000 0.1000 0.1020 0.0574 0.0811 0.0631 0.1010 0.0976  0.1013
15 0.1000 0.1000 0.0980 0.0548 0.0811 0.0631 0.0913 0.0976  0.0913
16 0.1000 0.1000 0.0780 0.0532 0.0780 0.0631 0.0913 0.0976  0.0913

RaTE DisTorRTION  Another criterion for evaluating the orthogonal transforms
is the rate distortion function. The rate distortion function yields the minimum
information rate in bits per transform component needed for coding such that
the average distortion is less than or equal to a chosen value D(6) (see (10.33)) for
any specified source probability distribution. It has been shown [P-20, D-3] that
for a Gaussian distribution and for mse as a fidelity criterion, the rate distortion
R(D) can be expressed

N
R(D) = % Y. max |:O, log (%)} (10.32)
i=1

where J; is the ith eigenvalue for the KLT or ith diagonal element of the
covariance matrix in the transform domain for any other transform and where 0
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is any parameter satisfying the relation

N .
D(0) = L >, min[6, 4] (10.33)
N i=1

The rate distortion is a measure of the decorrelation of the transform
components because the distortion can be spread uniformly in the transform
domain, thus minimizing the rate required for transmitting the information. In
Fig. 10.11 the rate is plotted versus distortion for a first-order Markov process
for N =16 and p = 0.9 for a number of transforms. Inspection of this figure
shows that the KLT is best in terms of rate distortion, with the DCT and DFT
very close (HHT),, (HHT),, HT, and WHT following. The identity transform is

the least favorable in that it maintains the correlation in the signal.
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Fig. 10.11 Rate versus distortion of a first-order Markov process for p = 0.9 and N =16
(1 nat = 1.44 bits; i.e., log, e = 1.44).

10.8 Discrete Cosine Transform

The discrete cosine transform (DCT) [K-34, D-10, N-33, S-13, H-15, H-16,
W-17, M-15, M-14, P-18, G-10, G-26], which is asymptotically equivalent to the
KLT (see Problem 14), has been developed by Ahmed et al. [A-28]. The basis
functions of the DCT are actually a class of discrete Chebyshev polynomials
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[A-28]. The DCT compares very closely with the KLT in terms of variance
distribution, Wiener filtering, and rate distortion [A-28, A-1]. Several algo-
rithms for fast implementation of the DCT have been developed [A-28, H-15,
A-1, C-20, W-17, M-15, M-14, W-16, L-9, M-7, D-10, N-33, B-17, N-12, C-35,
K-35], and digital processors for real time application of DCT to signal and
image processing have been designed and built [W-17, M-15, M-14, W-16, L-9,
B-17, W-26, R-24, F-25, C-52, J-15, S-37]. Also, the effect of finite wordlength
on the FDCT processing accuracy has been investigated [J-16]. In terms of
variance distribution the DCT appears to be a near optimal transform for data
compression, bandwidth reduction, and filtering. (See the problems at the end of
this chapter for illustration of these properties.)

The DCT of a data sequence x(m), m = 0,1,...,N — 1 and its inverse are
defined as
2c¢(k) N1 2m + Dk
X.(k) = %) Y x(m)cos[u}, k=0,1,...,N—1
N = 2N
N-t 2m + Dk
xm)= Y c(k)XC(k)cos[%%}, m=0,1,...,N—1 (10.34)
k=0

respectively, where

1/2, k=0
ctk) =
1, k=1,2,...,N—1
and X (k), k =0,1,...,N — 1, is the DCT sequence. The set of basis functions
{(1 /\/5, cos[(2m + 1)kn/2N]} can be shown to be a class of discrete Chebyshev
polynomials [A-28].

Fast ALcoriTHMS —Several algorithms involving real operations only have been
developed for computing the DCT [C-20, N-33, D-10, M-7]. One technique that
can be extended to any integral power of 2 and can be easily interpreted is
described next.
Equation (10.34) can be expressed in matrix form as

X, = (2/N)[A(L)]x (10.35)
where x and X, are the N-dimensional data and transform vectors, respectively,
N =2 and

[A(L)] i = c(k)cos[(2m + 1)kn/2N], mk=0,1,...,N—1

[A(L)] can be factored into a number of sparse matrices recursively as follows:

[AL-D][ 0 }
A(L)] = [P(L By 10.36
[A(D)] [()][ 0 REZ — D] [By] ( )

where

[R(L—l)]z{c(k)cos[ mk=0,1,...,N2—1

2m + D)2k + 1)nj|}
2N ’
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TN/2:|, [BN] _ |:_ IN/Z

Iy Iy,

1, is the opposite diagonal matrix,

I, =

0 1

. 0

IN/Z

]

IN/Z

(10.37)

and [P(L)] is a permutation matrix that rearranges X,(k) from a BRO to a
natural order. The DCT matrix [A(L)] can be generated recursively from

(4] =

and from the decomposition

v

of [R(L —1)],

[R(L = D] = [My(L = DIIM2(L— DIIM3(L — D][M4(L — 1)]
X o X [MZIOgZN—B\(L —1)]

or simply

[R(L - 1)] = [Ml] [Mz] [M3] [M4] e [MZIngN—3]

Details of (10.38) are

—_— a,
2N
a;
2N

M,

— 5o

| - s
MZ = (dlag[B2> BZ: B2a BZ: .

1
-

_ S’ll’or/zs
C

Cav
&
S Cow
Sqw Cop
i
i
ces BZs BZ])
S
b
- CN'/z
1 0
0 1
Chs
Shus

(10.38)

(10.39a)

(10.39b)

(10.39¢)
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M4 = (dlag[B4a B43 B45 B4a e B4> B4])

-1, |
- C?\M B SJC\}M
~ it — T
M5 =
0 I,
- S Cli
Ciye Sivi
L 0
M6 = diag[‘B83 EB! BB, BSa sy BSa E8]
B IN/16 B
-G S
— st e
B IN/16 0
[MZ logszS:l - B 0 IN/16
T e
G S3
. 0
[M310g,8-a] = (diag[Byal, [EN/4])
Iys | O 00
- : 0 |-cl|ci| 0
2logoN—31 — 0 Ci Ci O
0] 0 |0 |1y,
where

[S7] = (sin(kn/i))[Iny2i],

[S‘ﬂ = (sin(km/i)) [TN/Zi]

[C?] = (cos(km/i)) [TN/Zi]

[Cﬂ = (cos(kn/i))[In;2i]

The M matrices are of four distinct types:

Type 1.
Type 2.
Type 3.
Type 4.

[M,], the first matrix.
[M3 10, v 3], the last matrix.

389

(10.39d)
0-
I,
(10.39)
(10.39f)

0 ]

IN/16 -
(10.39g)
(10.3%h)

(10.391)

(10.40)

[M,], the remaining odd numbered matrices [M3], [Ms],... .

The even numbered matrices [M,], [M,],... .
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Type 1: [M,] is formed with submatrices S5, S%,, C%y, C%, where the
values of g; are the binary bit-reversed representation of N/2 +j—1 for
j=1,2,...,N/2.

Type 2: The development of [M;y,,,n—3] 18 clear from (10.39a)~(10.391).

Type 3: The remaining odd matrices [M,] are formed by repeated con-
catenation of the matrix sequence Iy, — C¥, — S%, and Iy, where
i= N4~ V72 for j=1,2,...,i/8 along the upper left to middle of the main
diagonal and the matrix sequence Iy,5;, C¥, S¥, and Iy, forj = i/8 + 1,...,i/4
along the middle to lower right. The opposite diagonal is formed similarly, using
the matrix sequence Oy,;, %, — C¥, Oy/,; along the upper right to middle and
the matrix sequence Oy,,;, — S, C¥, Oy,; along the middle to lower left where 0,
is a I x [ null matrix. Repeated concatenation of a matrix sequence along a
diagonal is clearly illustrated in (10.39), where for clarity the k; have been
replaced by b;, ¢j, . .. because the value of k; depends on the matrix index ¢. For
this type of matrix, the values of the k; are the binary bit-reversed variables
if4d+j— 1.

Type 4: This is clear from M,, M,, Ms,..
(10.392)-(10.391).

For purposes of illustration [R(3)] follows.

-

-y Mo, n—4 described in

COSZ ]

i T
Sz 32

[R(3)]=

in9xw
sin32
inin
SlIl32

11m

— smﬁ

T
COsg

nk

— Sing

[en iy

n3n

— SIIk ]
3n
COS 8
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SIn 32
3%
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u
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3
COS%g

cos3z
cos3z
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— 1 1 -
1 1
1 -1 0
N 1 -1
—1 1
-1 1
0 1 1
n 1 1]
1 0]
1 _ 0
—cosy cosy
x —cosy cos; (10.41)
COSZ COSZ
cosy cosy
0 1
|0 1]
Data sequence ] Transfom sequence

crm/4 : :
QG Xc(2) 1Xc(4) IXc(B)
]
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31r/8 !

“xc(3) .x (6) X (12)

___________________
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:
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|
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Fig. 10.12 Signal flowgraph for efficient computation of the DCT for N = 4, 8, 16 [C-20]. For
notational simplicity, the multiplier cf and s6 stand for cos # and sin 0, respectively.
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The signal flowgraph based on (10.35), (10.36), and (10.41) for computing the
fast DCT is shown in Fig. 10.12. For brevity of notation in the figure the
multipliers c@ and s0 replace cos § and sin 6, respectively. For this flowgraph the
following comments are in order:

(i) The signal flowgraph for N = 16 automatically includes the signal
flowgraphs for N = 4 and 8. This follows from the recursion relation described
by (10.36).

(ii) For every N that is a power of 2 the DCT coefficients are in BRO.

(iii) As N increases the even coefficients of each successive transform are
obtained directly from the coefficients of the prior transform by doubling the
subscript of the prior coefficients.

(iv) The extension of the signal flowgraph in Fig. 10.12to N = 32,64, .. .1s
straightforward.

(v) The DCT coefficients at each stage (N = 4, 8, 16, 32) can be normalized
by the multiplier N/2.

(vi) Since [4(L)] isan orthogonal matrix (i.e., [4(L)] "' = 3N[A(L)]") and
using (10.36) and (10.39), the signal flowgraph for the fast inverse DCT can be
easily developed.

(vii) The fast algorithm requires only 3N(log, 3N) + 2 real additions and
N(log, N) — 2N + 4 real multiplications. This is almost six times as fast (Fig.
10.13) as the conventional technique using a 2N-point FFT [A-1, A-28]. (See
also (10.42).)

5000
[ Convenventional FDCT using 5000 Conventional FOCT using
i 2N-point FFT L 2N-point FFT
1000 1000 |
2 E
<} o » E
= 500 € 500}
=) - = -
8 8
5 - s
5 3
2 o0} N_FDCTof Chen  E 50| FDCT of Chen
3 E et al. [C-20] 5 F et al. [C-20]
d N E
50 r g 50 C
E
€ L
Z
b 10
10 F 3
L L : L I 1 L1 ] I ! I I
0 4 8 16 32 64 128 0 4 8 16 32 64 128
N N
(a) (b)

Fig. 10.13 Comparison of (a) additions and (b) multiplications required for conventional
FDCT, FFT, and FDCT of Chen et al. [C-20].
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The DCT in (10.34) can be expressed alternatively
2c(k)
N

2N—1
X.(k) = Re|:e’j""’” Y x(m)Wg',’;], k=0,1,...,N—1 (10.42)
. m=0

where W,y = exp(— j2n/2N) and x(m) =0, m=N, N+ 1,...,2N — 1. This
impligs that the DCT of an N-point sequence can be implemented by adding N
zeros to this sequence and using a 2N-point FFT [A-28, A-1]. Other operations
such as multiplication by exp(— jkn/2N) and taking the real part are also
needed. This is shown in block diagonal form in Fig. 10.14. Using the FFT on
two N-point sequences, Haralick [H-15] developed a DCT algorithm that is
more efficient computationally and in terms of storage than implied by (10.42).

Augmented sequence
c(k) exp(-jkw/2N)
x(0), x(1),...., x(N-1),0,0,....,0 Even DCT
2N-point Real

X —

FFT part

Fig. 10.14 Computation of even DCT by even-length extension of x (see Problem 17).

Corrington [C-35] has also developed a fast algorithm for computation of the
DCT involving real arithmetic only. This algorithm appears to be comparable to
that of Chen et al. [C-20]. Based on this algorithm a real time processor for
implementing a 32-point DCT utilizing CMOS/SOS-LSI circuitry has been built
for transmitting images from a remotely piloted vehicle (RPV) with reduced
bandwidth [W-17]. Belt et al. [B-17] and Murray [M-36] have also developed a
DCT algorithm on which real time processors have been designed and built.
Narasimha and Peterson [N-33] have developed a fast algorithm for the 14-
point DCT.

10.9 Slant Transform

Enomoto and Shibata [E-8, S-15] originally developed the first eight slant
vectors. This was later generalized by Pratt ez al. [C-25, P-15, P-16, C-26], who
also applied the slant transform (ST) to image processing. Slant vectors are
discrete sawtooth waveforms that change (decrease and increase) uniformly over
their entire lengths. These vectors can therefore represent efficiently the gradual
brightness changesin a line of a TV image. The ST matrix is designed to have the
following properties:

() an orthonormal set of basis vectors,
(i) one constant basis vector,
(iii) omne slant basis vector changing uniformly over the entire length,
(iv) sequency interpretation of the basis vectors,
(v) variable size transformation,
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(vi) a fast computational algorithm, and
(vii) high energy compaction.

The ST matrices can be generated recursively as products of sparse matrices,
leading to the fast algorithms. For example, ,

1

0o 1 0 .
_ s
[SQ)] = % bs —ai by [[ (1] } (10.43)

1

- b4 ay b4 ay

where

s _II:I 1:|
swr =21y

and a, and b, are scaling constants. From (10.43)

1 1 1 1
1 as+bs ay—bs —as+bs, —a,—b,
[SQ)] = 7 | o 7 1 (10.44)
a4—b4 —a4—‘b4 a4+b4 —'a4+b4

The step sizes between adjacent elements of the slant basis vector (row 2 above),
2by, 2a4 — 2b,, and 2b,, must all be equal (see property (iii)). This implies that
a4 = 2b,. The orthonormality condition [S(2)][S(2)]T = I, leadsto b, = 1/\/5.
Substituting for a, and b, in (10.44) results in

no. of sign
changes
1 1 1 1 0
1 1/./5(@3 1 -1 -3 1
[S(2)]=—4 (/\/)(1 1 1 1) ’ (10.45)
a/»Ha -3 3 —nf 3

Besides being orthonormal, [S(2)] also has the sequency property; that is, the
number of sign changes increases as the rows increase. [.S(3)] can be developed
from [S(2)] as follows:

1 0 0 0| 1 0 0 0]
ag bs 0 0 |—ag bg 0 0
0 0 1 0] 0 0 1 0
1 0 0 010 O 0 1
[S(3)]=—ﬁ 0 1 00]0 =1 0 0
—bg ag 0 0| by ag 0 0
o o0 10/ 0 0 —1 0
L0 0 0 1] 0 o 0 —1 _

x (diag[[S(2)], [S@)1]) (10.462)
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where as = 4/,/21 and bg = ,/5/21. This yields

B 11 1 1 1 1 1 17

/20 5 3 1 -1 =3 =5 -7)

AA/HE 1 -1 =3 =3 -1 1 3)

(1 /105(7 -1 -9 —17 17 9 1 =7)

1 -1 -1 11 -1 -1 1

1 -1 -1 1 -1 1 1 -1

a/s5a =3 3 -1 -1 3 =3 1
I/Ha -3 3 -1 1 =3 3 -1) |
(10.46b)

The first 16 slant vectors are shown in Fig. 10.15. The recursion shown in
(10.46a) can be generalized as follows:

1
SB3)] =-——

Waveform number

o - 1
1J—‘_\_“‘—\__
]
zb.v,il_
3%

P S s S o
I W

P S I o
R e

T T Y I

L1l
0 2 4 6 810121416

Fig. 10.15 Slant transform waveforms for N = 16 [P-15].
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B 1 0 1 0]
0 0
ay by —ay by
1 0 IN/Z—Z 0 IN/Z*Z
S(L)] =—=
| R TR T
_bN ay bN an
O IN/Z—Z 0 ‘ _IN/Z—Z _
x (diag[[S(L — D], [S(L — DI (10.47)
where
a, = 1, bN = 1/(1 + 401%/‘2)1/2, ay = 2bNaN/2, N = 4, 8, 16, [P
(10.48)

Fast algorithms for efficient computation of the ST involve factoring the ST
matrices into sparse matrices. For example, [S(2)] and [S(3)] can be factored as

1 1 0 0 1 0
Ll a /50 o3 1 01
[S(z)]_ﬁ 1 -1 0 0 10
1//9H0 0 1 -3) 0 1
1 0 o o] 7]
0 by ag 0,
; 1o o o 1
[S()]=ﬁ 0 ag —bg O
0 | 1
JAK A
x| 001 0{00 1 0
0010[00 -1 0
000 1[00 0 -1
Lo 00 1|00 0 1.

x (diag[[S(2)], [S()]])

The flowgraphs based on (10.49) and (10.50) for implementation of the ST
are shown in Figs. 10.16 and 10.17, respectively. Computations similar to those
for the FFT (see Section 4.4) show that the ST of a data sequence of

0
1

0 (10.49)

1
0
—1
0

(10.50)
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Data sequence ) Transform sequence
x( ) Xs{ ) 7
o] ) O

Fig. 10.16 Signal flowgraph of the ST for N = 4. (For simplicity, the multiplier 1/\/2 is not
shown.)

