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way to derive the mean: We have G, + A1+ + A = z(A1 +- .. + A)+ 1,
hence when z = 1 we have G/ = A; +-+ Aj.Since G, = 1 when z = 1, an
easy induction shows that A, = 4k.)

857 We have A:A > 2' "and BB < 2' '+ 2! 3 and B:A > 2 2, hence
B:B —~ B:A > A:A  A:B is possble only if A:B > 2'"3, This means that
Ty = T3, TI = Ta, T = Ts, ., T 3= T But then A:A ~ 201+ 204+ ..
AB 23+ 2l6 4. BA x2t2+ 2054, .. ,andBB o2t T+ 204+ .
hence B:B — B:A is less than A:A — A:B &fter al. (Sharper results have
been obtained by Guibas and Odlyzko [138], who show that Bill’s chances are
aways maximized with one of the two patterns Hty ... 7y or Tty 1, )

1

8.58 According to (8.82), we want B:B = B:A > A:A — A:B. One solution is
A = TTHH, B = HHH.

8.59 (@) Two cases arise depending on whether hy # h, or hy = h,:

Glw,2) = mnzn( TTL—Tn2+W~1)Z kx<m%m>nfk IZ

+ —

m(m—1+w2)k ‘Wz(m—l +Z)n k*‘z.

m m

(b) We can either argue algebraically, taking partial derivatives of G (w, z)
with respect to w and z and setting w = z = 1; or we can argue ¢om-

binatorially: Whatever the values of hy, ..., h, -1, the expected value of
P(hy, ., hq, 1, ha; N) is the same (averaged over h,), because the hash se-
quence (hy, ..., h,

P(hh"‘\hﬂ.;k) :
mn '
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We can now derive the recurrence
Dy = (n—11D, (1)/(n+ 1) + (8n—2)/7,

which has the solution % (n+2) (26n+ 15) for adl n > 11 (regardless of initial

conditions). Hence the variance comes to % (n +2)(212n + 123) for n > 11.

8.62 (Another question asks if a given sequence of purported cumulants
comes from any distribution whatever; for example, k; must be nonnegative,
and kg + 3k = E((X = p}*) must be at least (E((X = p)?))? = k3, ete.
A necessary and sufficient condition for this other problem was found by
Hamburger [6], [144].)

8.63 (Another question asks if there is a simple rule to tell whether H or T
is preferable) Conway conjectures that no such ties exist, and moreover that
there is only one cycle in the directed graph on 2! vertices that has an arc

from each sequence to its “best beater!’

9.1 True if the functions are all positive. But otherwise we might have,

say, fi(n) = n?+ n?, f(n)= —n3, g1 (n) = n* +n, ga(n)= —*

9.2 (a) We have n!®™ < ¢" < (Inn)“, since (Inn)? < nlnc < nininn.

(b) nlrinlnn o (Inn)1 < plalnn () Take logarithms to show that (n!)! wins.
(d) Ffu, < ¢*™" = n212®: He ~ nlnd wins because ¢? = b+ 1 < e,

9.3 Replacing kn by 0 (n) requires a different C for each k; but each 0
stands for a single C. In fact, the context of this O requires it to stand for
a set of functions of two variables k and n. It would be correct to write

ZE:1 kn = ZL‘:] O(n?) = O(n3).

9.4 For example lim,_ .. O(1/n) = 0. On the left, O(1/n) is the set of al

functions f(n) such that there are constants C and ny with |f(n)| < Cin for

al n = ny. The limit of all functions in that set is 0, so the left-hand side is
the singleton set {O}. On the right, there are no variables; 0 represents {0}, the

(singleton) set of al “functions of no variables, whose value is zero!’ (Can you
see the inherent logic here? If not, come back to it next year; you probably

can still manipulate O-notation even if you can’'t shape your intuitions into
rigorous formalisms.)

9.5 Letf(n) = n? and g(n) = 1; then n is in the left set but not in the
right, so the statement is false.

9.6 nlaon+yn+O(y/ninn).
9.7 (1 —e /™M 1=nBy—By+Bm 2l+.--=n+1+0n').

9.8  For example, let f(n) = [n/2]!? +n,gn) = ([n/2] = ! [n/2]! +n.
These functions, incidentally, satisfy f(n) = O(ng(n)) and g(n) = O(nf(n));
more extreme examples are clearly possible.
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9.9  (For completeness, we assume that there is a side condition n — oo,
so that two constants are implied by each 0.) Every function on the left has
the form a(n) + b(n), where there exist constants mgy, B, no, C such that
la(n)| < B|f(n)] for n > mg and |b(n)| < C|g(n)| for n > no. Therefore the
left-hand function is at most max(B, C)(|f(n)|+|g(n)|), for n > max(mo, no),
so it is a member of the right side.

9.10 If g(x) belongs to the left, so that g(x) = cosy for some y, where
'yl < Clx| for some C, then 0 <1 = g(x) = 2sin’(y/2) < %yz < %szz; hence
the set on the left is contained in the set on the right, and the formula is true.

9.11 The proposition is true. For if, say, |x| < lyl, we have (x + y)? < 4y?.
Thus (x +y)? = O(x?) + O(y?). Thus O(x+y)? = O((x+y)?) = O(O(x?) +
O(y?)) = 0(0(x}) + O(0(yh) = O(x%) + O(y?).

912 1+2n + O(n?) = 1 +2/n)(1+ O(n 2)/(1+2n)) by (g.26), and
1/(1 +2/n) = O(1); now use (g.26).

9.13 n”(l +2n M+ O(n’z))n = n"exp(n(2n~'+ O(n"?%))) = en" +
o(m™ ).
9.14 Itisn"*Pexp((n+ B){a/n — Ja?/n?+0(n3)))

915 In( " )=3nh3-Inn+Iim3-In2n+ (& —1)n"'+0(n3), so

n;mn
the answer is

33n+1/2

g (1= %n*] + g%n’z + O(n"3)).

9.16 If lis any integer in the range a < 1 < b we have

1/2
B(x)f(l+x) dx _J B(I —x)f(l+ x) dx

0

J' B(x)f(l+x) dx = J
0

1/2

= J B(x)(f(L+x) — f(L+ 1 —x)) dx.
1/2

Sincel+x >1+1 =X when x > %, this integral is positive when £(x) is
nondecreasing.

9.17 ¥ .o Bm(%)z,m/m! = ze¥/%/(e* —1) = z/(e*? — 1) —z/(e* = 1)
9.18 The text’'s derivation for the case o« = 1 generaizes to give

2(2n,+l/2)o¢

2 2
bk(T'L) = (z_m)_a/z efk a/n ) Ck(Tl) - 22mxn7(1+oc)/2+3eefk cx/n;

the answer is 22" (7)1 =@/ 2a"1/2(1+ O(n~1/2+3¢)).
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9.19 Hjo = 2.928968254 =~ 2.928968256; 10! = 3628800 ~ 3628712.4; B;o =
0.075757576 ~ 0.075757494; ni{ 10) = 4 =~ 10.0017845; %! = 1.10517092 =
1.10517083; In 1.1 = 0.0953102 ~ 0.0953083; 1.1111111 ~ 1.1111000~ 1,1%! =
1.00957658 = 1.00957643. (The approximation to n(n) gives more significant
figwes when T is larger; for example, 7t( 1 0°) = 50847534 =~ 50840742.)

9.20 (@) Yes; the left side is o(n) while the right side is equivalent to O(n).
(b) Yes; the left sideis e e©!'/™1, (c) No; the left side is about /n times the
bound on the right.

9.21 WehaveP,=m=n(Inm-1 —1/Inm+ O(1/logn)?), where

Inm = Inn+Inlnm- 1/lnn+Inlnn/(Inn)? + O(1/logn)?;

Ininn (Inlnn)? Inlnn
mn 2mn? T gz T O/ len)

Inlnm = Inlnn +

It follows that

P, = n<|nn+|n|nn-1

Ininn-2 _ 3(lnlan)? - 31ninn
Inn (Inn})?

0(1/1ogn)i) _
(A dlightly better approximation replaces this 0( 1/logn)? by the quantity
—5/(lnn)2+O(loglogn/logn)3'then we estimate P1oooo00 ~ 15483612.4.)
9.22 Replace O(n %) by —2En 2% 4 O(n %) in the expansion of H,x; this
replaces O(Z3(n?)) by — ( 2)+ O(Z3(n")) in (9.53). We have

Iyn) = qn '+ 35—6 2+ 07,
hence the term O(n~?) in (9.54) can be replaced by —]4471*2 +0(n 3).

9.23 nh, = Zo<k<nhk/(" —k) +2cH,/(n+ 1)(n+2). Choose ¢ = ¢* Y6 =
Zk>0 gx S0 that Zk>0 hy == 0 and h, = O(log n)/n The expansion of
Zogm hi/(n = k) as in (9.60) now yields nh, = 2cH,/(m + 1)(n +2) +
O(n2), hence

n6 (M+2Inn+0(1)
e 3 .

On =

9.24 (a) If Zkz()[f(k) < co and if f(n =Kk) = O(f(n)) when 0 <k < n/2,
we have

n/2

Z agbn_y = Z O(f(k))O(f(n)) + 3 O(f(n)O(f(n k) ,

k=n/2
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which is 20(f(n) 3, |f(k)|), so this case is proved. (b) But in this case if
an --by, = a«™", the convolution (n + 1 Ja " is not O( &« ™).

9.25 Sn/(3$) = Yo nk/(2n+1)%. we may restrict the range of summation
to 0 <k < (logn)?, say. In this range nk = nk(1  (§)/n+ O(k*/n?)) and

@n+ 1% = 2n)*(1+ (*}')/2n + O(kY/n?)), so the summand is

w (1M o)

Hence the sum over k is 2 -4/n + O( 1 /n?). Stirling’s approximation can now
be applied to (*") = (3n)!/(2n)!n!, proving (g.2).

n

9.26 The minimum occurs at a term B /(2m) (2m— 1 Jn?™~" where 2m ~
2mn + %, and this term is approximately equal to 1 /(me’™™,/n ). The absolute
error in lnn! is therefore too large to determine n! exactly by rounding to an
integer, when n is greater than about e?™*!,

9.27 We may assume that a # =1. Let f(x) = x*; the answer is

k(x = e ek a—2k+1 0 x -2m 1 )
g Cot (x+1+2+k:] 5 )n 4+ O0n J

(The constant Cq turns out to be {(—«), which is in fact defined by this
formula when a > -1)

9.28 Take f(x) = xInx in Euler's summation formula to get
A- nnz/2+n/2+1/12e7n2/4(] + O(T’Lﬁz)) ,

where A =~ 1.282427 is “Glaisher's constant!’

9.29 Let f(x) = x| Inx. Then (2™ (x) > O for al large x, and we can write

Ink _ (Inn)? Inn T-lnn
+1nS+F+9n——]2nz ,

0<0, <1,

k 2

Mﬁ

k=1

where S =~ 0.929772 is constant. Taking exponentials gives
1 1 2
s/mian (1 40 o(lEn) ) ,
2n n

(In genera if F(x) = x* Inx, Euler's summation formula applies as in exer-
cise 27, and the resulting constant is -<'(-a) if a # -1. Thus, the theory of
the zeta function gives a closed form for Glaisher’s constant in the previous
exercise. We have InS = v, in the notation of answer 9.57.)
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9.30 Let g(x) = x'e™ and. f(x) = g(x/y/n). Then n 2 Yo Kle &/n is
o0 m
J £ dx_zgl;f(kn(o)_(_”mj ({x}) Bt imi ) o
0 k=1 . 0

R VCN B 2 .
=n JO g(x) dx Z k'lf nlk=12glk=1 0y + g2y

Since g(x) = x' = x2*Y 11 4 x* /21— xTY/31 4. | the derivatives g ™) (x) obey
a simple pattern, and the answer is

1 L+ B Biyin ! Biisn ¢
En(H])/z F( ) _ : +1 143 1+5 +O(T173)

2 L+ D0+ (L+3)111 - [T+5)12

9.31 The somewhat surprising identity1/(c™* + ¢ ) + 1/(c™k 4+ c™) =
1 /c™ makes the terms for 0 <k < 2m sum to (m + 1 )/Cm The remaining

terms are
Z 1 - < 1 1 L+ 1
Im+k m Z_ 2Zm+k  o3mtzk dm+3k
o1 C +c e c c C

l l
- C2m+1 — CZm - C3m+2 - c3m T

and this series can be truncated at any desired point, with an error not ex-
ceeding the first omitted term.

