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3.6 Factor P, P,



1 Introduction

Rotations about the coordinate axes are easy to define and work with. Rotation about the z-axis by angle
0 is
1 0 0
Ry(0) =] 0 cos —sinf
0 sinf cosf

where # > 0 indicates a counterclockwise rotation in the plane x = 0. The observer is assumed to be
positioned on the side of the plane with > 0 and looking at the origin. Rotation about the y-axis by angle
0 is
cosf 0 sinf
R,(8) = 0 1 0
—sinf 0 cosf

where # > 0 indicates a counterclockwise rotation in the plane y = 0. The observer is assumed to be
positioned on the side of the plane with y > 0 and looking at the origin. Rotation about the z-axis by angle
0 is

cosf) —sinf O
R.(0)=| sin® cosf 0
0 0 1

where § > 0 indicates a counterclockwise rotation in the plane z = 0. The observer is assumed to be
positioned on the side of the plane with z > 0 and looking at the origin. Rotation by an angle 6 about an
arbitrary axis containing the origin and having unit length direction U = (U,, Uy, U.) is given by

Ry(0) = I+ (sinf)S + (1 — cos§)S>

where [ is the identity matrix,

0 -U. U,
S=| U. 0 -U
U, U. 0

and € > 0 indicates a counterclockwise rotation in the plane U - (z,y, z) = 0. The observer is assumed to be
positioned on the side of the plane to which U points and is looking at the origin.

2 Factor as a Product of Three Rotation Matrices

A common problem is to factor a rotation matrix as a product of rotations about the coordinate axes.
The form of the factorization depends on the needs of the application and what ordering is specified. For
example, one might want to factor a rotation as R = R,(0,)R,(6,)R-(6.) for some angles 6, §,, and 6.
The ordering is zyz. Five other possibilities are zzy, yxz, yzx, zzxy, and zyzx. It is also possible to factor
as R = Ry (0;,)Ry(0y)R:(0,), the ordering referred to as zyz. Five other possibilites are zzx, yry, yzy,
zaz, and zyz. These are also discussed here. The following discussion uses the notation ¢, = cos(f,) and
Sq = sin(f,) for a = z,y, z.



2.1 Factor as R, R R,

Setting R = [r;;] for 0 <4 < 2and 0 < j < 2, formally multiplying R, (0;)R,(0,)R.(6.), and equating yields

oo To1r To2 CyCz —CySz Sy
10 Ti11 T12 - CzSxSy + Cyp Sz CpCy — SgpSySz —CySg
Tog T21 T29 —CpCySy + SzSz €Sy + CiSyS: CyCy

The simplest term to work with is s, = rg2, so 8, = asin(roz). There are three cases to consider.

CaskE 1: If 6, € (—n/2,7/2), then ¢, # 0 and ¢, (sy,¢;) = (—ri2,7r22), in which case 0, = atan2(—ri2, ros),
and ¢y (s.,c.) = (—7T01,700), in which case 6, = atan2(—7g1,790). In summary,

0, = asin(rg2), 0, = atan2(—ri2,722). 6, = atan2(—rg1,700) (1)
Cask 2: If 0, = 7/2, then s, = 1 and ¢, = 0. In this case

o T11 C2Sp + CaSz  CoCz— Sz | sin(0, +6,) cos(6, +0.)

rog  To1 —CyCy + S8, CySp + €S, —cos(0, +6,) sin(6,+6,)
Therefore, 0, + 0, = atan2(r1,r11). There is one degree of freedom, so the factorization is not unique. In
summary,

Gy = 7'(/27 02 + 91 = atanZ(rlo,rn) (2)

CasE 3: If 0, = —n/2, then s, = —1 and ¢, = 0. In this case

0 Ti1 —Cy8g + CpS;  CypCy + 515, sin(f, —6,) cos(f, —6,)

Tog  To1 CuCy + 838, €8z — CuSs cos(f, —6,) —sin(f, —6,)
Therefore, 0, — 0, = atan2(r1g,r11). There is one degree of freedom, so the factorization is not unique. In
summary,

Gy = —7T/27 oz - 933 = atan?(ﬁo,?“ll) (3)

Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry rgs
is tested for the three cases.

if (r02 < +1)

{
if (r02 > -1)
{
thetaY = asin(r02);
thetaX = atan2(-r12,r22);
thetaZ = atan2(-r01,r00);
+

else // r02 = -1



// Not a unique solution: thetaZ - thetaX = atan2(r10,ril)

thetaY = -PI/2;
thetaX = -atan2(r10,ri11);
thetaZ = 0;
}
}
else // r02 = +1
{
// Not a unique solution: thetaZ + thetaX = atan2(r10,ri11)
thetaY = +PI/2;
thetaX = atan2(r10,ri11);
thetaZ = 0;
}

2.2 Factor as R, R.R,

Setting R = [ry;] for 0 <i <2 and 0 < j < 2, formally multiplying R, (0,)R.(0.)R,(8,), and equating yields

Too To1 To2 CyCz —Sz CzSy
10 T11 T12 = Sz Sy + CxCyS, CzCy —CySgy + CzSySy
To0 T21 T22 —CzSy + CySzS, C:Sz CyCy + Sz SyS»

The simplest term to work with is —s, = 791, so 8, = asin(—rg;). There are three cases to consider.