Data Transform
sequence sequence
x( ) Xl )

Fig. 10.17 Sigrlil flowgraph of the ST for N = 8. (For simplicity, the multiplier 1/\/5 is not
shown.) ag = 4/,/21, bg = \/5/21.
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length N requires N log, N + (N/2 — 2) additions (subtractions) and 2N — 4

multiplications. The ST and its inverse are defined as :
X, =[S(DIx,  x=[SWI'X (10.51)

respectively, where [S(L)]T = [S(L)] ~'. The signal flowgraphs for implement-
ing the inverse ST are shown in Figs. 10.18 and 10.19 for N=4 and 8,

Transform Data
sequence sequence
Xs( ) x( )

0]

Fig. 10.18 Signal flowgraph of the inverse ST for N = 4. (For simplicity, the multiplier 1 /\/ 4is
not shown.)

Transform Data
sequence sequence
Xg( ) x()

0

Fig. 10.19 Signal flﬂvgraph of the inverse ST for N = 8. (For simplicity, the multplier 1 /\/ 3 is
not shown.) ag = 4/,/21, bs = \/5/21.
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respectively. These result from the property [S(L)] ~! = [S(L)]" and from the
sparse matrix factors shown in (10.49) and (10.50). The flowgraphs for the ST
and its inverse as shown here do not have the in-place structure. Ahmed and
Chen [A-39] have developed a Cooley-Tukey algorithm for the ST and its
inverse that has the in-place property and programming simplicity. This can be
implemented by a simple modification of the Cooley-Tukey algorithm used to
compute the (WHT),. Ohira et al. [O-18, O-19] have designed and built a 32-
point ST processor for transform coding of National Television Systems
Commission (NTSC) color television signals in real time.

10.10 Haar Transform

The Haar transform (HT) [A-5, A-22, A-32, A-41, L-10, A-1, W-23, W-37,
D-9] is based on the Haar functions [S-14], which are periodic, orthogonal, and
complete (Fig. 10.20). The first two functions are global (nonzero over a unit
interval); the rest are local (nonzero only over a portion of the unit interval).

1 T —— —
2 I
—1
3 f ]
| I
ol
[
5 ]
L]
6 ]
. ]
B L_
8
L
o ] . |
L Fig. 10.20 Haar functions for N = 16.

0 4 8 12 16
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Haar functions become increasingly localized as their number increases. The
global/local structure is useful in edge detection and contour extraction when -
applied to image processing. This set of functions was originally developed by
Haar [H-13] in 1910 and has subsequently been generalized to a wider class of
functions by Watari [W-24]. Haar functions can be generated recursively.
Uniform sampling of these functions leads to the Haar transform. Both the HT
and its inverse are defined as

Xu =.(I/NM)[Ha(L)]x  and  x = [Ha(L)]"X,, (10.52)

respectively, where the N x N Haar matrix [Ha(L)] is orthogonal:
[Ha(L)][Ha(L)]T = NIy. The Haar matrices are

1 1 1 1

11 1
[Ha(l)]z[1 _1] Ha@I=" 20 -1 o o

J200 0 1 -1
-1 1 1 1 1 1 1 17
111 1 -1 =1 -1 -1
J20 1 -1 -1 0 0 0 0
[Ha(3)] = J20 0 0 0 1 1 -1 -1
2 -2 0 0 0 0 0 0
0o 0 2 -2 0 0 0 0
0o 0 0 0 2 -2 0 0
-0 o o0 o0 0 0 2 —2d
(10.53)

Higher order Haar matrices can be generated recursively as follows [R-35]:

[Ha(k)] ® (1 1)} o1

¥, @0 —1) (10.54)

[Ha(k + 1)] = [

Haar matrices can be factored into sparse matrices, which lead to the fast
algorithms. Based on these algorithms both the HT and its inverse can be
implemented in 2(N — 1) additions or subtractions and N multiplications. The
matrix factors for (10.53) are

(T L1 1)
ma(z”‘(‘hag[[l —J’ﬁh})[e@(l —1)}

Cm CMhea 1
won-(on[, ] nalol220 2]

Lea 1
|rea -n) (1022
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This factoring can be extended to higher order matrices. For example,

A Y o

x <di§g[[14®(1 1)] 23/218D[13®(1 1)} (10.56)
Lol -1]’ Ll -1

The flowgraphs for fast implementation of the HT and its inverse for N = 8 and
16 are shown in Figs. 10.21 and 10.22, respectively. Like the ST, these
flowgraphs do not have the in-place structure. A Cooley-Tukey type algorithm
that restores the in-place property has been developed by Ahmed et al. [A-40].
Fino [F-11] has demonstrated some simple relations between the Haar and
Walsh-Hadamard submatrices and has also developed various properties
relating the two transforms.

Data Transform
sequence sequence
x( ) 1/8 xha( )

(a)

Transform Data
sequence sequence
Xpal ) x( )

Fig. 10.21 Signal flowgraphs for computing (a) the HT and (b) its inverse for N = 8.
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10.11 Rationalized Haar Transform

Haar matrices (10.53) and (10.54), and therefore their sparse matrix factors
(10.55), contain irrational numbers (powers of \/5). Lynch et al. [L-10, L-11,
R-37] have rationalized the HT by deleting the irrational numbers and
introducing integer powers of 2. The rationalized HT (RHT) preserves all the
properties of the HT and can be efficiently implemented using digital pipeline
architecture. Based on this structure, real time processors for processing
remotely piloted vehicle (RPV) images have been built [L-10, R-37].

The rationalized version of (10.52) is

X =[Rh(D)]x, x=[Rh(D)]T[P(L)]X, (10.57)

where [Rh(L)]T[P(L)] = [Rh(L)] ™!, [Rh(L)] is the RHT matrix, X,,(m),
m=0,1,..., N — 1,are the RHT components of the data vector x, and [ P(L)] is
a diagonal matrix whose nonzero elements are negative integer powers of 2. For
example,

1 1 1 1
1 17 - 1 1 -1 —1
[Rh(1)] = [1 B J, [Rh(2)] = 1 —1 0 0
0 0 1 -1
1 1 1 1 1 1 1 17
1 1 1 1 -1 —1 —1 —1
1 1 -1 —1 0 0 0 0
0O 0 o0 0 1 1 -1 —1
[RhI=1, 4 o o0 o0 o0 o0 0]
0 0 1 -1 0 0 0 0
o o0 o0 o0 1 -1 0 0
Lo o o0 O 0 0 1 —1_
[Rh(4)] =

- 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 17
1 1 1 1 1 1 1 Il -1 -1 -1 -1 -1 -1 -1 -1
1 1 1 1 -1 -1 -1 -1 0 0 0 0 0 0 0 0

1 1 -1 -1

L 1 —1 -
(10.58)
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Data Transform
sequence sequence
x( ) Xen( )

Transform (a) Data
sequence sequence
Xen( ) >3 x( )

Fig. 10.23 Signal flowgraphs for computing (a) the RHT and (b) its inverse for N = 8.

and

[P(2)] = diag[272,272,271,271]

[P(3)] =diag[273,273,272,272 271 271 271 2713

[P(4)] = diag[2™%,274,273,273,272,272/ 272 272 271 2-1 -1
271 271 271 271 271]

The matrix factors of [Rh(L)] are

1 1 L®((1 1
won- (o[} _IJJ[20 )
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. 1 1 . I, ®(1 1)
(RG] :<dlag[[1 —1]"6D<d‘ag[[lz @ —n]”“D
.[14®(1 1)]
X
Led -1
Mmoo Lo 1)
[Rh(“)]:(dlag[[l —1]’1”}’[[1@(1 —IJ’I”D

' I 1 1 I 1 1
x (diag [[ A )]],18>[ 5 ® )} (10.59)
Lot -l )lsea -1
Comparison of (10.59) with (10.55) and (10.56) reveals that the structure of the
flowgraphs for fast implementation of RHT is identical to that of the HT except

for some changes in the multipliers. The flowgraphs for RHT and its inverse for
N = 8, for example, are shown in Fig. 10.23.

10.12 Rapid Transform

The rapid transform (RT) [R-34, W-3, U-1, K-8, N-9, N-10, B-41, S-36,
W-18, W-19, W-20, W-32], which was developed by Reitboeck and Brody
[R-34], has some very attractive features. It results from a minor modification of
the (WHT),,. The signal flowgraph for the RT is identical to that of the (WHT),
except that the absolute value of the output of each stage of the iteration is taken
before feeding it to the next stage (Fig. 10.24). The RT is not an orthogonal
transform as no inverse exists. The signal can be recovered from the transform
sequence with the help of additional data [V-1]. The transform has some
interesting properties (apart from its computational simplicity), such as
invariance to circular shift, to reflection of the data sequence, and to a slight
rotation of a two-dimensional pattern. It is applicable to both binary and analog
inputs and can be extended to multiple dimensions. The algorithm based on the
flowgraph shown in Fig. 10.24 can be implemented in Nlog,N additions and
subtractions (where N is the dimension of the input data and is an integral power
of 2) and has the in-place structure. Improved algorithms for computation of the
RT have been developed by Ulman [U-1] and Kunt [K-22]. It has been applied
to the recognition of hand- and machine-printed alphanumeric characters
[R-34, W-3, N-9, N-10], including Chinese characters, and also to phoenemic
recognition [B-19] and to scene matching [S-36]. Feature selection, recognition,
and classification have to be carried out in the RT domain because the RT has no
inverse.

The properties of RT as developed by Reitboeck and Brody [R-34] are as
follows:
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Data sequence Transform sequence
x( ) Xg7( )

A Notation A
B>|A+Bl Be-—————"J9|A-g|

Fig. 10.24 Signal flowgraph for the rapid transform for N = 8 [R-34].

(1) Circular Shift Invariance The RT is invariant to circular shift of the
data sequence (Fig. 10.25):
RT{x(0)x(1) - - - x(N — 1)}
= RT{x(Dx(I + 1) - - x(N — Dx(0)x(1) - - - x(I — 1)}

(ii) Reflection Invariance The RT is invariant to reflection of the data
sequence:

RT{x(0)x(1) - - x(N — 1)} = RT{x(N — Dx(N — 2) - - - x(1)x(0)}

(iii)  Periodicity of the RT Components Periodicity in the data sequence or
in the pattern domain corresponds to a null subspace (all zeros) in the RT
domain. A null range or subspace in the data sequence or in the pattern domain
results in periodicity in the RT domain (Figs. 10.26 and 10.27).
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Fig. 10.27 The shift invariant and periodicity property of RT

Fig. 10.26 (2) [R-34].
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(iv) Invariance to Small Rotation and Inclination The RT is invariant to
inclination and small rotation (10°-15°) of the input pattern as long as the
general shape of the input pattern is preserved.

Wagh and Kanetkar [W-18, W-19, W-20, W-21, W-22] have further
developed the properties of the RT and extended it to a class of translation
invariant transforms. Because the RT involves only additions and subtractions
and has a fast algorithm, its implementation is very simple. Because of its
invariance to circular shift, slight inclination, and pattern rotation, the RT
appears to be a valuable tool in character recognition. Burkhardt and Muller
[B-41] have developed additional translation invariant properties of the RT.

10.13 Summary

In this chapter we developed a number of discrete transforms, including the
generalized (GT), and modified generalized (MGT), transforms. The family of
the (GT), span from the (WHT), to the DFT. The circular shift invariant power
spectra and the phase spectra of the (GT), and (MGT), were found to be

Table 10.5

Approximate Number of Arithmetic Operations (Real or Complex) Required for
Fast Implementation of Various Discrete Transforms®

No. of arithmetic operations required

Transform

Real Complex
HT 2N -1
RT N logzN} . .

additions or subtractions

WHT Nlog,N.
(HHT), 4N2-1)+N=3N—-4
(HHT), 8(N/4 — 1)+ 2N =4N -8
(HHT), 16(N/8 — 1) + BN =5N — 16
(DLB) Nlog,N (integer arithmetic)
(HHT), YN/ — 1)+ rN=[(r + 2)N — 2"71]
(SHT), (r+2)N =21
ST Nlog,N + (2N — 4)
CHT 3N — 4
DFT Nlog, N
DCT Nlog, N
DST 2Nlog,(2N)
KLT N? N2

% An arithmetic operation is either a multiplication or an addition (sub-
traction). Note that the RT and WHT require additions only. The KLT has no
fast implementation except for certain classes of signals. The arithmetic
operations required for the KLT can be real or complex depending on the
covariance matrices. Reference [A-45] lists the arithmetic operations required
for image processing based on various transforms.
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identical. These spectra can be computed much faster using the (MGT), rather
than the (GT),. The complexity (both software and hardware) of these
transforms increases as r varies from 0 through L — 1. The Karhunen-Loéve
transform (KLT), which is optimal under a variety of criteria, was defined and
developed. Various other transforms such as the slant (ST), Haar (HT),
rationalized Haar (RHT), and rapid (RT) transforms were also described and
fast algorithms leading to their efficient implementation were outlined. The
computational complexity of these transforms is compared in Table 10.5. All
these transforms can be extended to multiple dimensions where such properties
as fast algorithms and shift-invariant spectra are preserved. The discrete
transforms described in this chapter have been utilized in digital signal and
image processing fields and also have been realized in hardware.

PROBLEMS

1 From Fig. 10.2 and Table 10.2 obtain the matrix factors for the (GT),,r = 0, 1, 2, 3. Show that
these matrix factors can be obtained from (10.2) and (10.3). Verify that these matrix factors forr = 0
and 3 correspond to those for the (WHT), and DFT, respectively.

2 Using (10.2) and (10.3) develop the matrix factors for the (GT), for r = 0, 1, 2 and N = 8. Based
on these sparse matrix factors develop the signal flowgraph (see Fig. 10.2) for the fast
implementation of the (GT),.

3 Repeat Problems 1 and 2 for the (MGT),. (See Figs. 10.3-10.5.)
4 Obtain the shift matrices for the (MGT), analogous to (10.12) and (10.13).

5 Itisstated in Section 10.6 that the circular shift invariant power spectra of (GT), and (MGT), are
one and the same. Verify this.

6 Verify (10.18).

7 Develop the 8-point transform matrices for the (GT), for r = 1, 2 and the (MGT), for r = 1.
Show that [G,(3)] is the DFT matrix whose rows are rearranged in BRO.