9.32 HY = n¥6 = I + O(n~?) by Euler's summation formula, since we

know the constant; and H, is given by (9.8g). So the answer is The world’s top
three  constants,
2
ne¥*t ™ /6(1 _ %n—1+0(n-z))_ {e, m,y), all appear

in this answer.
9.33 We have nk/n* =1—k(k— ])n*‘+ K2 (k- ]) “240(kén3);dividing
by k! and summing over k > O yieldse = en ' + 4 fen f+0(n7?).
9.34 A=e"B=0,C=—1le";D= ze¥ (1 —v); geY;F = ﬁey(3y+1).
9.35 Since I/k(Ink+ O(1)) = 1/kink + O(1/k(logk)?), the given sum

isYw,1 /klnk+0(1). Theremainingsumisinlnn+0(1) by Euler”s
summation formula.

9.36 This works out beautifully with Euler's summation formula:

n

1 1
Sn ey —
Z n2+k? n?+x?|,

0<k<n
J“ dx +1 L * B, -2x [
o n2+x? 2 n?+xq, 20 (m24x?)?|,

+0(n3)
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Hence S, = Imm ' In"2 - Ltn 3+ 0(n>).

4
9.37 This is

> (n—gk)[n/(a+1)<k<n/q]

- nz_;q«b/qzﬁl)_(Ln/(q?)JH))
2 i([n/q;v”)

gzl

il

The remaining sum is like (g.55) but without the factor u(g). The same
method works here as it 2did there, but we get {(2) in place of 1/(2), = the
answer comes to (1 - 5)n? + O(nlogn).

9.38 Replace k by n = k and let ok(n) = (n ~ k)™ *(%). Then In ok(n) =
ninn — Ink! - k + O(kn '), and we can use tail-exchange with bx(n) =
n"e ¥/k!, ck(n) = kbe(n)/n, Dn = {k k < lnn}, to get Y _, ok(n) =
nte!/¢(1+ O(n’])).

9.39 Tail-exchange with bx(n) = (Inn = k/in = Jk¥/n?)(Inn)¥/k!, ck(n) =
n3(lnn)*3/kl, D, ={k 0 <k <10lnn} When k ~ 10lan we have
k! = vk (10/e)¥(Inn)¥, so the kth term is O(n~'°=(19/¢) logn). The answer
is ninn-Inn- J(lnnj(1+ln)/n+0(n *(logn)®).

9.40 Combining terms two by two, we find that HR—(H)_k*i)m = EHY!
plus terms whose sum over all k > 1 is 0 (1). Suppose n is even. Euler's
summation formula implies that

"2 ime n/2 1 m
Hy (In2eYk)™ '+0(1/k) _ (lne'n)
Z _Z - +0(1) = — +0(1)

k=1 k=1
hence the sum is 12 H + 0 (1). In general the answer is % -—1"HT + O).

941 Leta=d/p=—0 2. We have

Zlan = Z(1n¢k—ln\/§+ln(1 —ock))
k=1

—
—_

n(n + 1) n 5 y
= ——Wp-3m5+) In(1-a)—} m(l-a).
k21 k>n

The latter sum is 3, O(a*) = O(a™). Hence the answer is

¢n(n+1)/257n/lc + O(d)“(“ 3)/2541/2) , where
C=@1 —)(1-ad)(1 —a?)... ~ 1.226742.
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H H k
9.42 The hint follows since (,",)/(}) = o € 52+ < 1% Let
m= lan|= an = €. Then

(n) = Z
(M5 ) ) = ()i

80 ¥ ican (k) = (R)O(1),andi tremains to estimate (7). By Stirling's ap-

m

proximation we have In () = —1 Inn—(an—¢)In(a—e/n)—((1—a)n+e€) x

In(1—a+e/n)+0(1)=—fInn—anlna— (1 - a)nln(1 - o) + O(1).

9.43 The denominator has factors of the form z — w, where w is a complex
root of unity. Only the factor z — 1 occurs with multiplicity 5. Therefore
by (7.31), only one of the roots has a coefficient Q(n*), and the coefficient is
c=5/(5!-1-5-10-25-50) = 1/1500000.

9.44 Stirling's approximation says that ln(x*"‘x!/(x—oc)!) has an asymptotic
series

— o= (x+ 3 —a)In(l —a/x)—%(x T (x—o)")

B
~ s xm )
in which each coefficient of x ¥ is a polynomial in «. Hencex “x!/(x — &)! =
cola) +crfo)x T+ oo+ cpla)x ™™+ O(x ™™ ') as x — oo, where ¢, («) is a
polynomial in «. We know that ¢, (&)= [ * ] (-1)" whenever « is an integer,
and [.*,] is a polynomial in « of degree 2n; hence ¢, (o) =[ % ] (-1)" for

al rea «. In other words, the asymptotic formulas
x& = i o (_] lkxaﬂk + O(Xa— n 1)‘
ox—k

x& = Z [(x(xk]xa k+o(xa nr—l)

k=0

2|

generalize equations (6.13) and (6.11), which hold in the all-integer case.

9.45 Let the partial quotients of Lx be (a1, a;,... }, and let a,, be the con-
tinued fraction 1/{am + ami1) for m > 1. Then D(a,n) = D(a;,n) <
D(O(z, I_anJ) +a+3< D(1X3, [0(2|_0(1T1”) + @+ a6 << D(O(mH,
Lol lam] ) o FapA3m < am it ap 4+ +3m,
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for adl m. Divide by n and let n — oo; the limit is less than a1 ... «a, for
dl m. Findly we have

1 l
- <
Klai,...,am 1,am + &m) | .

a’} . . (Xm =

9.46 For convenience we write just m instead of m(n). By Stirling's ap-
proximation, the maximum value of k"/k! occurs when k =~ m = n/lnn, so
we replace k by m + k and find that

(m+ k)" In 2mm
W — nlnm—mlnm+m —
m !

In

(m+n)k?

T O(k’m *logn)

Actually we want to replace k by |m|+ k; this adds a further 0 (km "log n).
The tail-exchange method with [k| < m!/?*¢ now alows us to sum on Kk,
A truly Beldwel giving a fairly sharp asymptotic estimate
summand.

em lTnn m

by =" — -(GZml’(m n)+0“))
" V2nm e

__ oam om 1/2..n _m ].Ong
e m 1/m—+n(1+o(———n1/2)>.

The requested formula follows, with relative error 0 (log log n/log n).

9.47 Letlog,n=1+0, where 0 <0 < 1. The floor sum is l{n + 1) +1 —
(MY = 1)/(m = 1); the celling sumis (1 + 1)n  (m!'*!  1)/(m = 1); the
exact sumis (1+8)n  n/ln m + O(log n}. Ignoring terms that are o(n), the
difference between ceiling and exactis (1 f [9)) n, and the difference between
exact and floor is f(8)n, where

ml—@ 1

This function hasmaximum valuef (0)=F ()=m/(m 1) 1 /lnm,andits
minimum value is Inlnm/lnm + 1 = (In(m  ))In m. The ceiling value is
closer when n is nearly a power of m, but the floor value is closer when 8 lies
somewhere between 0 and 1.

9.48 Let dy = ayx + bk, where ay counts digits to the left of the decimal
point. Then ay = 1 + |log Hy|=loglog k + O( 1), where ‘log’ denotes log.
To estimate by, let us look at the number of decima places necessary to
distinguish y from nearby numbersy -- e andy + E': Let 6 = 10 © be the
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length of the interval of numbers that round to {j, We have fy — 3| < %6; also

y-e < §—18 andy+e’ > §+16. Therefore e+¢’ > 6. Andif 6 < min(e, €'),
the rounding does distinguish ¢ from bothy — ¢ and y + €’. Hence 107 % <
1/(k—1)+1/k and 10' b« > I/k; we have b, = log k+O(l). Finally, therefore,
Y1 d = X4, (logk+loglogk+O(l)), which is nlogn+nloglogn+O(n)
by Euler's summation formula

9.49 Wehave H, > Inn+v+ %n - 1_12an = f(n), where f(x) is increasing
for dl x > 0; hence if n > e* Y we have H, > f(e®*Y) > «. Also H,_ <
Inn + y - ln" = g(n), where g(x) is increasing for al x > 0; hence if
n ey We have H, | < g(e®*) < o Therefore H,_; < « < H, implies
that e* ¥ 41> n > e*"Y — 1. (Sharper results have been obtained by Boas
and Wrench [27].)

9.50 (a) The expected return is ZKKN /(kZHLZ)) = HN/Hﬁ], and we
want the asymptotic value to O(N~'):

InN +y+O(N"" 6In10 6y 361n10 n
E-NT+ONZ = = "Tmt 2 i

+0(10™M).

The coefficient (6 In 1 0)/n? ~ 1.3998 says that we expect about 40% profit.
T o 2 2) 1402
(b) The probability o:f profit is Zn<ng l/(kZH}[\,)) =1 HY J/HL‘

and since HY = & —n-T+ In2+ 0O(n7?) this is
n' - %n‘z +0(n?) 6 , 3 n 240
et ONT = = 2 ik

actually decreasing with n. (The expected value in (@) is high because it
includes payoffs so huge that the entire world’s economy would be affected if
they ever had to be made.)

9.51 Strictly speaking, this is false, since the function represented by O(x2)

might not be integrable. (It might be (x € S]/x%’, where S is not a measurable

set.) But if we stipulate that f(x) is an integrable function such that f(x) = (As opposed to an
O(x72) asx — oo, then [[>° f(x) dx| < [ ]f(x)]dx < [7° Cx~2dk = Cn~". execrable  function.)

9.52 In fact, the stack of n's can be replaced by any function f(n) that
approaches infinity, however fast. Define the sequence (mg, m;, m,, . . . ) by
setting my = 0 and letting m; be the least integer > my_; such that

k
(%)m > f(k+ 12,

Now let A(z) = 3 ., (z/k)™. This power series converges for al z, because
the terms for k > |z{ are bounded by a geometric series. Also A(n + 1) >

((n+ 1)/n)™ > f(n + 1)2, hence limn_ f(n)/A(n) = 0.



A ANSWERS TO EXERCISES 575

9.53 By induction, the O term is (m - 1)!-7 [§ t™~'f(™)(x = ) dt. Since
fim+1) has the opposite sign to fm! the absolute value of this integra is
bounded by [f(™)(0) [§t™"dt; so the error is bounded by the absolute value
of the first discarded term.

9.54 Let g(x) ='f(x)/x*. Then g’'(x) ~ —xg(x)/x asx — 00. By the mean

Sounds like a nasty ~ value theorem, g(x = J) = g(x + 1) =-g(y) ~ agly)/y for some y between
theorem. x 1and x + 1. Now g(y) = g(x)(I +0(1/x)), so g(x —3)=g(x + 3) ~

ag(x)/x = af(x)/x'**. Therefore

Y )~ oY (ot~ ¥ = atk+ 1)) = Ofsln~

kzn kzn

)) -

R —

9.55 The estimate of (n + k + 1) In(1+k/n) + (n =k + 3) In(1 — kin) is
extended to kZ/n + k¥/6n® + O(n3/275¢)  so we apparently want to have an
extra factor e %/67° in by(n), and cx(n) = 22hn-2+5¢ekYn But it turns
out to be better to leave by(n) untouched and to let

_ 1l _ LR
c(n) = 22nn 2+5€e k4/n + 2271.n 5+5€k4e k/n’

thereby replacing e <"/6n’ by1+0(k%n?). Thesum ¥ k*e */"is0(n3/2),
as shown in exercise 30.