CaSE 1: If 0, € (—7/2,7/2), then ¢, # 0 and ¢,(sy, ¢y) = (T02,700), in which case 0, = atan2(rgz, 7o), and
¢»(8g,¢z) = (ra1,711), in which case 8, = atan2(ra;,711). In summary,

0. = asin(—ro1), 0, = atan2(ra1,711), 6y = atan2(ro2,700) (4)
CASE 2: If 0, = /2, then s, =1 and ¢, = 0. In this case
rig Ti2 SpSy + CaCy  —CySptCaSy | cos(6, —0,) sin(f, — 6;)
rog Too —CzSy +CySy  CpCy + S8y —sin(f, — 6;) cos(f, — 6;)

Therefore, 6, — 0, = atan2(—rag, r22). There is one degree of freedom, so the factorization is not unique. In
summary,
92 = +7T/2, Gy 791 = atanQ(szo,ng) (5)

CaASE 3: If 0, = —7 /2, then s, = —1 and ¢, = 0. In this case
0 T12 SzpSy — CxCy  —CySy — CxSy —cos(fy +6;) —sin(6, +0,)
oo  To2 —CgSy — CySy  CaCy — SgSy —sin(, + 6,)  cos(fy + 0,)

Therefore, 8, + 6, = atan2(—rg, r22). There is one degree of freedom, so the factorization is not unique. In
summary,
0, =—m/2, 0,4+ 0, =atan2(—rq, ra2) (6)



Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry ro;
is tested for the three cases.

if (r01 < +1)
{
if (r01 > -1)
{
thetaZ
thetaX
thetaY

asin(-r01);
atan2(r21,ri1l);
atan2(r02,r00);

}
else // r01 = -1
{
// Not a unique solution: thetaY - thetaX = atan2(-r20,r22)
theta_z = +pi/2;
theta_x atan2(-r20,r22);
theta_y 0;

}
}
else // r01 = +1
{
// Not a unique solution: thetaY + thetaX = atan2(-r20,r22)
theta_z = -pi/2;
theta_x = atan2(-r20,r22);
theta_y = 0;

2.3 Factor as R R R,

Setting R = [r;;] for 0 <i <2 and 0 < j < 2, formally multiplying R, (6,)R.(6)R-(6.), and equating yields

oo To1 To2 CyCz + SxSySz Cz85Sy — CySz  CgSy
10 T1i1 T2 = CySz CypCy —Sg
o0 T21 T22 —CySy + CySySy CyCrSz + SyS. CxCy

The simplest term to work with is —s, = 712, so 8, = asin(—r12). There are three cases to consider.

CaSE 1: If 8, € (—7/2,7/2), then ¢, # 0 and ¢ (sy, ¢y) = (roz2, r22), in which case 6, = atan2(ropz, r22), and
¢z(Sz,¢.) = (r10,711), in which case 6, = atan2(rig,r11). In summary,

0, = asin(—r12), 0, = atan2(roz,r22), 6. = atan2(rio,r11) (7)
CASE 2: If 0, = w/2, then s, = 1 and ¢, = 0. In this case,

Too Tol CyCe +8ySz €28y —CySs | cos(6, —6,) —sin(d, —46,)

Tog  To1 —CySy + CyS:  CyCs + SyS, sin(6, — 6,)  cos(8, —0,)



Therefore, 6, — 6, = atan2(—rg1,700). There is one degree of freedom, so the factorization is not unique. In
summary,
0y =+m/2, 6, — 6, =atan2(—ro1,r00) (8)

CASE 3: If 0, = —7/2, then s, = —1 and ¢, = 0. In this case,

cos(6, +6,) —sin(0,+6,)

—cos(6, +6,)

Too To1 CyCr — SySz —CzSy — CySy

Too To1 —CyS8y — CyS;  —CyCy + SyS, —sin(6, +6,)

Therefore, 8, + 6, = atan2(—rg1,700). There is one degree of freedom, so the factorization is not unique. In
summary,
(9)

Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry 72
is tested for the three cases.

