




FAST TRANSFORMS 

A l g o r i t h m s , A n a l y s e s , A p p l i c a t i o n s 

Douglas F. Elliott 
Electronics Research Center 
Rockwell International 
Anaheim, California 

K. Ramamohan Rao 
Department of Electrical Engineering 
The University of Texas at Ar l ington 
Ar l ington, Texas 

A C A D E M I C P RESS , I N C . 
(Harcourt Brace Jovanovich, Publishers) 

Orlando San Diego San Francisco New York London 

Toronto Montreal Sydney Tokyo Sao Paulo 



COPYRIGHT © 1 9 8 2 , BY A C A D E M I C P R E S S , I N C . 
ALL RIGHTS RESERVED. 
N O PART OF THIS PUBLICATION M A Y BE REPRODUCED OR 
T R A N S M I T T E D I N A N Y F O R M OR B Y A N Y M E A N S , ELECTRONIC 
OR MECHANICAL, INCLUDING PHOTOCOPY, RECORDING, OR A N Y 
I N F O R M A T I O N STORAGE AND RETRIEVAL SYSTEM, W I T H O U T 
PERMISSION I N WRITING F R O M THE PUBLISHER. 

A C A D E M I C P R E S S , I N C . 
Orlando, Florida 32887 

United Kingdom Edition published by 
A C A D E M I C P R E S S , I N C . ( L O N D O N ) L T D . 
24/28 Oval Road, London N W 1 7 D X 

Library of Congress Cataloging in Publication Data 

Elliott, Douglas F. 
Fast transforms: algorithms, analyses, applications. 

Includes bibliographical references and index. 
1. Fourier transformations—Data processing. 

2. Algorithms. I. Rao, K. Ramamohan (Kamisetty Ramamohan) 
II. Title. III. Series 
QA403.5.E4 515.7'23 79-8852 
ISBN 0-12-237080-5 AACR2 

AMS (MOS) 1980 Subject Classifications: 68C25 , 4 2 C 2 0 , 6 8 C 0 5 , 42C10 

P R I N T E D I N T H E U N I T E D STATES OF AMERICA 

83 84 85 9 8 7 6 5 4 3 2 



To Caroiyn and Karuna 



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































468 REFERENCES 

L-1 B. Liu, "Digital Filters and the Fast Fourier Transform." Dowden, Hutchinson, and Ross, 
Stroudsburg, Pennsylvania, 1975. 

L-2 D. R. Lumb and M . J . Sites, CTS digital video college curriculum-sharing experiment, Proc. 
Natl. Telecommun. Conf., San Diego, California, pp. 90-96 (1974). 

L-3 R. B. Lackey, So what ' s a Walsh function, Proc. IEEE Fall Electron. Conf, Chicago, Illinois, 
pp. 368-371, IEEE Catalog N o . 71-C64-FEC (1971). 

L-4 R. B. Lackey and D . Meltzer, A simplified definition of Walsh functions, IEEE Trans. 
Comput. C-20, 211-213 (1971). 

L-5 J. S. Lee, Generat ion of Walsh functions as binary group codes, Proc. Symp. Appl. Walsh 
Functions, Washington, D.C., pp. 58-61 (1970). 

L-6 R. B. Lackey, The wonderful world of Walsh functions, Proc. Symp. Appl. Walsh Funct., 
Washington, D.C., pp . 2-7 (1972). 

L-7 P. V. Lopresti and H. L. Suri, Fast algorithm for the estimation of autocorrelat ion functions, 
IEEE Trans. Acoust. Speech Signal Process. ASSP-22, 449-453 (1974). 

L-8 H. J. Landau and D . Slepian, Some computer experiments in picture processing for 
bandwidth reduction, Bell Syst. Tech. J. 50, 1525-1540 (1971). 

L-9 J. O. Limb, C. B. Rubinstein, and J. E. Thompson, Digital coding of color video signals-A 
review, IEEE Trans. Commun. COM -25 , 1349-1385 (1977). 

L-10 R. T. Lynch and J. J. Reis, H a a r transform image coding, Proc. Natl. Telecommun. Conf., 
Dallas, Texas, pp . 44.3-1-44.3-5 (1976). 

L - l l R. T. Lynch and J. J. Reis, Class of Transform Digital Processors for Compression of 
Multidimensional Da ta , U.S. Patent 3,981,443, D9-21-1976. 

L-12 M. Loeve, Fonct ions aleatoires de seconde ordre, in "Processus Stochastiques et Mouvement 
Brownien" (P. Levy, ed.). Hermann, Paris, 1948. 

L-13 D . P. Lindorff, "Theory of Sampled-Data Control Systems." Wiley, New York, 1965. 
L-14 H. Landau and H . Pollak, Prolate-spheroidal wave functions, Fourier analysis and 

u n c e r t a i n t y - I I , Bell Syst. Tech. J. 40, 65-84 (1961). 
L-15 K. W. Lindberg, Two-dimensional digital filtering via a sequency ordered fast Walsh 

transform, SOUTHEASTCON 74 Orlando, Florida pp . 488-491 (1974). 
L-16 R. Lynch and J. Reis, Real-time Haa r transform video bandwidth compression system, Proc. 

Natl. Electron. Conf, Chicago, Illinois 28, 334-335 (1974). 
L-17 B. Liu and T. Kaneko , Roundoff error in fast Fourier transforms (Decimation in time), Proc. 

IEEE 63, 991-992 (1975). 
L-18 B. Liu and A. Peled, A new hardware realization of high-speed fast Fourier transformers, 

IEEE Trans. Acoust. Speech Signal Process. ASSP-23, 543-547 (1975). 
L-19 R. D . Larsen and W. R. Madyeh, Walsh-like expansions and H a d a m a r d matrices, IEEE 

Trans. Acoust. Speech Signal Process. ASSP-24, 71-75 (1976). 
L-20 H . Larsen, Comments on a fast algorithm for the estimation of autocorrelat ion functions, 

IEEE Trans. Acoust. Speech Signal Process. ASSP-24, 432-434 (1976). 
L-21 P. Lancaster, "Theory of Matr ices ." Academic Press, New York, 1969. 
L-22 B. Liu and F . Mintzer, Calculation of narrow-band spectra by direct decimation, IEEE 

Trans. Acoust. Speech Signal Process. ASSP-26, 529-534 (1978). 
M-1 C. D. Mostow, J. H . Sampson, and J. Meyer, "Fundamenta l Structures of Algebra ." 

McGraw-Hil l , New York, 1963. 
M-2 J. H. McClellan and T. W. Parks , A unified approach to the design opt imum F I R linear-

phase digital filters, IEEE Trans. Circuit Theory CT-20, 697-701 (1973). 
M-3 J. H. McClellan and T. W. Parks , Chebyshev approximat ion for nonrecursive digital filters 

with linear phase, IEEE Trans. Circuit Theory CT-19, 189-194 (1972). 
M-4 J. H. McClellan, T. W. Parks , and L. Rabiner, A computer program for designing opt imum 

F I R linear phase digital filters, IEEE Trans. Audio Electroacoust. AU-21, 506-526 
(1973). 

M-5 J. H. McClellan, T. W. Parks , and L. Rabiner, On the transition width of finite impulse 
response digital filters, IEEE Trans. A udio Electroacoust. AU-21, 1-4 (1973). 

M-6 A. R. Mitchell and R. W. Mitchell, " A n Introduction to Abstract Algebra ." Wadswor th 
Publ., Belmont, California, 1970. 



REFERENCES 469 

M-7 J. Makhoul , A fast cosine transform in one and two dimensions, IEEE Trans. Acoust. Speech 
Signal Process. ASSP-28, 27-34 (1980) 

M-8 J. W. Manz, A sequency-ordered fast Walsh transform, IEEE Trans. Audio Electroacoust. 
AU-20, 204-205 (1972). 

M-9 H. Y. L. Mar and C. L. Sheng, Fast Hadamard transform using the / / -d iagram, IEEE Trans. 
Comput. C-22, 957-970 (1973). 

M-10 M. Maqusi , Walsh functions and the sampling principle, Proc. Symp. Appl. Walsh Fund., 
Washington, B.C. pp . 261-264 (1972). 

M - l 1 M. Maqusi , On generalized Walsh functions and transform, IEEE Conf. Beds. Contr., New 
Orleans, Louisiana (1972). 

M-12 M. Maqusi , Walsh analysis of power-law systems, IEEE Trans. Informat. Theory IT-23, 
144-146 (1977). 

M- l 3 P. S. Mohari r , Two-dimensional encoding masks for H a d a m a r d spectrometric images, IEEE 
Trans. Electromagn. Compat. EMC-16 , 126-130 (1974). 

M - l 4 R. W. Means, H . J. Whitehouse, and J. M. Spieser, Real time TV image redundancy 
reduction using transform techniques, " N e w Directions in Signal Processing in 
Communicat ion and Con t ro l " (J. D. Skwyrzynski, ed.), N A T O Advanced Study Insti tute 
Series, Series E, Applied Sciences, N o . 12. Noordhoff, Ley den, 1975. 

M - l 5 R. W. Means, H. J. Whitehouse, and J. M. Spieser, Television encoding using a hybrid 
discrete cosine transform and a differential pulse code modula tor in real-time, Proc. Natl. 
Telecommun. Conf, San Biego, California, pp . 61-74 (1974). 

M - l 6 M. A. M o n a h a n et al., The use of charge-coupled devices in electrooptical processing, Proc. 
Int. Conf. Appl. Charge Coupled Bevices, San Biego, California pp . 217-227 (1975). 

M - l 7 J. H. McClellan and C. M. Rader, " N u m b e r Theory in Digital Signal Processing." Prentice-
Hall, Englewood Cliffs, New Jersey, 1979. 

M - l 8 T. E. Milson and K. R. Rao , A statistical model for machine print recognition, IEEE Trans. 
Systems Man Cybernet. SMC-6 , 671-678 (1976). 

M- l 9 R. M. Mersereau and A. V. Oppenheim, Digital reconstruction of multidimensional signals 
from their projections, Proc. IEEE 62, 1319-1338 (1974). 

M-20 L. W. Mart inson and R. J. Smith, Digital matched filtering with pipelined floating point fast 
Fourier transforms ( F F T s ) , IEEE Trans. Acoust. Speech Signal Process. ASSP-23 , 222-224 
(1975). 

M-21 D. C. McCall, 3-to-l data compression via Walsh transform, Naval Electronics Lab. Center, 
San Diego, California, T R 1903 (1973). 

M-22 J. L. Mundy and R. E. Joynson, Application of unitary transforms to visual pat tern 
recognition, Proc. Int. Joint Conf. Pattern Recognition, 1st, Washington, B.C., pp . 390-395 
(1973). 

M-23 J. H. McClellan, Hardware realization of a Fermat number transform, IEEE Trans. Acoust. 
Speech Signal Process. ASSP-24, 216-225 (1976). 