9.56 If k < n'/2*¢ we have In(nk/n*)= —lk¥/n + Tk/n = 1k¥/n? +
0 (n~'*%€) by Stirling's approximation, hence

nk/mk = e K21+ k/2n = 2k¥%/(2n)% + O(n 74

Summing with the identity in exercise 30, and remembering to omit the term
for k = 0, gives -1 + @, + O\ = 205 + O(n V24 = \/In/2 = 1 4
O(n’1/2+4€).

9.57 Using the hint, the given sum becomes jgc ue “¢(1+ u/lnn)du. The
zeta function can be defined by the series

tz=2"+) (1) "yme"/m!,

m=0

where yo = v and v,, is the Stieltjes constant

= (Ink)™ (lnn)m+!
n——~>oo<Z k B TTL"|"] >

lim
k=1

Hence the given sum is

Inn+vy -2y (lnn)’1 + 3y2(1nn)’2 -
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958 Let0 <0< adf(2) = e2m#8/( e2™= 1), We have

—2myo
[f(z)] = S < when xmod 1 = 1.
1 + 6727ry ~ ’ 21
e—ZTryO 1
[f(z)] < when [yl > ¢

<
|efl7ry _ ]| ~ 1 — e2me?
Therefore [f(z)| is bounded on the contour, and the integral is O(M'™™).

The residue of 2mif(z)/z™ at z =k # 0 is 2™ /k™. the residue a z = O is
the coefficient of z~!in

eZﬂizO 27tz 1 _2_7Ii_Z,
;m<30+ B1—H—+' ) Zm+1(Bo(9)+B1(6)T+~--),

namely (2mi)™B,,(8)/m!. Therefore the sum of residues inside the contour is
2mi)m
2 @) + 2}

m!

7T'|.m/2 COS 271:k6 - T[m/Z)
k]Tl

This equals the contour integral O(M'~™), so it approaches zero as M — co.

9.59 If F(x) is sufficiently well behaved, we have the general identity

Z Fk +t) = Z G(zm)ezmnt '
n

k

where G(y) = jf;’ e WXF(x) dx. (This is “Poisson’s summation formula:
which can be found in standard texts such as Henrici (151, Theorem 10.6e].)
9.60 The stated formula is equivalent to

77 1 1 5 21
/2 _ 2y L _ -5
T ( 8n " 138 + Touan? ~ 327eent T 0" ))

by exercise 5.22. Hence the result follows from exercises 6.64 and 9.44.

9.61 The idea is to make ¢ “dmost’ rationa. Let ok = 22 be the kth
partial quotient of «, and let n = %amﬂ qm, where g, = K(ay,. .., a) and
miseven. Then 0 < {qma} < 1/Q(ay,...,ane1) < 1/(2n), and if we take
V = amy1/(4n) we get a discrepancy > 1amys . If this were less than n' ¢ we

would have

afyy - Olah©),

but in fact ams1 > g2



“The paradox
is now fully es-
teblished  that
the utmost
abdtrections are  the
true weapons with
which to control
our thought of
concrete  fact.”

-A. N. White-

head [304]
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9.62 See Canfield [43]; see aso David and Barton [60, Chapter 16] for asymp-
totics of Stirling numbers of both kinds.

9.63 Letc= ¢p?®. The estimate cn®~'+0(n®"') was proved by Fine [120].
llan Vardi observes that the sharper estimate stated can be deduced from

the fact that the error term e(n) = f(n) — cn®~! satisfies the approximate
recurrence c®n? ®e(n) & X, e(k)[1<k< cn® '], The function

n®Tu(lnlnn/In ¢)
Inn

satisfies this recurrence asymptotically, if u{x + 1) = -u(x). (Vardi conjec-
tures that

Inlnn

Ind

for some such function u.) Calculations for small n show that f(n) equals the
nearest integer to cn®~'for 1 < n < 400 except in one case: f(273) = 39 >

c-273%7" » 38.4997.. But the small errors are eventually magnified, because
of results like those in exercise 2.36. For example, €201636503) ~ 35.73;
e(919986484788) =~  --1959.07.

f(n) = n¢“(c+u( )(lnn)_]+0((logn]‘2)>

9.64 (From this identity for B,(x) we can easily derive the identity of exer-
cise 58 by induction on m.)} If 0 <x < 1, theintegra fl/z sin N7t dt/sin 7t
can be expressed as a sum of N integrals that are each 0 (N~2), soiitisO (N ~!);
the constant implied by this O may depend on X. Integrating the identity
YN, cos mt = R (2N -1) /(@274 —1)) = —}+] sin(2N+1)mt/sin 7t
and letting N — oo now gives ) ., (sin 2Znmx)/n = 7 — mx, a relation that
Euler knew ([85] and [88, part 2, §92]). Integrating again yields the desired
formula. (This solution was suggested by E. M. E. Wermuth; Euler’s original
derivation did not meet modern standards of rigor.)

9.65 The expected number of distinct elements in the sequence 1, T(I),
f(f(1)), ..., when ¥ isarandom mapping of {1,2,. .., n} into itself, is the
function Q(n) of exercise 56, whose value is'z Vv2m+0 (1) ; thismight account
somehow for the factor \/2—75

9.66 It is known that Inxn ~ %nz In §; the constant e ™/® has been verified
empirically to eight significant digits.

9.67 This would fail if, for example, e = m+ % + €/m for some integer m
and some 0 < ¢ < %; but no counterexamples are known.
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The TA sessions
were invaluable,
[ mean really great.

Kegp the same
ingructor and the

sane TAs next year.

Class notes very
good and useful.

| never “got” Stir-
ling numbers.

THE EXERCISES in this book have been drawn from many sources. The
authors have tried to trace the origins of all the problems that have been
published before, except in cases where the exercise is so elementary that its
inventor would probably not think anything was being invented.

Many of the exercises come from examinations in Stanford’s Concrete
Mathematics classes The teaching assistants and instructors often devised
new problems for those exams, so it is appropriate to list their names here:

Year Instructor Teaching Assistant(s)

1970 Don Knuth Vaughan Pratt

1971 Don Knuth Leo Guibas

1973 Don Knuth Henson Graves, Louis Jouaillec
1974 Don Knuth Scot Drysdale, Tom Porter

1975 Don Knuth Mark Brown, Luis Trabb Pardo
1976 Andy Yao Mark Brown, Lyle Ramshaw
1977 Andy Yao Yossi Shiloach

1978 Frances Yao Yossi Shiloach

1979 Ron Graham Frank Liang, Chris Tong, Mark Haiman
1980 Andy Yao Andrei Broder, Jm McGrath
1981 Ron Graham Oren Patashnik

1982 Ernst Mayr Joan Feigenbaum, Dave Helmbold
1983 Ernst Mayr Anna Karlin

1984 Don Knuth Oren Patashnik, Alex Schaffer
1985 Andrei Broder Pang Chen, Stefan Sharkansky
1986 Don Knuth Arif Merchant, Stefan Sharkansky

In addition, David Klarner (1971), Bob Sedgewick (1974), Leo Guibas (1975),
and Lyle Ramshaw (1979) each contributed to the class by giving six or more
guest lectures. Detailed lecture notes taken each year by the teaching assis-
tants and edited by the instructors have served as the basis of this book.
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Atkinson [13].
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Steiner [278]; Pélya [238, chapter 3;
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Based on an idea of Peter Shor.*
Bjorn Poonen.*

Frame, Stewart, and Dunkel [105].
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Cauchy [47, note 2, theorem 16].
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Riemann [250, section 3].
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using divergent series.
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Leo Moser.*
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Dirichlet [67].

Chace [48]; Fibonacci [98, pp. 77-83].
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Beatty [18]; Niven [224, theorem 3.71.
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1975 midterm.

[173, exercise 1.2.4-41].

Brown [40].

Aho and Sloane [4].

Greitzer [135, problem 1972/3,
solution 2].
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S. K. Stein.*
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Bertrand [23, p. 129]; Chebyshev [50];
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[178, pp. 148-149].

Brillhart [34]; Williams and Dub-
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Crowe [58].

Legendre [196, second edition,
introduction].
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Pascal [226].

Hardy and Wright [150, §14.5].
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Lucas [205].
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Stickelberger [280].

Legendre [196, §135); Hardy and
Wright [150, theorem 82].
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Gauss [115, §78]; Crelle [57].
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A special case appears in [182].

Sierpinski  [266].
Curtiss [59]; Erdés [76].
Mills [216].

[173, exercise 1.3.2-19).
Barlow [17]; Abel [1].

Peirce [229].

Ribenboim [249]; Sierpinski (267,
problem P%].
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Cramer [56].

P. Erdds.*

[77, p.98].

[77, p.103].

Landau [195, volume 2, eq. 648].
Forcadel [101].

Long and Hoggatt [203)].
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Dixon [68].

Euler [81].
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Euler [95].

Kummer [187, eq. 26.4].
Gosper [124].

Bailey [15, §10.4].

Kummer [188, p. 116].
Vandermonde [293].

[173, exercise 1.2.6-16).
Rgdseth [252).

Pfaff [233]; Saalschiitz [256];
[173, exercise1.2.6-31].
Ranjan Roy. *

Roy [255, eq. 3.13].

Gauss [116]; Richard Askey.*
Frazer and McKellar [107].
Stanford Computer Science Compre-
hensive Exam, Winter 1987.
[173, exercisel.2.6-41).
Lucas [206].

1971 midterm.

5.63
5. 64
5.65
5.66
5.67
5.68
5.69
5.70
5.71
5.72
5.74
5.75
5.76
5.77
5.78
5.79
5.81
5.82
5.85
5. 86
5.88
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5.92
5.93
5.94
5.95
5.96
5.97
6.6
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6.27
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6. 40
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1974
1980
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1984
1976
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midterm.
midterm.
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midterm.
midterm.

Lyle Ramshaw, guest lecture in 1986.
Andrews [9, theorem 5.4].

H. S. Wilf [304', exercise 4.16].
Hermite [154]_

1979
1971
[173,

1986

midterm.
midterm.
exercise 1.2.6-59 (corrected)].
midterm.

[176].

Men

delsohn [215]; Montgomery [218].

1986 find exam.
Hillman and Hoggatt [157].

Hsu

[159).

Good [123].

Hermite [155].
Whipple [301].
Clausen [51}, [52].
Gosper [124].
Henrici [152, p. 118].

(77,
(77,

p. 71].
p. 71].

R. William Gosper, J.*
Fibonacci [98, p. 283].

[175,

exercise 5.1.3-2].

Theisinger [287].

Gardner [112] credits Denys Wilquin.
Lucas [205].

Lucas [207, chapter 18].

Lah
1977
Shal

(173,

[193]; R. W. Foyd.*
midterm.

lit [263].
exercise 1.2.7-15).

Klamkin [169, problem 1979/1].
1973 midterm.

Brooke and Wall [36].
Matifasevich [213].
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6. 48
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6. 55
6. 56
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6. 62
6. 63
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6. 66
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6. 76
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6.80
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6.84
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Francesca [106]; Wallis [295, chap-
ter 4].

Lucas [205].

[174, exercise 4.5.3-9(c)].

Davison [61].

1985 midterm; Rham [248]; Dijk-
stra (66, pp. 230-232].

Waring [296]; Lagrange [191]; Wol-
stenholme [306).

Eswarathasan and Levine [79].
Kaucky [168] treats a special case.

Staudt [276]; Clausen [53]; Rado [242].

Andrews and Uchimura [ 12].

1986 midterm.

1984 midterm, suggested by R. W.
Floyd.*

(173, exercise 1.2.8-30]; 1982 midterm.

Burr [42].

1976 find exam.