0, = —m/2, 0.+ 0, =atan2(—ro1,ro0)

if (r12 < +1)

{
if (r12 > -1)
{
thetaX = asin(-r12);
thetaY = atan2(r02,r22);
thetaZ = atan2(ri10,ri1l);
}
else // r12 = -1
{
// Not a unique solution: thetaZ - thetaY = atan2(-r01,r00)
thetaX = +pi/2;
thetaY = -atan2(-r01,r00);
thetaZ = 0;
¥
}
else // r12 = +1
{
// Not a unique solution: thetaZ + thetaY = atan2(-r01,r00)
thetaX = -pi/2;
thetaY = atan2(-r01,r00);
thetaZ = 0;
}

2.4 Factor as RyR.R,

Setting R = [r;;] for 0 <i < 2and 0 < j < 2, formally multiplying R, (6,)R.(6.)R:(6,), and equating yields

Too To1 To2 CyCz SgSy — CxCySz  CzSy + CySzSz
Tio Ti1 Ti2 | T Sz CzxCzy —CzSg
Too T21 T22 —CzSy CySy + CxSySy CxpCy — SxSySz



The simplest term to work with is s, = 719, so 6, = asin(r1o). There are three cases to consider.

Cask 1: If 0, € (—7/2,7/2), then ¢, # 0 and ¢, (s, ¢,) = (—712,711), in which case 8, = atan2(—r12,7r11),
and ¢ (sy,cy) = (—720,700), in which case 6, = atan2(—rag,rg0). In summary,

92 = aSiIl(’l"lo), 9y = atan2(—r20, 7’00), 9;5 = atan2(—r12,r11) (10)
CASE 2: If 0, = 7/2, then s, =1 and ¢, = 0. In this case,
ro1 Toz | | SaSy —CaCy CaSytCySe —cos(0, +0,) sin(0, +6,)
Fo1  Too CySp + CuSy  CoCy — Su8y sin(6; +0,)  cos(0, +6,)
Therefore, 0, + 6, = atan2(ra1,722). There is one degree of freedom, so the factorization is not unique. In
summary,
02 - +7T/2, eac =+ ay = atan2(r21, 7‘22) (11)
CASE 3: If §, = —7/2, then s, = —1 and ¢, = 0. In this case,
ol To2 SpSy +CaCy  CaSy—CySe | cos(y —0,) —sin(f; —6,)
o1 Too CySg — CxSy  CaCy + SzSy sin(fy —0y)  cos(6, —6,)
Therefore, 6, — 6, = atan2(ra1,722). There is one degree of freedom, so the factorization is not unique. In
summary,

0, =—-m/2, 0,—0,=atan2(roy,re2) (12)

Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry rig
is tested for the three cases.

if (r10 < +1)

{
if (r10 > -1)
{
thetaZ = asin(ri10);
thetaY = atan2(-r20,r00);
thetaX = atan2(-ri12,ri11);
}
else // r10 = -1
{
// Not a unique solution: thetaX - thetaY = atan2(r21,r22)
thetaZ = -pi/2;
thetaY = -atan2(r21,r22);
thetaX = 0;
}
}
else
{

// Not a unique solution: thetaX + thetaY = atan2(r21,r22)



thetaZ = +pi/2;
thetaY = atan2(r21,r22);
thetaX = 0;

2.5 Factor as R.R, R,

Setting R = [r;;] for 0 <i < 2and 0 < j < 2, formally multiplying R.(6.)R.(6.)R,(8,), and equating yields

Too To1 To2 CyCz — SgSySz —CgSz CzSy + CySz Sz
10 Ti11 T12 = C28zSy + CySz CpCy —CyCySy + SySz
20 T21 T22 —CxSy Sx CqyCy

The simplest term to work with is s, = ra;, so 6, = asin(ra;). There are three cases to consider.

Cask 1: If 0, € (—7/2,7/2), then ¢, # 0 and ¢, (sy,¢,) = (—r20, 22), in which case 0, = atan2(—rag, raz),
and ¢, (sz,¢;) = (—7ro1,711), in which case 0, = atan2(—rgp1,711). In summary,

0, = asin(ra;), 6. = atan2(—ro1,711), 6, = atan2(—rag,722) (13)
CaAsE 2: If 0, = 7/2, then s, = 1 and ¢, = 0. In this case,

oo To2 CySz — SyCz  CySy + CyS, 7 cos(8, +6,) sin(f, +96,)
g T12 €28y + CySs  —CyCs + SyS, sin(, +6,) —cos(fy, +6.)
Therefore, 0, + 6, = atan2(rg2,700). There is one degree of freedom, so the factorization is not unique. In

summary,
0, =+7/2, 0, + 6. = atan2(roz, roo) (14)

CaAsE 3: If 0, = —7/2, then s, = —1 and ¢, = 0. In this case,

oo To2 CySz + SyCs  CaSy —CySs | cos(6, —0,) sin(d, —0,)

T T12 —Cs8y + CyS:  CyCs + SyS, —sin(f, — 6,) cos(8, —6.)