M-24 L. W. Mart inson, A 10MHZ image bandwidth compression model, Proc. IEEE Conf. Pattern 
Recognit. Image Process., Chicago, Illinois, pp . 132-136 (1978). 

M-25 R. D. Mori , S. Rivoira, and A. Serra, A special purpose computer for digital signal 
processing, IEEE Trans. Comput. C-24, 1202-1211 (1975). 

M-26 F. Morris , Digital processing for noise reduction in speech, Proc. Southeastcon 76, IEEE 
Region 3 Conf, Clemson, South Carolina pp . 98-100 (1976). 

M-27 J. Max, Quantizing for minimum distortion, IEEE Trans. Informat. Theory IT-6, 7-12 (1960). 
M-28 I. D. C. Macleod, Pictorial output with a line printer, IEEE Trans. Comput. C-19, 160-162 

(1970). 
M-29 F. W. Mounts , A. N . Netravali , and B. Prasada, Design of quantizers for real-time 

H a d a m a r d transform coding of pictures, Bell Syst. Tech. J. 56, 21-48 (1977). 
M-30 O. R. Mitchell et al., Block truncation coding: A new approach to image processing, ICC 78 

Int. Conf Commun. Toronto, Canada, pp . 12B.1.1-12B.1.4 (1978). 
M-31 G. K. McAuliffe, The fast Fourier transform and some of its applications, Notes from NEC 

Seminar on Real Time Big. Filt. Spectral Anal, St. Charles, Illinois (unpublished) (1969). 
M-32 J. D. Markel , F F T pruning, IEEE Trans. Audio Electroacoust. AU-19, 305-311 (1971). 



470 REFERENCES 

M-33 L. R. Morris , A comparat ive study of time efficient F F T and W F T A programs for general 
purpose computers , IEEE Trans. Acoust. Speech Signal Process. ASSP-26, 141-150 (1978). 

M-34 F . Mintzer and B. Liu, The design of opt imal multirate bandpass and bands top filters, IEEE 
Trans. Acoust. Speech Signal Process. ASSP-26, 534-543 (1978). 

M-35 F . Mintzer and B. Liu, Aliasing error in the design of multirate filters, IEEE Trans. Acoust. 
Speech Signal Process. ASSP-26, 76-88 (1978). 

M-36 G. G. Murray , Microprocessor systems for TV imagery compression, SPIE Int. Tech. Symp., 
21st, San Diego, California, pp . 121-129 (1977). 

M-37 M. Maqusi , "Applied Walsh Analysis." Heyden and Son, Philadelphia, Pennsylvania, 1981. 
M-38 H. G. Martinez and T. W. Parks , A class of infinite durat ion impulse response filters for 

sample rate reduction, IEEE Trans. Acoust. Speech Signal Process. ASSP -29 ,154-162 (1979). 
N - l T. Nagell, " In t roduct ion to Number Theory ." Wiley, New York, 1951. 
N-2 H. N a w a b and J. H. McClellan, Corrections to "Bounds on the min imum number of da ta 

transfers in W F T A and F F T programs ," IEEE Trans. Acoust. Speech Signal Process. A S S P -
28, 480-481 (1980). 

N-3 A. H. Nutta l , An Approximate Fast Fourier Transform Technique for Vernier Spectral 
Analysis, Naval Underwater System Center, New London, Connecticut, N U S C T R 4767 
(1974). 

N-4 W. F. Nemcek and W. C. Lin, Experimental investigation of automatic signature verification, 
IEEE Trans. Systems Man Cybernet. SMC -4 , 121-126 (1974). 

N-5 T. R. Natara jan and N . Ahmed, Interframe transform coding of monochrome pictures, IEEE 
Trans. Commun. COM-25, 1323-1329 (1977). 

N-6 T. R. Natarajan, Interframe Transform Coding of Monochrome Pictures, Ph .D . Thesis, 
Electrical Engineering Depar tment , Kansas State Univ., Manha t t an , Kansas (1976). 

N-7 J. Ninan and V. U. Reddy, B I F O R E phase spectrum and the modified H a d a m a r d transform, 
IEEE Trans. Acoust. Speech Signal Process. ASSP -23, 594-595 (1975). 

N-8 M. A. Naras imhan, Image D a t a Processing by H a d a m a r d - H a a r Transform, Ph .D . Thesis, 
Electrical Engineering Depar tment , Univ. of Texas, Arlington, Texas (1975). 

N-9 M. A. Naras imhan and K. R. Rao , Printed alphanumeric character recognition by rapid 
transform, Proc. Asilomar Conf. Circuits Syst. Comput., 9th, Pacific Grove, California, pp. 
558-563 (1975). 

N-10 M. A. Naras imhan, K. R. Rao , and V. Devarajan, Simulation of alphanumeric machine print 
recognition, Proc. Ann. Pittsburgh Conf. Modeling Simulat., 8th, Pittsburgh, Pennsylvania, 
pp. 1111-1115 (1977). 

N - l 1 Y. N a k a m u r a et al, A n optimal or thogonal expansion for classification of pat terns, IEEE 
Trans. Comput. C-26, 1288-1290 (1977). 

N-12 M. J. Naras imha and A. M. Peterson, On the computa t ion of the discrete cosine transform, 
IEEE Trans. Commun. COM-26, 934-936 (1978). 

N - l 3 A. H. Nuttal l , Generat ion of Dolph-Chebyshev weights via a fast Fourier transform, Proc. 
IEEE 62, 1396 (1974). 

N - l 4 S. C. Noble, S. C. Knauer , and J. I. Giem, A real-time H a d a m a r d transform system for spatial 
and temporal reduction in television, Proc. Int. Telemeter. Conf. (1973). 

N-15 A. M. Noll, Cepstrum pitch determination, J. Acoust. Soc. Am. 41, 293-309 (1967). 
N-16 A. N. Netravali , F . W. Mounts , and B. Prasada, Adaptive predictive H a d a m a r d transform 

coding of pictures, Proc. Natl. Telecommun. Conf., Dallas, Texas, pp . 6.6-1-6.6-3 (1976). 
N - l 7 H. Neudecker, Some theorems on matrix differentiation with special reference to Kronecker 

matrix products , Am. Stat. Assoc. J. 953-963 (1969). 
N- l 8 H. N a w a b and J. H. McClellan, A comparison of W F T A and F F T programs, Proc. Asilomar 

Conf. Circuits Syst. Comput., Pacific Grove, California, 613-617 (1978). 
N-19 H. J. Nussbaumer, Digital filtering using pseudo Fermat number transform, IEEE Trans. 

Acoust. Speech Signal Process. ASSP -25, 79-83 (1977). 
N-20 H . J . Nussbaumer, Linear filtering technique for comput ing Mersenne and Fe rma t number 

transforms, IBM J. Res. Develop. 21, 334-339 (1977). 
N-21 H. J. Nussbaumer , Relative evaluation of various number theoretic transforms for digital 

filtering applications, IEEE Trans. Acoust. Speech Signal Process. ASSP -26, 88-93 (1978). 



REFERENCES 471 

N-22 H. J. Nussbaumer and P. Quandalle, Computa t ion of convolutions and discrete Fourier 
transforms, IBM J. Res. Develop. 22, 134-144 (1978). 

N-23 H. J. Nussbaumer and P. Quandalle, Fast computa t ion of discrete Fourier transforms using 
polynomial transforms, IEEE Trans. Acoust. Speech Signal Process. ASSP-27, 169-181 
(1979). 

N-24 H. N a w a b and J. H. McClellan, Bounds on the minimum number of da ta transfers in W F T A 
and F F T programs, IEEE Trans. Acoust. Speech Signal Process. ASSP-27, 394-398 (1979). 

N-25 H. J. Nussbaumer , Complex convolutions via Fermat number transforms, IBM J. Res. 
Develop. 20, 282-284 (1976). 

N-26 H. J . Nussbaumer , Digital filtering using complex Mersenne transforms, IBM J. Res. 
Develop. 20, 498-504 (1976). 

N-27 H. J. Nussbaumer , New polynomial transform algorithms for fast D F T computa t ion , Conf. 
Record Int. Conf. Acoust. Speech Signal Process., Washington, D.C., pp . 510-513 (1979). 

N-28 H . J . Nussbaumer , Overflow detection in the computat ion of convolutions by some number 
theoretic transforms, IEEE Trans. Acoust. Speech Signal Process. ASSP-26, 108-109 (1978). 

N-29 H. J. Nussbaumer , Private communicat ion (1979). 
N-30 A. H. Nuttal l , Some windows with very good sidelobe behavior, IEEE Trans. Acoust. Speech 

Signal Process. ASSP-29, 84-87 (1981). 
N-31 H. J. Nussbaumer , Fast polynomial transform algorithms for digital convolution, IEEE 

Trans. Acoust. Speech Signal Process. ASSP-28, 205-215 (1980). 
N-32 M. J . Naras imha and A. M . Peterson, Design and applications of uniform digital bandpass 

filter banks , Conf Rec. Int. Conf. Acoust. Speech Signal Process., Tulsa, Oklahoma, pp . 
494-503 (1978). 

N-33 M. J. Naras imha and A. M. Peterson, Design of a 24-channel transmultiplier, IEEE Trans. 
Acoust. Speech Signal Process. ASSP-27, 752-762 (1979). 

N-34 M. J. Naras imha et al, The arcsine transform and its applications in signal processing, IEEE 
Int. Conf. Acoust. Speech Signal Process., Hartford, Connecticut, pp . 502-505 (1977). 

N-35 H. J. Nussbaumer , "Fas t Fourier Transform and Convolut ion Algor i thms." Springer-
Verlag, Berlin and New York , 1981. 

O-l A. V. Oppenheim and R. W. Schafer, "Digital Signal Processing." Prentice-Hall, Englewood 
Cliffs, New Jersey, 1975. 

0 - 2 A. V. Oppenheim, W. F . G. Mecklenbraeuker, and R. M. Mersereau, Variable cutoff linear 
phase digital filters, IEEE Trans. Circuits Syst. CAS-23, 199-203 (1976). 

0 -3 A. V. Oppenheim and C. J. Weinstein, Effects of finite register length in digital filtering and 
the fast Fourier transform, Proc. IEEE 60, 957-976 (1972). 

0 - 4 F . R. Ohnsorg, Spectral modes of the W a l s h - H a d a m a r d transforms, Proc. Symp. Appl. 
Walsh Functions, Washington, D.C., pp . 55-59 (1971). 

0 - 5 J. B. O'Neal , Jr. and T. R. Natarajan, Coding isotropic images, IEEE Trans. Informal. Theory 
IT-23, 697-707 (1977). 

0 - 6 F . R. Ohnsorg, Binary Fourier representation, Proc. Spectrum Anal. Tech. Symp., Honeywell 
Res. Center, Hopkins, Minnesota (1966). 