Borwein and Borwein [31, §3.7].
[173, section 1.2.10]; Stanley [275,
proposition 1.3.12].

Tanny [286].

Logan [202'].

[175, exercise 6.1-13].

Euler [88, part 2, chapter 8].
(175, exercise 5.1.3-3].

Euler [86, chapters 9 and 10];
Schroter [260].

Logan [202'].

Comic section, Boston Herald,
August 21, 1904.

Silverman and Dunn [268].
[183].

[126], modulo a numerica error.
[174, exercises 45.3-2 and 3].
Adams and Davison [3].

Lehmer [198].

Burr [42].

Part (a) is from Eswarathasan and
Levine[ 79].

[173, exercise1.2.9-1).

7.8

7.9

7.11
7.12
7.13
7.15
7.16

7.20

7.22
7.23
7.24
7.25
7.26
7.32

7.33
7.34
7.36
7.37
7.38
7.39
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7.42
7.44
7.45
7.47
7.48
7.49
7.50

7.51

7.52
7.53

7.54
7.55
7.56
7.57

Zave [311].

[173, exercise 1.2.7-22).

1971 find exam.

[175, pp. 63-64].

Raney [243].

Bdl [20].

Pélya [237, p. 149)]; [173, exercise
2.3.4.4-1).

Jungen [167, p. 299] credits A.
Hurwitz.

Pélya [239].

1983 homework.

Myers [222]; Sedlacek [262].

(174, Carlitz's proof of lemma 3.3.3B].
[173, exercise 1.2.8-12].

[77, pp. 25-26] credits L. Mirsky and
M. Newman.

1971 find exam.

Tomas Feder . *

1974 find exam.

Euler [87, §50]; 1971 find exam.
1973 find exam.

[173, exercise 1.2.9-18].

Andre [8]; [175, exercise 5.1.4-22].
1974 find exam.

Gross [136]; [175, exercise 5.3.1-3].
de Bruijn [63].

Waugh and Maxfield [297].

1984 find exam.

Waterhouse [296'].

Schroder [259]; [173, exercise 2.34.4-
311,

Fisher [99]; Percus [232, pp. 89-123];
Stanley [274].

Hammersley | 146).

Euler [92, part 2, section 2, chapter 6,
§91].

Moessner [217].

Stanley [273].

Euler [91].

[77, p. 48] credits P. Erdés and

P. Turan.
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9.8
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9.27
9.28

Thomas M. Cover.*

[173, exercise 1.2.10-17].

Patil [228].

John Knuth (age 4) and DEK; 1975
final.

[173, exercise 1.3.3-18].

Fisher [100].

Guibas and Odlyzko [138].

1977 find exam.

Hardy [149] has an incorrect analysis
leading to the opposite conclusion.
1981 find exam.

Gardner [113] credits George Sicher-
man.

[174, exercise 3.3.2-10].

(177, exercise 4.3(3)].

Feller [96, exercise 1X.331.

[173, sections 1.2.10 and 1.3.3].
1984 find exam.

Feller [96] credits Hugo Steinhaus.
1974 final, suggested by “fringe
analysis’ of 2-3 trees.

1979 find exam.

Blom [26]; 1984 find exam.

1986 find exam.

1986 find exam.

Feller [96] credits S. N. Bernstein.
Lyle Ramshaw.*

Guibas and Odlyzko [138].

Hardy [148, 1.3(g)].

Part (c) is from Garfunkel {114].
[173, exercise 1.2.11.1-6).

[173, exercise 1.2.11.1-3].

Hardy [148, 1.2(iv)].

Landau {194, vol. 1, p. 60].

[173, exercise 1.2.11.3-6].

Knopp {170, edition > 2, §64C].
Bender [21, §3.1].

1971 find exam.

(134, §4.1.6].

Titchmarsh [289].

[173, exercise 1.2.11.2-7].
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9.44
9.46
9.47
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9.66

9.67
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de Bruijn [62, section 3.7].

1976 find exam.

1973 find exam.

1975 find exam.

1980 class notes.

(174, eq. 4.5.3-21].

1977 find exam.

1975 final exam, inspired by
Reich [247].

1977 find exam.

1980 find exam.

1979 find exam.

Tricomi and Erdélyi [290].

de Bruijn (62, §6.3].

1980 homework; {175, eq. 5.3.1-34].
1980 find exam.

1974 find exam.

1984 find exam.

[134, 84.2.1].

Poincaré [235]; Borel [30, p. 27).
Pélya and Szegd [240, part 1, problem
140).

Andrew M. Odlyzko.*

Henrici [151, exercise 4.9.8].
llan Vardi.*

Canfield [43)].

llan Vardi.*

M. P. Schiitzenberger.*

Lieb [201'}; Stanley {275, exercise
4.37(0)].

Boas and Wrench [27].

* Unpublished personal communication.
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Aaronson, Bette Jane, ix.
Abel, Nies Henrik, 578, 603.
Abramowitz, Milton, 42, 578.
Absolute convergence, 60-61, 64.
Absolute error, 438, 441.
Absolute value of complex number, 64.
Absorption identities, 157-158, 247.
Acton, John Emerich Edward Dalberg,
baron, 66.
Adams, William Wells, 578, 604.
Addison-Wesley, ix.
Addition formula, 158-159, 245, 247.
Aho, Alfred Vaino, 578, 602.
Ahrens, Wilhelm Ernst Martin Georg, 8,
578, 602.
Akhiezer, Naum II’ich, 578.
Alfred [Brousseau], Brother Ulbertus, 580,
602.
Algebraic integers, 147.
Algorithms, analysis of, 138, 399-412.
divide and conquer, 79.
Euclid's, 103, 123, 289-290.
Fibonacci’s, 95, 101.
Gogper’'s, 224-226, 519.
greedy, 101, 281.
sdlf-certifying, 104.
Alice, 31, 394-39, 416.
Allardice, Robert Edgar, 2, 578.
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American Mathematical Society, viii.
AMS Euler, ix, 625.
Andysis of agorithms, 138, 399-412.
Analytic functions, 196.
Ancestor, 117, 277.
Andre, Antoine Desire, 578, 604.
Andrews, George W. Eyre, 215, 316, 515,
579, 603, 604.
Answers, notes on, viii, 483, 606.
Anti-difference operator, 48, 54, 456-457.
Approximation, 8, 76, 87-89, 110, 114,
425-482.
of sums by integrals, 45, 262-263,
455-461.
Archibald, Raymond Clare, 581.
Argument of hypergeometric, 205.
Arithmetic progression, 26, 30, 362.
Armageddon, 85.
Armstrong, Daniel Louis (= Satchmo), 80.
Ascents, 253-254, 256.
Askey, Richard Allen, 603.
Associative law, 30, 61, 64.
Asymptotics, 8, 76, 110, 114, 425-482.
for sums, 87-89, 452-482.
Atkinson, Michael David, 579, 602.
Austin, A. K., 581
Automaton, 391.
Automorphic numbers, 505.
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Average, defined, 370. Beyer, William Hyman, 579.
of a reciprocal, 418. Biased coin, 387.
variance, 409-411. Bicycle, 246, 486.

Bieberbach, Ludwig, 589.
Bienaymé, Irénée Jules, 580.
Big Ell notation, 430.

Big Oh notation, 76, 429-435.

Bachmann, Paul Gustav Heinrich, 429, 448,
579.

Bailey, Wilfrid Norman, 223, 579, 603.

Ball, Wadter William Rouse, 579, 602.

Banach, Stefan, 419. Big Omega notation, 434.
Barlow, Peter, 579, 603. Big Theta notation, 434.
Barton, David Elliott, 577, 582. Bijection, 39.
Baseball, 73, 148, 195, 616, 620, 621. Bill, 394-3%, 416.
BASIC, 173, 432. Binary logarithm, 70.
Basic fractions, 134, 138. Binary notation (radix-z), 11-13, 15, 70,
Basis of induction, 3, 10-11, 306-307. 113.
Bateman, Harry, 595. Binary partitions, 363.
Baum, Lyman Frank, 556. Binary search, 121, 183.
Bestty, Samuel, 579, 602. Binary trees, 117.
Bee trees, 277. Binet, Jacques Philippe Marie, 285, 289, 580.
Beeton, Barbara Ann Neuhaus Friend Smith, Binomial coefficients, 153-242.
VIil. combinatorial interpretation, 153, 158,
Bdl, Eric Temple, 318, 579, 604. 160, 169-170.
numbers, 359, 479. definition, 154, 211.
Bender, Edward Anton, 579, 605. dual, 515.
Bernoulli, Jakob (= Jacobi = Jacques = indices of, 154.
James), 269, 456, 579. middle, 187, 242.
numbers, see Bernoulli numbers. reciprocal of, 188.
polynomials, 353, 456-458. top ten identities of, 174.
trials, 388, see Coins, flipping. wraparound, 238 (exercise 75), 30L
Bernoulli, Johann (= Jean), 593. Binomia convolution, 351, 353.
Bernoulli numbers, 269-276, 301, 303, 353, Binomid digtribution, 387-388, 401, 414,
456, 418,
calculation of, 274. negative, 388-389, 414.
generalized, see Stirling polynomials, Binomial number system, 234.
generating function for, 271, 337, 351 Binomia series, generdized, 200-204, 232,
Bernshtein (= Bernstein), Sergel Natanovich, 240, 349,
605. Binomia theorem, 162-163, 199, 206, 221.
Bertrand, Joseph Louis Frangois, 145, 579, Blom, Gunnar, 580, 605.
602. Bloopergeometric series, 232.
postulate, 145, 487, 528. Boas, Ralph Philip, Jr., viii, 574, 580, 605.
Bessel, Friedrich Wilhelm, function, 206, Boggs, Wade Anthony, 195.

512. Bohl, Piers Paul Fdix, 87, 580.
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BoissReymond, Paul David Gustav du, 426,
580, 589.

Boncompagni, Prince Baldassarre, 585.

Bootstrapping, 449-452.

Borchardt, Carl Wilhelm, 589.

Bore, Emile Felix Edouard Justin, 580, 605.

Borwein, Jonathan Michael, 580, 604.
Borwein, Peter Benjamin, 5130, 604.
Bound variables, 22.

Boundary conditions, 24-25, 75, 86, 159.
Bowling, 6.

Box principle, 95, 130, 497.

Brahma, Tower of, 1, 4, 264.

Brent, Richard Peirce, 292, 510, 540, 580.
Bricks, 299, 360.

Brillhart, John David, 580, 602.
Brocot, Achille, 116, 580.

Broder, Andrei Zary, ix, 601.

Brooke, Maxey, 580, 603.

Brousseau, Brother Alfred, 580, 602.
Brown, Mark Robbin, 601

Brown, Morton, 487, 580.

Brown, Roy Howard, ix.

Brown, Thomas Craig, 581, 602.
Brown, Trivial, 581.

Brown, William Gordon, 344, 581.
Brown University, ix.

Browning, Elizabeth Barrett, 306.
Bubblesort, 434.

Buckholtz, Thomas Joel, 593..

Burr, Stefan Andrus, 581, 604.

Cdculators, 67, 330.

Cadculus, vi, 33.
finite and infinite, 47-56.
Candy, 36.

Canfield, Earl Rodney, 577, 581, 605.
Cards, shuffling, 423.
stacking, 259-260, 295.
Carlitz, Leonard, 604.
Carroll, Lewis (= Dodgson, Rev. Charles
Lutwidge), 31, 279, 581, 582, 599.