Therefore, 6, — 6, = atan2(rg2,700). There is one degree of freedom, so the factorization is not unique. In
summary,
0, = —7/2, 0, — 6. = atan2(roz, roo) (15)

Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry 791
is tested for the three cases.

if (r21 < +1)

{
if (r21 > -1)
{



thetaX = asin(r21);
thetaZ = atan2(-r01,ri11);
thetaY = atan2(-r20,r22);

}
else // r21 = -1
{
// Not a unique solution: thetaY - thetaZ = atan2(r02,r00)
thetaX = -pi/2;
thetaZ = -atan2(r02,r00);
thetaY 0;

}
}
else // r21 = +1
{
// Not a unique solution: thetaY + thetaZ = atan2(r02,r00)
thetaX = +pi/2;
thetaZ = atan2(r02,r00);
thetaY 0;

2.6 Factor as R.R R,

Setting R = [r;;] for 0 <i <2 and 0 < j < 2, formally multiplying R.(6.)Ry(6,)R.(6.), and equating yields

Too To1 To2 CyCr  CzS85Sy — CzSz CiCz Sy + SzSz
o0 Ti1 T12 = CySy CzCp+ SzSyS, —CySz + CpSyS;
T20 T21 T22 —Sy CySg CyCy
The simplest term to work with is s, = —rgg, so 8, = asin(—rgg). There are three cases to consider.

CaSE 1: If 8, € (—n/2,7/2), then ¢, # 0 and ¢y (sz, ¢z) = (r21,T22), in which case 8, = atan2(ra1,r22), and
¢y(s2,¢2) = (r10,700), in which case 6, = atan2(r19,700). In summary,

Hy = aSiH(—Tzo), HZ = atan2(r10,roo), 0, = atan2(r21,r22) (16)
Casg 2: If 0, = /2, then s, = 1 and ¢, = 0. In this case,

o1 To2 C,8p — CpSy  CzCyp + S35, sin(6, —0,) cos(6, —0,)
11 Ti2 CyCy 4 SpSy —Cy8y + CySs cos(0, —0.) —sin(0, —0.)
Therefore, 0, — 6, = atan2(—ry2,711). There is one degree of freedom, so the factorization is not unique. In

summary,
0y =+7/2, 0, — 0, =atan2(—ri2,r11) (17)

10



Casg 3: If 0, = —7/2, then s, = —1 and ¢, = 0. In this case,

o1 To2 —CySp — CpSy —CypCsy + 548, —sin(f, +6,) —cos(f,+86.)

11 T12 CpCy — 838,  —Cy85 — CzSy cos(0y +0.) —sin(f, +90.,)
Therefore, 0, + 0, = atan2(—r12,711). There is one degree of freedom, so the factorization is not unique. In
summary,

0y =—m/2, 0,40, =atan2(—ri2,r11) (18)

Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry 7o
is tested for the three cases.

if (r20 < +1)

{
if (r20 > -1)
{
thetaY = asin(-r20);
thetaZ = atan2(r10,r00);
thetaX = atan2(r21,r22);
}
else // r20 = -1
{
// Not a unique solution: thetaX - thetaZ = atan2(-ri2,r11)
thetaY = +pi/2;
thetaZ = atan2(-ri12,ri11);
thetaX = 0;
}
}
else // r20 = +1
{
// Not a unique solution: thetaX + thetaZ = atan2(-r12,r11)
thetaY = -pi/2;
thetaZ = atan2(-ri12,ri11);
thetaX = 0;
}

2.7 Factor as R, R, R,

Setting R = [ry;] for 0 < ¢ < 2 and 0 < j < 2, formally multiplying Ry (6x,)Ry(6y)Rs(8z,), and equating
yields

Too To1r To2 Cy SySxy SyCxy
10 Ti1 T12 - sysxo CpoCaxqy — cysmo Szq 7Cycmlsx0 — CgySa,
20 T21 22 —schU leszo + cycmo le Cyczgcrl — Sgc0 SI1

The simplest term to work with is ¢, = rqg, so 8, = acos(rgg). There are three cases to consider.