0 - 7 R. K. Otnes and L. Enochson, "Digital Time Series Analysis ." Wiley, New York, 1972. 
0 -8 J. D . Olsen and C. M. Heard, A comparison of the visual effects of two transform domain 

encoding approaches, in "Applications of Digital Image Processing," SPIE Vol. 119, pp . 
163-166. San Diego, California, 1977. 

0 -9 A. V. Oppenheim, Speech spectrogram using the fast Fourier transform, IEEE Spectrum 7, 
57-62 (1970). 

O-10 M. One, A method for computing large-scale two-dimensional t ransform without t ranspos­
ing data matrix, Proc. IEEE 63, 196-197 (1975). 

O-l 1 A. V. Oppenheim, R. W. Schafer, and T. G. Stockham, Jr., Nonlinear filtering of multiplied 
and convolved signals, Proc. IEEE 56, 1264-1291 (1968). 

0 -12 A. V. Oppenheim, ed., "Applications of Digital Signal Processing." Prentice-Hall, 
Englewood Cliffs, New Jersey, 1978. 

O- l3 J. B. O'Neal and T. R. Natarajan, Coding isotropic images, Int. Conf. Commun. Philadelphia, 
Pennsylvania, pp . 47/1-47/6 (1976). 



472 REFERENCES 

0-14 F . R. Ohnsorg, Properties of complex Walsh functions, Proc. IEEE Fall Electron. Conf., 
Chicago, Illinois 383-385 (1971). 

0-15 A. V. Oppenheim, D. Johnson, and K. Steiglitz, Computa t ion of spectra with unequal 
resolution using the fast Fourier transform, Proc. IEEE 59, 299-301 (1971). 

0-16 A. V. Oppenheim and D . H . Johnson, Discrete representation of signals, Proc. IEEE 60, 
681-691 (1972). 

0-17 A. V. Oppenheim, Speech analysis-synthesis based on homomorphic filtering, J. Acoust. Soc. 
Am. 45, 458-469 (1969). 

0 -18 T. Ohira, M. Hayakawa, and K. Matsumoto , Orthogonal transform coding system for N T S C 
color television signal, Proc. Int. Conf. Commun., Chicago, Illinois, pp . 86-90 (1977); also 
published in IEEE Trans. Commun. COM-26 , 1454-1463 (1978). 

0-19 T. Ohira, M. Hayakawa, and K. Matsumoto , Adaptive or thogonal transform coding system 
for N T S C color television signals, Proc. Natl. Telecommun. Conf, Birmingham, Alabama, pp . 
10.6.1-10.6.5 (1978). 

P-l A. Papoulis, "The Four ier Integral and its Applications." McGraw-Hil l , New York, 1962. 
P-2 A. Papoulis, Min imum bias windows for high-resolution spectral estimates, IEEE Trans. 

Informal. Theory IT-19, 9-12 (1973). 
P-3 C. N . Pry or, Calculation of the Min imum Detectable Signal for Practical Spectrum 

Analyzers. Naval Ordinance Laboratory , White Oak, Silver Spring, Maryland, Rep. N o . 
N O L T R 71-92 (1971). 

P-4 C. N . Pryor, Effect of Finite Sampling Rates on Smoothing the Output of a Square Low 
Detector with N a r r o w Band Input. Naval Ordinance Laboratory, White Oak, Silver Spring, 
Maryland, Rep. N o . N O L T R 71-29 (1971). 

P-5 W. K. Prat t , Generalized Wiener filtering computa t ion techniques, IEEE Trans. Comput. 
C-21, 636-641 (1972). 

P-6 F . Pitchier, Walsh functions and linear system theory, Proc. Symp. Appl. Walsh Functions, 
Washington, D.C., pp . 175-182 (1970). 

P-7 W. K. Pratt , J. Kane , and H. C. Andrews, Hadamard transform image coding, Proc. IEEE 
57, 58-68 (1969). 

P-8 R. E. A. C. Paley, On or thogonal matrices, Math. Phys. 12, 311-320 (1933). 
P-9 H. L. Peterson, Generat ion of Walsh functions, Proc. Symp. Appl. Walsh Functions, 

Washington, D.C., pp . 55-57 (1970). 
P-10 W. K. Pratt , Linear and nonlinear filtering in the Walsh domain, Proc. Symp. Appl. Walsh 

Functions, Washington, B.C., pp . 38-42 (1971). 
P- l 1 J. Pearl, Application of Walsh transform to statistical analysis, IEEE Trans. Systems Man 

Cybernet. SMC-1, 111-119 (1971). 
P-12 W. K. Pratt , Transform image coding spectrum extrapolation, Hawaii Int. Conf. Syst. Sci., 

7th, Honolulu, Hawaii pp . 7-9 (1974). 
P - l 3 A. Pomerleau, H . L. Buijs, and M. Fournier , A two-pass fixed point fast Fourier transform 

error analysis, IEEE Trans. Acoust. Speech Signal Process. ASSP-25, 582-585 (1977). 
P-14 J. R. Persons and A. G. Tescher, An investigation of M S E contributions in transform image 

coding schemes, Proc. SPIE pp . 196-206 (1975). 
P-15 W. K. Prat t , W. H . Chen, and L. R. Welch, Slant transform image coding, IEEE Trans. 

Commun. COM-22, 1075-1093 (1974). 
P-16 W. K. Prat t , W. H . Chen, and L. R. Welch, Slant transforms for image coding, Proc. Symp. 

Appl. Walsh Functions, Washington, D.C., pp . 229-234 (1973). 
P-17 W. K. Pratt , "Digital Image Processing." Wiley, New York, 1978. 
P- l8 J. Pearl, On coding and filtering stationary signals by discrete Fourier transforms, IEEE 

Trans. Informal. Theory IT-19, 229-232 (1973). 
P-19 J. Pearl, H. C. Andrews, and W. K. Pratt , Performance measures for transform data coding, 

IEEE Trans. Commun. COM-20, 411-415 (1972). 
P-20 J. Pearl, Walsh processing of r andom signals, IEEE Trans. Electromagn. Compat. EMC-13, 

137-141 (1971). 
P-21 E. Parzen, Mathemat ical considerations in the estimation of spectra, Technometrics 3, 

167-190 (1961). 



REFERENCES 473 

P-22 W. K. Pratt , L. R. Welch, and W. H. Chen, Slant transforms in image coding, Proc. Symp. 
Appl. Walsh Functions, Washington, D.C., pp . 229-234 (1972). 

P-23 W. K. Prat t and H. C. Andrews, Two dimensional transform coding of images, Int. Symp. 
Informal. Theory (1969). 

P-24 A. Papoulis, "Probabili ty, R a n d o m Variables, and Stochastic Processes." McGraw-Hil l , 
New York, 1965. 

P-25 W. K. Pratt , Image Processing Research. Univ. of Southern California, Los Angeles, 
California, USCEE Rep. 459, Semiannual Technical Rep. (1973). 

P-26 W. K. Pratt , Image Processing Research. Univ. of Southern California, Los Angeles, 
California, USCEE Rep. 530, Semiannual Technical Rep. (1973). 

P-27 J. Prescott and R. J. Jenkins, An improved fast Fourier transform, IEEE Trans. Acoust. 
Speech Signal Process. ASSP-22, 226-227 (1974). 

P-28 W. K. Pratt , Transform domain signal processing techniques, Proc. Natl. Electron. Conf, 
Chicago, Illinois 28, 317-322 (1974). -

P-29 A. Ploysongsang and K. R. Rao , D C T / D P C M processing of N T S C composite video signal, 
IEEE Trans. Commun. COM-30, 541-549 (1982). 

P-30 R. J. Polge and E. R. McKee, Extension of radix-2 fast Fourier transform (FFT) program to 
include a prime factor, IEEE Trans. Acoust. Speech Signal Process. ASSP-22,388-389 (1974). 

P-31 W. K. Pratt , Semiannual Technical Repor t of the Image Processing Insti tute. Univ. of 
Southern California, Los Angeles, California, USCIPI Rep. 540 (1974). 

P-32 J. Pearl, Optimal dyadic models of time-invariant systems, IEEE Trans. Comput. C-24, 
508-603 (1975). 

P-33 A. Papoulis, A new algorithm in spectral analysis and band-limited extrapolat ion, IEEE 
Trans. Circuits Syst. CAS-22, 735-742 (1975). 

P-34 W. K. Prat t , A comparison of digital image transforms, Proc. UMR-Mervin J. Kelly 
Commun. Conf, Rolla, Missouri (1970). 

P-35 W. K. Prat t , Karhunen-Loeve transform coding of images, IEEE Int. Symp. Informat. 
Theory (1970). 

P-36 A. Peled, On the hardware implementation of digital processing, IEEE Trans. Acoust. Speech 
Signal Process. ASSP-24, 76-86 (1976). 

P-37 W. K. Pratt , Semiannual Technical Repor t , Image Processing Institute, Univ. of Southern 
California USCIPI Rep. 620 (1975). 

P-38 A. Pomerleau, M. Fournier, and H. L. Buijs, On the design of a real time modula r F F T 
processor, IEEE Trans. Circuits Syst. CAS-23, 630-633 (1976). 

P-39 M. R. Portuoff, Implementat ion of the digital phase Vocoder using the fast Fourier 
transform, IEEE Trans. Acoust. Speech Signal Process. ASSP-24, 243-248 (1976). 

P-40 J. Pearl, Asymptotic equivalence of spectral representations, IEEE Trans. Acoust. Speech 
Signal Process. ASSP-23, 547-551 (1975). 

P-41 M. C. Pease, III, "Methods of Matr ix Algebra ." Academic Press, New York , 1965. 
P-42 R. J. Polge, B. K. Bhagavan, and J. M. Carswell, Fast combinat ional algorithms for bit 

reversal, IEEE Trans. Comput. C-23, 1-9 (1974). 
P-43 W. K. Pratt , Spatial transform coding of color images, IEEE Trans. Commun. Tech. COM-

19, 980-992 (1971). 
P-44 R. W. Pat terson and J. H. McClellan, Fixed-point error analysis of Winograd Fourier 

transform algorithms, IEEE Trans. Acoust. Speech Signal Process. A S S P - 2 6 , 4 4 7 ^ 5 5 (1978). 
P-45 A. Peled and B. Liu, A new hardware realization of digital filters, IEEE Trans. Acoust. Speech 

Signal Process. ASSP-22, 456-462 (1974). 
P-46 A. Peled and B. Liu, "Digital Signal Processing." Wiley, New York , 1976. 
P-47 A. Peled and S. Winograd, T D M - F D M conversion requiring reduced computat ional 

complexity, IEEE Trans. Commun. COM-26, 707-719 (1978). 
P-48 M. R. Portnoff, Time-frequency representation of digital signals and systems based on short-

time Fourier analysis, IEEE Trans. Acoust. Speech Signal Process. ASSP-28, 55-69 
(1980). 