Carry, 70, 233, 283, 537.
Cassini, Jean Dominique, 278, 581.
identity, 278-279, 286, 289, 296, 300.
Catdan, Eugene Charles, 203, 347, 581
Catdlan numbers, 181, 203, 303.
combinatorial  interpretations,
1.
generalized, 347.
table of identities, 203.
Cauchy, Augustin Louis, 581, 602.
inequality, 64.
Cech, Eduard, vi.
Ceiling function, 67-69.
Center of gravity, 259-260.
Certificate of correctness, 104.
Chace, Arnold Buffum, 581, 602.
Chaimovich, M., 581.
Chain rule, 54, 4609.
Change, 313-316, 360.
large amounts of, 330-332, 478.
Changing the index of summation, 30-31,
39.
Changing the tails of a sum, 452-455.
Chesting, viii, 158, 309, 374, 387.
Chebyshev, Pafnutii L'vovich, 38, 145, 581,
602.
inequality, 376-377, 414, 416, 555.
summation inequalities, 38.
Cheese dlicing, 19.
Chen, Pang-Chieh, 601.
Chinese Remainder Theorem, 126, 146.
Chu Shih-Chieh, 169.
Chung, Fan-Rong King, ix.
Clausen, Thomas, 582, 603, 604.
product identities, 241.
Clearly, clarified, 403, 556.
Cliches, 166, 310.
Closed form, 3, 7, 108, 317, 548.
Closed interval, 73-74.
Cobb, Tyrus Raymond, 195.

344-346,



Coins, 313-316.
biased, 387.
fair, 387, 416.
flipping, 387-396.
spinning, 387.
Collingwood, Stuart Dodgson, 279, 582.
Collins, John, 594.
Colombo, Cristoforo (= Columbus, Christo-
pher), 74.
Colors, 482.
Columbia University, ix.
Combinations, 153.
Common logarithm, 435,
Commutative law, 30, 61, 64, 308.
relaxed, 31.
Complete graph, 354.
Complex factorial powers, 211.
Complex numbers, 64.

roots of unity, 149, 204, 361, 530, 550, 572.

Composite numbers, 105.
Composition of generating functions, 41.4.
Concrete Math Club, 74.
Concrete mathematics, defined, vi.
Conditional convergence, 59.
Conditional  probability, 402-405, 410-411.
Confluent hypergeometric series, 206.
Congruences, 124-126.
Connection Machine, 131.
Contiguous hypergeometrics, 514.
Continuants, 287-295, 298, 300, 487.
Continued fractions, 287, 290-295, 304, 540.
Convergence, 206, 317, 517.

absolute, 60-61, 64.

conditional, 59.
Convex regions, 5, 20, 483.
Convolution, 197, 319, 339-350.

binomia, 351, 353.

identities for, 202, 258.
Conway, John Horton, 396, 566, 582.
Cotangent function, 272, 303.
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Counting, combinations, 153.
cycle arrangements, 247-248.
derangements, 193-196, 199-200.
with generating functions, 306-316.
integers in intervals, 73-74.
necklaces, 139-141.
parenthesized formulas, 343-345.
permutations, 111, 253-254.
set partitions, 245.
spanning trees, 335, 354.
Coupon collecting, 558.
Cover, Thomas Merrill, 605.
Coxeter, Harold Scott Macdonald, 579.
Cramer, Cal Haradd, 510, 582, 603.
Cray X-MP, 109.
Crelle, August Leopold, 582, 602.
Cribbage, 65.
Crispin, Mark Reed, 598.
Crowe, Donald Warren, 582, 602.
Crudification, 433.
Cubes, sum of consecutive, 51, 63, 269, 275,
353.
Cumulants, 383-387, 414, 415, 424.
CUNY (= City University of New York), ix.
Curtiss, David Raymond, 582, 603.
Cycles, 139, 245, 248, 486.
Cyclic shift, 12.
Cyclotomic polynomial, 149.

6, see Finite calculus.

A, see Difference operator.

D, see Derivative operator.

David, Florence Nightingale, 577, 582.

Davison, John Ledie, 293, 578, 582, 604.

de Branges, Louis, 5809.

de Bruijn, Nicolaas Govert, 430, 433, 486,
582, 604, 605.

cycle, 486.

de Moivre, Abraham, 283, 467, 582.

Definite sums, analogous to definite inte-
grals, 49-50.
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Degenerate hypergeometric series, 210, 216,
222, 235
Derangements, 193-196, 199-200, 379-380,
386-387, 414.
Derivative operator, 33, 47, 1191, 219-221,
296, 319, 350-351, 456-457.
Descents, see Ascents.
dgf: Dirichlet generating function.
Dice, 367-370, 413, 415.
fair, 368, 403.
loaded, 368, 413.
nonstandard, 417.
supposedly fair, 378.
Dickson, Leonard Eugene, 496, 583.
Dieudonné, Jean Alexandre, 500.
Difference operator, 47-55, 456-457.
nth order, 187-192.
Differentiably finite power series, 360, 366.
Differential operators, see Derivative
operator and Theta operator.
Difficulty measure for summation, 181.
Dijkstra, Edsger Wybe, 173, 583, 604.
Dimers and dimes, 306, see Dominoes and
Change.
Diphages, 420, 424.
Dirichlet, Peter Gustav Lejeune, 356, 583,
602.
box principle, 95, 130, 497.
generating functions, 356-357, 359, 418,
437.
probability generating functions, 418.
Discrepancy, 88-89, 97, 304, 478, 481.
Discrete probability, 367-424.
defined, 367.
Disease, 319.
Distribution, of probabilities, 367.
of things into groups, 83-8.5.
Digtributive law, 30, 35, 60, 64, 83.
Divergent sums, 60, 334, 517.
Divide and conquer, 79.
Divides exactly, 112-114, 146, 233.

Divishility, 102-105.
of polynomials, 225.
Dixon, Alfred Cardew, 583, 603.
formula, 214.

DNA, Martian, 363.

Dodgson, Charles Lutwidge, see Carroll.

Dominoes, 306-313, 357.

Double sums, 34-41, 105, 237.

Doubly exponential recurrences, 97, 100,
101, 109.

Doubly infinite sums, 59, 98, 468-4609.

Dougall, John, 171, 583.

Downward generdization, 2, 95, 306-307.

Doyle, Sir Arthur Conan, 162, 227-228, 391,
583.

Drones, 277.

Drysdale, Robert Lewis (Scot), 11, 601.

du Bois-Reymond, Paul David Gustav, 426,
580, 589.

Duality, 63 (exercise 17), 68-69, 253, 515.

Dubner, Harvey, 600, 602.

Dudeney, Henry Ernest, 583, 602.

Dunkel, Otto, 586, 602.

Dunn, Angela Fox, 597, 604.

Dunnington, Guy Waldo, 583.

Duplication formulas, 186, 232.

Dupré, Lyn Oppenheim, ix.

Durst, Lincoln Kearney, viii.

Dyson, Freeman John, 172, 587.

e 70, 122, 570.

E, 55, 188, 191.

Edwards, Anthony William Fairbank, 583.

Eeny-meeny-miny-mo, see Josephus prob-
lem.

Efficiency, 24.

egf: Exponential generating function.

Eggs, 158.

Egyptian mathematics, 95, 150, 581.

Einstein, Albert, 72, 293.

Eisdle, Carolyn, 595.



Eisenstein, Ferdinand Gotthold Max, 202,
583.
Elementary events, 367-368.
Elkies, Noam David, 131.
Ellipsis (---), 21, 50, 108.
Empirical estimates, 377-379, 413.
Empty case, 2, 244, 306-307, 335, 541.
Empty product, 48, 106.
Empty sum, 23, 48.
Entier function, see Floor function.
Equality, one-way, 432-433.
Equivalence relation, 124.
Eratosthenes, sieve of, 111.
Erdélyi, Arthur, 599, 605.
Erdés, Pd (= Paul), 510, 526, 550, 583-584,
603, 604.
Error, absolute versus relative, 438, 441.
Error function, 166.
Eswarathasan, Arulappah, 584, 604.
Euclid (= EvkAeéng), 107-108, 584.
agorithm, 103-104, 123, 289-290.
numbers, 108, 145, 150, 151.
Euler, Leonhard, i, vii, ix, 6, 48, 122, 131,
133, 134, 205, 207, 210, 232, 253, 263,
264, 272, 285, 287, 289, 455, 457, 499,
514, 550, 577, 579, 584-585, 602-604.
constant, 264, 292, 304, 467.
identity for hypergeometrics, 233.
numbers, 535, 591; see also Eulerian
numbers.
polynomials, 549.
summation formula, 455-461.
theorem, 133, 141, 147.
totient function, 133-135, 137-144, 357,
448-449.
triangle, 254, 303.
Bulerian numbers, 253-257, 296, 302, 364,
550.
combinatorial interpretations, 253-254, 534.
generalized, 299.
generating function for, 337.
second-order, 256-257.
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Event, 368.

Eventually positive function, 428.

Exact cover, 362.

Exactly divides, 112-114, 146, 233.

Excedances, 302.

Exercises, levels of, viii, 72-73, 95, 497.

exp: Exponential function, 441.

Expectation, see Expected value.

Expected vaue, 371-373, 38l

Exponential function, discrete analog of, 54.

Exponential generating functions, 350-355,
407-408.

Exponential series, generalized, 200-202,
231, 350, 355.

Exponents, law of, 52.

¢, see Phi.

@, see Euler's totient function.

Factorial expansion of binomia coefficients,

156.

Fectorial function, 111-115, 332-334.
approximation to, see Stirling's formula
duplication formula, 232.
generalized to nonintegers, 192, 210-211,

213-214, 302

Factorial powers, 47-48, 63, 248.
complex, 211.
negative, 52-53, 63.
related to ordinary powers, 248-249, 572.

Factorization into primes, 106-107, 110.

Factorization of summation conditions, 36.

Fair coins, 387, 416.

Fair dice, 368, 403.

Falling factorial powers, 47.
complex, 211.
difference of, 48, 53.
negative, 188.
related to ordinary powers, 51, 248-249,

572.
related to rising powers, 63, 298.
Fans, ix, 193, 334.
Farey, John, series, 118-119, 134, 137, 150,
152, 448, 588.
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Feder, Tomads, 604.
Feigenbaum, Joan, 601.
Feler, William, 367, 585, 605.
Fermat, Pierre de, 130, 131, 585.
numbers, 131-132, 145, 510.
Fermat's Last Theorem, 130, 150, 509, 532.
Fermat's theorem (= Fermat’s Little
Theorem), 131, 141, 149.
converse of, 148.
Fibonacci, Leonardo, 95, 278, 527, 585, 602,
603.
agorithm, 95, 101.
factorial, 478.
number system, 282-283, 287, 293, 296,
303.
odd and even, 293-294.
Fibonacci numbers, 276-287, 288, 307, 317.
combinatorial interpretations of, 277, 278,

288, 307.
generating function for, 283-285, 323-326,
337.

second-order, 361.
Fine, Henry Burchard, 595.
Fine, Nathan Jacob, 577.
Finite cdculus, 47-56.
Finite state language, 391.
Finkel, Raphael Ari, 598.
Fisher, Michael Ellis, 585, 604.
Fisher, Sir Ronald Aylmer, 586, 605.
Fixed point, 12, 379-380, 386-387, 414.
Floor function, 67-69.
Floyd, Robert W, 603, 604.
Food, see Candy, Cheese, Eggs, Pizza,
Sherry.
Football, 182.
Football victory problem, 193196, 199-200,
414,
generalized, 415.
mean and variance, 379-380, 386-387.
Forcadel, Pierre, 586, 603.
Formal peeres, 206, 317, 517.
FORTRAN, 432.

Fourier, Jean Baptiste Joseph, 22, 586.
series, 481.
Fractional part, 70, 83, 87, 456.
Fractions, 116-123, 151.
basic, 134, 138.
continued, 287, 290-295, 304, 540.
partial, see Partial fraction expansions.
unit, 95, 150.
unreduced, 134-135, 151
Fraenkel, Aviezri S, 500, 535, 586, 602.
Frame, James Sutherland, 586, 602.
Francesca, Piero della, 586, 604.
Fraser, Alexander Yule, 2, 578.
Frazer, William Donad, 586, 603.
Fredman, Michagl Lawrence, 499, 586.
Free variables, 22.
Freiman, Grigorii Abelevich, 581.
Friendly monster, 526.
Frisbees, 420-421, 423.
Frye, Roger Edward, 131.
Fundamental Theorem of Arithmetic,
106-107.
Fundamental Theorem of Calculus, 48.
Fuss, Nicolal Ivanovich, 347, 586.
Fuss-Catalan numbers, 347.
Fuss, Paul Heinrich von, 584.