11



CASE 1: If 6, € (0,m), then s, # 0 and sy(Sz,, Czo) = (710, —720), in which case 6, = atan2(r19, —ra0), and
Sy(8zys €y ) = (T01,702), in which case 6,, = atan2(ro1,792). In summary,

0, = acos(roo), 0z, = atan2(rig, —r20), 6z, = atan2(ro1,r02) (19)
CaAsE 2: If 6, = 0, then ¢, = 1 and s, = 0. In this case,
1 T12 CaoCxy — SxoSay —Cqq 8z = CapSz4 COS(le + 9250) - Sil’l(@xl + 0300)

o1 T9o CoySzo F CuoSzy CaoCay — Swo Sz sin(0y, + 05,)  cos(0y, + 04,)

Therefore, 0,, + 0., = atan2(—ri2,711). There is one degree of freedom, so the factorization is not unique.
In summary,

0y, =0, 05 + 0y, =atan2(—ri2,711) (20)
CasE 3: If 0, = 7, then ¢, = —1 and s, = 0. In this case,
1 T2 || CaoCay t SzoSer Cay Sz — CagSa | cos(lpy, —0z,)  —sin(bs, —0z)
21 T22 Cz1Sx9 = CxoSzy  —CxoCaxy = SzoSmy - Sin(eil - 910) - COS(Qxl - 91’0)

Therefore, 0,, — 0, = atan2(—ry2,711). There is one degree of freedom, so the factorization is not unique.

In summary,
Oy =m, 0y — 0y, =atan2(—ri2,711) (21)

Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry rgg
is tested for the three cases.

if (r00 < +1)

{
if (xr00 > -1)
{
thetaY = acos(r00);
thetaX0 = atan2(r10,-r20);
thetaX1l = atan2(r01,r02);
}
else // r00 = -1
{
// Not a unique solution: thetaXl - thetaX0 = atan2(-r12,ri11)
thetaY = pi;
thetaX0 = -atan2(-ri12,r11);
thetaX1l = 0;
}
}
else // r00 = +1
{
// Not a unique solution: thetaXl + thetaX0 = atan2(-ri12,ri11)
thetaY = 0;
thetaX0 = atan2(-r12,r11);
thetaXl = 0;
}

12



2.8 Factor as R, [R.R,,

Setting R = [rj;] for 0 < ¢ < 2 and 0 < j < 2, formally multiplying R, (605,)Ry(0y)R.(8:,), and equating
yields

Too To1 To2 Cz —82Cxy 528z
Tio Ti1 T12 = Sz2Cxq C2CqoCxy — SagSzy —Cgy Sy — C2Cpy Sy
T20 T21 T22 52829 CzCzySzg + CaoSzq CroCxqy — C2Sz¢Szq

The simplest term to work with is ¢, = rog, so 8, = acos(rgp). There are three cases to consider.

CaAsE 1: If 0, € (0,7), then s, # 0 and $,(Sz,,Czo) = (720,710), in which case 6, = atan2(ryg,710), and
$2(SzysCay) = (To2, —701), in which case 0,, = atan2(rgs, —701). In summary,

92 = aCOS(Too), 0% = atan?(rgo, Tlo), 9331 = atanZ(rog, 77"01) (22)

CASE 2: If 0, =0, then ¢, = 1 and s, = 0. In this case,
11 Ti2 CxoCxy = Sz08z1  —Cx18z9 — CapSmy COS(eﬂil + 910) - Sin(9I1 + 910)
T21 T22 Cxq Sz + CxoSzq CaoCxy — SzoSxy sin(@xl —+ eﬂ)) COS(9$1 + 05130)

Therefore, 0, + 0, = atan2(rq1,r22). There is one degree of freedom, so the factorization is not unique. In

summary,
0, =0, 01~1 + Gxo = atan2(r21,r22) (23)

CASE 3: If 0, = m, then ¢, = —1 and s, = 0. In this case,

0z,)

11 Ti2 —CpoCay — SwoSwy  —Cay Smo + Cag Sz, —cos8(0y, — 0y,) sin(Oy —
T21  T22 —Cxy 8¢ T CzoSz4 CaoCxy T SzoSzy Sin(9I1 - 9300) COS(911 - 95170)

Therefore, 0, — 0, = atan2(ra;, r22). There is one degree of freedom, so the factorization is not unique. In

summary,
0, =m, 0., — 0, =atan2(ray,r22) (24)

Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry rgg
is tested for the three cases.

if (r00 < +1)

{

if (xr00 > -1)

{
thetaZ = acos(r00);
thetaX0 = atan2(r20,r10);
thetaXl = atan2(r02,-r01);

}

else // r00 = -1

{

13



// Not a unique solution: thetaXl - thetaX0 = atan2(r21,r22)

thetaZ = pi;
thetaX0 = -atan2(r21,r22);
thetaX1l = 0;
}
}
else // r00 = +1
{
// Not a unique solution: thetaXl + thetaX0 = atan2(r21,r22)
thetaZ = 0;
thetaX0 = atan2(r21,r22);
thetaXl = 0;
}

2.9 Factor as R, R, R,

Setting R = [ry;] for 0 < i < 2 and 0 < j < 2, formally multiplying R, (6,,)Rz(05)R,(0,,), and equating
yields

Too Toi T02 CyoCyr — CaSyoSy1  SwSys  CaCyiSyo T Cyo Sy
o Ti1 T12 = Sz Sy, Cy —SzCy;
20 T21 T22 TCy1Syo T CalyoSyr  SxCyo  CaClyoCyr = SyoSyr

The simplest term to work with is ¢, = 11, so 6, = acos(r11). There are three cases to consider.