R- l G. S. Robinson and S. J. Campanella, Digital sequency decomposit ion of voice signals, Proc. 
Symp. Appl. Walsh Functions, Washington, D.C., pp . 230-237 (1970). 



474 REFERENCES 

R-2 K. R. Rao , M. A. Naras imhan , and V. Devarajan, Cal-sal Wa l sh -Hadamard transform, 
Midwest Symp. Circuits Syst., 20th, Texas Tech Univ., Lubbock, Texas, pp . 705-709 (1977); 
also published in IEEE Trans. Acoust. Speech Signal Process. ASSP-26, 605-607 (1978). 

R-3 G. R. Redinbo, A n implementat ion technique for Walsh functions, IEEE Trans. Comput. 
C-20, 706-707 (1971). 

R-4 H. Rademacher , Einige Satze von allgemeinen Orthogonalfunktionen, Math. Ann. 87, 
122-138 (1922). 

R-5 C. K. Rushforth, Fas t Fou r i e r -Hadamard decoding of or thogonal codes, Informal. Contr. 
15, 33-37 (1969). 

R-6 K. Revuluri el al., Cyclic and dyadic shifts, W a l s h - H a d a m a r d transform, and the H diagram, 
IEEE Trans. Comput. C-23, 1303-1306 (1974). 

R-7 G. S. Robinson, Logical convolution and discrete Walsh and Fourier power spectra, IEEE 
Trans. Audio Electro acoust., AU-20, 271-280 (1972). 

R-8 K. R. Rao , M. A. Naras imhan , and K. Revuluri, Image data processing by H a d a m a r d - H a a r 
transform, IEEE Trans. Comput. C-24, 888-896 (1975). 

R-9 K. R. Rao , M. A. Naras imhan , and K. Revuluri, Simulation of image da ta compression by 
transform threshold coding, Ann. Southeast. Symp. Syst. Theory, 7th, Auburn Univ., Auburn, 
Alabama, pp. 67-73 (1975). 

R-10 K. R. Rao et al., Hybrid (Trans fo rm-DPCM) processing of image data, Proc. Natl. Electron. 
Conf, Chicago, Illinois, 30, 109-113 (1975). 

R - l l K. R. Rao , M. A. Naras imhan , and K. Revuluri, Image data processing by H a d a m a r d - H a a r 
transform, Proc. Natl. Electron. Conf, Chicago, Illinois, 29, 336-341 (1974). 

R-12 K. R. Rao , M. A. Naras imhan , and W. J. Gorzinski, Processing image da ta by hybrid 
techniques, IEEE Trans. Systems Man Cybernet. SMC-7, 728-734 (1977). 

R-13 K. R. Rao , M. A. Naras imhan , and V. Raghava, Image da ta processing by hybrid sampling, 
SPIE's Int. Tech. Symp., 21st, San Diego, California, pp . 130-136 (1977). 

R-14 J. A. Roese and G. S. Robinson, Combined spatial and temporal coding of digital image 
sequences, SPIE's Int. Tech. Symp., 19th, San Diego, California, pp . 172-180 (1975). 

R-15 J. C. Rebourg, A new H a d a m a r d transformer, IEEE Ultrasonics Symp., Phoenix, Arizona, 
pp. 691-695, I E E E Cata log N o . 77CH1264-1 SU (1977). 

R-16 L. R. Rabiner and B. Gold, "Theory and Application of Digital Signal Processing." Prentice-
Hall, Englewood Cliffs, N e w Jersey, 1975. 

R-17 L. R. Rabiner, Approximate design relationships for lowpass F I R digital filters, IEEE Trans. 
Audio Electroacoust. AU-21, 456-460 (1973). 

R-18 L. R. Rabiner and O. Hermann , On the design of opt imum F I R lowpass filters with even 
impulse response durat ion, IEEE Trans. A udio Electroacoust. AU-21, 329-336 (1973). 

R-19 L. R. Rabiner, R. Gold, and C. A. McGonegal , A n approach to the approximat ion problem 
for nonrecursive digital filters, IEEE Trans. Audio Electroacoust. AU-18, 83-106 (1970). 

R-20 L. R. Rabiner and R. W. Schafer, Recursive and nonrecursive realizations of digital filters 
designed by frequency sampling techniques, IEEE Trans. Audio Electroacoust. AU-20, 
104-105 (1972). 

R-21 L. R. Rabiner, Linear p rogram design of finite impulse response (FIR) digital filters, IEEE 
Trans. Audio Electroacoust. AU-20, 280-288 (1972). 

R-22 L. R. Rabiner, J. F . Kaiser, O. Hermann, and M. T. Dolan, Some comparisons between F I R 
and I IR digital filters, Bell Syst. Tech. J. 53, 305-331 (1974). 

R-23 G. G. Ricker and J. R. Williams, Redundan t processing sensitivity, IEEE Trans. Audio 
Electroacoust. AU-17, 93-103 (1969). 

R-24 K. R. Rao , N . Ahmed, and L. C. Mrig, Spectral modes of the generalized transform, IEEE 
Trans. Circuit Theory CT-20, 164-165 (1973). 

R-25 K. R. Rao , L. C. Mrig, and N . Ahmed, A modified generalized discrete transform, Proc. 
IEEE 61, 668-669 (1973). 

R-26 C. M. Rader and J. H . McClellan, " N u m b e r Theory in Digital Signal Processing." Prentice-
Hall, Englewood Cliffs, New Jersey, 1979. 

R-27 K. R. Rao , K. Revuluri, and N. Ahmed, Generalized autocorrelat ion theorem, Electron. 
Lett. 9, 212-214 (1973). 



R E F E R E N C E S 475 

R-28 K. R. R a o and N . Ahmed, Modified complex B I F O R E transform, Proc. IEEE 60,1010-1012 
(1972). 

R-29 J. A. Roese, W. K. Prat t , G. S. Robinson, and A. Habibi , Interframe transform coding and 
predictive coding methods , Proc. ICC 75 I E E E Catalog N o . 75CH0971-2GSCB, pp . 
23.17-23.21 (1975). 

R-30 J. A. Roese, W. K. Prat t , and G. S. Robinson, Interframe cosine transform image coding, 
IEEE Trans. Commun. COM-25, 1329-1339 (1977). 

R-31 K. R. R a o et al, H a d a m a r d - H a a r transform, Ann. Southeast. Symp. Syst. Theory, 6th, Baton 
Rouge, Louisiana (1974). , 

R-32 V. Raghava, K. R. Rao , and M. A. Naras imhan, Simulation of image date processing by 
hybrid sampling, Comput. Electr. Eng. 7 (1981). 

R-33 K. R. R a o , M. A. Naras imhan, and W. J. Gorzinski, Processing image da ta by hybrid 
techniques, Proc. Ann. Asilomar Conf. Circuits Syst. Comput., 10th, Pacific Grove, California, 
pp. 588-592 (1976). 

R-34 H. Reitboeck and T. P. Brody, A transformation with invariance under cyclic permutat ion 
for applications in pat tern recognition, Informat. Contr. 15, 130-154 (1969). 

R-35 K. R. Rao , M. A. Naras imhan, and K. Revuluri, A family of discrete Haa r transforms, 
Comput. Electr. Eng., 2, 367-388 (1975). 

R-36 K. R. R a o et al., S lant -Haar transform, Proc. Ann. Milwaukee Symp. Automatic Comput. 
Contr., 2nd, Milwaukee, Wisconsin, pp . 419-424 (1975); also published in Int. J. Comput. 
Math. Sect. B 1, 73-83 (1979). 

R-37 J. J. Reis, R. T. Lynch, and J. Butman, Adaptive H a a r transform video bandwidth reduction 
system for RPV's , Proc. Ann. Meeting Soc. Photo-Opt. Instrument. Eng. (SPIE), 20th, San 
Diego, California, pp . 24-35 (1976). 

R-38 K. R. Rao , A. Jalali, and P. Yip, Rationalized H a d a m a r d - H a a r transform, Asilomar Conf 
Circuits Syst. Comput., 11th, Pacific Grove, California, pp . 194-203 (1977). 

R-39 L. R. Rabiner et al., The Chirp-Z transform algorithm, IEEE Trans. Audio. Electroacoust. 
AU-17, 86-92 (1969). 

R-40 W. D. Ray and R. M. Driver, Further decomposition of the Karhunen-Loeve series 
representation of a stationary r andom process, IEEE Trans. Informat. Theory IT-16, 663-668 
(1970). 

R-41 K. R. R a o et al, Spectral extrapolation of transform image processing, Proc. Asilomar Conf. 
Circuits, Syst. Comput., 8th, Pacific Grove, California, pp . 188-195 (1974). 

R-42 P. J. Ready and R. W. Clark, Application of the K-L t ransform to spatial domain filtering of 
mult iband images, Proc. SPIE Appl. Digital Image Process., San Diego, California, 119, 
284-292, I E E E Catalog N o . 77CH1265-8 C (Vol. 2) (1977). 

R-43 P. J. Ready and P. A. Wintz, Information extraction, S N R improvement , and da ta 
compression in multispectral imagery, IEEE Trans. Commun. COM-21, 1123-1131 (1973). 

R-44 J. R. Rice, "The Approximat ion of Funct ions ," Vol. 1. Addison-Wesley, Reading, 
Massachusetts , 1964. 

R-45 K. Revuluri et al., Complex Haar transform, Proc. Asilomar Conf. Circuits Systems and 
Comput., 7th, Pacific Grove, California, pp . 729-733 (1973). 

R-46 K. R. Rao and N . Ahmed, Complex B I F O R E transform, Int. J. Syst. Sci. 2, 149-162 (1971). 
R-47 L. R. Rabiner and C. M. Rader (ed.), "Digital Signal Processing." I E E E Press, New York, 

1972. 
R-48 K. R . . Rao , M. A. Naras imhan, and K. Revuluri , Image data compression by 

H a d a m a r d - H a a r transform, Proc. Natl. Electron. Conf, Chicago, Illinois, 29, 336-341 (1974). 
R-49 M. P. Ristenbatt , Alternatives in digital communicat ions, Proc. IEEE 61, 703-721 (1973). 
R-50 L. R. Rabiner et al., Terminology in digital signal processing, IEEE Trans. Audio 

Electroacoust. AU-20, 332-337 (1972). 
R-51 K. R. Rao , L. C. Mrig, and N . Ahmed, Opt imum quadrat ic spectrum for the generalized 

transform, Symp. Digest, Int. Symp. Circuit Theory, Los Angeles, California, pp . 258-262 
(1972). 

R-52 K. R. Rao and N . Ahmed, Opt imum quadrat ic spectrum for complex B I F O R E transform, 
Electron. Lett. 1, 686-688 (1971). 