8 Prove (10.30).

9 Itisstated that the eigenvalues and eigenvectors of the covariance matrix of a first-order Markov
process can be generated recursively. See the references [P-17, P-5] and show this technique in detail.
10 Eigenvalues and Eigenvectors of the Covariance Matrix For the zero-mean random process
x' = {x(0), x(1),..., x(N — 1)} described by E{x(j)x(k)} =p"“~M, 0<p <1, show that the
eigenvalues and eigenvectors of the covariance matrix are given [P-17] by

I = (1 = pHN1 —2pcosw,, + p?) (P10.10-1)
and
[K(D)]jm = [2/(N + 22)] sin[@,(j — HN = 1)) + 30m + 1)n] (P10.10-2)
Jjym=0,1,...,N — 1, respectively, where the w, are the positive roots of the transcendental
equation
tan(Nw) = (1 — p?)sinw/(cosw — 2p + p? cos w) (P10.10-3)
11 Show that the eigenvalues and eigenvectors of a symmetric tridiagonal Toeplitz matrix
1 —a 0
- 1 —«a
0= —a S (P10.11-1)

1
0 -« 1
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are given [J-4] by
Am =1 = 2accos((m + D)/(N + 1))

12 TG4 Dm+ 1 :
K(L)]jm = (Ni 1) sin [(J * Az(;";r )n} (P10.11-2)

and

jom=0,1,...,N—1, respectively, where a« = p/(1 + p?) is the adjacent element correlation
coefficient of a Markov process.

12 The Discrete Sine Transform (DST) This transform was originally developed by Jain [J-4,J-5,
J-6,J-7,J-14] and is described by (P10.11-2). Show that the DST can be implemented efficiently by
taking the imaginary part of the FFT of an extended sequence [J-4, J-5, J-6, J-7, J-8, J-9].

13 Refer to [P-19, P-20, D-3] and derive (10.32).

14 Asymptotic Equivalence of Matrices Two matrices A and B of size N x N are said to be
asymptotically equivalent [G-10] provided that

|4l IIBll < o0 and lim |4 - B|=0 (P10.14-1)

N- o
In (P10.14-1) || || denotes the operator or strong norm:

ll4]] = max [(x*T4*T 4x)/(x*Tx)]/? (P10.14-2)

where xT = {x(0), x(1),...,x(N — 1)}, and | | denotes the normalized Hilbert-Schmidt or weak
norm:

1 " >1/2 (1 N-1N-1 2)1/2
|4] (N tr[A*T4] I jgo kgo a4l (P10.14-3)
where a;,, j, k =0,1,..., N — 1, are the elements of 4. Show that [H-16, P-18, P-40, K-34]:

(i) The DCT and DFT are both asymptotically equivalent to the KLT of a first-order Markov
process and the rate of convergence is of order N ~1/2,

(ii) The DCT offers a better approximation to the KLT of a first-order Markov process than the
DFT for all dimensions N and correlation coefficients p.

(iii) The DCT is asymptotically equivalent to the KLT for all finite-order Markov processes
[H-16].

(iv) The DCT is asymptotically optimal compared to any other transform for all finite-order
Markov processes. Note that the KLT is the optimal transform as it completely decorrelates the
signal in the transform domain.

(v) For any finite-order Markov process the performance degradation of a discrete transform in
both coding and filtering is a direct measure of the residual correlation that can be represented by the
weak norm of the covariance matrix in the transform domain with diagonal elements set equal to
Zero.

15 Show that the IDCT of an N-point transform vector can be implemented using a 2N-point FFT.
See (10.42).

16 Develop the DCT algorithm of Haralick [H-15].
17 The Even DCT Show that an alternative way of expressing (10.42) [M-14, W-26] is

c(k — jkm\ N2t
Xc(k)=-(1\7)exp< 2’N> Y xmWwnk,  k=0,1,...N—1  (P10.17-1)

m=-N

where x(— 1 —m) = x(m), m=0, 1,..., N — 1. This is an even-length extension of the original
sequence x(m), m=0, 1,..., N — 1. For example, the even-length extension of the sequence



PROBLEMS 413

{x(0), x(1), x(2)} is {x(2), x(1), x(0), x(0), x(1), x(2)}, which has an even symmetry Both (10.42) and
(P10.17-1) are called the even DCT of x.

18 The Odd DCT" AsinProblem 17, an odd length extension of x(m),m = 0,1,..., N — 1leadsto
the odd DCT. For example, the odd-length extension of the sequence {x(0), x(1), x(2)} is {x(2), x(1),
x(0), x(1), x(2)}, which has even symmetry about x(0). Show that the odd DCT of x is defined by

N-1
X,(k) = <« S oxmwmk . k=0,1,...,N—1 (P10.18-1)
N m=—(N-1)

where x(— m) = x(m), m =0, 1,...,N — 1 (See Fig. 10.28).

) clk)
x(N-1),...,x(2), x{1) , x{0),x(1),..., x(N-1)

) (2N-1)- paint odd DCT
FFT

Fig. 10.28 Computation of odd DCT by odd-length extension of x.

19 The2-D DCT Givena2-D array x(m,,m,),m; =0,1,...,N; —landm, =0,1,...,N, — 1,
the 2-D DCT corresponding to the 1-D DCT (see (P.10.17-1)) can be described as

Xk in [k k
Xtkrk) = S e [ -z (—1 + —)]
N;N, 2\N; N,

Ni—-1 N—1
x Y Y x(my,my) Wi W,

my=—N; my=—N;3

k,=01,...,N,—1, k,=0,1,....N, — 1 (P10.19-1)

where x(—(1 +my), — (1 + my)) = x(—(1 + my),my) = x(my, — (1 + my)) = x(my,m,) is the
even-length extension of x(m,, m;). Thisis the even 2-D DCT of x(m;, m,). Thisimplies that the even
DCT technique can be extended to multiple dimensions. Develop expression similar to (P10.19-1) for
the odd DCT.

20 Chirp Implementation of the Even DCT The even DCT described by (P10.17-1) can be
expressed

2¢ ( ) — ik /2NNil K
X.(k) = -~ e TN N (m)yWk

m=0

 2c(k) N-1 @2m + l)kn}
= Y. x(m)cos [T

m=0

Show that fhe even DCT can be implemented by a Chirp Z transform (CZT)
[W-26, R-39] using the expression

(k) — jmk - jnk2>
it = mel oo Jnn (3
Nt fjnm2> <jn(m — k)2>:|
X Z_: x(m) exp( N exp v ,

m=0

k=0,1,....,N—1 (P10.20-2)

(P10.20-1)

where the identity 2mk = m? + k? — (m — k)? is used. Develop a CZT algorithm for implementing
the odd DCT.
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21 It was stated in Section 10.9 that Ahmed and Chen [A-39] developed a Cooley-Tuckey type
algorithm for the ST. Derive this algorithm and develop the flowgraphs for the ST and its inverse
when N = 16.

22 Using (10.47) and (10.50) develop the matrix factors for [S(4)]. Based on this, sketch the
flowgraphs for the ST and its inverse and compare with those in Problem 21.

23 Show that an ST power spectrum, invariant to circular or dyadic shift of a sequence cannot be
developed.

24 A Cooley-Tukeytype algorithm is developed for the HT by Ahmed ef al. [A-40]. Based on this
algorithm develop the flowgraphs for HT and its inverse when N = 8 and 16.

25 Repeat Problem 23 for the HT.

26 Explain why the Cooley-Tukey type algorithm developed for the HT is also applicable to the
RHT.

27 Some of the properties of the RT are listed in Section 10.12. Verify that they are true.
28 Show how a sequence can be recovered from the inverse RT [V-1].

29  Sketch the variance distribution similar to Fig. 10.10 for a first-order Markov process when
p=095and N = 16.

30 Discrete D Transform (DDT) The DDT, developed by Dillard [D-2], requires only additions.
For nonnegative data, such as image array data, the DDT can be implemented using CCDs or
noncoherent optical methods [D-2, D-6]. The DDT matrix is obtained by replacing the — 1 entries
in (WHT),, or (WHT), matrices by zeros. Develop the relationship between the transform
coefficients of the DDT and the WHT.

31 Slant-Haar Transform A hybrid version of ST and HT called the slant-Haar transform
(SHT), has been developed [K-10, R-36]. The (SHT), and its inverse are defined as

X = (1/M)[Sh(L)]x and x = [Sh(L)]™X,, r=01,...,L—1

respectively, where X, is the (SHT), vector and [Sh,(L)] = [S(r)] ® [Ha(L — r)] is the (SHT),
matrix. Develop the (SHT), for » = 1 and 2 and N = 16. Obtain the sparse matrix factors and the
corresponding flowgraphs for the (SHT), and its inverse.

32 Show that the power spectrum of the (SHT), described in Problem 31 is invariant to dyadic shift
of x. Determine the groupings of coefficients that are invariant.

33 Hadamard-Haar Transform Repeat Problems 31 and 32 for the Hadamard-Haar transform
(HHT), [R-8, R-11, R-48, W-37] where the (HHT), and its inverse are defined as

1
Xppr = N [Hh(L)]x and x = [Hh(L)] Xy, r=0,1,...,L -1

respectively, where [Hh(L)] = [H(r)] ® [Ha(L — r)].

34 A rationalized version of the (HHT), that is similar to the RHT, called the (RHHT),, has been
developed [R-38, R-57]. Develop the (RHHT), and its inverse for » = 1 and 2 and N = 16. Show the
corresponding flowgraphs.

35 Using pipeline architecture, real time digital processors for implementing RHT have been
designed and built [L-10, R-37]. They require only adders, subtracters, and delay units. Design the
corresponding processors for implementing (RHHT), for r =1 and 2 and N = 16.

36 Asymptotic Equivalence of Discrete Transforms to KLT Hamidi and Pearl [H-16] have
compared the effectiveness of the DCT and the DFT in decorrelating first-order Markov signals.
The fractional correlation left undone by a transform is a measure of the mean residual correlation
still retained in the transform vector. Develop characteristics similar to that shown in Fig. 1 of
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[H-16] for other transforms, such as the DST [Y-16], WHT, ST, and HT. Verify that there is
asymptotic equivalence of these transforms to the KLT.

37 Complex Haar Transform A complex version of the HT called the complex Haar transform
(CHT) [R-45, R-60] has been developed. Develop the flowgraphs for the CHT and its inverse when
N = 16. Modify these flowgraphs such that the in-place (Cooley-Tukey type) property can be
restored. Show that a CHT power spectrum invariant to circular shift of a sequence cannot be
developed.

38 Several properties of RT are outlined in Section 10.12. (i) If the

1 2 4 2
2-D RT of[ :| is l: :|
0 1 2 0

then what is the

01 20
001 0
2-D RT of 0 0 0 0
000 0
(i) If the
1111 12 4 0 0
010 1 4 4 0 0
ZDRToOfL s 0000
01 0 1 00 0 0
then what is the
11
2-DRTof[]
0 1
(i) If the
1020 4 4 2 2
00 0 0 4 4 2 2
D i
FDRTofl o o 1 o 1 2200
0000 2200
then what is the
12
2-DRTof|::|
0 1
(iv) If the
1133 24 0 16 0
113 3 . 00 00
-D RT of
2 “loo22 s 8 0 0 0
00 2 2 00 00

then what is the

1 3
2-D RT of|: :|
0 2

What conclusions can you draw from these regarding the properties of RT? (See also Figs.
10.25-10.27.)
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39 Transforms Using Other Transforms Jones et al. [J-12] have shown that any discrete
transform can be computed by means of any other discrete transform and a conversion matrix
provided the two transforms have an even/odd structure. The even/odd property implies that one
half of the row vectors of the transform matrix are even vectors and the other half are odd vectors.
For example, the ST is an even/odd transform (see (10.46b)). The row vector (1/\/21)(7, 53,1, -1,
— 3, =5, — 7) is an odd vector, whereas (1/\/5)(3, 1, -1, -3, —3, —1, 1, 3) is an even vector.
When the rows of the transform matrices are rearranged such that the first half represents the even
vectors with the remainder representing the odd vectors, the conversion matrix is sparse. Hein and
Ahmed [H-41] have specifically shown this for the DCT. Develop the conversion matrix for
computing the ST from the (WHT),, for N = 8 and 16. Compare the computational complexity of
this with that based on sparse-matrix factorization of [S(L)] (see (10.50)).

40 Repeat Problem 39 when ST is replaced by DFT.

41 DST Computation with Real Arithmetic The DST and its inverse can be defined (see Problem
12) as

_ 2 N-ot . (m+1)(k+1)n>
) = / N1 L, Smsin <N—+1

and
2 Nt Cfm+ Dk + Dn
x(m)y=_[—— ¥ X(k)sin <#) (P10.41-1)
N+1,5, N+1)
m,k=0,1,..., N — 1, respectively, where x(m) and X(k) are the N-dimensional data and transform

sequences, respectively. An improvement over the Jain’s algorithm [J-4, J-5, J-6, J-7] for efficient
implementation of the DST is based on the sparse-matrix factorization of the DST matrix recursively
[Y-15]. This technique, which parallels that of Chen et a/. [C-20] for the DCT, involves real
arithmetic only. Derive this algorithm in detail and develop the DST flowgraph for N = 15.

42 Narasimha and Peterson [N-12] have shown that an N-point DCT can be implemented with an
N-point DFT. Show that an N-point DST can be implemented with an N-point DFT.

43 Hein and Ahmed [H-41] have discussed the hardware implementation of a real time image
processor for image coding based on a (WHT),, or DCT that is computed through the (WHT),,.
Investigate if a similar development can be carried out for the (WHT),, and DST [Y-16].

44 Burkhardt and Muller [B-41] show that RT{[8351]"} = RT{[3.57.50.55.5]T} = [17951]".
Discuss this structural ambiguity of the RT, and outline the various translation invariant properties
of the RT.

45 An efficient algorithm for computing a 14-point DCT has been developed by Narasimha and
Peterson [N-33]. Develop a similar fast algorithm for the 15-point DST [S-39].

46 Jones et al.[J-12] have developed a ““C matrix’’ which approximates the conversion matrix for
the DCT [H-41] when N = 8 (see Problem 39). Extend the “C matrix” for N = 16, and compare its
performance [S-40] with the DCT in terms of the figure of merit, normalized energy versus sequency
[J-12] and mse for scalar filters (see Fig. 8.4 of [A-1]).

47 Repeat Problem 36 for the C matrix transform (see Problem 46) [S-40].



CHAPTER 11

NUMBER THEORETIC TRANSFORMS

11.0 Introduction

Recently, number theoretic transforms (NTT) have been developed that have
applications in digital filtering, correlation studies, radar matched filtering, and
the multiplication of very large integers [R-54, A-58, A-59, A-61, J-10, K-31,
N-20, N-21, N-25, N-26, N-28, R-26, R-69, R-74, R-75, V-4, V-5, R-77,
R-26]. These applications are based on digital convolution, which can be
implemented most efficiently by NTT with some constraints. The arithmetic to
accomplish the NTT is exact and involves additions, subtractions, and bit shifts.
As in the case of the DFT, fast algorithms exist for the NTT. These transforms
are defined on finite fields and rings of integers with all arithmetic performed
modulo an integer. The development of the NTT has been followed by hardware
design and the building and testing of a digital processor [M-23]. Baraniecka
and Julien [B-39] have presented two additional hardware structures that
implement the NTT using the residue number system [B-39].

The basic properties of integers are described in Chapter 5. Number theory
will be expounded further in the following sections as we lead up to the definition
of the NTT. The family of NTT includes Mersenne, Fermat, Rader, pseudo-
Mersenne, pseudo-Fermat, complex Mersenne, and complex Fermat transforms
[A-61, R-72, N-19, N-20, N-21, N-25, N-26, N-35, V-4, V-5]. After an
exposition of these transforms, their potential advantages and limitations will be
outlined.

11.1 Number Theoretic Transforms

Number theoretic transforms are defined over a finite ring of integers and are
operated in modulo arithmetic. They are truly digital transforms and their
implementation involves no round-off error. The circular convolution described
by (5.93) can be obtained by the NTT with perfect accuracy, which, however, can
impose constraints on word lengths.