CaSE 1: If 6, € (0,7), then s; # 0 and s;(8y,,¢y,) = (701,721), in which case 0, = atan2(rg1,r21), and
$z(Sy,, €y, ) = (10, —T12), In which case 6,, = atan2(rig, —712). In summary,

0, = acos(ri1), 0y, = atan2(ro1,721), 0y, = atan2(rip, —r12) (25)

CASE 2: If 8, =0, then ¢, = 1 and s, = 0. In this case,
Too To2 | _ CyoCyr — SyoSyr  CyrSyo T CyoSyn | cos(fy, +0y,)  sin(fy, + 0y,)
20 T22 “Cy1Syo T CyoSyr CyoCyr — SyoSur - Sin(9y1 + Hyo) COS(Hyl + eyo)

Therefore, 6,, + 6, = atan2(rg2,700). There is one degree of freedom, so the factorization is not unique. In

summary,
096 = 0, Hyl + 0y0 = atan2(r02, T‘oo) (26)

Cask 3: If , = «, then ¢, = —1 and s, = 0. In this case,

Too T02 CyoCy1 T Sy Sy —Cyy Syo T Cyo Sy COS(0y1 - eyo) Sin(ozn - 02!0)

720 T22 —Cy1Syo T CyoSyr  —CyoCyr — SyoSy, Sin(eyl - 9@/0) - COS<9y1 - ayo)
Therefore, 6,, — 0, = atan2(rg2, 7g9). There is one degree of freedom, so the factorization is not unique. In

summary,
0, =7, 6, — 0, =atan2(ro2,700) (27)
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Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry r1;
is tested for the three cases.

if (r11 < +1)

{
if (r11 > -1)
{
thetaX = acos(ril);
thetaY0 = atan2(r01,r21);
theta¥Yl = atan2(r10,-r12);
}
else // ri1 = -1
{
// Not a unique solution: theta¥l - thetaY0 = atan2(r02,r00)
thetaX = pi;
thetaY0 = -atan2(r02,r00);
theta¥Y1l = 0;
}
}
else // r11l = +1
{
// Not a unique solution: theta¥l + thetaY0 = atan2(r02,r00)
thetaX = 0;
thetaY0 = atan2(r02,r00);
thetaYl = 0;
}

2.10 Factor as R, R.R,,

Setting R = [ry;] for 0 < ¢ < 2 and 0 < j < 2, formally multiplying R, (6,,)R.(0.)R,(6,,), and equating
yields

Too To1 To2 C2CyoCyy — SyoSyy —82Cy,  CyySyo T C2Cyy Sy,
o Ti1 T2 = S2Cyy Cz SzSy,
T20 T21 T22 TC2Cy1 Syo T CyoSyr S2Syo CyoCyr — CzSyoSy

The simplest term to work with is ¢, = r11, so 6, = acos(r11). There are three cases to consider.

CasE 1: If 0, € (0,7), then s, # 0 and s;(8y,,Cy,) = (721, —701), in which case 8,, = atan2(ra1, —r¢1), and
5.(8y,, €y ) = (112,710), in which case 0, = atan2(r12,710). In summary,

0. = acos(r11), 0Oy, = atan2(ra1, —ro1), 6y, = atan2(ri2,r10) (28)

CASE 2: If 0, =0, then ¢, = 1 and s, = 0. In this case,

Too To2 CyoCyr — SyoSyx Cyy Syo T Cyo Sy, COS(eyl + 91/0) Sln(9y1 + Hyo)

20 T22 “CyySyo T CyoSyr CyoCyr — SyoSys —sin(fy, +0y,) cos(fy, +0y,)
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Therefore, 0,, + 0,, = atan2(—rag, r22). There is one degree of freedom, so the factorization is not unique.

In summary,
0.=0, 6, +0, =atan2(—rqg,r22) (29)

CASE 3: If 0, = 7, then ¢, = —1 and s, = 0. In this case,

Too 702 “CyoCyr — SyoSyr  Cy1Syo — CyoSyr - COS(ayl - eyo) - Sln(eyl - Hyo)
-0

yo) Cos(eyl - 92/0)

20 722 Cy18yo — CyoSyr Cyo Cyr + SyoSy1 - Sln<9y1
Therefore, 0, — 6, = atan2(—rag,722). There is one degree of freedom, so the factorization is not unique.
In summary,

0, =m, 0, —0,, =atan2(—ra0,ra2) (30)

Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry 711
is tested for the three cases.

if (ri11 < +1)