476 REFERENCES 

R-53 K. R. Rao , K. Revuluri, and N. Ahmed, Autocorrelat ion theorem for the generalized discrete 
transform, Proc. Midwest Symp. Circuit Theory, 16th, Waterloo, Canada, pp . VIII 6.1-VIII 
6.8 (1973). 

R-54 C. M. Rader , Discrete convolution via Mersenne transforms, IEEE Trans. Comput. C-21, 
1269-1273 (1972). 

R-55 K. R. Rao , K. Revuluri, and M. A. Naras imhan, A family of discrete H a a r transforms, Proc. 
Midwest Symp. Circuits Syst., 7th, Lawrence, Kansas, pp. 154-168 (1974). 

R-56 C. M. Rader, On the application of the number theoretic methods of high speed convolution 
to two-dimensional filtering, IEEE Trans. Circuits Syst. CAS-22, 575 (1978). 

R-57 K. R. Rao , A. Jalali, and P. Yip, Rationalized H a d a m a r d - H a a r transform, Appl. Math. 
Comput. 6, 263-281 (1980). 

R-58 G. S. Robinson, W a l s h - H a d a m a r d transform speech compression, Proc. Hawaii Int. Conf. 
Syst. Sci., 4th, Honolulu, Hawaii, pp . 411-413 (1971). 

R-59 K. R. R a o and N . Ahmed, Modified complex B I F O R E transform, Proc. Midwest Symp. 
Circuit Theory, 15th, Rolla, Missouri (1972). 

R-60 K. R. R a o et al, Complex Haa r transform, IEEE Trans. Acoust. Speech Signal Process., 
ASSP-24, 102-104 (1976). 

R-61 K. R. R a o and N . Ahmed, A class of discrete or thogonal transforms, Comput. Electr. Eng. 7, 
79-97 (1980). 

R-62 K. R. Rao , L. C. Mrig, and N . Ahmed, A modified generalized discrete transform, Proc. 
Asilomar Conf. Circuits Syst., 6th, Pacific Grove, California, pp. 189-195 (1972). 

R-63 K. R. Rao , M. A. Naras imhan , and W. J. Gorzinski, Processing image da ta by computer 
techniques, Proc. Asilomar Conf. Circuits Syst. Comput., 10th, Pacific Grove, California, pp. 
588-592 (1976). 

R-64 C. M. Rader, Discrete Fourier transforms when the number of da ta samples is prime, Proc. 
IEEE 56, 1107-1108 (1968). 

R-65 E. Rothauser and D . Maiwald, Digitalized sound spectrography using F F T and multiprint 
techniques (abstract), J. Acoust. Soc. Am. 45, 308 (1969). 

R-66 K. R. R a o and M. A. Naras imhan , Generalized phase spectrum, IEEE Trans. Acoust. Speech 
Signal Process. ASSP -25, 84-90 (1977). 

R-67 V. U. Reddy and M. Sundaramurthy, New results in fixed-point fast Fourier transform error 
analysis, Proc. IEEE Int. Conf. Acoust. Speech Signal Process., Philadelphia, Pennsylvania, 
pp. 120-125 (1976). 

R-68 R. O. Rowlands, The odd discrete Fourier transform, Proc. IEEE Int. Conf. Acoust. Speech 
Signal Process., Philadelphia, Pennsylvania, pp. 130-133 (1976). 

R-69 I. S. Reed and T. K. Truong, The use of finite fields to compute convolutions, IEEE Trans. 
Informal. Theory IT-21, 208-213 (1975). 

R-70 D. Roszeitis and J. Grallert, Two-dimensional Walsh transform with a DAP-effect liquid 
crystal matrix, Proc. Nat. Telecommun. Conf, Dallas, Texas, pp . 44.6-1-44.6-4 (1976). 

R-71 G. S. Robinson, Discrete Walsh and Fourier power spectra, Proc. Symp. Appl. Walsh 
Functions, Washington, D.C., pp . 298-303 (1972). 

R-72 I. S. Reed and T. K. Truong, A fast D F T algorithm using complex integer transforms, 
Electron. Lett. 14, 191-193 (1978). 

R-73 N . S. Reddy and V. U. Reddy, Implementat ion of Winograd 's algori thm in modular 
arithmetic for digital convolutions, Electron. Lett. 14, 228-229 (1978). 

R-74 I. S. Reed and T. K. Truong, Complex integer convolution over a direct sum of Galois fields, 
IEEE Trans. Informal. Theory IT-21, 657-661 (1975). 

R-75 I. S. Reed, T. K. Truong, and K. Y. Liu, A new fast algorithm for comput ing complex 
number-theoretic transforms, Electron. Lett. 13, 278-280 (1977). 

R-76 C. M. Rader and N . M. Brenner, A new principle for fast Fourier t ransformation, IEEE 
Trans. Acoust. Speech Signal Process. ASSP-24, 264-266 (1976). 

R-77 B. Rice, Some good fields and rings for computing number-theoretic transforms, IEEE 
Trans. Acoust. Speech Signal Process. ASSP-27, 432-433 (1979). 

S-l Y. Y. Shum and A. R. Elliott, Computa t ion of the fast Hadamard transform, Proc. Symp. 
Appl. Walsh Functions, Washington, D.C., pp. 177-180 (1972). 



REFERENCES 477 

S-2 J. L. Shanks, Computa t ion of the fast Walsh-Four ier transform, IEEE Trans. Comput. C-18, 
457-459 (1969). 

S-3 F . Y. Y. Shum, A. R. Elliott, and W. O. Brown, Speech processing with W a l s h - H a d a m a r d 
transforms, IEEE Trans. Audio Electroacoust. AU-21, 174-179 (1973). 

S-4 Y. Y. Shum and A. R. Elliott, Speech synthesis using the Hadamard -Wal sh transform, Conf. 
Speech Commun. Process., Newton, Massachusetts, pp. 156-161 (1972). 

S-5 H. F . Silverman, An introduction to programming the Winograd Fourier transform 
algorithm (WFTA) , IEEE Trans. Acoust. Speech Signal Process. ASSP-25, 152-165 
(1977). 

S-6 H. F. Silverman, A method for programming the complex general-N Winograd Fourier 
transform algorithm, Proc. IEEE Int. Conf. Acoust. Speech Signal Process., Hartford, 
Connecticut, pp . 369-372 (1977). 

S-7 R. S. Shively, On multistage finite impulse response (FIR) filters with decimation, IEEE 
Trans. Acoust. Speech Signal Process. 353-357 (1975). 

S-8 R. C. Singleton, An algorithm for comput ing the mixed radix fast Fourier transform, IEEE 
Trans. Audio Electroacoust. AU-17, 93-103 (1969). 

S-9 H . Sloate, Matr ix representations for sorting and the fast Fourier transform, IEEE Trans. 
Circuits Syst. CAS-21, 109-116 (1974). 

S-10 M. Sundaramur thy and V. U. Reddy, Some results in fixed point fast Fourier transform error 
analysis, IEEE Trans. Comput. C-26, 305-308 (1977). 

S-l 1 R. B. Schultz, Pat tern Classification of Electrocardiograms Using Frequency Analysis. M. S. 
Thesis, Univ. of Waterloo, Waterloo, Canada (1972). 

S-12 R. G. Selfridge, Generalized Walsh transforms, Pacific J. Math. 5, 451-480 (1955). 
S-l 3 K. S. Shanmugam, Comments on discrete cosine transform, IEEE Trans. Comput. C-24, 759 

(1975). 
S-l 4 J. E. Shore, On the application of Haa r functions, IEEE Trans. Commun. COM-21, 209-216 

(1973). 
S-l 5 K. Shibata, Waveform analysis of image signals by or thogonal transformations, Proc. Symp. 

Appl. Walsh Functions, Washington, B.C., pp . 210-215 (1972). 
S-l6 R. C. Singleton, A method for comput ing the fast Fourier transform with auxiliary memory 

and limited high-speed storage, IEEE Trans. Audio Electroacoust. AU-15, 91-98 (1967). 
S-l7 D. Slepian and H. Pollak, Prolate-spheroidal wave functions, Fourier analysis and 

uncertainly-1, Bell Syst. Tech. J. 40, 43-64 (1961). 
S-l8 K. Shanmugam and R. M. Haralick, A computat ional ly simple procedure for imagery da ta 

compression by the Karhunen-Loeve method, IEEE Trans. Systems Man Cybernet. SMC-3, 
202-204 (1973). 

S-l9 E. H. Sziklas and A. E. Siegman, Diffraction calculations using fast Fourier transform 
methods, Proc. IEEE 62, 410-412 (1974). 

S-20 J. Soohoo and G. E. Mevers, Cavity mode analysis using the Fourier transform method, 
Proc. IEEE 62, 1721-1722 (1974). 

S-21 R. W. Schafer and L. R. Rabiner, Design and simulation of a speech analysis-synthesis 
system based on short-time Fourier analysis, IEEE Trans. Audio Electroacoust. AU-21, 
165-174 (1973). 

S-22 W. D. Stanley, "Digital Signal Processing." Reston Publ. , Reston, Virginia, 1975. 
S-23 R. W. Schafer and L. R. Brown, Application of digital signal processing to the design of a 

phase Vocoder analyzer, Conf. Rec. IEEE Conf. Speech Commun. Signal Process., Newton, 
Massachusetts, pp . 52-55 (1972). 

S-24 R. W. Schafer and L. R. Rabiner, System for automat ic formant analysis of voiced speech, J. 
Acoust. Soc. of Am. 47, 634-648 (1970). 

S-25 R. W. Schafer, A survey of digital speech processing techniques, IEEE Trans. Audio 
Electroacoust. AU-20, 28-35 (1972). 

S-26 E. Strasbourger, The role of the cepstrum in speech recognition, Conf. Rec. Conf. Speech 
Commun. Process., Newton, Massachusetts, pp. 299-302 (1972). 

S-27 R. W. Schafer and L. R. Rabiner, Digital representation of speech signals, Proc. IEEE 63, 
662-667 (1975). 



478 REFERENCES 

S-28 D. P. Skinner and D . G. Childers, The power, complex and phase cepstra, Proc. Natl. 
Telecommun. Conf., New Orleans, Louisiana, pp. 31-5-31-6 (1975). 

S-29 W. F . Schreiber, Picture coding, Proc. IEEE (Special Issue on Redundancy Reduction) 55, 
320-330 (1967). 

S-30 J. A. Spicer, A new algorithm for doing the finite discrete Fourier t ransformation in the 
frequency domain imposing uniform and Gaussian boundary conditions, Proc. IEEE Int. 
Conf. Acoust. Speech Signal Process., Philadelphia, Pennsylvania, pp . 126-129 (1976). 

S-31 H. F. Silverman, Corrections and an addendum to " A n introduction to p rogramming the 
Winograd Fourier transform algorithm ( W F T A ) , " IEEE Trans. Acoust. Speech Signal 
Process. ASSP-26, 268 (1978). 