The implementation of an NTT requires additions, subtractions, and bit
shifting, but usually no multiplications. Some have fast algorithmic structures

417
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similar to those of the FFT. To understand the NTT requires the basic
knowledge of number theory developed in Chapter 5 together with some
concepts from modulo arithmetic. These are described next.

11.2 Modulo Arithmetic

Modulo arithmetic was described in Section 5.1. In this arithmetic all basic
operations such as addition, subtraction, and multiplication are carried out
modulo an integer M. Division, however, is undefined; its equivalent in modulo
arithmetic is multiplication by the multiplicative inverse. Commutative, asso-
ciative, and distributive properties hold in modulo arithmetic.

Recall that Euler’s phi function and Euler’s theorem are described by (5.1) and
(5.7), respectively, and (5.8) stated that the order of « modulo M is the smallest
positive integer N such that

«¥ = 1 (modulo M) (11.1)

If N = ¢(M) then « is a primitive root. If M is prime and o is a primitive root,
then the set of integers {a!mod M,/ =0, 1,..., M — 2} is the total set of nonzero
integers in Z,.

As we shall show, NTT are based on roots of order N modulo M, and these
roots do not necessarily have to be primitive roots. For example, let M = 17. We
then have ¢(M) = 16. Because the order of 2 modulo 171is 8, 2 is aroot but not a
primitive root of 17, and we shall show that it can be used to generate an 8-point
transform. On the other hand, 3 is a primitive root of 17 as

316 =1 (modulo 17)

and the order of 3 modulo 171is 16. The set {3'mod 17,/ =0, 1, ..., 15} is the set
of all nonzero integers in Z,,, which may be reordered to produce
{1,2,3,4,...,16}. Since 3 is a root of order 16 modulo 17, we shall show that it
can be used to generate a 16-point transform.

Note that Z; ; is a field and that in general Z,, is a field if M is a prime number.
Since the conditions to be a field are more stringent than the conditions to be a
ring, a field is also a ring. Thus there are rings that support the NTT and that are
also fields. However, the general requirement for the NTT is that Z,, be a ring of
integers.

RiNG oF INTEGERS Z,;, Let M be a composite number. Then Z,,is aring and not
a field. Furthermore, if M has a primitive root, this root generates only ¢(M)
integers in the ring. Similarly, a root of order N generates N integers in the ring,
where N|¢p(M).

In the following, let gcd(M, N) = 1. If M is a composite number represented
by its unique prime factored form as

M =pipy - pf (112)

where the p; are distinct primes, and « = £ (modulo M), then the axiom for
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congruence modulo a product (see Section 5.1) implies
@ = ¢ (modulo pt),  i=12,...,] (11.3)

Inthiscase, aisa root of order Nin Z,, if and only if it is aroot of order Nin each
Zy,, M; = pli, that is, o =1 (modulo Z,,) [A-61]

o = 1 (modulo p%Y), i=1,2,...,1 (11.4)

Since N is relatively prime to M, it has a multiplicative inverse N~ 1. Also N
divides ¢(M), denoted N|p(M), and we have

Nlgp(pi), i=12,...,1 (11.5)
But (5.126) yields ’
o) =pi " (pi— 1 (11.6)
Hence
Npi~Ypi— 1), i=12..,1 (11.7)
and since p; is a prime number, we conclude that N|(p; — 1). Define
OM)=ged{p;, — Lp,—1,....p,— 1} (11.8)

Note that N|ged{p; — 1,p, — 1,...,p;, — 1}, so that a necessary and sufficient
condition for the existence of an N-point NTT is that

NIO(M) (11.9)

In practice it is often easier to verify the following three necessary and
sufficient conditions for the existence of N-point NTT defined modulo a
composite number M [E-22]:

1. «¥ =1 (modulo M)
2. NN ! =1 (modulo M)
3. ged{o! — 1, M} =1 for all / such that N/Iis a prime number.

As an example, let M = p? = 32 and « = 8. Then 8 is aroot of order 2 modulo
9, N=2,gcd(M,N)=1, N~' =5 (modulo 9), and N|(p — 1).

CircuLarR CoNvoLUTION ProPERTY  Circular convolution of periodic sequences
has been described in Chapters 3 and 5. If g(n) and A(n),n =0,1,2,..., N — 1,
are two periodic sequences with period N, their circular convolution is a periodic
sequence a(i), i =0,1,2,..., N — 1, with period N described (see (5.93)) by

a(i) = Nf h(i — n)g(n) (11.10)

d

If the discrete transforms of the sequences g(n), A(n), and a(n) can be related as

Tla(n)] = T[h(n)] T[g(n)] (11.11)

then we say that the transform has the circular convolution property (CCP).
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Hence the CCP states that the transform of the circular convolution of two
sequences is the product of the transforms of the two sequences. Certainly, the
DFT has this property (see Table 3.2). Circular convolution can be obtained by
implementing (11.11) and

a(n) = T~ [Tla@m)]] = T~ YT AT [g(m)]) (11.12)

In (11.11) and (11.12) 7 and T ! refer to forward and inverse transform
operations, respectively.

11.3 DFT Structure [A-59, A-61]

If an N-point sequence x(n) and its transform X{(k) can be related by

N—-1
X(k) = Z x(n)oc"k, k=01,...,N—-1
n=0
N1 (11.13)
x(n)y=N"1Y Xk, n=0,1,...,N—1
k=0

then the transform, whose basis functions are ", is said to have a DFT
structure. In this case both the forward and inverse transforms have similar
operations. If « = exp(— j2n/N), then (11.13) reduces to the DFT [see (3.4)]
except that the factor N ~! is moved from the equation determining X(k) to the
equation determining x(n). In (11.13), N~ ! represents the multiplicative inverse
in the field in which the arithmetic is carried out (see Section 5.1). An N-point
transform having the DFT structure has the CCP, provided N ~ ! exists, and a is
a primitive root of order N. When all the transform operations are carried out in
a field of integers modulo M, the transform belongs to the NTT. Implementa-
tion of the NTT involves digital arithmetic, and the sequences are limited to
integers. This restriction, however, poses no particular problem: The data are
processed in digital computers and processors with some finite precision, and
hence the sequences can be considered integer sequences with an upper bound
determined by the number of bits used to represent the magnitude of the
numbers.

Circular convolution of two integer sequences x(n) and h(n) by the NTT
results in an output sequence y(r) that is congruent to the convolution of x(n)
and A(n) modulo M. An N-point transform having the DFT structure will
implement the circular convolution in modulo arithmetic if and only if (11.9) is
satisfied [A-61]. The maximum transform length N,,,, is therefore

Nax = O(M) (11.14)

In aring of integers Zy;, as — k = M — k (modulo M), conventional integers
can be uniquely represented only if their absolute value is less than M/2. Since
the convolution is implemented in modulo arithmetic, so long as the magnitude
of the convolution of two sequences does not exceed M/2, the NTT can yield the
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same result as that obtained using ordinary arithmetic. In digital filtering
applications this limit implies that an upper bound on the peak magnitude of
a(n) be placed such that (see (11.10))

M (11.15)
; .

Ia(n)l < 19(1)] max i (), lam) <
=0

k

where h(n), g(n), and a(n) represent the unit sample response, input sequence,
and output sequence, respectively, of the digital filter. This constraint does not
preclude any overflow during the intermediate stages of the convolution
operation by the NTT. Scaling of one or both of the two sequences g(r) and h(n)
may be required to meet this constraint, which is analogous to overflow
constraints. The NTT having both the DFT structure and the CCP can be
implemented by fast algorithms similar to that of the FFT, provided N is highly
composite.

NTT ConsTRAINTS  Although there are a large class of NTT that can implement
circular convolution, only a few of them are computationally efficient when
compared to the DFT and other techniques. Three constraints dictate the
selection of NTT for discrete convolution:

(i) N should be highly composite so that the NTT may have a fast
algorithm, and it should be large enough for application to long sequence
lengths.

(i) Multiplication by powers of o [see (11.13)] should be a simple
operation. If o and its powers have a simple binary representation, then this
multiplication reduces to bit shifting.

(i) To simplify modulo arithmetic, M should have property (ii) and should
be large enough to prevent overflow.

(iv) Another constraint on the NTT is that the word length of the arithmetic
be related to the maximum length of the sequence. For example, for the FNT,
when o = \/E, N = 2'"2 = 4p = 4 times the word length. Whena = 2, N = 2'*!
= 2b = 2 times the wordlength. This constraint can, however, be minimized by
adopting multidimensional techniques for implementing one-dimensional con-
volution [A-58].

SELECTION OF M, N, ANDa  Selection of the modulus M, sequence length N, and
the order of « modulo M is based on meeting the above constraints so that the
efficient NTT can be developed. For example, if M is even, then by (11.14) the
maximum possible sequence length is 1, a case of no interest. When M is a prime
number, N,,,, = M — 1. Finally, when M = 2* — 1 and k is a composite number
k = PQ, where P is a prime number and Q is not necessarily a prime number,
then

@QF — |27 — 1) (11.16)
and N, =2° — 1.
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11.4 TFermat Number Transform
If M = 2% + 1 and k is odd, then 3|(2* + 1). Hence N,,,, = 2. When k is even
and k = s2', where s is an odd integer and ¢ is an integer, ,
Q% + D25 +1) (11.17)

and the sequence length is governed by 2*' + 1. For integers of the form
M = 2% + 1, called Fermat numbers, the NTT reduces to the Fermat number
transform (FNT). F,'is the tth Fermat number, defined as

FF=M=2"+1=2"+1, b=2" (11.18)
The first few Fermat numbers are
Fo=2°4+1=3
F,=22+1=5

F,=2*4+1=17
Fy=2%+1=257
F,=2'° 41 =65537

Fs =232 4+ 1 = 4294967297

Of all the Fermat numbers only Fy—F, are prime. The FNT and its inverse can be
defined as

(11.19)

N—-1
Xf(k)=|:z x(n)oc""]modF,, k=0,1,...,N—1
= (11.20)
x(n) = |:N‘1 Y Xf(k)oc_""]modF,, n=0,1,... N—1
k=0

where N is the order of o modulo F,: oV =1 (modulo F,). All indices and
exponents in (11.20) are evaluated modulo N. Symbolically (11.20) can be
expressed

X;(k) = FNT[x(n)],  x(n) = IFNT[X(k)] (11.21)
Table 11.1
Integral Powers of « (o = 2,3,4,6) mod F, [A-61]

2N 1 2 4 8 16 15 13 9 1 2 4 8 16 15 13 9 1
3N 1 3 9 10 13 5 15 11 16 14 8 7 4 12 2 6 1
4N 1 4 16 13 1 4 16 13 1 4 16 13 1 4 16 13 1
6N 1 6 2 12 4 7 8 14 16 11 15 5 13 10 9 3 1
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where IFNT stands for inverse FNT. Several possible values exist for o« and N,
depending on F,. For t = 0,1,...,4,0(F) = 2> = 2 and N = 2™, m < b; then
when o = 3 the order of « is 2° and N,,,, = 2° (see Table 11.1).

Agarwal and Burrus [A-59] have discussed in detail the hardware implemen-
tation of modulo arithmetic for the FNT. This arithmetic can be illustrated with
the following example: '

Consider F, = M =17, and oo = 2. Thus N = 8, because 2 is of order 8§
modulo 17. The FNT matrix is then

1 1 1 1 1 1 1 1 7]
12 22 23 2% 25 28 Y
1 22 24 \26 28 210 212 214
.\ 1 23 26 29 212 215 218 221
[a"] = 1 24 28 912 916 920 924 928 (11.22)
1 25 210 215 220 225 230 235
1 26 212 218 224 230 236 242
1 27 214 221 228 235 242 249
This matrix is symmetric, and since o™ = o"™°48 (11.22) reduces to
B 1 1 1 1 1 1 1 7
2 22 2% 2% 25 26 27
22 24 26 1 2% 24 26
3 6 4 7 2 5
[0] = 20020 2 2% 27 22 2 (11.23)

2401 241 2% 1 2%
25 22 27 24 2 26 23

26 2% 22 1 26 24 22
i 2726252423222J

The inverse FNT matrix is N [~ "¥] where N ! =15, since 8 -15=1
(modulo 17). Here o~ "™ = o ~"md8) The matrix [« "] can be obtained by
adding a negative sign to the integer powers of 2 in (11.23). In this ring 2% = 4,
23 =8, 2*=16, 2° =15, 2°=13, and 2" =9 (modulo 17). Also 27! =9,
272=13,273=15,2"%=16,2"°=8,2"%=4, and 277 = 2 (modulo 17).
The FNT matrix and its inverse can therefore be simplified respectively to

111 1 11
4 8 16 15 13 9
16 13 1 4 16 13
13 216 9 4 15
16 1 16 1 16 1 16
15 4 9 16 2 13 8
13 16 4 1 13 16 4
9 13 15 16 8 4 2 |

el N S

(o] = (11.24)

— e el ek e e
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11 1 1 1 1
9 13 15 16 8 4
13 16 4 1 13 16
15 4 9 16 2 13
16 1 16 1 16 1
g 13 2 16 9 4
4 16 13 1 4 16
2 4 8 16 15 13

N~ [a "] =15

— e

N -

8 .

16
15
13

9

(11.25)

To illustrate the CCP of the FNT let the two sequences to be convolved be
gT = {2, —2,1,0} and h™ = {1,2,0, 0}. Considering (11.15) the choice of r = 2,
F, =17, N =4,a =4(see Table 11.1)is adequate to evaluate the convolution of

g and h. The FNT and IFNT matrices [A-59, A-61] are

1 1 1 1 1 1 1 1
" 1 4 4% 4 |1 4 —1 —4
" T=) 1 4 4 4 [F] 1 -1 1 -1
1 43 45 4° 1 -4 -1 4
11 1 1
1 4 16 13
=l | 16 1 16 (modulo 17)
| 1 13 16 4
1 1 1 1 1
1 474 472 473 1 -
—1[y—nk] — -1 —4-1
AN CEYE S R RV RVETRPTEN bl I
1 473 476 4°° 1
1 1 1 1
1 13 16 4
=13 116 1 16 (modulo 17)
1 4 16 13
The FNT of g is given by
1 1 1 1 2
1 4 16 13 15
G — nk —
=lTE= e 1 e I
1 13 16 4 0
18 1
78 10 ,
=l o3 |= 5 (modulo 17)
213 9

1
4
1
4

1
-1
1
-1

1
4
—1
—4

Similarly HT = {3,9, 16, 10}. From the CCP of FNT, 4(k) = G;(k)H,(k) and
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AT = {3,90,80,90} = {3,15,12, 5} (modulo 17). The IFNT of A; yields a(n), the
circular convolution described using (11.10) by

a=N"1[a""A; =(2,2,14,2) = (2,2, — 3,2) (modulo 17)

Observe that the overflows during the intermediate stages of modulo arithmetic
have no effect on the final result. The circular convolution by (11.21) is exact,
provided (11.15) s satisfied. From this example it is apparent that the concept of
closeness of any two integers has no meaning in modulo arithmetic. Hence
approximations such as truncation or rounding do not exist in this arithmetic.

11.5 Mersenne Number Transform [R-54]

Mersenne numbers are the integers given by 2° — 1 where Pis prime. When M
is a Mersenne number the NTT is called the Mersenne number transform
(MNT). Wheno = — 2, N = N, = 2P. (See Problem 28.) Wheno =2, N = P,
since 2 = M + 1 = 1 (modulo M). Mersenne numbers, denoted here M, are
1,3,7,31,127,2047,8191,... . For o« =2 the MNT and its inverse can be
defined respectively as

P-1
X k) = [ y x(n)2”"]mode, k=0,1,...,P—1

n=0
P—-1
x(n) = [P‘l Y Xm(k)2‘""]modMP, n=0,1,...,P—1 (11.26)
k=0
In (11.26),
P"'=Q  where Q= Mp— (Mp—1)/P (11.27)

Rader [R-54] has shown that the MNT satisfies the CCP (Problem 7) and has
discussed hardware implementation for the MNT. Application of the CCP to
(11.10) results in

An(k) = Hy(k)G k), k=0,1,...,P—1 (11.28)
where
H_ (k) = MNT[A(n)], Gn(k) = MNT[g(n)], A (k) = MNT[a(n)]
The IMNT of (11.28) yields

P-1
[ > h(i — n)g(n):| mod Mp (11.29)
n=0

which reduces to (11.10) provided |a(i)| is bounded by Mp/2.