{
if (r11 > -1)
{
thetaZ = acos(ril);
thetaY0 = atan2(r21,-r01);
thetaYl = atan2(r12,r10);
}
else // r11 = -1
{
// Not a unique solution: thetaYl - thetaY0 = atan2(-r20,r22)
thetaZ = pi;
thetaY0 = -atan2(-r20,r22);
theta¥Yl = O;
}
}
else // r11l = +1
{
// Not a unique solution: theta¥l + thetaY0 = atan2(-r20,r22)
thetaZ = O0;
thetaY0 = atan2(-r20,r22);
thetaYl = O;
}
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2.11 Factor as R, R, 1R,

Setting R = [r;;] for 0 <4 < 2 and 0 < j < 2, formally multiplying R.(8,,)R:(0:)R-(0,), and equating
yields

Too To1 To02 Cz0Czy — CS23Szy  —CxCz Szy — CzSzy Sz Sz
0 Ti1 T2 = Cz1 Sz + CyCzySzy CCroCzy — SzpSz —S8zCz
T20 T21 T22 SxSzy SzCzy Cy

The simplest term to work with is ¢; = 792, so 8, = acos(ra2). There are three cases to consider.

CASE 1: If 0, € (0,7), then s, # 0 and s5(S2,,¢z,) = (T02, —T12), in which case 0,, = atan2(rgq, —712), and
Sz (82, €2y ) = (720, 721), in which case 0., = atan2(rag, 721). In summary,

0% = acos(r22), 920 = atanZ(rog, 77‘12)7 921 = atan2(r20, T‘Ql) (31)

CASE 2: If 0, =0, then ¢, = 1 and s, = 0. In this case,

roo To1 CooCay — 82082, —Czy 82 — CroSz cos(f,, +0.,) —sin(f,, +6.,)

10 T11 CoySzo F CopS21 C2oCay — Sz082 sin(6,, +0.,) cos(6,, +6.,)

Therefore, 6., 4+ 0., = atan2(—rg1,700). There is one degree of freedom, so the factorization is not unique.

In summary,
a:z = Oa 921 + 020 = ata‘n2(_T017 TOO) (32)

CaAsg 3: If 8, = «, then ¢, = —1 and s, = 0. In this case,

02)

Too Tol Co0Coy + S2082z  Czy Sz — C2052 cos(0,, —0,,) —sin(d,, —
10 T11 Cz1820 = C2082z1  —CzpCzy — Sz0S2; - Sin(9Z1 - 920) - COS(921 - 020)

Therefore, 0., — 0,, = atan2(—ro1,700). There is one degree of freedom, so the factorization is not unique.

In summary,
0, =m, 0, —0,, =atan2(—rg1,r00) (33)

Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry 799
is tested for the three cases.

if (r22 < +1)

{

if (r22 > -1)

{
thetaX = acos(r22);
thetaZ0 = atan2(r02,-ri12);
thetaZl = atan2(r20,r21);

}

else // r22 = -1

{

17



// Not a unique solution: thetaZl - thetaZ0 = atan2(-r01,r00)

thetaX = pi;
thetaZ0 = -atan2(-r01,r00);
thetaZl = 0;
}
}
else // r22 = +1
{
// Not a unique solution: thetaZl + thetaZ0 = atan2(-r01,r00)
thetaX = 0;
thetaZ0 = atan2(-r01,r00);
thetaZl = 0;
}

2.12 Factor as R, R, R,

Setting R = [ry;] for 0 <4 < 2 and 0 < j < 2, formally multiplying R.(6.,)R,(6,)R-(0.,), and equating
yields

oo Toi1 To2 CyCzCz1 = 520521 —Cz1Sz0 =~ CyCzpSz1  SyCzg
0 Ti1 Ti12 = CyCzySzg + CooSzy CaoCzy — CySzgSzy SySzo
o0 T21 T922 —SySz; SySzy Cy

The simplest term to work with is ¢y = rag, so 8, = acos(ra2). There are three cases to consider.

Case 1: If §, € (0,m), then s, # 0 and sy(sz,,¢z,) = (r12,702), in which case 0., = atan2(r12,ro2), and
Sy(821,€z ) = (121, —720), in which case 8,, = atan2(rag,r21). In summary,

0, = acos(raz), 0., = atan2(ria,ro2), 6., = atan2(ra, —r_g0) (34)

Casg 2: If 8, = 0, then ¢, =1 and s, = 0. In this case,
70 To1 | | CxCay — SzSz  —CaySzy — CxSz cos(f,, +0.,) —sin(f,, +6.,)
10 T11 CzySzo T C2082y Cz0Czy = S20521 Sin(azl + 920) COS(HZI + 920)

Therefore, 0,, + 0., = atan2(r1g,r11). There is one degree of freedom, so the factorization is not unique. In

summary,
ey = O7 921 =+ 0z0 = atan2(r10,r11) (35)