Y, see Euler’s constant.

I, see Gamma function.

Gale, Dorothy, 556.

Games, see Bowling, Cards, Cribbage, Dice,
Penny ante, Sports.

Gamma function, 210-214, 468, 513.

Gardner, Martin, 586, 603, 605.

Garfunkel, J, 587, 605.

Gaul (= Gauss), Karl (= Carl) Friedrich,
vii, 6, 7, 123, 205, 207, 212, 496, 514,
583, 587, 602, 603.

identity for hypergeometrics, 222, 235.
trick, 6, 30, 112, 299.
gcd: Greatest common divisor.



Generdlization, 11, 13, 16.
downward, 2, 95, 306-307.
Generalized binomial series, 200-204, 232,
240, 349.
Generdized exponential series, 200-202, 231,
350, 355.
Genegralized factorial function, 192, 210-211,
213-214, 302.
Generalized harmonic numbers, 263, 2609,
272, 297, 302, 356.
Generating functions, 196-204, 283-285,
306-366.
for Bernoulli numbers, 271, 337, 351.
for convolutions, 339-350, 355, 407.
Dirichlet, 356-357, 359, 418, 437.
for Eulerian numbers, 337.
exponential, 350-355.
for Fibonacci numbers, 283-285, 323--326,
337.
of generating functions, 337, 339, 407.
for harmonic numbers, 337-338.
Newtonian, 364.
for probabilities, 380-387.
for simple sequences, 321.
for Stirling numbers, 337, 407.
super, 339, 407.
Genocchi, Angelo, 587.
numbers, 528, 549.
Geometric progression, 32-33, 54, 114,
205-206.
Gessd, Ira Martin, 256, 587.
Gibbs, Josiah Willard, 599.
Gilbert, William Schwenck, 430.
Ginsburg, Jekuthiel, 587.
Glaisher, James Whitbread Lee, constant,
569.
God, 1, 293.
Goldbach, Christian, 584.
theorem, 66.
Golden ratio, 285.
Golf, 417.
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Golomb, Solomon Wolf, 446, 493, 587, 602.
self-describing sequence, 66, 481.
Good, Irving John, 587, 603.
Goodfellow, Geoffrey Scott, 598.
Gopinath, Bhaskarpillai, 487, 592.
Gordon, Peter Stuart, ix.
Gosper, Raph William, J., 224, 487, 540,
587, 603.
agorithm, 224-226, 519.
algorithm, examples, 227-228, 233, 519.
goto, considered harmful, 173.
Gottschalk, Walter Helbig, vii.
Graffiti, vii, ix, 59, 606.
Graham, Cheyl, ix.
Graham, Rondd Lewis, iii, iv, vi, ix, 102,
492, 582-584, 587-588, 598, 601, 602.
Grandi, Luigi Guido, 58, 588.
Graph, 334, 360.
Graves, William Henson, 601.
Gravity, center of, 259-260.
Gray, Frank, code, 483.
Greatest common divisor, 92, 103-104, 107,
145.
Greatest integer function, see Floor func-
tion.
Greatest lower bound, 65.
Greed, 74, 373-374; see also Rewards.
Greedy agorithm, 101, 281.
Green, Research Sink, 581.
Greene, Daniel Hill, 588.
Greitzer, Samuel Louis, 588, 602.
Gross, Oliver Alfred, 588, 604.
Griinbaum, Branko, 484, 588.
Grundy, Patrick Michagl, 597, 602.
Guibas, Leonidas loannis (= Leo John), 588,
601, 605.
Guy, Richard Kenneth, 500, 510, 588.

Haar, Alfred, vii.

Hacker's Dictionary, 124, 598.
Haiman, Mark, 601.
Half-open interval, 73-74.
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Hall, Marshall, J., 588.

Halmos, Paul Richard, v, vi, 588.

Haphen, Georges Henri, 291, 588.

Halving, 79, 186-187.

Hamburger, Hans Ludwig, 566, 589.

Hammerdey, John Michadl, v, 589, 604.

Hanoi, Tower of, 1-4, 26-27, 109, 146.
variationson, 17-19.

Hansen, Eldon Robert, 42, 589.

Hardy, Godfrey Harold, 111, 428, 589, 602,

605.

Harmonic numbers, 29, 258-268, 466.
analogous to logarithms, 53.
approximate values of, 262--264.
complex, 297, 302.
divisibility of, 297, 300, 304.
generalized, 263, 269, 272, 297, 302, 356.
generating function for, 337-338.
second-order, 263, 266, 297, 529.
sums of, 41, 56, 265-268, 298-299, 302,

340-341.

Harmonic series, divergence of, 62, 262.

Harry, Matthew Arnold, double sum, 237.

Hashing, 397-412.

Hats, 193-196, 199-200, 379-380, 386-387,

414, 415.

hcf, 103.

Heath-Brown, David Rodney, 599.

Heiberg, Johan Ludvig, 584.

Heisenberg, Werner Karl, 467..

Helmbold, David Paul, 601.

Henrici, Peter Karl Eugen, 318, 526, 576,

589, 603, 605.

Hermite, Charles, 524, 532, 589, 603.

Herstein, Israel Nathan, 8, 589.

Hexagon property, 155, 230, 239.

Hillman, Abraham P, 589, 603.

Hoare, Charles Antony Richard, 28, 73, 589.

Hofstadter, Douglas Richard, 602.

Hoggatt, Verner Emil, J., 589, 593, 603.

Holden, Edward Singleton, 595.

Holmboe, Berndt Michael, 578.

Holmes, Thomas Sherlock Scott, 162,
227-228.
Holomorphic functions, 196.
Horses, 17, 454, 489.
Hsu, Lee-Tsch (= Lietz = Leetch)
Ching-Siur, 589, 603.
Hurwitz, Adolf, 604.
Hyperbolic functions, 271-272.
Hyperfactoria, 231, 477.
Hypergeometric series, 204-223.
degenerate, 210, 216, 222, 235.
differential equation for, 219-221.
partid sums of, 165-166, 223-230, 233.
transformations of, 216-223, 235, 241.
Hypergeometric terms, 224, 231, 233.

i, 22.
3. Imaginary part, 64.
Implicit recurrences, 136-138, 193-194, 270.
Indefinite summation, 48-49, 55-56, 161,
224-230.
Independent random variables, 370, 413, 423.
Index set, 22, 30, 61.
Index variable, 22, 34, 60.
Induction, 3, 7, 10-11, 17, 43.
backwards, 18.
basis of, 3, 306-307.
failure of, 550.
important lesson about, 494, 526.
Inductive leap, 4, 43.
Inequality, Cauchy’s, 64.
Chebyshev's, 376-377, 414, 416, 555.
Chebyshev’'s summation, 38.
Infinite sums, 56-62, 64.
Information retrieval, 397-399.
Inkeri, Kustaa, 509, 590.
INT function, 67.
Integer part, 70.
Integration, 45-46, 48, 319, 351.
by parts, 54, 458.
Interchanging the order of summation,
34-41, 105, 136, 183, 185.



Interpolation, 191-192.

Intervals, 73-74.

Invariant relation, 117.

Inverse modulo m, 125, 132, 147.

Inversion formulas, 136, 138, 192-193.

Irrational numbers, 87, 122-123.

Iverson, Kenneth Eugene, 24, 67, 590, 602.
convention, 24, 31, 34, 68, 75, 587.

Jacobi, Carl Gustav Jacob, 64, 590.

Jarden, Dov, 533, 590.

Jeopardy, 347.

Joint distribution, 370.

Jonassen, Arne Tormod, 590.

Jones, Bush, 590.

Josephus, Flavius, 8, 12, 19-20, 590.
numbers, 81, 97, 100.
problem, 8-17, 79-81, 95, 100, 144.
recurrence, generalized, 13-16, 79-81.
subset, 20.

Jouaillec, Louis Maurice, 601.

Jungen, R., 590, 604.

Kafkaesque scenario, 260.

Kaplansky, Irving, 8, 589.

Karlin, Anna Rochelle, 601.

Kaucky, Josef, 590, 604.

Kellogg, Oliver Dimon, 582.

Kent, Clak (= Kd-El), 358.

Kernel functions, 356.

Ketcham, Henry King, 148.

Kilometers, 287, 296.

Kilroy, James Joseph, vii.

Kipling, Joseph Rudyard, 246.

Kissinger, Henry Alfred, 365.

Klamkin, Murray Seymour, 590, 602, 603.

Klarner, David Anthony, 601.

Knockout tournament, 418-419.

Knopp, Konrad, 590, 605.

Knuth, Donad Ervin, iii-vi, viii, ix, 102,
253, 397, 492, 531, 588, 590-591, 601,
605, 625.

numbers, 78, 97, 100.
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Knuth, John Martin, 605.
Knuth, Nancy Jll Carter, ix.
Kramp, Chrigian, 111, 591.
Kronecker, Leopold, delta notation, 24.
Kummer, Ernst Eduard, 206, 514, 591-592,
603.

formula for hypergeometrics, 213, 217.

Kurshan, Robert Paul, 487, 592.

A-notation, 65.

Lagny, Thomas Fantet de, 290, 592.

Lagrange (= de la Grange), Joseph Louis,
comte, 592, 604.

identity, 64.

Lah, lvo, 592, 603.

Landau, Edmund Georg Hermann, 429, 434,
592, 603, 605.

Laplace, Pierre Simon, marquis de, 452, 580,
592.

Last but not least, 132, 455.

Law of Large Numbers, 377.

lcm: Least common multiple, 103.

Least common multiple, 103, 107.

Least integer function, see Ceiling function.

Least upper bound, 57, 61.

LeChiffre, Mark Well, 148.

Left-to-right maxima, 302

Legendre, Adrien Marie, 548, 592, 602.

Lehmer, Derrick Henry, 592, 602, 604.

Leibniz, Gottfried Wilhelm, Freitherr von, vii,
168, 588, 593.

Lekkerkerker, Corndlius Gerrit , 593.

Levels of exercises, viii, 72-73, 95, 497.

Levine, Eugene, 584, 604.

Lexicographic order, 427.

Ig: Binary logarithm, 70.

L'Hospital, Guillaume Francois Antoine de,
marquis de Sainte Mesme, rule, 326,
382.

Liang, Franklin Mark, 601.

Lieb, Elliott Hershel, 593, 605.

Lies, and statistics, 195.
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Lincoln, Abraham, 387.

Lines in the plane, 4-8, 17, 19.

Little oh notation, 434.

In: Natural logarithm, 262.

log: Common logarithm, 435.

Logan, Benjamin Franklin (= Tex), J., 273,
593, 602-604.

L ogarithmico-exponential
428-429.

Logarithms, 53-54, 70, 262, 435.

Long, Calvin Thomas, 593, 1603.

Lottery, 373-374, 422-423.

Lower index, 154.

Lower parameters, 205.

Loyd, Samuel, 536, 593.

Lucas, Frangois Edouard Anatole, 1, 278,
593, 602-604.

numbers, 298, 302.

Lyness, Robert Cranston, 487, 593, 602.

Lytton, Edward George Earle Lytton
Bulwer, baron, v.

functions,

K, see Mobius function.
Maclaurin, Colin, 455, 593.
MacMahon, Mg. Percy Alexander, 140, 593.
MACSYMA, 42, 525.
Magic tricks, 279.
Mallows, Colin Lingwood, 492.
Markov, Andrei Andreevich (the elder),
processes, 391.
Martian DNA, 363.
Mathematical induction, 3, 7, 10-11, 17, 43.
backwards, 18.
basis of, 3, 306-307.
failure of, 550.
important lesson about, 494, 526.
Mathews, Edwin Lee (= 41), 8, 21, 94, 105,
106, 329.
Matifasevich (= Matijasevich), Iuril (= Yuri)
Vladimirovich, 280, 593, 603.
Maxfield, Margaret Waugh, 599, 604.
Mayr, Erngt, ix, 601, 602.
McEliece, Robert James, 71.