The MNT requires only additions and bit shifting. There is, however, no FFT-
type algorithm for the MNT since P is prime when o« = 2 and since 2P is not
highly composite when o = — 2. Circular convolution by the MNT requires two
MNTs, one IMNT, and P multiplications. The limitation is that the sequence



426 11 NUMBER THEORETIC TRANSFORMS

length, P, or 2P, for P prime, is also the word length. As for the FNT, the
convolution length can be increased by adopting multidimensional convolutions
that require additional computation and storage. Some of these limitations can
be overcome by pseudo- and complex pseudo-MNTs, which are the subject of
Section 11.11 and Problem 20.

11.6 Rader Transform [A-59, A-61]

The Rader transform is a special case of the NTT. For any Fermat number, 2
is of order N = 2b = 2'*!; thatis, 22° = 1 (modulo F,). When o is any power of 2
all the multiplications by «"* become bit shifts and the FNT can be computed
very efficiently ; for the case o = 2, both the FNT and MNT are called the Rader
transforms. When N is an integer power of 2, the Rader transform can be
implemented by a radix-2 FFT-type algorithm. Substituting 2 for the multiplier
W = exp(— j2n/N)in the FFT flowgraph yields the fast algorithm for the Rader
transform. Observe from Table 11.1 that 3 and 6 are primitive roots of F,. These
two roots generate the set of nonzero integers in Z,,. However, every prime
factor of F, for ¢ > 4is of the form k2'*2 + 1 (see Problem 9), so that 2! * 2|O(F,)).
In particular, for Fs5 and Fg

Npax = O(F) = 2'*2 = 4b (11.30)

Agarwal and Burrus [A-59] have shown that « = \/5 is of order 2:*2 = 4b
(modulo F)), t > 2:

(/2)* =1 (modulo F,) (11.31)

For this case ﬁ = 204(2%2 — 1) and o? = 2 (modulo F,), 2' = b. Further, from
(11.31) & = 2 1s of order 2'*! = 2b (modulo F,). Indeed, any odd power of 2 is
also of order 4b, as shown in Table 11.2 for F,, t = 3,4, 5, 6.

Table 11.2

Parameters for Several Possible Implementations of FNTs [A-61]

t b F — N New  afor Np
(@=2" a=./2

3 8 28 +1 16 32 256 3

4 16 2541 32 64 65536 3

5 32 2241 64 128 128 /2

6 64 20441 128 256 25 /2

“ This case corresponds to the Rader transform.

Computationally it is desirable to have « a power of 2, since in this case
N =2'""1 = 2p. Because N is highly composite, FFT-type algorithms can be
used and all multiplications have simple binary representations. For o = \/E,
the sequence length can be doubled; N = 4b = 2'*2, compared to 2b for a = 2.
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This, too, has the FFT-type algorithm, but muluphcatlon by powers of f
involves additional complexity [A-59].

11.7 Complex Fermat Number Transform [N-25]

Digital filtering of complex signals or circular convolution of complex
sequences can be accomplished in a complex integer field. In a ring of complex
integers Z;, all the arithmetic operations are performed as in normal complex
arithmetic except that both the real and imaginary parts are evaluated separately
mod M. The set ¢; = a; + jb;, a;, b;=0,1,...,M — 1, where a; = Re[¢;] and
b; = Im[c;], represents Z5,. All complex integers are congruent modulo M to
some complex integer in this set. The complex convolution is exact provided the
magnitudes of both the real and imaginary parts of the output are bounded by
M/2. Modulo arithmetic in complex rings is presented in detail elsewhere
[V-5]. Complex convolution by both the FNT and the CFNT is presented in this
section. Complex convolutions arise in many fields, such as radar, sonar, and
modem equalizers. The circular convolution of two complex integer sequences
g(n) and A(n), n = 0,1,2,..., M — 1, is another complex integer sequence a(n)
described by

N-1

a(m) =Y, gmh(n —m), n=0,1,2,...,.M—1 (11.32)

where, forn =0,1,2,... . M — 1,
gn) = g.(n) +jgi(n),  h(m) = h(n) +jh(n),  a(n) = al(n) + jai(n) (11.33)

and the subscripts r and i label the real and imaginary parts of the complex
integers. It must be reiterated that an ordinary (noncircular) convolution can be
implemented by means of circular convolution, provided the lengths of the two
sequences to be convolved are increased appropriately by appending zeros. With
use of (11.32) and (11.33), the complex convolution can be expressed
alternatively

N-1

a(n) = Y. [g.0mh(n —m) — g(m)h(n — m))
N: (11.34)

a;(n) = Z [g,(m)h(n—m)—i—g(m)h (n—m)l, n=0,1,2,...,.M—1

From (11.34) we observe that the complex convolution (11.32) can be
implemented by four real convolutions. Therefore, NTT such as the FNT and
the MNT can be used to evaluate (11.34). For example, the CCP of the FNT
leads to

Arf(k) = Grf(k)Hrf(k) - Gif(k)Hif(k)

(11.35)
Aif(k) = Grf(k)Hif(k) + Gif(k)Hrf(k)
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where

N-1 -1
Gy(k) = |: Z gr(”’)“"k} mod F,, Gie(k) = { Z gi(")“"k:l mod F,

n=0 n=0

o . (11.36)
Hyk) = [ > h,(n)oc""} mod F,, Hy(k) = [ > hi(n)oc”"} mod F,

n=0 n=0

The complex convolution (11.32) can be implemented by the four FNTs
described in (11.36), the 4N multiplications and 2N additions needed to
implement (11.35), and the following two inverse FNTs:

a.(n) = IFNT[G (k) H (k) — Gie(k) Hy¢(k)]
(11.37)
a;(n) = IFNT[G(k)Hi¢(k) + Gi(k)H (k)]

An alternative approach is to evaluate complex convolutions using the
CFNT. To define this latter transform note that (11.18) gives

2% =M—1= — 1 (modulo F) (11.38)

Hence j = ./— 1 can be represented in the Fermat ring by 2%/2. From (11.32),
(11.33), and (11.38) the FNT can be utilized to yield the complex convolution:

a(n) = i [g.(m) + 2°72gy(m)] [h(n — m) + 22 hi(n —~ m)]]modF,

- ar(n) n Zb/zai(n):| mod F, (11.39)

Also

[[N—-1

a*(m) =| Y [g.(m) — 2°2gi(m)1 [h(n — m) — 2°"2hy(n — m)]]modF,

= | an) — 2b/2ai(n)] mod F, (11.40)

From (11.39) and (11.40)

a,(n) = [— 22" a(n) + a*(n)]}modF,,
(11.41)
a,(n) = [— 2622 [q(n) — a*(n)]:|modF,
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By applying the CCP of the FINT to (11.39) and (11.40), we obtain from (11.41)

a(n) = [— 27 HIFNT([Gr(k) + 272Gy (k) ][ Ho(k) + 2" Hig(k)]

+ [Gi(k) — 2"2Gip(k) ][ H(k) — 2b/2Hif(k)])i| mod F,
. (11.42)
a(n) = [— 20 DR IFENT([G (k) + 2"2Gi(k) ][ Hoe(k) + 2> Hig(k)]

— [Gulk) — 2" Gy (k)] [ Hie(k) — 2"/ 2Hif(k)]):| mod F,

Compared to (11.37) the complex convolution by (11.42) requires four FNTs,
2N multiplications, 6N additions, and two IFNTSs; there is no increase in word
length.

11.8 Complex Mersenne Number Transform [N-26]

The MNT developed in Section 11.5 can be extended to the complex field. In a
Mersenne ring, 2 and — 2 are of order P and 2P (modulo Mp), respectively.
Hence 2¢ and — 2 are of order P and 2P, respectively, provided d is not a
multiple of P. Another possibility is that there may be complex roots. For
example, 2jand 1 + jare of order 4P and 8 P, respectively. These values of o« can
be utilized to implement the complex Mersenne number transform (CMNT).
For o = 2j, the CMNT and its inverse can be defined as

4P—1
X, (k) = [ y x(n)(Zj)"":| mod My, k=0,1,...,4P — 1
n=0
s (11.43)
x(n) = [(410)-1 Y Xcm(k)(Zj)‘""} mod Mp, n=0,1,...,4P — 1
k=0

Nussbaumer [ N-26] has shown that the CMNT also satisfies the CCP (Problem
17) so that relations similar to (11.28) hold. In this case the complex sequences to
be convolved are of length 4P, and the real and imaginary parts are evaluated
separately modulo Mp. For o =1 4, the CMNT also satisfies the CCP
(Problem 18), except now the convolution size increases to 8 P for the same bit
size. In both these cases the sequence length is no longer prime, and arithmetic
operations (additions/subtractions and bit rotations) can thus be reduced by
adopting either DIT- or DIF-FFT-type algorithms (Problem 19). Additional
savings in processing can be obtained when the two sequences {g(n)} and {h(n)}
are real. The savings result from convolving a complex sequence
{g(n) + jg(n + mP)}, formed from two successive blocks or sections of {g(n)}
with {h(n)} where m = 4 or 8 for« = 2jor 1 + j. The real and imaginary parts of
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the resulting convolution are the convolutions of successive blocks of {g(n)}. For
further details on convolution by sectioning see the descriptions of the overlap-
add and overlap-save methods in the references [O-1, G-5, S-35].

11.9 Pseudo-Fermat Number Transform [N-19]

In Section 11.3 we described the rigid relationship between word length and
sequence length for the FNT. Nussbaumer [N-19, N-20, N-21, N-25, N-26] has
defined and developed pseudo-NTT that relax this constraint. For example,
consider the case in which M = 2% + 1, b # 2'. If the unique prime factorization
of M is given by (11.2), then

and the NTT can be defined in a ring in which the modulus is a divisor of M
rather than M. Nussbaumer [N-19] has named the resulting transform the
pseudo-FNT (PFNT) and has developed it for o an integer and a power of 2. The
PFNT and its inverse can be defined as

N-1
Xi(k) = [ )y x(n)2‘”""]mod M/p}, k=0,1,...,N—1

n=0

N1 (11.45)
x(n) = I:N‘1 Y pr(k)2“””":|modM/p§*, n=0,1,...,N—1
k=0

where N is the order of 2“ (modulo M /p}), that is,
(2“)N = 1 (modulo M/p}) (11.46)

In general choose p}' as the smallest factor such that M/p’ allows a large
sequence length. Nussbaumer [N-19] has compiled a list of transform lengths,
beginning with 2“, for PFNT when b is even (Table 11.3). The complexity of
performing arithmetic operations modulo M/p’i can be overcome by performing
all arithmetic operations for the PENT and its inverse modulo M with the final
operations carried out modulo M/p’i:

N—-1
Xpek) =Y x(m)2“"*modM, k=0,1,...,.N—1
PR (11.47)
x(n)=<[N‘1 2 pr(k)z‘”"ﬂmodM)modM/p;: n=0,1,...,N-1
k=0

This simplification is also applicable to the CCP of the PFNT (Problem 21; see
(11.11)):

a(n) = ([IPFNT((PFNT[g(n)])(PENT[(%)]))] mod M) mod M/p"  (11.48)

From Table 11.3 it can be observed that there is a wide selection of word
lengths and sequence lengths. Because in general p'' is small compared to M,
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there is only a small increase in word length on account of modulo M rather than
modulo M/p’i arithmetic. For N composite, mixed-radix FFT-type algorithms
can be adopted to reduce the number of additions and bit rotations.

11.10 Complex Pseudo-Fermat Number Transform [N-19]

The complex pseudo-FNT (CPFNT) can be developed when b is odd in
(11.44) and 2“is aroot of order N (modulo M/p'i). Let Nev = 2b. N is then even
and N/2 is odd. For this case

(= 29?2 = ((— 2“2 = 1 (modulo M/p}) (11.49)
(if d and b have no common factors)
(@) = (1 +/)*)*" = 1 (modulo M/p}") (11.50)

This leads to a complex version of the PENT. The CPFNT pair can be defined
as

2N-—-1 '
Xop(k) = [ Y x(n)(2j)“’”"i| modM/p,  k=0,1,...,2N — 1
n=0
- (11.51)
x(n) = l:(2N)'1 > chf(k)(Zj)“’"k:| mod M/p’, n=0,1,...,2N -1
k=0

Similar transform pairs can be defined for a = (1 + j)“. Several other complex
values of o can also be developed. These values of « have, however, no simple
structure such as 2j or 1 + jand hence are difficult to implement. The CPFNT as
defined in (11.51) satisfies the CCP (Problem 22). To obtain the circular
convolution, standard complex arithmetic (j> = — 1)is carried out with the real
and imaginary parts evaluated modulo M. Only the final operation is evaluated
modulo M/p} since

a(n)mod M/p} = (a(n) mod M)mod M/p’: (11.52)
Various options for the CPFNT are listed in Table 11.4 [N-19], which is
analogous to Table 11.3. From this table, we can see that when b is prime the
transform length is 86 and « = 1 + ;. Fast algorithms do not significantly
increase the efficiency of the CPFNT because the sequence length is not highly
factorizable. (See the cases of b = 29 and 41.) On the other hand, for composite b
such as 25, 27, or 49 the transform lengths are large (200, 216, and 392,
respectively), highly composite, and amenable to mixed-radix FFT-type algo-
rithms. As with the CMNT, further reduction in processing workload can be
obtained when the two sequences to be convolved are real. The PFNT and
CPFNT both offer a number of possible transform lengths, fast algorithms, and
word lengths, and both satisfy the CCP.
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11.11 Pseudo-Mersenne Number Transform [N-26]

Similar to the PFNT, a pseudo-MNT (PMNT) can be defined when
M =2b — 1, for b composite. When M = 2F — 1, we have the MNT for which
the maximum sequence length is P for o = 2, or 2P for o = — 2. If M can be
factored as in (11.2), then the transform length is governed by (11.9). N, for
this case when bis odd is listed in Table 11.5. When b is prime, such as b = 23, 29,
37,41, 43,47, the MNT results. When b is composite, N, is very short. Hence,
as can be seen from Table 11.5, the PMNT is of no practical interest. This can be

Table 11.5

Maximum Odd Length and Corresponding Power-of-2 for Real Transforms modulo M =27 — 1
with b Odd and M Composite”

. L Maximum  Power-
Prime factorization of

b b e ra Prime factorization of p;—1 odd of-2
M=2"=1=pip3" pi length® (N) roots®
15 7-31-151 (2-3)(2-3-5)(2-3-5%) 3 -
21 72-127-337 (2-3)(2-32-)(2*-3-7) 3 -
23 47-178481 (2-23)(2%-5-23-97) 23 2
25 31-601-1801 (2-3-5)(23-3-5%)(23-32-5%) 15 -
27 7-73-262657 (2-3)(23-32-29-33-19) 3 -
29  233-1103-2089 (2%-29)(2-19:29)(2%-32-29) 29 2
33 7-23-89-599479 (2-3)(2-11-2%-11)(2-3-11-31-293) — —
35 31-71-127-122921 (2:3-5)(2-5-7-2-32-7)(2*-5-7-439) — -
37  233-616318177 (2-3-37)(2%-3-37-167-1039) 37 2
111 -
39 7-79-8191-121369 (2-3)(2-3-13-2-3%-5-7-13) 3 -
(23-3-13-389)
41  13367-164511353 (2-41-163)(2*-41-59-8501) 41 2
43 431-9719-2099863 (2:5-43)(2-43-113)(2-43-32-2713) 43 2
45 7-31-73-151-631-23311  (2:3)(2-3-5)(23-32)(2-3-52)(2-32-5-7) 3 -
(2-3%2-5-7-37)
47  2351-4513-13264529 (2:52-47)(2°-3-47)(2%-31-47-569) 47 2
49 127-4432676798593 (2-32-7)(27-3%-7%-43-337-5419) 63

“ From [N-26] ; copyright 1976 by International Business Machines Corporation; reprinted with
permission.
® A blank entry denotes *““does not exist.”

overcome to some extent for some values of b if the PMNT is defined in a ring in
which the modulus is a divisor of M rather than M:

N-1
Xpm(k)z[z x(n)2“‘""] mod M/p", k=0,1,...,N — 1
n=0
N—-1
x(n):[N—1 y Xpm(k)Z“”"kj| mod M/p, n=0,1,...,N—1 (11.53)
k=0
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where
M=phpy pp=2—1, bz (11.54)
and
2“y = 1 modulo M/p’s -~ (11.55)
For this case « is power of 2 and the transform length increases (see Table 11.6).