CasE 3: If 0, = 7, then ¢, = —1 and s, = 0. In this case,

oo Tol —C2Cay = S208z  —Cxy Sz T CxSz || — cos(,, +0.,) —sin(f,, +0.,)

rio Tl —CySzp T C20S2; CagCay + S20S2, sin(6,, + 0.,) cos(f,, +0,)

Therefore, 0, — 0., = atan2(rig,r11). There is one degree of freedom, so the factorization is not unique. In

summary,
Oy =m, 0, —6., =atan2(ri,r11) (36)
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Pseudocode for the factorization is listed below. To avoid the arcsin call until needed, the matrix entry 799
is tested for the three cases.

if (r22 < +1)

{
if (r22 > -1)
{
thetaY = acos(r22);
thetaZ0 = atan2(r12,r02);
thetaZl = atan2(r21,-r20);
}
else // r22 = -1
{
// Not a unique solution: thetaZl - thetaZ0 = atan2(r10,r11)
thetaY = pi;
thetaZ0 = -atan2(r10,rl1l);
thetaZl = 0;
}
}
else // r22 = +1
{
// Not a unique solution: thetaZl + thetaZ0 = atan2(r10,ri1l)
thetaY = 0;
thetaZ0 = atan2(r10,ri11);
thetaZl = 0;
}

3 Factor as a Product of Two Rotation Matrices

Given a rotation R that is a product of two coordinate axis rotations, the problem is to factor it into
three coordinate axis rotations using the ordering xyz. Derivations for the other orderings are similar. In
the subsections the matrices are P, = R.(¢g), Py = Ry(¢y), and P, = R.(¢,). Define s, = sin(¢,),
sp = sin(¢y), sc = sin(¢,), ca = cos(¢z), ¢ = cos(¢y), and c. = cos(¢).

3.1 Factor PP,

This is a trivial case. The factorization is R = Ry (¢,)Ry(¢y) = Ry (0:)Ry(0,)R.(6;). Therefore, 0, = ¢,,
6, = ¢y, and 0, = 0.
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3.2 Factor P, P,

The factorization is R = Ry(¢y)Rz(¢z) = Re(6:)Ry(8,)R.(6.). Formal multiplication of the various terms
leads to the equation

Chb  SaSb CaSp CyCy —CySy Sy
0 Cq —Sq = C284Sy + €28y CaCy — SzSyS, —CySz
—8p CpSq  CaCh —CpCySy + SzSy €Sz + CzSyS: CzCy

It is easy to see that s, = ¢,sp in which case 6, = asin(cos 6, sin6,). Adding the 10 and 21 terms yields
0+ cpSq = (€2828y + C8s) + (€28 + u8ys:) = (1 + 8y)(C28p + €282)

which leads to sin(f, 4+ 0.) = cpsq/(1 + cqsp). In the even that ¢, s, = —1, this leads to a special case in the
coding that is easy to solve. Subtracting the 10 term from the 21 term yields

CbSa — 0 = (€4828y + C85) — (€285 + Cp8ys:) = (1 — 8y) (€285 — C1S2)

which leads to sin(f, — 6,) = cpsa/(1 — coSp). In the event that c,s, = 1, this also leads to a special case in
the coding that is easy to solve. The sine functions can be inverted and the two resulting equations for 6,
and 0, can be solved. For the case |c,$p| < 1,

_ 1 3 CbSq 3 CpSa
0 = 3 {asm (H—qsa) + asin (1_Cb3a )}
0, = asin(cysp)

_ 1 3 CbSq _ adql CbSa
0. = 3 {asm (H—qsa) asin (1_Cb3a )}

3.3 Factor P,P,

This is a trivial case. The factorization is R = R;(¢z)R.(¢.) = Rz(0:)Ry(8,)R.(6.). Therefore, 8, = ¢,,
0y, =0,and 0, = ¢,.

3.4 Factor P,P,

A construction similar to the case P, P, leads to

— 1 3 CqCc 3 CqCc
0 = 3 [asm (1+sasc> + asin (1_8(136)}
0, = asin(sqsc)

_ 1 ; CaCc _ aqi CaCc
0. = 3 [asm (1+sasc> asin (1_8(136)}

3.5 Factor P P,

This is a trivial case. The factorization is R = Ry(¢y)R.(¢.) = Rs(62)Ry(8,)R.(0.). Therefore, 8, = 0,
0y = ¢y, and 0, = ¢,.
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3.6 Factor P.P,

A construction similar to the case P, P, leads to

_ 1 3 ChSc _agl CbSec
0. = 3 [asm (1+5bcc) asin (175bcc>i|
0, = asin(spcc)

_ 1 : CbSc : ChSc
0, = 5 [asm (1+5bcc) + asin (175bcc>i|
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