S-32 H. F. Silverman, Fur ther corrections to " A n introduction to programming the Winograd 
Fourier transform algorithm ( W F T A ) , " IEEE Trans. Acoust. Speech Signal Process. ASSP-
26, 482 (1978). 

S-33 D. P. Skinner, Pruning the decimation in-time F F T algorithm, IEEE Trans. Acoust. Speech 
Signal Process. ASSP -24, 193-194 (1976). 

S-34 S. D . Stearns, "Digi tal Signal Analysis." Hayden Book Co., Rochelle Park, New Jersey, 
1975. 

S-35 T. G. Stockham, High speed convolution and correlation, AFIPS Proc. Spring Joint Comput. 
Conf. 28, 229-233 (1966). 

S-36 H. Schiitte et al., Scene matching with translation invariant transforms, Int. Conf Pattern 
Recognit., 4th, Miami Beach, Florida, pp. 195-198 (1980). 

S-37 W. B. Schaming and O. E. Bessett, Empirical determination of processing parameters for a 
real time two-dimensional discrete cosine transform (2d-DCT) video bandwidth compression 
system, SPIE Tech. Meeting, Advances in Image Transmission II, San Diego, California, 249, 
78-84 (1980). 

S-38 R. H. Stafford, "Digital Television." Wiley (Interscience), New York, 1980. 
S-39 R. Srinivasan and K. R. R a o , Fast algorithms for the discrete sine transform, Proc. Midwest 

Symp. Circuits Syst:, Albuquerque, New Mexico, pp . 230-233 (1981). 
S-40 R. Srinivasan and K. R. Rao , An approximation to the discrete cosine transform for TV = 16, 

Signal Process. 5 (1983). 
S-41 H. Scheuerman and H. Gockler, A comprehensive survey of digital transmultiplexing 

methods, Proc. IEEE 69, 1419-1450 (1981). 
T-1 A. L. Toom, The complexity of a scheme of functional elements realizing the multiplication of 

integers, Sov. Math., Dokl. 4, 714-716 (1963). 
T-2 D. W. Tufts, D . W. Rorabacher , and W. E. Mosier, Designing simple effective digital filters, 

IEEE Trans. Audio Electroacoust. AU-18, 142-158 (1970). 
T-3 E. C. Titchmarsh, " In t roduc t ion to the Theory of Fourier Integrals." Oxford Univ. Press, 

London and New York , 1937. 
T-4 D. W. Tufts, H . S. Hersey, and W. E. Mosier, Effects of F F T coefficient quantizat ion on bin 

frequency response, Proc. IEEE 60, 146-147 (1972). 
T-5 Tran-Thong and B. Liu, Fixed-point fast Fourier transform error analysis, IEEE Trans. 

Acoust. Speech Signal Process. ASSP -24, 563-573 (1976). 
T-6 Tran-Thong and B. Liu, Accumulat ion of roundoff errors in floating point F F T , IEEE Trans. 

Circuits Syst. CAS-24, 132-143 (1974). 
T-7 F. Theilheimer, A matrix version of the fast Fourier transform, IEEE Trans. Audio 

Electroacoust. AU-17, 158-161 (1969). 
T-8 A. G. Tescher and R. V. Cox, A n adaptive transform coding algorithm, Proc. ICC Int. Conf. 

Commun. Philadelphia, Pennsylvania, pp . 47-20-47-25. IEEE Catalog #76CH1085-0 , CSCB 
(1976). 

T-9 G. Temes and K. Cho , A new F F T algorithm, Private communicat ion (1977). 
T-10 M. Tasto and P. A. Wintz, Image coding by adaptive block quantizat ion, IEEE Trans. 

Commun. Tech. COM-19, 957-971 (1971). 
T - l l Y. Tadokoro and T. Higuchi, Discrete Fourier transform computa t ion via the Walsh 

transform, IEEE Trans. Acoust. Speech Signal Process. ASSP-26, 236-240 (1978). 
T-12 J. T. Tou, "Digital and Sampled-Data Control Systems." McGraw-Hil l , New York , 1959. 



R E F E R E N C E S 479 

T-13 J. G. Truxal, "Automat ic Feedback Control System Synthesis." McGraw-Hil l , New York , 
1955. 

T-14 J . W. Tukey, An introduction to the calculations of numerical spectrum analysis, in "Spectral 
Analysis of Time Series" (B. Harris, ed.), Wiley, New York, 1967. 

T-15 A. G. Tescher and H. C. Andrews, The role of adaptive phase coding in two- and three-
dimensional Fourier and Walsh image compression, Proc. Symp. Appl. Walsh Functions, 
Washington, B.C., pp . 26-65 (1974). 

T-16 L. D . C. Tarn and R. Goulet, Time-sequency-limited signals in finite Walsh transforms, IEEE 
Trans. Systems Man Cybernet. SMC-4 , 274-276 (1974). 

T-17 K. R. Thompson and K. R. Rao , Analyzing a bior thogonal information channel by the 
Wal sh -Hadamard transform, Proc. Asilomar Conf. Circuits, Syst. and Comput., 9th, Pacific 
Grove, California, pp . 564-570 (1975); also published in Comput. Electr. Eng. 4, 119-132 
(1977). 

T-18 G. C. Temes, A worst case error analysis for the F F T , IEEE Int. Symp. Circuits Syst., Munich, 
West Germany, pp . 98-101 (1976). 

T-19 R. C. Trider, A fast Fourier transform (FFT) based sonar signal processor, Proc. IEEE Int. 
Conf Acoust. Speech Signal Process., Philadelphia, Pennsylvania, pp . 389-393 (1976). 

T-20 W. F . Trench, An algorithm for inversion of finite Toeplitz matrices, J. Soc. Ind. Appl. Math. 
12, 515-522 (1965). 

T-21 W. F . Trench, Inversion of Toeplitz band matrices, Math. Comput. 28, 1089-1095 (1974). 
T-22 B. D. Tseng and W. C. Miller, Comments on " A n introduction to programming the 

Winograd Fourier transform algorithm ( W F T A ) , " IEEE Trans. Acoust. Speech Signal 
Process. ASSP-26, 268-269 (1978). 

T-23 S. A. Tretter, " In t roduct ion to Discrete-Time Signal Processing." Wiley, New York, 1976. 
T-24 A. G. Tescher, Transform image coding, in " Image Transmission Techniques" (W. J. Prat t , 

ed.), Academic Press, New York, 1979. 
T-25 Y. Tadokoro and T. Higuchi, Comments on "Discrete Fourier transform via Walsh 

t ransform," IEEE Trans. Acoust. Speech Signal Process. ASSP-27, 295-296 (1979). 
T-26 Y. Tadokoro and T. Higuchi, Another discrete Fourier transform computa t ion with small 

multiplications via the Walsh transform, Int. Conf. Acoust. Speech Signal Process., Atlanta, 
Georgia, pp . 306-309 (1981). 

U- l J. L. Ulman, Computa t ion of the H a d a m a r d transform and the R-transform in ordered form, 
IEEE Trans. Comput. C-19, 359-360 (1970). 

V-l V. Vlasenko, K. R. Rao , and V. Devarajan, Unified matr ix t reatment of discrete transforms, 
Proc. Ann. Southeast. Symp. Syst. Theory, 10th, Mississippi State, Mississippi, pp . I I .B-18-
II.B-29 (1978); also published in IEEE Trans. Comput. COM-28 , 934-938 (1979). 

V-2 R. L. Veenkant, A serial minded F F T , IEEE Trans. Audio. Electroacoust. AU-20, 180-185 
(1972). 

V-3 J. L. Vernet, Real signals fast Fourier transform storage capacity and step number reduction 
by means of an odd discrete Fourier transform, Proc. IEEE 59, 1531-1532 (1971). 

V-4 M. C. Vanwormhoudt , On number theoretic Fourier transforms in residue class rings, IEEE 
Trans. Acoust. Speech Signal Process. ASSP-25, 585-586 (1977). 

V-5 M . C. Vanwormhoudt , Structural properties of complex residue rings applied to number 
theoretic Fourier transforms, IEEE Trans. Acoust. Speech Signal Process. ASSP-26, 99-104 
(1978). 

V-6 U. A. von der Embse and M. C. Austin, An efficient multichannel F F T demodulator , Proc. 
Int. Telemeter. Conf., Los Angeles, California, pp . 499-508 (1978). 

V-7 P. Varg and U. Heute, A short-time spectrum analyzer with polyphase-network and D F T , 
Signal Process. 2, 55-65 (1980). 

W- l J . E. Whelchel, Jr. and D . F. Guinn, The fast Fou r i e r -Hadamard transform and its use in 
signal representation and classification, Aerosp. Electron. Conf (EASCON), Rec, 
Washington, B.C., pp . 561-573 ( IEEE Pub. 68 C 3-AES (1968). 

W-2 J. L. Walsh, A closed set of normal or thogonal functions, Am. J. Math. 55, 5-24 (1923). 
W-3 P. P. Wang and R. C. Shaiau, Machine recognition of printed Chinese characters via 

transformation algorithms, Pattern Recognit. 5, 303-321 (1973). 



480 REFERENCES 

W-4 H. D. Wishner, Designing a special-purpose digital image processor, Comput. Design 11, 
71-76 (1972). 

W-5 S. Wendling and G. Stamon, Hadamard and Haa r transforms and their power spectra in 
character recognition, Joint Workshop in Pattern Recognition and Artificial Intelligence, 
Hyannis, Massachusetts, pp . 103-112 (1976). 

W-6 S. Winograd, A new method for computing D F T , Proc. IEEE Int. Conf. Acoust. Speech 
Signal Process. Hartford, Connecticut, pp . 366-368 (1977). 

W-7 S. Winograd, Some bilinear forms whose multiplicative complexity depends on the field of 
constants, Math. Syst. Theory 10, 169-180 (1977). 

W-8 S. Winograd, On comput ing the discrete Fourier transform, Proc. Nat. Acad. Sci. U.S.A. 73, 
1005-1006 (1976)/ 

W-9 S. Winograd, On multiplication of 2 x 2 matrices, Linear Algebra and Appl. 4 , 381-388 
(1971). 

W-10 S. Winograd, On the number of multiplications necessary to compute certain functions, 
Commun. Pure Appl. Math. 23, 165-179 (1970). 

W-l 1 S. Winograd, On the number of multiplications required to compute certain functions, Proc. 
Nat. Acad. Sci. U.S.A. 58, 1840-1842 (1967). 

W - l 2 S. A. White, In t roduct ion to Implementat ion of Digital Filters. Electronics Research 
Division, Rockwell International , Anaheim, California, Technical Rep. XI3-311/501 
(1973). 

W - l 3 S. A. White, Recursive Digital Filter Design. Autonetics Division, Rockwell International , 
Anaheim, California, Technical Rep. X8-2725/501 (1968). 