Table 11.6
Length and Roots for Real and Complex Transforms in the Ring (2° — 1)/p} “

Transform Real transform Complex transform Approximate
b ring word length
modulus Length (N) Root (x) Length (N) Root («) (no. of bits)
215 — 1 5 40 )
15 7 5 2 2°5) 2 —1) 12
22— 5 56 )
21 e 7 2 2>7) 2= 1) 15
3 2! 25 2 200 i+ 1 20
31 (23-5?) J
yn - 27 2 216 i+ 1 18
773 (2339 /
235 — 1 280
35 35 2 J+1 23
31.127 2357
235 1 40
35 5 27 23(1 — ) 28
127 (23-5)
235 -1 56
35 7 25 —2%(1 +J) 30
31 237
245 — 1 40 )
45 5 2° 241 +) 36
7.73 (23-5)
249 — 1 56
49 7 27 23(1 =) 42
127 27
-1 49 2 392 i+ 1 4
27 23-7%) /

¢ From [N-26] ; copyright 1976 by International Business Machines Corporation ; reprinted with
permission.

For instance, when b = 25 the PMNT as defined in (11.53) results in a transform
length of 25 when o is a power of 2, compared to a transform length of 15
otherwise, as shown in Table 11.5. By utilizing a complex version of PMNT, long
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transform lengths and fast algorithms for obtaining real and complex con-
volutions can be found (Problem 20). For example, when b = 25 the maximum
sequence length is 200, which is highly composite (Table 11.6). Some of the
comments made for the CPFNT are equally applicable to the CPMNT.

11.12 Relative Evaluation of the NTT

Nussbaumer [N-19, N-20, N-25, N-26], who has developed the pseudo- and
complex pseudo-FNT and -MNT has also compared the performance of these
transforms [N-21]. Table 11.7, compiled by Nussbaumer [N-21], lists those
NTT that can be computed by additions and bit shifts only (« is a power of + 2
or 1 + j). The number of real additions Q, in this table is based on

Q1:N<iNi—e> (11.56)

for composite N = N;N, - N,, and results from mixed-radix FFT-type

algorithms. For o = ﬁ (11.56) changes slightly, and for complex NTT the
number of real additions increases to 2Q;.

Table 11.7

Transforms and Pseudo-Transforms Defined modulo 2° — 1 or modulo 2° + 1 [N-21]

Approximate

Transform Root Transform output No. of real
b ring ) length word length  additions Transform

modulus (N) (no. of bits)  (Q,)

(Ly)
prime 2°—1 -2 2b b 2b* MNT
2 2241 2 21+1 2 (t + 1)2:1
P CU /2 2+2 2 (41 + 92" FNT
b? Qe -1y -2 2b2 by —1) 2022, = 1) py s
bib, (242 —1)/2br—1) -2 2b, biby = 1) 2b2
prime (2;2-&— 1)/3 2 2b b-2 2b?
b? @+ D/ +1) 2 262 by(by — 1) 26226, — 1) PENT
bib, (2024 1)/2% + 1) 2t 2b, bi(b, —1) 22
b2t (222 4 1)/Q¥ +1) 2 b2ttt 2b, — 1) b2 (b, + 1)
prime 2° — 1 Jj+1 8b b 4b(4b + 9) CMNT
b .

b? =D/ -1 j+1 8b2 by(by — 1) 4b%(8b, + 5) CPMNT
bib, (@ —1)j2" 1) (+ 1" 8, by(b; = 1) 4by(4b; +9)
prime (2ZZ+ 1)/3 j+1 8b b-2 4b(4b + 9)
b? QTP+ + 1) j+1 8b2 bi(by — 1) 4b7(8b, +5)  CPFNT

biby (M2 4 1)/2% + 1) (j+ 1) 8b, bi(b, - 1) 4b,(4b, + 9)
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N-dimensional circular convolution can be implemented by NTT that satisfy
(11.12). The implementation requires two forward transforms, one inverse
transform, and N multiplications. For long input sequences {g(n)}, overlap-add
or overlap-save methods are used [O-1, G-5, S-35]. In these methods {g(n)} is
divided into successive blocks of equal length N; and each block is convolved
with the unit sample sequence {4(n)} of length N,. Nonperiodic convolution of
{g(n)} with {h(n)} is accomplished by

(i) appending zeros to each of the sequences {g(n)} and {i(n)} so that both
of them are of length N > N; + N, — 1,
(ii) carrying out a circular convolution of these extended sequences, and

Table 11.8

Computational Complexity for Real Filters Computed by Transforms and Pseudo-Transforms
[N-21]

Transform
b OALE)tp:JOtXImate Figure of merit Transform
Length P (Q,)

word length
(no. of bits)

(Lo)

™)

. 1062 + 2(N, — 1)
prime 2b b o MNT
2N,(2b — N, + 1)

2%t +14+27H 4N, -1
Ny P =Ny + 1)

27N+ 9429+ Ny — 1
N2 = Ny + 1)

b3 (b2 + Tb; — 4) + by(N, — 1
bf be bl(bl _ 1) l( 1 1 ) l( 2 ) PMNT
Nay(by — 1)2b2 — N, + 1)

b(byby — by +4) + N, — 1
Ny(by — 1)2b, — N, + 1)

B2 2[b, + 14 272(by — 1)] + by(N, — 1
b2t b2TL (b, — 1) 127 1oy 0y = D] + 62 — D PFNT
Ny(by — 1)(b;:2 " = N, + 1)

b(43b + 102) + 2(N, — 1
prime  8b b (436 +102) + 2V, — 1) CMNT
2N,(86 — N, + 1)

b3 (1162 + 53b; + 70) + 2(N, — 1)b
b3 8b2 by(by — 1) 110y 1 & 70) + AN, — Uby CPMNT
2Ny(by — 1)(8b2 — N, + 1)

b2(11b1b, — 11b + 32b, + 102) + 2b,(N, — 1
byb,  8b? by(by — 1) 2(116:6 ! 2 ) +26:(N2 =D ppn
2N,(bs — 1)8by — N, + 1)

2! 2t +1 2!
FNT
2 2+

bib,  2b, by(by — 1) PENT
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(iii) adding overlapping samples from the convolution in the case of the
overlap-add method, or saving the last N, — 1 samples from the convolution of
the preceding block and discarding the first N, — 1 samples from the con-
volution of the present block in the case of the overlap-save method.

Based on the overlap-add method, Nussbaumer [N-21] has evaluated the
computational complexity involved in implementing the digital filters by NTT.
The results are equally applicable to the overlap-save method. The hardware
costs corresponding to arithmetic modulo (2° + 1) are similar. A figure of merit
(FOM) (Q, for real filters and Q5 for complex filters) is used to compare the
NTT. The FOM represents the number of additions of words of length L, (see
Table 11.7) per output sample and per filter tap using modulo M arithmetic. This
FOM takes into account such schemes as FFT-type algorithms, implementing
real filters by complex NTT (where applicable), and special logic design for
modulo arithmetic [N-21]. A low FOM Q, or Q5 corresponds to an efficient
number theoretic transform for implementing the digital filter. The FOMs for
real and complex filters for various NTT are listed in Tables 11.8 and 11.9,
respectively.

Itcan be observed from Tables 11.7-11.9 that the filter length N, (the length of
{h(n)}) plays a minor role in the numerators of Q, and Q;. Because the
N,(N — N, + 1) term appears in the denominators of Q, and Q, the FOM is

Table 11.9

Computational Complexity for Complex Filters Computed by Transforms and Pseudo-Transforms
[N-21]

Transform

Approximate Figure of merit

b output Transform
(]f,;lgth word length (@)
(no. of bits)
(Ly)

] 2262 + 56b + N, — 1
prime 8b b CMNT
2N,(86 — N, + 1)

by [262(3b% + 13b; + 20) + N, — 1
b? 8h2 by(by — 1) 125,65, 1 120+ N — 1] CPMNT
2N, (by — 1)(8b2 — N, + 1)

bt - bichs — 1) by [2b,(8b; + 28 + 3by(b, — 1)) + N, — 1] CPFNT
2N, (by — 1)(8by — N, + 1)
22224+ D)+ Ny — 1
2N,(N — N, + 1)
22 4+ 1)+ N, — 1
2N,(N =N, + 1)

2! 2t +1 2

FNT
2! 2t +2 2!
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optimized when this term is a minimum. This corresponds to N, = N/2
(Problem 26). The input sequence can be sectioned into blocks of length &, such
that N, = N/2 where N> N, + N, — 1. To compare the computational

w

n

Computational complexity Q,

filter length N,
! >

| | |
50 100 150 200 250

(No. of taps)

Fig. 11.1 Computational complexity versus filter length for real filters and for a word length L
of 32 bits [N-21]. Symbols: —, direct computation; A--A, FNT; x -- x, PMNT and PFNT,
modulo 2*° + 1)/(27 + 1); ® ——®, CPMNT and CPFNT, modulo 2*° + 1)/(2" + 1), a =1 + .
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Fig. 11.2 Computational complexity versus filter length for real filters and a word length L, of 42
bits [N-21]. Symbols are as in Fig. 11.1, and +--+, PFNT, b = 56.
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complexity of NTT in digital filtering applications, the word length L,
corresponding to a specified accuracy in the digital filter design must be taken
into account. Nussbaumer [N-21] defines this as

0,L,/L, for real filters
Q4 =

11.57
OsL,/L, for complex filters ( )

where L, is the approximate output word length described in Table 11.7. Figures
11.1 and 11.2 show the computational complexity Q, as a function of filter
length N, = N/2 for L, = 32 and 42 bits, respectively. The input sequence word
length isin the 10-18 bits range. For direct evaluation of (11.10), it can be shown
[N-21] that

Qs=(N-1)2N+%L,  for direct computation (11.58)

Itisapparent from these figures that the FNT with o = \/E and the CPMNT and
CPENT with « = 1 + j are the most efficient in implementing the digital filters
and allow up to a factor of 5 in processing workload reduction compared to the
direct implementation.

11.13 Summary

In this chapter number theoretic transforms (NTT) were defined and
developed. Basically, they can be categorized as Mersenne and Fermat number
transforms (MNT and FNT). Both the MNT and FNT and their pseudo and
complex pseudo versions were developed and their properties discussed. It was
seen that since NTT can be implemented with only additions and bit shifts they
require no multiplications; fast algorithms comparable to FFT algorithms were
shown to exist for some of the NTT, and constraints on word and sequence
lengths were pointed out. We observed that, because they usually have the CCP,
digital filters can be implemented by NTT, and both real and complex filtering
can be carried out using the complex NTT.

A comparison of approaches for evaluating circular convolution (digital
filtering) was given. Some NTT were shown to be highly efficient for evaluating
circular convolution as compared with direct computation of (11.10). This is an
incentive for designing and building hardware structures for implementing NTT
[B-39, M-23]. The properties of the NTT can be summarized as follows.

ProperTIES OF THE NTT [A-59] All NTT operations are performed in modulo
arithmetic in a finite field of integers. NTT that have the DFT structure and
possess the CCP have the following properties:
(1) Basis Functions. These are defined by
ok where n,k=0,1,...,N—1
(i) Orthogonality. The basis functions o™ form an orthogonal set.

N, n=mmodN

N-1 N-1
Z O(nka~mk — Z a(n—m)k — ]
k=0 k=0 0 otherwise
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(iii)y Transform pair.

N—-1 '
CX(k) = ) x(ma™, k=0,1,...,.N—1
n=0
) N—-1 ‘
x(n)=N"1Y X(k)a™, n=0,1,...,N—1
k=0

(iv) Periodicity.
x(n) = x(n + N), X(k) = X(k + N)

(v) Symmetry Property. Both the symmetry and antisymmetry proper-

ties of a sequence are preserved in the transform domain. If x(n) is symmetric
X(k) is also symmetric:

x(m) = x(—n) = x(N —n) if and only if X(k)=X(—k)= XN — k)
If x(n) is antisymmetric, X(k) is also antisymmetric:
x(n) = —x(—n)= — x(N — n) if and only if
X(k)=— X(k)= — X(N — k)
(vi) Symmetry of the Transform.
T[T[x(m)]] = T[X(k)] = Nx(—n)

(vii) Shift Theorem. If T[x(n)] = X(k), then T[x(n + m)] = o ™ X(k).

(viii) Fast Algorithm. 1f N is composite and can be factored as N =
NN, -+ N, then the NTTs have an FFT-type fast algorithm that requires
about N(N; + N, + - -+ + N,) arithmetic operations.

(ix) Circular Convolution. The transform of the circular convolution of

two sequences is the product of the transforms of these sequences. (See (11.10)
and (11.11).)

(x) Parseval’s Theorem. Let T[x(n)] = X(k) and T[y(n)] = Y(k). Then
N-1

N'Y Xy = Y XEY(— k)

and

NY - m= Y XEYE)

When x(n) = y(n)
N i xX(n) = i X(R)X(— k)

N i x(m)x(—n) = i X2(k)
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Magnitude is not defined in modulo arithmetic, so the conventional Parseval’s
theorem (see Problem 3.4) is not valid.

(xi) Multidimensional Transform. Like the FFT, the NTT can be extend-
ed to multiple dimensions. For example, the 2-D NTT and the inverse 2-D NTT
can be defined as '

Ni—1 N>—1
Xk, k)= 5 Y x(ng,np)a o, ki =01,...,N, — 1,
ni=0 ny=0
k2:0,1,...,N2—1
Ni—1 Nz;-1
x(nl,nz):Nl_lNz_l Z Z X(kl,kz)al_"lklaz_nzkz’ I’l1:0,1,...,N1—1,
k1=0 k=0

n2=0,1,...,N2—1

where «; is of order N; and «, is of order N, modulo M. All the properties of the
1-D NTT are also valid for the multidimensional case.

PROBLEMS

1 Prove (11.16).
2 Prove (11.17).

3 The first five Fermat numbers F—F, are prime. In this case 3 is an « of order N = 2b. Show that
there are 27! — 1 other integers also of the same order.

4 Show that for every prime P and every integer a, P|(a” — a).

5 Mersenne numbers are Mp = 2° — 1 where P is prime. Use Fermat’s theorem to show that
P|(27 - 2). Conclude that (Mp — 1)/P is an integer.

6 Prove (11.27).
7 Show that the MNT as defined by (11.26) satisfies the CCP.

8 Rader [R-54] has shown a possible hardware configuration for the MNT when P =15
(Mp = 31). Develop a similar processor for the MNT when P =7, (Mp = 127).

9 Show that every prime factor of composite F, (see (11.19)) is of the form 2'* 2k + 1 [D-11]. Hence
show that 2'*2|O(F) for ¢ > 4.

10 Show that « = /2 is of order 2'*2 = 4b mod F,, 1 > 2 [A-57, A-59, A-61].
11 Prove the orthogonality property of the basis functions o™.
12 Show that the Parseval’s theorem as described in the Summary is valid for the NTT.

13 Circular Convolution by Means of the FNT The FNT and IFNT matrices for F, = 17, a0 = 2,
and N = 8 are given by (11.24) and (11.25), respectively. Consider two sequences g" = {1, 1,0, — 1,
2,1,1,0band "= {0, 1, — 1, 1,0, — 1, 1, — 1}. Obtain the circular convolution of these two
sequences using the FNT and check the result by direct computation (see (11.10)).