McGrath, James Patrick, 601.
McKellar, Archie Charles, 586, 603.
Mean (average) of a probability distribution,
370-381.
Median, 370, 371, 423.
Mediant, 116.
Melzak, Zdzisdaw Alexander, vi, 594.
Mendelsohn, Nathan Saul, 594, 603.
Merchant, Arif Abdulhussein, 601.
Merging, 79, 175.
Mersenne, Marin, 109, 131, 585.
numbers, 109-110, 151, 278.
primes, 109-110, 127, 507.
Miles, 287, 296.
Mills, Stella, 593.
Mills, William Harold, 594, 603.
Minimum, 65, 237, 363.
Mirsky, Leon, 604.
Mixture of probability distributions, 414.
Mobius, August Ferdinand, 136.
function, 136-139, 357, 448-449, 501.
mod: binary operation, 81-85.
mod: congruence relation, 123-126.
mod 0, 82-83, 500.
Mode, 370, 371, 423.
Modular arithmetic,
Modulus, 82.
Moessner, Alfred, 594, 604.
Moments, 384-385.
Montgomery, Peter Lawrence, 594, 603.
Moriarty, James, 162.
Morse, Samuel Finley Breese, code, 288, 310.
Moser, Leo, 594, 602.
Motzkin, Theodor Samud, 533, 539, 590,
5%4.
Mountain ranges, 345, 541.
Mozzochi, Charles Jeffrey, 594.
Mu function, 136-139, 357, 448-449, 501.
Multinomia coefficients, 168, 171-172, 240,
545.
Multiple of a number, 102.
Multiple sums, 34-41, 61.
Multiple-precision numbers, 127.

123-129.



Multiplicative functions, 134-136, 357.
Multisets, 77, 256.

Mumble function, 83, 84, 492, 499.
Mumble-fractional part, 88.
Murdock, Phoebe James, viii.
Murphy’'s Law, 74.

Myers, Basil Roland, 594, 604.

v, see Nu function.
nth difference, 267.
Name and conquer, 2, 32, 88, 139.
National Science Foundation, ix.
Natural logarithm, 53-54, 262.
Nava Research, ix.
Navel research, 285.
Nearest integer, 95.
Necessary and sufficient condition, 72.
Necklaces, 139-141, 245.
Negating the upper index, 164-165.
Negative binomial distribution, 388-389,
414
Negative factoria powers, 52, 63, 188.
Newman, James Roy, 600.
Newman, Morris, 604.
Newton, Sir Isaac, 189, 263, 594.
series, 189-192.
Newtonian generating function, 364.
Niven, Ivan Morton, 318, 594, 602.
Nontransitive paradox, 396.
Norma distribution, 424.
Notation, x-xi, 2, 21-25, 4849, 67-70, 73,
81, 102, 111, 115, 123-124, 194, 243.
extenson of, 49, 52, 154, 210-211, 252,
257, 297.
ghastly, 67, 175.
need for new, 83, 115, 253.
Nu function, 12, 114, 146, 529.
Null case, 2, 306-307, 335, 541.
Number system, 107, 119.
binomia, 234.
Fibonacci, 282, 296, 303.
prime-exponent, 107, 116.
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radix, 11, 16, 109, 146, 148, 195, 233, 446,
511.
resdue, 126-129, 144.
Stern-Brocot, 119-123, 146, 292, 504, 527.
Number theory, 102-152.

0, considered harmful, 434-435.
O-notation, 76, 429-435.
Obvious, clarified, 403, 511.
Odds, 396.

Odlyzko, Andrew Michael, 81, 540, 588, 605.
Office of Naval Research, ix.
One-way equalities, 432-433.
Open intervd, 73-74, 96.
Operators, 47, 55, 219.

Optical illusions, 278, 279, 536.
Organ-pipe order, 509.

T, 26, 70, 146, 232, 471, 540, 570.
n-notation, 64, 106.
Pecioli, Liuca, 586.
Palais, Richard Sheldon, viii.
Paradoxes, 279, 396, 515.
Paradoxical sums, 57.
Paralldl summation, 159, 174, 208-209.
Parentheses, 343-345.
Parenthesis conventions, Xxi.
Partial fraction expansions, 64, 189, 284-285,
324-327, 360, 362, 462, 490, 535.
Partial quotients, 292, 304, 540.
Patiad sums, 48-49, 55-56, 161, 165-166,
223-230, 233.
required to be positive, 345-348.
Partition into nearly equal parts, 83-85.
Partitions, of the integers, 77-78, 99, 101.
of a number, 316.
of a set, 244-245.
Pascal, Blaise, 155, 156, 594, 602.
Pascal’s triangle, 155.
extended upward, 164.
row products, 231.
row sums, 163, 165.
variant of, 238.
Patashnik, Amy Markowitz, ix.
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Patashnik, Qren, iii, iv, vi, ix, 102, 492, 588,
601.
Patil, Ganapati Parashuram, 594, 605.
Peirce, Charles Santiago Sanders, 510, 595,
603.
sequence, 151.
Penney, Walter Francis, 394, 595.
Penney ante, 394-396, 416, 423, 424.
Pentagon, 300 (exercise 46), 416, 420.
Pentagonal numbers, 366.
Percus, Jerome Kenneth, 595, 604.
Perfect powers, 66.
Periodic recurr@tges, 179.
Permutations, 111-112, 193-196.
ascents in, 253-254, 256.
up-down, 363.
Personal computer, 1009.
Perturbation method, 32-33, 43-44, 64, 179,
270-271.
Pfaff, Johann F'riedrich, 207, 217, 595, 603.
reflection law, 217, 235.
pof: Probability generating function.
Phages, 420, 424.
Phi (= Golden ratio), 70, 97, 285-287, 296,
530.
Phi function (= Totient function), 133-135,
137-144, 357, 448-449.
Phidias, 285.
Philosophy, vii, 11, 16, 46, 71, 72, 75, 91,
170, 181, 194, 317, 453, 489, 494, 577.
Phyllotaxis, 277.
P, 26, 70, 146, 232, 471, 540, 570.
Pig, Porky, 482.
Pigeonhole principle, 130.
Pincherle, Salvatore, 589.
Pisano, Leonardo, 585, see Fibonacci.
Pittel, Boris Gershon, 552.
Pizza, 4, 409.
Planes, cutting, 19.
Pneumathics, 164.
Pochhammer, Leo, 48, 595.
symbol, 48.
Pocket calculators, 67, 330.

Poincaré, Jules Henri, 595, 605.
Poisson, Siméon Denis, 457, 595.
distribution, 414, 554.
summation formula, 576.
Pollak, Henry Otto, 588, 602.
Pélya, George (= Gyorgy), vi, 16, 313, 494,
595, 602, 604, 605.
Polygons, 20, 360, 365.
Polynomia argument, 158, 163, 210.
Polynomially recursive sequence, 360.
Polynomials, 189-191.
degree of, 158, 226.
divisibility of, 225.
reflected, 325.
Poonen, Bjorn, 487, 595, 602.
Porter, Thomas K, 601.
Portland cement, see Concrete (in another
book).
Power series, 196, see Generating functions.
formd, 206, 317, 517.
Pr, 367-368.
Pratt, Vaughan Ronald, 601.
Primality testing, 110, 148.
Prime numbers, 23, 105-111, 442.
largest known, 109-110.
Mersenne, 109-110, 127, 507.
size of nth, 110-111, 442-443.
Prime to, 115.
Prime-exponent representation, 107, 116.
Princeton University, ix, 413.
Probabilistic analysis of an agorithm,
399-412.
Probability, 195, 367-424.
conditional, 402-405, 410-411.
discrete, 367-424.
distribution, 367.
generating function, 380-387.
space, 367.
Product of consecutive odd numbers, 186,
256.
Product notation, 64, 106.
Progression, arithmetic, 26, 30, 362.
geometric, 32-33, 54, 114, 205-206.



Proof, 4, 7.

Property, 23, 34.

Pulling out the large part, 439, 444.
Puns, ix, 220.

Pythagoras of Samos, theorem, 495.

Quadratic domain, 147.

Questions, levels of, viii, 72-73, 95, 497.
Quicksort, 28.

Quotation marks, xi.

Quotient, 81.

R: Red pat, 64, 212, 437.

Rabbits, 296.

Radix notation, 11, 16, 109, 146, 148, 195,
233, 446, 511.

Radix-2 representation, 11-13, 15, 70, 113.

Rado, Richard, 595, 604.
Rainville, Earl David, 514, 595.
R3amanujan Aiyangar, Srinivasa, 316.
Ramshaw, Lyle Harold, 73, 601, 603, 605.
Random variables, 369-372.
independent, 370, 413, 423.
Raney, George Neal, 345, 348, 596, 604.
lemma, 345-346.
lemma, generalized, 348, 358.
sequences, 347.
Rao, D. Rameswar, 596, 602.
Rational function, 207, 324.
Rayleigh, John William Strutt, baron, 77,
596.
Read part, 64, 212, 437.
Reciprocity law, 94.
Recorde, Robert, 432, 596.
Recurrences, 1, 3-4, 6, 10, 13, 78-81, 103,
159, 323.
doubly exponentia, 97, 100, 101, 109.
implicit, 136-138, 193-194, 270.
periodic, 20, 179.
solving, 323-336.
and sums, 25-29.
unfolding, 6, 100, 159-160, 298.
unfolding asymptotically, 442.
Referee, 175.
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Reference books, 42, 223, 590.
Reflected light rays, 277.
Reflected polynomial, 325.
Reflection law for hypergeometrics, 217, 235.
Regions, 4-5, 17, 19.
Reich, Simeon, 596, 605.
Relative error, 438, 441.
Relatively prime integers, 108, 115-123.
Remainder after division, 81.
Remainder in Euler’'s summation formula,
457, 460-461, 465-466.
Renz, Peter Lewis, viii.
Repertoire method, 15, 19, 26, 44-45, 63,
238, 298, 300, 358.
Replicative function, 100.
Residue number system, 126-129, 144.
Retrieving information, 397-399.
Rewards, monetary, ix, 242, 483, 510, 550.
Rham, Georges de, 596, 604.
Ribenboim, Paolo, 532, 596, 603.
Rice, Stephan Oswald, 595.
Rice University, ix.
Riemann, Georg Friedrich Bernhard, 205,
596, 602.
hypothesis, 511.
zeta function, 65, 263-264, 272, 356-357,
449, 511, 542, 547, 569, 571, 575.
Rising factorial powers, 48, 63, 211.
related to falling powers, 63, 298.
related to ordinary powers, 249, 572.
Roberts, Samuel, 596, 602.
Rocky road, 36.
Rgdseth, @Dystein Johan, 596, 603.
Rolletschek, Heinrich Franz, 499.
Roots of unity, 149, 204, 361, 530, 550, 572.
modulo m, 128-129.
Rosser, John Barkley, 111, 596.
Rota, Gian-Carlo, 501, 596.
Roulette wheel, 74-75.
Rounding, unbiased, 492.
Roy, Ranjan, 596, 603.
Rubber band, 260-261, 264, 298, 479.
Ruler function, 113, 146, 148.
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Running time, 411-412.
Ruzsa, Imre Zoltdn, 584.

o, 374
t-notation, 22-25.
Saalschiitz, Louis, 596, 603.
identity, 214.
Sample mean and variance, 377-379, 413.
Samplesort, 340.
Sandwiching, 157, 165.
Sérkozy, Andrds, 526, 59.
Sawyer, Walter Warwick, 207, 597.
Schiffer, Alegjandro Alberto, 601.
Schinzel, Andrzej, 510.
Schlomilch, Oscar Xaver, 597.
Schoenfeld, Lowell, 111, 596.
Schonheim, Johanen, 581.
Schroder, Ernst, 597, 604.
Schrodinger, Erwin, 416.
Schréter, Heinrich Eduard, 597, 604.
Schiitzenberger, Marcel Paul, 605.
Scorer, Richard Segar, 597, 602.
Searching a table, 397-399.
Seaver, George Thomas (= 41), 8, 21, %4,
105, 106, 320.
Second-order Eulerian numbers, 256-257.
Second-order Fibonacci numbers, 361.
Second-order harmonic numbers, 263, 266,
297, 529.
Sedgewick, Robert, 601.
Sedlacek, Jifi, 597, 604.
Sdlf-certifying algorithms, 104.
Self-describing sequence, 66, 481.
Sdf reference, 59, 515-524, 588, 620.
Set inclusion in O-notation, 432.
Shallit, Jeffrey Outlaw, 597, 603.
Sharkansky, Stefan Michael, 601.
Sharp, Robert Thomas, 259, 597.
Sherry, 419.
Shift operator, 55, 188, 191.
Shiloach, Joseph (= Yossi), 601.
Shor, Peter Williston, 602.
Sicherman, George Leprechaun, 605.