W - l 4 C. J. Weinstein, Roundoff noise in floating point fast Fourier transform computat ion, IEEE 
Trans. Audio Elecroacoust. AU-17, 209-215 (1969). 

W - l 5 P. P. Welch, A fixed point fast Fourier transform error analysis, IEEE Trans. Audio 
Electroacoust. AU-17, 151-157 (1969). 

W-16 Proc. Symp. Appl. Walsh Functions, Washington, D.C. (1970), Order N o . A D 707431; Proc. 
Symp. Appl. Walsh Functions, Washington, D.C. (1971), Order N o . A D 727000; Proc. Symp. 
Appl. Walsh Functions, Washington, D.C. (1972), Order N o . A D 744650; Proc. Symp. Appl. 
Walsh Functions, Washington, D.C. (1973), Order No . A D 763000, Nat iona l Technical 
Information Services, Springfield, Virginia; Proc. Symp. Appl. Walsh Functions, Washington, 
D.C. (1974), Order N o . 74CH08615EMC, I E E E Service Center, Piscataway, New Jersey. 

W - l 7 H. Whitehouse et al, A digital real-time intraframe video bandwidth compression system, 
SPIE Int. Tech. Symp., 21st, San Diego, California, pp . 64-78 (1977). 

W-18 M . D. Wagh and S. V. Kanetkar , A multiplexing theorem and generalization of R-transform, 
Int. J. Comput. Math. 5, Sect. A, 163-171 (1975). 

W-19 M. D. Wagh, Periodicity in R-transformation, Inst. Electron. Telecom. Eng. 21, 560-561 
(1975). 

W-20 M. D. Wagh, An extension of R-transform to patterns of arbitrary lengths, Int. J. Comput. 
Math. 1, Sect. B, 1-12 (1977). 

W-21 M. D. Wagh and S. V. Kanetkar , A class of translation invariant transforms, IEEE Trans. 
Acoust. Speech Signal Process. ASSP-25, 203-205 (1977). 

W-22 M . D . Wagh, Translat ional invariant transforms, Ph .D. Dissertation, Indian Institute of 
Technology, Bombay, India (1977). 

W-23 S. Wendling, G. Gagneux, and G. Stamon, Use of the Haa r transform and some of its 
properties in character recognition, Proc. Int. Conf. Pattern Recognit., 3rd, Coronado, 
California, pp. 844-848 (1976). 

W-24 C. Watari , A generalization of Haa r functions, Tohoku Math. J. 8, 286-290 (1956). 
W-25 P. A. Wintz, Transform picture coding, Proc. IEEE 60, 809-820 (1972). 
W-26 J. Whitehouse, R. W. Means , and J. M. Speiser, Signal processing architectures using 

transversal filter technology, Proc. IEEE Adv. Solid-State Compon. Signal Process., Newton, 
Massachusetts, pp . 5-29 (1975). 

W-27 P. M. Woodward , "Probabil i ty and Information Theory, with Applications to R a d a r . " 
Pergamon, Oxford, 1953. 

W-28 L. C. Wood, Seismic da ta compression methods, Geophysics 39, 499-525 (1974). 



REFERENCES 481 

W-29 W. G. Wee and S. Hsieh, An application of projection transform technique in image 
transmission, Proc. Nat. Telecommun. Conf., New Orleans, Louisiana, pp . 22-1-22-9 
(1975). 

W-30 D . M. Walsh, Design considerations for digital Walsh filters, Proc. IEEE Fall Electron. Conf., 
Chicago, Illinois, pp . 372-377 (1971). 

W-31 L. C. Wilkins and P. A. Wintz, Bibliography on data compression, picture properties and 
picture coding, IEEE Trans. Informat. Theory IT-17, 180-197 (1971). 

W-32 M. D . Wagh, R-transform amplitude bounds and transform volume, J. Inst. Electron. 
Telecom. Eng. 21 , 501-502 (1975). 

W-33 H. Widom, Toeplitz matrices, in "Studies in Real and Complex Analysis" (I. I. Hirschmann, 
Jr., ed.). Prentice-Hall, Englewood Cliffs, New Jersey, 1965. 

W-34 S. A. White, On mechanization of vector multiplication, Proc. IEEE. 63, 730-731 (1975). 
W-35 S. Winograd, On computing the discrete Fourier transform, Math. Comput. 32, 175-199 

(1978). 
W-36 P. D . Welch, The use of fast Fourier transform for the estimation of power spectra: A method 

based on time averaging over short, modified per iodograms, IEEE Trans. Audio 
Electroacoust. AU-15, 70-73 (1967). 

W-37 S. Wendling, G. Gagneux, and G. Stamon, A set of invariants within the power spectrum of 
unitary t ransformations, IEEE Trans. Comput. C-27, 1213-1216 (1978). 

Y- l C. K. Yuen, Walsh functions and gray code, IEEE Trans. Electromagn. Compat. EMC-13, 
68-73 (1971). 

Y-2 C. K. Yuen, New Walsh function generator, Electron. Lett. 1, 605-607 (1971). 
Y-3 C. K. Yuen, Comments on " A Hazard-free Walsh function generator, IEEE Trans. Instrum. 

Measurement IM-22, 99-100 (1973). 
Y-4 P. Yip and K. R. R a o , Energy packing efficiency of generalized discrete transforms, Proc. 

Midwest Symp. Circuits Syst., 20th, Texas Tech Univ., Lubbock, Texas, pp . 711-712 
(1977); also published in IEEE Trans. Commun. COM-26, 1257-1262 (1978). 

Y-5 R. Yarlagadda, A note on the eigenvectors of D F T matrices, IEEE Trans. Acoust. Speech 
Signal Process, pp . 586-589 (1977). 

Y-6 L. S. Young, Computer programs for min imum cost F F T algorithms, Rockwell 
International , Anaheim, California, Rep. T77-986/501 (1977). 

Y-7 P. Yip, Some aspects of the zoom transform, IEEE Trans. Comput. C-25, 287-296 
(1976). 

Y-8 P. Yip, Concerning the block-diagonal structure of the cyclic shift matr ix under generalized 
discrete or thogonal transforms, IEEE Trans. Circuits Syst. CAS-25, 48-50 (1978). 

Y-9 C. K. Yuen, Analysis of Walsh transforms using integration by-parts, SIAMJ. Math. Anal. 4, 
574-584 (1973). 

Y-10 C. K. Yuen, An algorithm for computing the correlation functions of Walsh functions, IEEE 
Trans. Electr omagn. Compat. EMC-17, 177-180 (1975). 

Y- l 1 P. Yip, The zoom Walsh transform, Proc. Midwest Symp. Circuits and Syst., 18th, Montreal, 
Canada, pp . 21-24 (1975). 

Y - l 2 C. K. Yuen, Comput ing robust Walsh-Four ier t ransform by error product minimization, 
IEEE Trans. Comput. C-24, 313-317 (1975). 

Y-13 P. Yip, The zoom Walsh transform, IEEE Trans. Electromagn. Compat. EMC-18, 79-83 
(1976). 

Y-14 M. Yanagida, Discrete Fourier transform based on a double sampling and its applications, 
Proc. IEEE Int. Conf. Acoust. Speech Signal Process., Philadelphia, Pennsylvania, pp . 141-144 
(1976). 

Y - l 5 P. Yip and K. R. R a o , Sparse-matrix factorization of discrete sine transform, Proc. Ann. 
Asilomar Conf. Circuits Syst. Comput., 12th, Pacific Grove, California, pp . 549-555 (1978); 
also published in IEEE Trans. Commun. COM -28 , 304-307 (1980). 

Y~-16 P. Yip and K. R. R a o , On the computat ion and effectiveness of discrete sine transform, Proc. 
Midwest Symp. Circuits Syst., 22nd, Philadelphia, Pennsylvania, pp . 151-155 (1979); also 
published in Comput. Electr. Eng. 7, 45-55 (1980). 



482 REFERENCES 

Z-1 R. Zelinski and P . Noll, Adaptive transform coding of speech signals, IEEE Trans. Acoust. 
Speech Signal Process. ASSP-25 , 299-309 (1977). 

Z-2 S. Zohar , Toeplitz matrix inversion, the algorithm of W. F . Trench, J. Assoc. Comput. Mach. 
16, 592-601 (1969). 

Z-3 S. Zohar , A prescription of Winograd 's discrete Fourier transform algorithm, IEEE Trans. 
Acoust. Speech Signal Process. ASSP-27, 409-421 (1979). 



I N D E X 

A 

Aliased signals, 38, 290 
Analog-to-digital converter (ADC), 180 
Autocorrelation 

arithmetic, 449 
continuous function, 32 

B 

Bandwidth, 236, see also No i se bandwidth 
BIFORE Transform, 315 

complex, 366 
modified, 378 
modified complex, 378 

Bit reversal, 70, 445 
Bit reversed order (BRO), 312 
Butterfly, 63 

C 

Chebyshev polynomials, 228, 386 
Chinese remainder theorem (CRT) 

expansion of polynomials, 147 
for integers, 105 
for polynomials, 112 

Circulant matrix, 452 
block, 452 

Circular convolution, see Convolution 
Circular or periodic shift, 446 
C matrix transform, 416 
Coherent gain, 232 
Coherent processing, 238 
Comb function 

definition, 23 
Fourier transform, 29 

Congruence 
modulo an integer, 27 
modulo a polynomial, 108 
modulo a product, 101 

Constant Q filters, 205 
Convolution 

circular (periodic), 50, 123, 450 
evaluation using the CRT, 121 
evaluation using polynomial transforms, 

152 
property, 419 

dyadic or logical, 450 
frequency domain, 18 
noncircular (aperiodic), 50 

minimum number of multiplications for, 
116 

time domain, 17 
C o o k - T o o m algorithm, 115 
Correlation 

arithmetic, 50, 449 
dyadic, 448 

Cross-correlation, 31 
Cyclotomic polynomial, 109 

D 

Data sequence 
definition, 34 
number, 35 

Decimation in frequency (DIF) FFT, see 
Fast Fourier transform 

Decimation in time, 255 
Decimation in time (DIT) FFT, see also 

Fast Fourier transform 
radix-2, 82 

483 
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Delta function 
Dirac, 14, 26 
Kronecker, 7 

Demodulation, complex 
analog, 290 
digital, 290 

Demodulator, 256, see also Single sideband 
modulation 

mechanization, 271 
DFT, see Discrete Fourier transform 
D F T filter 

figure of merit (FOM), 232 
nonperiodic, 185 
nonperiodic shaped, 195 
performance, 232 
periodic, 180 
periodic shaped, 192 
response, 179, 182 
shaping, 191 
shaping approximation, 244 
shaping by means of FIR filters, 195, 

297 
Digital filter 

characteristics, 267 
elliptic, 268 
finite impulse response (FIR): 

definition, 266 
use in design of D F T windows, 297 

infinite impulse response (IIR), 266 
mechanizations, 263 
order, 266 
recursive, 263 
transversal, 263 