14 Fast FNT In Problem 13 N is an integer and a power of 2. Develop a radix 2 FFT-type
flowgraph for fast implementation of the FNT and show that the algorithm based on this flowgraph
yields the same result as that obtained by direct implementation of the FNT.
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15 If M = M, M, where M; and M, can be composite show that O(M) = ged{O(M;), O(M,)}.

16 Parameters of interest for the NTT for binary and decimal aﬁthmetic are available [A-61].
Develop similar tables for octal and hexadecimal arithmetic.

17 Show that the CMNT satisfies the CCP for o = 2j.
18 Repeat Problem 17 for o =1 + .

19 Fast CMNT Develop a DIT or DIF FFT-type algorithm for the CMNT when o = 2j and
o =1+ j. Choose P = 7. Indicate the savings in number of additions and bit shifts by this technique
compared to the evaluation of complex convolution by the MNT [N-26].

20 Complex Pseudo-MNT Nussbaumer [N-26] has extended the CMNT to the complex pseudo-
Mersenne number transform (CPMNT). Develop the CPMNT in detail and compare its advantages
over the CMNT in terms of transform length,-word length, and fast algorithms.

21 Show that the PFNT satisfies the CCP.

22 Repeat Problem 21 for the CPFNT (see (11.51)).

23 Define the CPENT and its inverse for o = 1 + j. Show that this also satisfies the CCP.
24 Pseudo-Mersenne Number Transform Consider the following transform pair:

Forward transform

N-1
X, (k) = |: > x(n)oc"":| mod M, k=0,1,...,N—1 (P11.24-1)
n=0
Inverse transform
N-1
x(n) = |:N’1 > X,,(k)oc”‘":| mod M, n=0,1,...,N—1 (P11.24-2)
k=0

Show that this pair satisfies the CCP [E-22]. In (P11.24-1)and (P11.24-2), N = P, Pis prime, a and s
are integers, s> },l lel =2, o021 (modulo P), « is a root of order P° modulo M, and
M= - Die —1).

25 Pseudo-Fermat Number Transform Repeat Problem 24 for N = 2P sz 1 |u =22, a# -1
(modulo P), o a root of order 2P° modulo M, and M = (o + 1)/(«” " + 1).

26 It is stated in Section 11.12 that @, and Q5 are optimum when N, = N/2. Prove this.
27 Prove (11.49) and (11.50).
28 For the MNT, when « = — 2, show that N = N_,, = 2P.



APPENDIX

This appendix explains some necessary terminology and the operations
Kronecker product, bit-reversal, circular and dyadic shift, Gray code con-
version, modulo arithmetic, correlation, and convolution (both arithmetic and
dyadic). Also defined are dyadic, Toeplitz, circulant, and block circulant
matrices. '

Direct or Kronecker Product of Matrices [A-5, A-41, B-34, B-40, N-17, B-35,
L-21]

- auB alZB et al,,B
4 ® B = az:lB a%zB PN aZ."B (Al)
a,,.llB a,,.,zB s a,,.,,,B

If the order of 4 is m x n and the order of Bis k x [/, then the order of A ® Bis
mk x nl.

Abll Ab12 c Abll
BRA= A:b21 A:bzz :b21 (A2)
A.bkl A.bkz e A.bkl

ALGEBRA OF KRONECKER PropucTs It is clear from (A1) and (A2) that the
Kronecker product is not commutative. Further,

ARBR®C=(A®BR®C=4®(BRC)
A+B@EC+D)=4A®C+ARD+BRC+B®D  (A))
(4® B)(C® D)= (4C)® (BD)

444
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The Kronecker product of unitary matrices is unitary. The Kronecker product
of diagonal matrices is diagonal. :

(41B)® (4:B) ® @ (4,8,)
=4 @40 QA4)Bi®B,® - Q®B,) (Ad)
trace (4 ® B) = (trace A)(trace B)
(A@B'=A4"®B" (A5)
(4®B) '=4""'®@B"!
KRONECKER POWER
AN =A4® A4

A* N = 4@ AW = AN ® 4 (A06)

(AB)W = Ak gtk forall 4 and B

Kronecker products of matrices are useful in factoring the transform matrices
and in developing generalized spectral analysis. For example, (WHT), matrices
can be generated recursively. (See (8.15)-(8.18).)

Bit Reversal

A sequence in natural order can be rearranged in bit-reversed order as
follows: For an integer expressed in binary notation, reverse the binary form and
transform to decimal notation, which is then called bit-reversed notation. For

Table Al

Bit Reversal of a Sequence for N = 8

Sequence in Binary Bit Sequence in
natural order representation reversal bit-reversed order
0 000 000 0

1 001 100 4

2 010 010 2

3 011 110 6

4 100 001 1

5 101 101 5

6 110 011 3

7 111 111 7
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example, if an integer is represented by an L-bit binary number,
(Mo = (mp 125" +mp_ 2572 4+ - + my2% + m 2t + my2°)
= (My_ 1My _, " MyMiMg),
where my, =0o0r1,/=0,1,...,L — 1, then the bit reversal of m is defined by
(bit reversal of m);,
= (me2-~1! + my2E7 2 w28 ey 20 + mp20)
= (momymy -~ my_,mp 1), (A7)

Letm = 6 = (110),. Then the bit reversal of mis (011), = 3. The bit reversal for
a sequence of length N = 8 is shown in Table Al.

Circular or Periodic Shift

If the sequence {x(0), x(1), x(2), x(3), ..., x(N — 1)} is shifted circularly or
periodically to the left (or right) by / places, then the sequence {x(I),
x(+1),...,x(N—1), x(0), x(1),...,x(/ — 1)} results. For example, circular
shift of the sequence to the left by two places yields {x(2), x(3),
x4),...,x(N — 1), x(0), x(1)}. Circular shift of the sequence to the right by three
places yields {x(N — 3), x(N — 2), x(N — 1), x(0), x(1),...,x(N — 4)}.

Dyadic Translation or Dyadic Shift [A-1, C-10, C-20, C-21, B-9]

The sequence z(k) is obtained from the sequence x(k) by the dyadic translation
x(k) = x(k ® 1) (A8)

where k& @ t implies bit-by-bit addition mod 2 of binary representation of k and
7. Thisisequivalent to EXCLUSIVE OR in Boolean operations [see (A11)]. For
example, {x(k)} = {x(0), x(1), x(2), x(3), x(4), x(5), x(6), x(7)} changes under
dyadic translation for T = 3 to {x(3), x(2), x(1), x(0), x(7), x(6), x(5), x(4)}. Thus
for x(6) we have k = 6 = (110),, 1 = 3 = (011),, so that

kdt=(101), =35, x(6 @ 3) = x(5)
For negative numbers, addition mod 2 is
(—he(-1)=k®1, (“HOrt=kd(-1)=—-(kd7)

These rules can be generalized in a straightforward manner to describe the
signed digit a-ary shift (Section 9.8).
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modulo or mod
m mod n is the remainder of m/n: mmodn = Z(m/n). If m = p (modulo n)

where m, n, and p are integers, then m/n = [ + p/n, where p = %(m/n) and /is an
integer. For example,

21mod9 = 3, A=2+3
(A9)
2mod9 =2, 21 = 3 (modulo9).
As an application, note that
W = exp(— j2n/N)
W = WameIN = exp(— j(2n/N)g)

N-1 : _
5 - _ {N, if n —.mmodN (A10)
=0 0 otherwise

Modulo 2 addition is an EXCLUSIVE OR operation given by
0p1l=1, 1®0=1, 090=0, l®1=0 (A11)

Gray Code

The Gray code equivalent of a number can be obtained as follows:

1. Transform the decimal number to binary representation.
2. Carry out addition mod 2 of each bit with the one to its immediate left.
3. Transform this result to decimal notation.

For example,

1. (19, ——— (10011),

addition mod 2

2. (10011); ———— (11010), (A12)

3. (11010), ——— (26)40
Under Gray code (19);, transforms to (26),.
GraY CoDE TO BINARY CONVERSION [A-1,B-9] A sequence in natural order can

be rearranged based on Gray code to binary conversion (GCBC) as follows:
Consider the L-bit binary representation of a decimal number £,

(k)m = (kL—lkL—Z e kzklko)z

where k, =0o0r1,/=0,1,2,...,L — 2,k _y = 1. The GCBC of (k) is given
by (i)10 where ()10 = (ip—1ip—2 " iai1ig); and ip_y =k 1, i =k @iy,
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/=0,1,...,L — 2. This can be illustrated with an example for N = 8. Table A2
shows that the naturally ordered sequence {x(0), x(1), x(2), x(3), x(4), x(5), x(6),
x(7)} converts to the GCBC sequence {x(0), x(1), x(3), x(2), x(7), x(6), x(4),
x(5)}. A table similar to Table A2 can be developed to yield a GCBC of the bit
reversal of (k);,. This is shown in Table A3 for N = §. ‘

Table A2
Sequence Based on GCBC

(k)w (k)z (i)z = (k)w (i)lo

0 000 000 0
1 001 001 1
2 010 011 3
3 011 010 2
4 100 111 7
5 101 110 6
6 110 100 4
7 111 101 5
Table A3

Sequence Based on GCBC of Bit Reversal of (k);,

: ():
Bit 1
O (O T (,r;:e“a (GCBC of the Do

previous column)

0 000 000 000 0
1 001 100 111 7
2 010 010 011 3
3 011 110 100 4
4 100 001 001 1
5 101 101 110 6
6 110 011 010 2
7 111 111 101 5

Correlation

Dyabic or LoGICAL AUTOCORRELATION [R-7, A-21, G-4, G-24, H-1, C-10, C-11,
C-12,L-7, G-24] Ifasequence has period N, i.e., x(kN + ) = x(!) for integer-
valued k, we say that it is N-periodic. The dyadic or logical autocorrelation of an
N-periodic random sequence x(/), /=0,1,2,...,N — 1, is
1 N-1
y(k):N Y x(@kx(i), k=0,1,2,...,N—1 (A13)

i=0
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where the symbol @ implies dyadic additon mod 2. As an example, for N = §,
the dyadic autocorrelation can be expressed as

- »(0) T - x(0) x(1) x(2) x(3) x(4) x(5) x(6) X(7)T
y(1) A XM x(0) x(3) x(2) x(5) x(4) x(7) x(6)
y(2) x(2) x(3) x(0) x(1) x(6) x(7) x(4) x(5)
y@) | _1 | B x(@ x(1) x(0) x(7) x(6) x(5) x(4)
y(4) S x4 x(5) x(6) x(T) x(0) x(1) x(2) x(3)
¥(5) x(5) x(4) x(7) x(6) x(1) x(0) x(3) x(2)
»(6) x(6) x(7) x(4) x(5) x(2) x(3) x(0) x(1)
L v(7) | x(7) x(6) x(5) x(4) x(3) x(2) x(1) x(0) |
[~ x(0) T
x(1)
x(2)
x igg (Al4)
x(5)
x(6)
L x(7)
ARITHMETIC AUTOCORRELATION The arithmetic autocorrelation of an N-
periodic random complex sequence x(I), /=0,1,2,...,N — 1, 1s
r(k):% Y x(i + k)x(@), k=012,...,N—1 (A15)
For N = 8, the arithmetic autocorrelation can be expressed
[~ r(0) 7 [ x(0) x(1) x(2) x(3) x(4) x(5) x(6) x(7) 7]
r(1) x(1) x(2) x(3) x(@) x(5) x(6) x(7) x(0)
r2) x(2) x(3) x(@) x(5) x(6) x(7) x(0) x(1)
G | _ | X3 x4 x(5) x(6) x(7) x(0) x(1) x(2)
@ | x@ x(5) x(6) x(7) x(0) x(1) x(2) x(3)
r(5) x(5) x(6) x(7) x(0) x(1) x(2) x(3) x(4)
r(6) x©6) x(7) x(0) x(1) x2) x(3) x(4) x(5)
L (7)) L x(7) x(0) x(1) x(2) x(3) x(4) x(5) x(6) |
 x(0) 7
x(1)
x(2)
X ig; (A16)
x(5)
x(6)
L x(7)
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Convelution

CircULAR OR Periobic ConvoruTion Circular or periodic convolution of two
N-periodic sequences x(m), h(m), m=0,1,2,...,N — 1, is
1 N-1 1 N—-1
ymn)y=— > x(Dh(n =) =— > h(hx(n —1), n=0,1,..., N-—1 (A17)
N Zo N S
where x(I), h(l), and y(/) are periodic sequences. For N =8 (A17) can be
expressed in matrix form

»(0) 7] [ A(0) A(T) h(6) h(5) h(4) h(3) A(2) A1) [ x(0) ]
y(1) h(1) k) AT) WO6) h(5) h(4) h(3) hQ) x(1)
¥(2) h2) k(1) hO) A7) h6) h(5) h4) h(Q3) x(2)
y3) | _o | MB A2 k(1) RO) A(T) h(6) A(5) h(4) x(3)
y(4) S 1 k@) h(3) hQ2) k(1) h(0) k() h6) h(5) x(4)
y(5) h(5) h(4) h(3) W2) (1) h0O) h(T) h(6) x(5)
»(6) h(6) h(5) h4) h3) h2) k(1) h0) h(7) x(6)
L y(7) L A(T) h(6) h(S) h4) h(3) h2) k(1) h0)_| [ x(7) ]
(A18)
For any N (A18) becomes
(0) ™ 1(0) BN —1) hN—2) - hQ2) k)
»(1) 1| A h(0) AN —=1) -+ h3) hQ)
»2) == | @ h(1) h(0) @) hG)
YN = 1) | AN —1) KN-2) hN—3) --- k(1) h0)
[ x(0)
x(1)
x | x(2) (A19)
| X(N - 1)

The square matrices in (A18) and (A19) are circulant matrices (see (A22)).

Dyabic or LogicaL ConvoLutioN Dyadic or logical convolution of two N-
periodic sequences x(m), A(m),m = 0,1,2,..., N — 1,1is an N-periodic sequence
y(n) given by

N-1 1

N—1
y) =— Y x(Dhneh=— Y kDxnel), n=0,1,....N—1 (A20)
N 1=0 N 1=0

the symbol © implies subtraction mod 2. Dyadic convolution and correlation
are identical to the operations @ and ©, respectively. For N = 8 the dyadic
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convolution can be obtained from (A14) by replacing the column vector {x(0),
x(1),...,x(7)}" on the right side by the column vector {h(0), h(1),..., h(7)}".

Special Matrices

Dyapic MaTrix [R-7, H-1] A dyadic matrix is formed by addition mod 2 of &
and » (see Table A4). The square matrix shown in (A14) is an example of a
dyadic matrix (DM). The eigenvectors of any dyadic matrix are the set of
discrete Walsh functions [K-27]. A dyadic matrix can be transformed into a
diagonal matrix under a similarity transformation by a WHT matrix. The
elements of this diagonal matrix are the eigenvalues of the dyadic matrix.
(1/N)GyBG, = D, where D is a diagonal matrix, G, a WHT matrix, and B a
dyadic matrix. The WHT can be based on Walsh, Hadamard, Paley, or cal-sal
ordering (see Chapter 8).

Table A4

Bitwise mod 2 Addition, Given by n @ k, for Integers Between 0 and 15. This Table
Can Be Extended by Inspection”

k
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 0 12 3|4 5,6 7|8 910 11]12 13[14 15
L1 013 205 417 619 811 10113 12115 14
2 2 310 1le6 714 si10 11]8 914 15/12 13
303 201 017 6ls 4l1l 10l 9 8115 14113 12
4 4 5 6 7]0 1 2 3{12 13 14 15/ 8 9 10 11
S s 4 7 61 0 3 20131215 14/ 9 8 11 10
6 6 7 4 572 3 0 1114 15 12 13(10 11 8 9
7 7 6 5 413 2 1 ol15s 14 13 12/11 10 9 8
____________________ e et Mol A A
8 8 910 11 12 13 14 1510 1 2 3 4 5 6 7
9 9 8 11 10 13 12 15 14{1 0 3 2 5 4 7 6
10 10 11 8 9 14 15 12 13/2 3 0 1 6 7 4 5
1 11 10 9 8 15 14 13 1213 2 1 0 7 6 5 4
12 12 13 1415 8 9 10 11)4 5 6 7 0 1 2 3
13 13 1215 14 9 8 11 1015 4 7 6 1 0 3 2
14 14715 12 13 10 11 8 96 7 4 5 2 3 0 1
15 15 14 13 12 11 10 9 817 6 5 4 3 2 1 0

¢ Adapted from [R-7].