Sideways addition, 12, 114, 146, 238, 529.
Sierpinski, Waclaw, 87, 597, 603.
Sieve of Erastothenes, 111.

Sigma-notation,  22-25.
Signum, 488.

Silverman, David L, 597, 604.
Skepticism, 71.

Skiena, Steven Sol, 526.

Slater, Lucy Joan, 223, 597.

Sloane, Neil James Alexander, 42, 327, 578,
597, 602.

Small cases, 2, 5, 9, 155, 306-307, 316.

Smith, Cedric Austen Bardell, 597, 602.

Snowwalker, Luke, 421.

Solov’'ev, Aleksandr Danilovitch, 394, 598.

Solution, 3, 323.

Sorting, 28, 79, 175, 340, 434.

Spanning trees, 334-336, 342, 354-355, 360.

Spec, 77-78, 96, 97, 99, 101

Special numbers, 243-305.

Spectrum, 77-78, 96, 97, 99, 101, 293, 304.

Spiral function, 99.

Spohn, William Gideon, Jr., 598.

Sports, see Baseball, Football, Frisbees,
Golf, Tennis.

Square pyramidal numbers, 42.

Square root, of 1 (mod m), 128-129.

of 2, 100.
of 3, 364.

Squarefree, 145, 151, 359.

Squares, sum of consecutive, 41-46, 51, 180,
233, 255, 270, 274, 353, 430, 456.

Stack sSize, 346-347.

Stacking cards, 259-260, 295.

Stallman, Richard Matthew, 598.

Standard deviation, 374, 376-380.

Stanford University, v, vii, ix, 413, 625.

Stanley, Richard Peter, 256, 519, 587, 598,
604, 605.

Staudt, Karl Georg Christian von, 598, 604.

Stecle, Guy Lewis, Jr., 598.

Stegun, Irene Anne, 42, 578.

Stein, Sherman Kopad, 602.



Steiner, Jacob, 5, 598, 602.
Steinhaus, Hugo Dyonizy, 605.
Stengel, Charles Dillon (= Casey), 42.
Step functions, 87.
Stern, Moriz Abraham, 116, 598.
Stern-Brocot number system, 119-123, 146,
292, 504, 527.
Stern-Brocot tree, 116-123, 291-292, 364,
510.
Stern-Brocot wreath, 500.
Stewart, Bonnie Madison, 586, 602.
Stickelberger, Ludwig, 598, 602
Stieltjes, Thomas Jan, 589.
constants, 569, 575.
Stirling, James, 192, 210, 243, 244, 283, 467,
598.
constant, 467, 471-475.
formula, 112, 467-468, 477.
formula, perturbed, 440-441.
numbers, see Stirling numbers.
polynomials, 257-258, 276, 297, 338-339.
triangles, 244, 245, 253.
Stirling  numbers, 243-253, 275-276, 478,
577.
combinatorial interpretations, 244-248.
convolution formulas, 258, 276.
of the first kind, 245.
generalized, 257-258, 302, 304, 572
generating functions for, 337.
identities for, 250-251, 258, 276, 303, 364.
of the second kind, 244.
as sums of products, 545.
Stone, Marshall Harvey, vi.
Straus, Erngt Gabor, 539, 584, 594,
Subfactorial, 194, 238.
Summand, 22.
Summation, 21-66.
asymptotic, 87-89, 452-482.
changing the index of, 30-31, 39.
definite,  49-50.
difficulty measure for, 181
over divisors, 104-105, 135-137, 141, 356.
factor, 27-29, 64, 261.
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indefinite, 48-49, 55-56, 161, 224-230.
infinite, 56-62, 64.
interchanging the order of, 34-41, 105,
136, 183, 185.
paralel, 159, 174, 208-209.
by parts, 54-56, 63, 265.
over triangular arrays, 36-41.
on the upper index, 160-161, 176.
Sums, 21-66.
absolutely convergent, 60-61, 64.
approximation of, by integral, 45, 262-263,
455-461.
of consecutive cubes, 51, 63, 269, 275, 353.
of consecutive integers, 6, 44, 65.
of consecutive mth powers, 42, 269-271,
274-276, 352-354.
of consecutive squares, 41-46, 51, 180,
255, 270, 274, 353, 430, 456.
divergent, 60, 517.
double, 34-41, 105, 237.
doubly infinite, 59, 98, 468-469.
empty, 23, 48.
floor/ceiling, 86-94.
formal, 307, 317-318.
of harmonic numbers, 41, 56, 265-268,
298-299, 302, 340-341.
hypergeometric, see Hypergeometric
Sies.
infinite, 56-62, 64.
multiple, 34-41, 61.
notations for, 21-25.
paradoxical,  57.
partial, 48-49, 55-56, 161, 165-166,
223-230, 233.
and recurrences, 25-29.
tail of, 452-455.
Sn Tsi, 126.
Sunflower,  277.
Super generating functions, 339, 407.
Superfactorial, 149, 231
Swanson, Ellen Esther, viii.
Sweeney, Dura Warren, 598.
Swinden, B.A., 602.
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Sylvester, James Joseph, 598, 602.
Symmetry identities, 156, 254.
Szegedy, Marié, 510, 581, 599.
Szeg6, Gébor, 595, 605.

9, see Theta operator.
®, see Big Theta notation.
Tall inequdities, 414, 416.
Tail of a sum, 452-455.
Tale of a sum, see Squares.
Tangent function, 273, 303.
Tangent numbers, 273.
Tanner, Jonathan William, 131, 599.
Tanny, Stephen Michadl, 599, 604.
Tartaglia, Nicolb, triangle, 155.
Taylor, Brook, series, 163, 191, 382, 456-457.
Telescoping, 50.
Tennis, 418-419.
Term, 21
Term ratio, 207-209, 211-212.
TEX, 219, 418, 625.
Thackeray, Henry St. John, 590.
Theisinger, Ludwig, 599, 603.
Theory of numbers, 102-152.
Theory of probability, 367-424.
Theta functions, 469, 509.
Theta operator, 219-221, 296.
Thiele, Thorvald Nicolai, 383, 384, 599.
Thinking, 489.
big, 2, 427, 444, 469, 472.
not at al, 56, 489.
small, see Downward generalization, Small
cases.
Three-dots (...} notation, 21, 50, 108.
Titchmarsh, Edward Charles, 599, 605.
Todd, H., 487.
Tong, Christopher Hing, 601.

Totient function, 133-135, 1.37-144, 357,
448-449,.

Toto, 556.
Tournament, 418-419.
Tower of Brahma, 1, 4, 264.

Tower of Hanoi, -4, 26-27, 109, 146.
variations on, 17-19.
Trabb Pardo, Luis Isidoro, 601.
Transitive law, 124.
failure of, 396.
Traps, 154, 157, 183, 222.
Trees, of bees, 277.
binary, 117.
spanning, 334-336, 342, 354-355, 360.
Stern-Brocot, 116-123, 291-292, 364, 510.
Triangular array, summation over, 36-41.
Triangular numbers, 6, 366.
Tricomi, Francesco Giacomo Filippo, 599,
605.
Trigonometric functions, 272-273, 300, 303,
365, 423.
Trinomid coefficients, 168, 171, 476, 546.
Triphages, 420.
Trivid, clarified, 129, 403, 590.
Turén, Paul, 604.
Typeface, viii-ix, 625.

Uchimura, Keisuke, 579, 604.

Unbiased estimate, 378, 415.

Unbiased rounding, 492.

Uncertainty principle, 467.

Unexpected sum, 167, 215.

Unfolding a recurrence, 6, 100, 159-160, 298.

asymptotically, 442.

Ungar, Peter, 599.

Uniform distribution, 87, 381-382, 404-405.

Uniformity, deviation from, 152; see also
Discrepancy.

Unique factorization, 106-107, 147.

Unit, 147.

Unit fractions, 95, 150.

Unwinding a recurrence, 6.

Up-down permutations, 363.

Upper index, 154.

Upper negation, 164-165.

Upper parameters, 205.

Upper summation, 160-161, 176.

Useless identity, 223.



Uspensky, James Victor, 587, 599, 602.

Vandermonde, Alexandre Théophile, 169,
599, 603.
convolution, 169-170, 187, 198, 201,
211-212, 236.
Vanilla, 36.
Vardi, llan, 510, 526, 577, 602, 605.
Variance of a probability distribution,
373-383, 405-411.
Veech, William Austin, 499.
Venn, John, 484, 599, 602.
diagram, 17, 20.
Venture capitalists, 479-480.
Violin string, 29.
Vocabulary, 75.

Voltaire, de (= Arouet, Frangois Marie), 436.

Vyssotsky, Victor Alexander, 526.

Wagstaff, Samuel Standfield, Jr., 131, 599.
Wall, Charles Robert, 580, 603.
Wallis, John, 599, 604.
Wapner, Joseph A., 43.
War, 8, 85, 420.
Waring, Edward, 599, 604.
Waterhouse, William Charles, 599.
Watson, John Hamish, 228, 391.
Waugh, Frederick Vail, 599, 604.
Weaver, Warren, 599.
Weisner, Louis, 501, 600.
Wermuth, Edgar Martin Emil, 577.
Weyl, Claus Hugo Hermann, 87, 600.
Wham-O, 421, 429.
Whed, 74, 360.
big, 75.
of Fortune, 439.
Whidden, Samuel Blackwell, viii.
Whipple, Francis John Welsh, 600, 603.
identity, 241.
Whitehead, Alfred North, 91, 489, 577, 600.
Wilf, Herbert Saul, 81, 500, 600, 603.
Williams, Hugh Cowie, 600, 602.
Wilquin, Denys, 603.
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Wilson, Sir John, theorem, 132, 148, 501,
582.
Wilson, Martha, 148.
Wine, 419.
Witty, Carl Roger, 494.
Wolstenholme, Joseph, 600, 604.
theorem, 531.
Wood, Derick, 600, 602.
Woods, Donald Roy, 598.
Woolf, William Blauvelt, viii.
Worm, and apple, 416.
on rubber band, 260-261, 264, 298, 479.
Worpitzky, Julius Daniel Theodor, 600.
identity, 255.
Wreath, 500.
Wrench, John William, J., 574, 580, 605.
Wright, Edward Maitland, 111, 589, 600,
602.
Wythoff (= Wijthoff), W.A., 586.

Yao, Andrew Chi-Chih, ix, 601.
Yao, Foong Frances, ix, 601.
Youngman, Henry (= Henny), 175.

Zag, see Zig.

Zapf, Hermann, viii, 600, 625.

Zave, Derek Alan, 600, 604.

Zeckendorf, Edouard, 600.
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