Digital word length, 281 
Digit reversal, 72, 77 
Discrete cosine transform, 386 

even, 393, 412 
odd, 413 

Discrete D transform, 414 
Discrete Fourier transform (DFT), see also 

Fast Fourier transform 
calculation using an (M2)-point FFT, 56 
definition, 35 
of DFT output 

definition, 249 
filter shaping for, 250 
frequence response for, 251 

equivalence of 1-D and L-D, 135 
equivalent representations, 181, 192 
evaluation by circular convolution, 127 
folding property, 37 
matrix factorization, 46 
multidimensional, 51 

of an JV-point even (odd) sequence using 
an (M4)-point F F T , 56 

periodic property, 36 
with power of a prime number dimension, 

125 
with prime number dimension, 124 
properties summarized, 49 
reduced, 157 
of sequence padded with zeros, 56, 92, 

248 
small N algorithms, 127 

matrix representation of, 131 
structure, 420 
of two real TV-point sequences , 55 

Discrete sine transform, 412 
Discrete time system, 34 
Discrete transform classification, 365 
Discrete transform comparison, 410 
Double sideband modulation, 16, 28 
Dyadic matrix, 451 
Dyadic or Paley ordering, 453 
Dyadic shift, 446 

matrix, 322 
Dyadic time shift, 359 
Dynamic range, 281 

E 

Effective noise bandwidth ratio, 248 
Eigenvector transform, 383 
Elliptic filters, 268 
Energy packing efficiency (EPE), 327 
Equivalent noise bandwidth, 235, 286 
Euclid's algorithm, 111 
Euler's phi function, 102 
Euler's theorem, 104 
External frequencies, 269 

F 

Fast Fourier transform (FFT), see also Dis­
crete Fourier transform 

algorithms, 2 
algorithm comparison, 165 
arithmetic requirements, 71, 164 
bit reversal, 70 
decimation in frequency (DIF) 

mixed radix, 173 
radix-2, 60, 69 

decimation in time (DIT) 
mixed radix, 173 
radix-2, 82, 91 
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derivation using 
factored identity matrix, 88 
matrix inversion, 84 
matrix transpose, 81 

digit reversal, 72 
in-place computation, 90 
mixed radix, 58, 72 
polynomial transform method of computa­

tion, 154 
power-of-2 (radix-2), 59, 81, 173 

minimum multiplications for, 90 
radix-3, -4, etc . , 81, 94 
scaling, 283 

Fermat numbers, 422 
Fermat number transform, 166, 422 

complex, 427 
complex pseudo, 432 
fast, 442 
matrix, 423 
pseudo, 430, 443 

Fermat's theorem, 103 
FFT, see Fast Fourier transform 
Field 

of integers, 102, 418 
of polynomials, 108 

Filter 
equiband, 270, 294 
passband, 269 
stopband, 269 
transition interval, 269 

Filters, see Digital filters 
Fit function, 208 
Fourier series 

with complex coefficients, 8 
existence of, 9 
with real coefficients, 6 

Fourier transform 
derivation, 10 
inverse, 11 
multidimensional, 23 
pair, 12 
properties, 24 

Frequency 
bin number, 36 
tags, 77 

G 

Gauss's theorem, 103 
Generalized continuous transform 

basis function 
average value, 341 
frequency, 340 

generation, 338 
orthonormality, 343 
per iod,341 

convolution, 347 
definition, 335 
discrete transforms derived from, 348 
inversion, 344 
linearity property, 344 
shifting theorem, 345 

Generalized transform (GT) r 

definition, 366 
modified, 374 
phase or position spectra, 373 
power spectra, 370 

Good algorithm, 99, 136 
arithmetic requirements, 164 

Gray code, 95, 307, 447 
to binary conversion (GCBC), 313, 447 

Greatest common divisor (gcd) 
for integers, 10 
for polynomials, 110 

H 

Haar 
functions, 399 
matrices, 400 
transform, 400 

complex, 415 
rationalized, 403 

Hadamard-Haar transform, 414 
rationalized, 414 

Hotelling transform, 383 
Hybrid (DIT-DIF) F F T , 98 

I 

Impulse response, 19 
In-place computation, 90, 313 
Index of an integer relative to a primitive 

root, 105 
Infinite impulse response (IIR), see Digital 

filter 
Integer representation 

constraint, 420 
mixed radix integer representation (MIR), 

73, 171 
second integer representation (SIR), 106 

Inverse discrete Fourier transform, 44 
Inverse fast Fourier transform (IFFT), 85, 

95 
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K 

Karhunen-Loeve transform, 382 
asymptotic equivalence, 414 

Kronecker product, 132, 444 
algebra, 444 
power, 445 

L 

Lagrange interpolation formula, 114 
Leakage, spectral, 183 

M 

Matrix 
permutation, 88 
sparse, 47, 67 
unitary, 44 

Mersenne numbers, 425 
Mersenne number transform, 425 

complex, 429 
complex pseudo, 443 
pseudo, 434, 443 

Mixed radix integer representation (MIR), 
73, 171 

Modified generalized transform, 374 
Modified Walsh-Hadamard transform, 329 
Modulo (mod) 

arithmetic, 418 
an integer, 27, 40, 447 
a polynomial, 108 

Multidimensional 
DFT, 51, 139 
WHT, 327 

Multiplicative inverse, 102, 418 

N 

Noise 
bandwidth, 208 
equivalent noise bandwidth, 235, 247 
normalization, 208 
power spectral density, 208 

Noncoherent processing, 238 
Nonrecursive filters, see Digital filters 
Number theoretic transforms (NTT), 411 

computational complexity, 439 
constraints, 421 
figure of merit, 438 
properties, 440 
relative evaluation, 436 
selection of parameters, 421 

Number theory, 100 
Nyquist 

frequency, 38 
rate, 38 

for sampling D F T output, 251 

O 

Order of an integer modulo N, 104 
Orthogonal functions, 7, 9 
Overlap correlation, 238 

P 

Padding with zero-valued samples 
added at end of sequence, 56, 92, 248 
inserted between consecutive samples, 56 

Parseval's theorem 
for continuous functions, 31 
for DFT, 53 
for WHT, 322 

Passband, see Filter 
Permutation values, 163 
Picket-fence effect, 236 
Polynomial transforms, 99 

definition, 149 
evaluation of circular convolution by, 175 
generalized, 150 
inverse, 149 
multidimensional convolution by, 145 
plus nesting, 177 

Power-of-2 FFT 
algorithms, 59 
arithmetic operations, 71 

Power spectral density (PSD) 
definition, 32 
estimation, 252 

Power spectrum 
circular shift invariant for 

generalized continuous transform, 353 
WHT, 323 

DFT, 53 
(GT)r, 370 
(MGT)„ 378 
WHT, 322 

Prime factor algorithm, 137 
Prime number, 102 
Primitive root 

of an integer, 104, 418 
of unity, 109 

Principal component transform, 383 
Processing loss , worst case , 236 
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Proportional filters, 205 
Pruning, 92 
Pure tone, 236 

Q 

Q of a filter, 205 

R 

R a d e m a c h e r funct ions , 302 
Rader-Brenner algorithm, 161 
Rader transform, 426 
Rapid transform, 405 

properties, 405 
Rate distortion, 385 
Rationalized Haar transform, 403 
rect function 

definition, 12 
Fourier transform, 13 

Reduced multiplications F F T algorithms, see 
Fast Fourier transform 

Redundancy, 238 
Relatively prime 

integers, 102 
polynomials, 111 

Remez exchange algorithm, 268 
Residue, 40 
Residue number system, 107 
rep operator, 23 
Ring 

of integers, 101, 418 
of polynomials, 108 

Ripple in filter frequency response, 269 
Roundoff noise, 285 

S 

Sampled-data system, 34 
Sampling theorem 

frequency domain, 30 
sequency, 307 
time domain, 29, 38 

Scaling in the FFT, 281 
Scalloping loss , 236 
Second integer representation (SIR), 106 
Sequency 

definition, 304 
power spectrum, 313 

Shorthand notation 
D F T matrix, 47 
FGT matrix, 349 

Sidelobe, 
fall off, 232,-246 
highest level, 232 
maximum level v s . worst-case processing 

loss , 238 
spurious, 287 

Sign( /c ) , 8 
Signal level detection, 240 
sine function 

definition, 13 
Fourier transform, 13 

Single sideband modulation, 15, 28, 256 
Slant-Haar transform, 414 
Slant transform, 393 
Spectral analysis, 178, 252 

equivalent systems for, 297 
octave, 272 
system using A G C , 282 

Spectrum, demodulated, 258, see also 
Power spectrum 

Stage, 63, 311 
Stepping variable, 335 
Stopband, see Filter 

T 

Time sample number, 35 
Toeplitz matrix, 411, 452 
Totient, 103 
Transfer functions, 18 
Transform sequence 

definition, 36 
number, 36 

Transforms using other transforms, 416 
Twiddle factor, 60, 134, 171 

U 

Unit step function, 23, 28 

V 

Variance distribution for a first-order Mar­
kov process, 384 

W 

Walsh-Fourier transform, 337 
Walsh functions, 301 

generation of, 356, 357 
Walsh-Hadamard matrices, 309 
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Walsh-Hadamard transform 
cal-sal ordered, 318 
generation using bilinear forms, 321 
Hadamard or natural ordered, 313 
Paley or dyadic ordered, 317 
Walsh or sequency ordered, 310 

Walsh ordering, 307 
Weighting 

Abel, 226 
Barci lon-Temes, 231 . 
Bartlet, 213 
Blackman, 215 
Blackman-Harris, 217 
Bochner, 220 
Bohman, 223 
Cauchy, 226 
cosa(mrlN), 202, 213 
cosine cubed, 246 
cosine squared, 202, 213, 246 
cosine tapered, 222 
cubic, 221, 245 
De La Val le-Pouss in , 221 
Dirichlet, 213 
Dolph-Chebyshev , 228 
Frejer, 213 
Gaussian, 227 
Hamming, 214 

generalized, 246 
Hanning, 202, 246 

Hanning-Poisson, 225 
Jackson, 221 
Kaiser-Besse l , 230 
Kaiser-Besse l approximation to Black-

man-Harris, 219 
parabolic, 220 
Parzen, 221 
Poisson, 224, 226 
raised cosine, 222 
rectangular, 213 
Riemann, 221 
Riesz, 220 
time domain, 191, 194 
triangular, 196 
Tukey, 222 
Weierstrass, 227 

White noise, 207 
Windowing, frequency domain, 191, 194, see 

also Weighting 
Winograd Fourier transform algorithm, 99, 

138 
arithmetic requirements, 162 

Worst-case processing loss , 236, 238 

Z 

Zero padding, see Padding with zero-valued 
samples 

Zoom transform, 251 