The inverse of a dyadic matrix is a dyadic matrix. The product of dyadic
matrices is a dyadic matrix. The product of dyadic matrices is commutative. A
dyadic matrix is symmetric about both of its diagonals.
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TorpLiTZ MATRIX [B-34, G-22, G-23, W-33, T-20, T-21, Z-2, K-28, L-21]
A Toeplitz matrix is a square matrix whose elements are the same along any -
northwest (NW) to southeast (SE) diagonal. The Toeplitz matrix of size 22 x 22

is designated T'(2), and diagonal directions are indicated

Nw

A11 >«

~
~

~
az1 >

Q)= |

N
a3r~_
N

~
SwW

CIRCULANT MATRICES

a ™ ay a\\
N ~
“11 \\12 ~ G113

\\ ~ \\\
A1~ 411 >\ 412
~ ~ ~

NE

Q12 ~ G413~ d1g

~ S e ~

~

(A21)

~ ~ N

~ \\ \\ ~
Aq1 > 431>~ d21 >4y SE

A circulant matrix is a square matrix whose elements in

each row are obtained by a circular right shift of the elements in the preceding

row. An example is

Ci1 Ci2 €13 Cyig
Ciqa C11 C12 (13
Cc@2) = (A22)
€13 Cia C11 C12
Ci2 €13 Ci4 C11

Given the elements of any row, the entire matrix can be developed. A circulant
matrix is diagonalized by the DFT matrix [H-38, H-39, A-45]. If [F(L)] is the
(2% x 2%) DFT matrix, then [F(L)]*[C(L)][F(L)] = [D(L)] and [D(L)] is a
diagonal matrix. The DFT matrix

11 11
1 - =1

FO=| | _{ 1 _{ (A23)
1 J -1 =

diagonalizes C(2). The diagonal elements of D(L) are the Fourier series
expansion of the elements in the first row of C(L). A circulant matrix is also
Toeplitz. The inverse of a circulant matrix is a circulant matrix. The product of
circulant matrices is a circulant matrix that is commutative. Sums and inverses
of circulant matrices result in circulant matrices.

Brock CircuLaNT MAaTRIX [H-38] A block circulant matrix (BCM) is a square
matrix whose submatrices are individually circulant. The submatrices in any row
of a BCM can be obtained by a right circular shift of the preceding row of
submatrices. A BCM can be diagonalized by a two-dimensional DFT. An
example is

H, Hy_, Hy-, H,
H, H, Hy-, H,
H = H, H, H, H, (A24)
: : : H;
Hy-y Hy-, Hy-3 "+ H,
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where each submatrix H;,j =0,1,..., U — 1,is acirculant matrix of size ¥ x V.
There are U? submatrices in H, which is of size UV x UV. Note that Hisnot a
circulant matrix.

Dyadic or Paley Ordering of a Sequence [A-1, B-9]

Let the sequence {x(L)} in natural order be {x(0), x(1), x(2),...,x(N — 1)}.
Then the sequence in dyadic or Paley ordering is obtained by rearranging {x(L)}
by its Gray-code equivalent. This is illustrated for N = 8 in Table AS. If the
natural order of the sequence is {x(0), x(1), x(2), x(3), x(4), x(5), x(6), x(7)}, then
the dyadic or Paley order is {x(0), x(1), x(3), x(2), x(6), x(7), x(5), x(4)}.

Table A5

Dyadic or Paley Ordering of a Sequence for N = 8

(k)
*)ro O Gray code Gray code
in binary in decimal
6 0 0 0
1 1 1 1
2 10 11 3
3 11 10 2
4 100 110 6
5 101 111 7
6 110 101 5
7 111 100 4
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A

Aliased signals, 38, 290
Analog-to-digital converter (ADC), 180
Autocorrelation

arithmetic, 449

continuous function, 32

B

Bandwidth, 236, see also Noise bandwidth
BIFORE Transform, 315
complex, 366
modified, 378
modified complex, 378
Bit reversal, 70, 445
Bit reversed order (BRO), 312
Butterfly, 63

C

Chebyshev polynomials, 228, 386
Chinese remainder theorem (CRT)
expansion of polynomials, 147

for integers, 105

for polynomials, 112
Circulant matrix, 452

block, 452
Circular convolution, see Convolution
Circular or periodic shift, 446
C matrix transform, 416
Coherent gain, 232
Coherent processing, 238
Comb function

definition, 23

Fourier transform, 29

Congruence
modulo an integer, 27
modulo a polynomial, 108
modulo a product, 101
Constant Q filters, 205
Convolution
circular (periodic), 50, 123, 450
evaluation using the CRT, 121
evaluation using polynomial transforms,
152
property, 419
dyadic or logical, 450
frequency domain, 18
noncircular (aperiodic), 50
minimum number of multiplications for,
116
time domain, 17
Cook-Toom algorithm, 115
Correlation
arithmetic, 50, 449
dyadic, 448
Cross-correlation, 31
Cyclotomic polynomial, 109

D

Data sequence
definition, 34
number, 35
Decimation in frequency (DIF) FFT, see
Fast Fourier transform
Decimation in time, 255
Decimation in time (DIT) FFT, see also
Fast Fourier transform
radix-2, 82
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Delta function
Dirac, 14, 26
Kronecker, 7
Demodulation, complex
analog, 290
digital, 290
Demodulator, 256, see also Single sideband
modulation
mechanization, 271
DFT, see Discrete Fourier transform
DFT filter
figure of merit (FOM), 232
nonperiodic, 185
nonperiodic shaped, 195
performance, 232
periodic, 180
periodic shaped, 192
response, 179, 182
shaping, 191
shaping approximation, 244
shaping by means of FIR filters, 195,
297
Digital filter
characteristics, 267
elliptic, 268
finite impulse response (FIR):
definition, 266
use in design of DFT windows, 297
infinite impulse response (IIR), 266
mechanizations, 263
order, 266
recursive, 263
transversal, 263
Digital word length, 281
Digit reversal, 72, 77
Discrete cosine transform, 386
even, 393, 412
odd, 413
Discrete D transform, 414
Discrete Fourier transform (DFT), see also
Fast Fourier transform
calculation using an (N/2)-point FFT, 56
definition, 35
of DFT output
definition, 249
filter shaping for, 250
frequence response for, 251
equivalence of 1-D and L-D, 135
equivalent representations, 181, 192
evaluation by circular convolution, 127
folding property, 37
matrix factorization, 46
multidimensional, 51

INDEX

of an N-point even (odd) sequence using
an (N/4)-point FFT, 56
periodic property, 36
with power of a prime number dimension,
125 .
with prime number dimension, 124
properties summarized, 49
reduced, 157
of sequence padded with zeros, 56, 92,
248
small N algorithms, 127
matrix representation of, 131
structure, 420
of two real N-point sequences, 55
Discrete sine transform, 412
Discrete time system, 34
Discrete transform classification, 365
Discrete transform comparison, 410
Double sideband modulation, 16, 28
Dyadic matrix, 451
Dyadic or Paley ordering, 453
Dyadic shift, 446
matrix, 322
Dyadic time shift, 359
Dynamic range, 281

E

Effective noise bandwidth ratio, 248
Eigenvector transform, 383

Elliptic filters, 268

Energy packing efficiency (EPE), 327
Equivalent noise bandwidth, 235, 286
Euclid’s algorithm, 111

Euler’s phi function, 102

Euler’s theorem, 104

External frequencies, 269

F

Fast Fourier transform (FFT), see also Dis-
crete Fourier transform
algorithms, 2
algorithm comparison, 165
arithmetic requirements, 71, 164
bit reversal, 70
decimation in frequency (DIF)
mixed radix, 173
radix-2, 60, 69
decimation in time (DIT)
mixed radix, 173
radix-2, 82, 91
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derivation using
factored identity matrix, 88
matrix inversion, 84
matrix transpose, 81
digit reversal, 72
in-place computation, 96
mixed radix, 58, 72
polynomial transform method of computa-
tion, 154 '
power-of-2 (radix-2), 59, 81, 173
minimum multiplications for, 90
radix-3, -4, etc., 81, 94
scaling, 283 ’
Fermat numbers, 422
Fermat number transform, 166, 422
complex, 427
complex pseudo, 432
fast, 442
matrix, 423
pseudo, 430, 443
Fermat’s theorem, 103
FFT, see Fast Fourier transform
Field
of integers, 102, 418
of polynomials, 108
Filter
equiband, 270, 294
passband, 269
stopband, 269
transition interval, 269
Filters, see Digital filters
Fit function, 208
Fourier series
with complex coefficients, 8
existence of, 9
with real coefficients, 6
Fourier transform
derivation, 10
inverse, 11
multidimensional, 23
pair, 12
properties, 24
Frequency
bin number, 36
tags, 77

G

Gauss’s theorem, 103
Generalized continuous transform
basis function
average value, 341
frequency, 340
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generation, 338
orthonormality, 343
period, 341
convolution, 347
definition, 335
discrete transforms derived from, 348
inversion, 344
linearity property, 344
shifting theorem, 345
Generalized transform (GT),
definition, 366
modified, 374
phase or position spectra, 373
power spectra, 370
Good algorithm, 99, 136
arithmetic requirements, 164
Gray code, 95, 307, 447
to binary conversion (GCBC), 313, 447
Greatest common divisor (gcd)
for integers, 10 -
for polynomials, 110

Haar
functions, 399
matrices, 400
transform, 400
complex, 415
rationalized, 403
Hadamard-Haar transform, 414
rationalized, 414
Hotelling transform, 383
Hybrid (DIT-DIF) FFT, 98

Impulse response, 19
In-place computation, 90, 313
Index of an integer relative to a primitive
root, 105
Infinite impulse response (IIR), see Digital
filter
Integer representation
constraint, 420
mixed radix integer representation (MIR),
73, 171
second integer representation (SIR), 106
Inverse discrete Fourier transform, 44
Inverse fast Fourier transform (IFFT), 85,
95
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K

Karhunen-Loéve transform, 382
asymptotic equivalence, 414
Kronecker product, 132, 444
algebra, 444
power, 445

L

Lagrange interpolation fé)rmula, 114
Leakage, spectral, 183

M

Matrix
permutation, 88
sparse, 47, 67
unitary, 44
Mersenne numbers, 425
Mersenne number transform, 425
complex, 429
complex pseudo, 443
pseudo, 434, 443
Mixed radix integer representation (MIR),
73, 171
Modified generalized transform, 374
Modified Walsh—Hadamard transform, 329
Modulo (mod)
arithmetic, 418
an integer, 27, 40, 447
a polynomial, 108
Multidimensional
DFT, 51, 139
WHT, 327
Multiplicative inverse, 102, 418

N

Noise

bandwidth, 208

equivalent noise bandwidth, 235, 247

normalization, 208

power spectral density, 208
Noncoherent processing, 238
Nonrecursive filters, see Digital filters
Number theoretic transforms (NTT), 411

computational complexity, 439

constraints, 421

figure of merit, 438

properties, 440

relative evaluation, 436

selection of parameters, 421

INDEX

Number theory, 100
Nyquist
frequency, 38
rate, 38
for sampling DFT output, 251

0

Order of an integer modulo N, 104
Orthogonal functions, 7, 9
Overlap correlation, 238

P

Padding with zero-valued samples
added at end of sequence, 56, 92, 248
inserted between consecutive samples, 56
Parseval’s theorem
for continuous functions, 31
for DFT, 53
for WHT, 322
Passband, see Filter
Permutation values, 163
Picket-fence effect, 236
Polynomial transforms, 99
definition, 149
evaluation of circular convolution by, 175
generalized, 150
inverse, 149
multidimensional convolution by, 145
plus nesting, 177
Power-of-2 FFT
algorithms, 59
arithmetic operations, 71
Power spectral density (PSD)
definition, 32
estimation, 252
Power spectrum
circular shift invariant for
generalized continuous transform, 353
WHT, 323

DFT, 53

(GT),, 370

{(MGT),, 378

WHT, 322

Prime factor algorithm, 137

Prime number, 102

Primitive root
of an integer, 104, 418
of unity, 109

Principal component transform, 383

Processing loss, worst case, 236
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Proportional filters, 205
Pruning, 92
Pure tone, 236

0 of a filter, 205

R

Rademacher functions, 302
Rader-Brenner algorithm, 161
Rader transform, 426
Rapid transform, 405

properties, 405
Rate distortion, 385
Rationalized Haar transform, 403
rect function

definition, 12

Fourier transform, 13
Reduced multiplications FFT algorithms, see

Fast Fourier transform

Redundancy, 238
Relatively prime

integers, 102

polynomials, 111
Remez exchange algorithm, 268
Residue, 40
Residue number system, 107
rep operator, 23
Ring

of integers, 101, 418

of polynomials, 108
Ripple in filter frequency response, 269
Roundoff noise, 285

S

Sampled-data system, 34
Sampling theorem

frequency domain, 30

sequency, 307

time domain, 29, 38
Scaling in the FFT, 281
Scalloping loss, 236
Second integer representation (SIR), 106
Sequency

definition, 304

power spectrum, 313
Shorthand notation

DFT matrix, 47

FGT matrix, 349

Sidelobe,
fall off, 232,.246
highest level, 232
maximum level vs. worst-case processing
loss, 238
spurious, 287
Sign(k), 8
Signal level detection, 240
sinc function
definition, 13
Fourier transform, 13
Single sideband modulation, 15, 28, 256
Slant-Haar transform, 414
Slant transform, 393
Spectral analysis, 178, 252
equivalent systems for, 297
octave, 272
system using AGC, 282
Spectrum, demodulated, 258, see also
Power spectrum
Stage, 63, 311
Stepping variable, 335
Stopband, see Filter

T

Time sample number, 35
Toeplitz matrix, 411, 452
Totient, 103
Transfer functions, 18
Transform sequence
definition, 36
number, 36
Transforms using other transforms, 416
Twiddle factor, 60, 134, 171

U

Unit step function, 23, 28

v

Variance distribution for a first-order Mar-
kov process, 384

w

Walsh—Fourier transform, 337
Walsh functions, 301

generation of, 356, 357
Walsh—-Hadamard matrices, 309
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Walsh—Hadamard transform
cal-sal ordered, 318
generation using bilinear forms, 321
Hadamard or natural ordered, 313
Paley or dyadic ordered, 317
Walsh or sequency ordered, 310
Walsh ordering, 307
Weighting
Abel, 226
Barcilon-Temes, 231 .
Bartlet, 213
Blackman, 215
Blackman-Harris, 217
Bochner, 220
Bohman, 223
Cauchy, 226
cos*(nm/N), 202, 213
cosine cubed, 246
cosine squared, 202, 213, 246
cosine tapered, 222
cubic, 221, 245
De La Vallé-Poussin, 221
Dirichlet, 213
Dolph-Chebyshev, 228
Frejer, 213
Gaussian, 227
Hamming, 214
generalized, 246
Hanning, 202, 246

INDEX

Hanning—Poisson, 225
Jackson, 221
Kaiser—Bessel, 230
Kaiser—Bessel approximation to Black-
man-Harris, 219
parabolic, 220
Parzen, 221
Poisson, 224, 226
raised cosine, 222
rectangular, 213
Riemann, 221
Riesz, 220
time domain, 191, 194
triangular, 196
Tukey, 222
Weierstrass, 227
White noise, 207
Windowing, frequency domain, 191, 194, see
also Weighting
Winograd Fourier transform algorithm, 99,
138
arithmetic requirements, 162
Worst-case processing loss, 236, 238

VA

Zero padding, see Padding with zero-valued
samples
Zoom transform, 251








